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Abstract: We derive a set of coupled equations for the gravitational and electromagnetic perturbation
in the Reissner-Nordstrom geometry using the Newman-Penrose formalism. We show that the
information of the physical gravitational signal is contained in the Weyl scalar function ¥4, as
is well known, but for the electromagnetic signal, the information is encoded in the function y,
which relates the perturbations of the radiative Maxwell scalars ¢, and the Weyl scalar ¥3. In
deriving the perturbation equations, we do not impose any gauge condition and as a limiting
case, our analysis contains previously obtained results, for instance, those from Chandrashekhar’s
book. In our analysis, we also include the sources for the perturbations and focus on a dust-like
charged fluid distribution falling radially into the black hole. Finally, by writing the functions on the
basis of spin-weighted spherical harmonics and the Reissner-Nordstrom spacetime in Kerr-Schild
type coordinates, a hyperbolic system of coupled partial differential equations is presented and
numerically solved. In this way, we completely solve a system that generates a gravitational signal as
well as an electromagnetic/gravitational one, which sets the basis to find correlations between them
and thus facilitates gravitational wave detection via electromagnetic signals.

Keywords: perturbation theory; black holes; gravitational-waves

1. Introduction

Gravitational wave astronomy was born in 2015 with the discovery of the first astro-
nomical source named GW150914 [1-3]. This was the first observation of a binary black
hole system and was done with the gravitational wave interferometer LIGO [4], which
detected the gravitational wave signal produced by the merger of two black holes in a
binary system. The two black holes were not surrounded by a significant amount of matter
that could generate electromagnetic emissions; therefore, in this respect, the emission of
the merger was purely in the gravitational channel. Unlike black hole binaries, a system
involving neutron stars does possess an electromagnetic counterpart, as demonstrated
by the detection of the neutron star merger event in gravitational and electromagnetic
messenger channels in 2017, named GW170817 [5,6].

During the formation of an accretion disk around a black hole, electrons may escape
from the influence of the central object leaving a net charge in the system, these charged
particles may be captured by the black hole, producing a charged black hole [7]. Thus,
the study of the electromagnetic and gravitational perturbations can be used to describe
the scattering of both types of waves. However, for a charged black hole, a gravitational
perturbation of the metric inevitably accompanies a perturbation on the electromagnetic
field and vice versa. The description of coupled electromagnetic and gravitational per-
turbations on charged black holes have been discussed in several studies [8-14] using
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different techniques including dispersion of waves due to curvature potentials [15-17] and
the Newman-Penrose formalism [18-20].

Chandrasekhar described the scattering of electromagnetic waves on a Reissner—
Nordstrom black hole and the resulting generation of outgoing gravitational waves, and
using the gauge freedom of the Maxwell equations in a curved background, he derived
the electromagnetic equations by finding a gauge that restores the symmetry to the per-
turbation equations [21]. He showed that the curved spacetime produced by a black
hole is sensitive to the electromagnetic field part ) of the spacetime and this awareness

is manifested in the symmetry of the equations for the scalars qoél) and ‘Fél) in a curved
background. With the introduction of this particular gauge, the electromagnetic and
gravitational perturbation equations simplify greatly. Furthermore, using this gauge, the
equations for the gravitational and electromagnetic Weyl scalars decouple from the rest of
the functions appearing in the system of equations. As a result of the apparent cognizance
of the curved geometry to the existence of the Maxwell field, in which the symmetry in the
equations is recovered, Chandrasekhar dubbed this gauge the phantom gauge. Since then,
the scattering of both gravitational and electromagnetic waves have been described using
this gauge in a variety of studies [22-24]. In [22], Lee found a pair of equations for only
two gauge invariant quantities involving electromagnetic and gravitational perturbations
in a Kerr-Newman spacetime without using the phantom gauge. In this work, we revisit
the findings of Lee, explicitly including the matter sources that may cause the perturbation
in a Reissner-Nordstrém background.

As a direct application of our setting, we consider a pressureless charged perfect fluid
(dust) falling radially into the black hole as the cause of the perturbation. We explicitly
write the equations in a coordinate system and expand the functions using a spherical
harmonic basis with the appropriate spin weight. With this choice, we show that the

dynamics of the perturbed functions ‘Fil) and x are completely determined by a set of
partial differential equations that depend on the radial and temporal coordinates only. We
numerically solve this set of equations and obtain the waveforms for several representative
values of the parameters of the system. This sets the basis for a thorough comparative
analysis that might find correlations between the waveforms and thus, by the detection of
one of these electromagnetic/gravitational signals, one will be able to infer the presence of
a purely gravitational one. This will be carried out in future research.

The paper is structured as follows: In Section 2, we introduce the basics of the
Newman-Penrose formalism including the Bianchi and Maxwell identities. In Section 3,
we provide a detailed derivation of the perturbation equations in a Reisnner-Nordstrém
background. In Section 4, we describe the sources of the perturbation and show that by
choosing an adequate decomposition in spin-weighted spherical harmonics, it is possible
to separate the time-spatial structure of the equations. In Section 5, we introduce the tetrad
and geometric quantities in the Reissner—-Nordstrom background described in horizon
penetrating coordinates, present a numerical scheme to solve the equations for a particular
scenario of matter falling into the black hole, and present some waveforms: gravitational
as well as those related with x. Finally some concluding remarks are given in Section 6. In
the rest of the paper, we use 7 to indicate the signature of the metric: # = 1 for signature
(+,—,—,—),and n = —1 for the signature (—, +, +, +), and we use geometric units where
c=G=1

2. Foundations: Newman-Penrose Formalism

The starting point in the Newman-Penrose formalism is to define a tetrad of null
vectors [25]. The choice of the tetrad is made to reflect symmetries of spacetime, since
certain components may vanish, leading to simplification of field equations. In this work,
we use [¥ and k¥ to denote ingoing and outgoing null vectors, respectively, which satisfy
the normalization conditions

kul" = —1and mym" = 1. The metric tensor can be represented by gv = —2(I(,kv, —

HY)
m,m,)), where 7 means the complex-conjugate, and the Greek index runs from 0 to 3.
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The directional derivative operators are defined as D = ¥ d,, A = k"9, and 6 = m" 9,,.
The spin coefficients are obtained from the projections

mt L, 1% t=ml L kY o=mt L, mY; p=mtl,,m;

=t k1Y, v=—mt kK op=—mtk,m’; A= —mtky,,m;

(kF Ly — 7 ) K

N =

1
E(k”lw—mVWW) v, y=
6 i = ) = Ry ) g

",

where “;” stands for covariant derivative. The Weyl scalars related with the curvature ¥y
Y, ¥y, ¥3, and Y4, and the source terms CIDij, are defined as

—Chpz I m” 1M m™ = —Cpyp; Y1 = —Cunc K 1 m™ = —Cij;

—Car ' m" K = —Cyms Y3 = —Cuac "K' k™ = —Cins

_Cyv)\r Kt kT = — Cankinns (2)
and

CDO() = 60() = 47TTI,WZP'ZV = 47‘[Tll; CDQl = 610 = 47TTHVZI'{mV = 47‘[T1m,’
Qoo = By = 4nTym!m’ = 4nTy;  P1y = 27Ty ('K + mPTY) = 270(Tyg + Ty
q)zz = 622 = 47'L'Tyvk”kv = 47'[Tkk; @12 = 621 = 47'(ka”mv = 47TTkm, (3)

where Cuvar is the Weyl tensor and T),, is the stress energy tensor of the matter content.
The information of the electromagnetic fields is encoded in the scalars,

@0 = Fplt'm’; ¢ = %Fyv(l;‘kv +mt'm”); @2 = F,m'k, 4)

where F, is the Faraday tensor [24]. The stress energy tensor for the electromagnetic field
has the form

U A1
Tyw = M <Fy)\F v+ Zgyvpxﬁ Fa/ﬂ>/ 5)

where 11 is the magnetic permeability in vacuum. In the rest of this work, we set g = 1.

From the definition of the scalars ®;; and Equations (4) and (5), we consider that
®jj = 21 ¢; ;. The Latin index runs from 1 to 3. In order to obtain the electromagnetic
and gravitational perturbation equations, we depart from the projected Maxwell equations,
and the Bianchi identities [21,26] as explained below.

2.1. Maxwell Equations

The dynamics of the electromagnetic fields with sources are described by the Maxwell
equations F*',, = |V, where J" is the external electric current. The Maxwell equations

projected along the tetrad " F,, |, = Ja (“|” means intrinsic derivative) written in terms of
the spin coefficients and the electromagnetic scalars are [27]

(D —2np) @1 — (6 + 17 (7r — 2a) ) o + 172 = gh, 6)
(6 =2n7T)p1 — (A+7(p —27))po + 102 = glm, @)
(D —n(p—2€))p2— (0 +2n7)p1 +1Apo = g]m ®)

(@ =n(T+2B))p2 — (A+2np) g1 + vy = glz« ©)

where [} = J,I¥, [y = Jym! and Ji = J,k".
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2.2. Bianchi Identities

By projecting the equations R, (1¢,;) = 0 on the tetrad, one gets a set of equations
which include the spin coefficients and operators acting on the Weyl scalars known as the
Bianchi identities. In the following, we use two of them: Equations (10) and (11) from [21]:

(D417 (4 —p))¥s — (6 +257 (271 4+ ))¥3 + (B Yo +2P1q) A
=n(04+2n(a —T))Po1 — 1 (A+15 (F+2y —27)) Do +2v P+ 7D, (10)

—(0+n(4B—1))¥s+(A+2n(y +2u))¥3 — By ¥2 — 2PV
=n(A+2n(Fi+7)) P — 1 (641 (=T +20 +2B)) P — 7Dy +2A Dyp. (11)

For a detailed description on the projections, we refer the reader to [26]. Similarly,
projecting the Weyl tensor on the tetrad, we obtain the following expression,

Yo+ (D+n(p+u+3y—7))A—-(6+nBa+p+mn—T))v=0. (12)
The equations above are the three equations needed in the forthcoming derivation.

3. Equations for the Perturbations

Corresponding to the six parameters of the Lorentz group of transformation, there
are six degrees of freedom to rotate a chosen tetrad frame. It is usual to encode a general
Lorentz transformation in terms of the basis vectors /, k, and m, and classify them in three
classes of rotations, each one leaving an invariant vector under such transformation. The
effect of the basis transformation on the various Newman-Penrose quantities can be found
in [21]. For instance, an infinitesimal rotation of class I will change the Weyl and the
Maxwell scalars to first order in 4, according to the following scheme:

Yo ¥, ¥ ¥ +atl), ¥, ¥ 420,
¥ o W3+ 30, Wy ¥y +4a¥], (13)

and

@0 — @0, @1 — @1+ agoél) , @2 — @2+ 2ago§1), (14)
where the superscript denotes a perturbed quantity. For the Reissner—-Nordstrom spacetime,
the background scalars ¥, and ¢, are the only ones that are nonzero. Consequently, ¥y, ¥1,
Y, Y4, 9o, and ¢ are unaffected to first order under an infinitesimal rotation. However,
Y3 and ¢, are indeed affected since ¥, and ¢ are different from zero in the background.
Nevertheless, the radiative combination

X=1 (2 1 ‘Yél) —3%, q)gl)>, (15)

is invariant to first order and, as it is shown below, one can get a coupled system of
(1)

equations for this function, x, and the perturbed Weyl component ¥, . In the following,
we describe the general procedure to find such a coupled set of equations in detail.

3.1. Perturbed Maxwell Equations

The ingoing and outgoing electromagnetic radiation is given by the perturbations
of the scalars ¢p and ¢», respectively. However, in a charged spacetime, the outgoing
electromagnetic perturbations couple with the perturbations of the Weyl scalar ¥3, which
carries the so-called electromagnetic part of the spacetime. A similar coupling occurs
with the ingoing perturbation @g, and ¥;. In this section, we derive an equation for the
perturbation of ¢;.
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First, consider the following identities relating the derivative operators [21]:
[A,8] = mvD+y(a+B=T)A=n(E—=T+7)3 = 1AJ, (16)
nAn = yDv—pu(n+7) = M7+ 1) —7m(y —7) +v(Be +€) —n¥s — Pxn, (17)
nop = noA—v(p—p) = m(p—p) —pla+pB) =A@ —3) +7¥s - Pz (18)

Second, on the projected Maxwell’s Equations (6)~(9), operate [A +1(# — 7 + v + 2u)] on
Equation (8) and [0 — (T — « — B — 27)] on Equation (9); then, subtract these equations
and, after some algebra, one arrives to the following expression:

[(A+n(y =7 +2u+7))(D —n(ps+2€)) — (6 +n(a+ B+ 27 —T)) (6 — (T +2B))]¢2 +
—[vD o1 —nAs @1 +2¢1 (D+y(Be+€+p—p,))pv— (0 +n(T+7T—aw+3B))nA —47¥3)] +
90 [(A+ (=7 +7+21))gA = (= (T —a = B—2m))pv] + 72 A go — w390 = 1 (19)

where

o= (A+q(y=7+2u+1)w— @0+ n(a+p+21 7)) (20)

In order to describe the perturbation of ¢, let us perform a first-order perturbation of
the form f — f + f(1 in all the functions on Equation (19). In a Reissner-Nordstrom-like
background, considering that the spacetimes are type D, in Petrov classification, the spinor
quantities v, A, x, o are zero. Furthermore, we consider spherical symmetry and that ¢g, ¢
are also zero. These considerations imply

[(A+n(y =F+2u+)(D — (o +2€)) — G+ n(a+PB+21—7))(0 — (v +2p))]gs +
~{V D g1 —nAWs g1+ 291 [(D+7y(Be+&+p— )™ — (0 +n(F+7—+36))nA -
v} =15, (21)

with the perturbed current term defined as

1= @ -7+ 2+ - G+ BT @)

In previous equation, we only kept first-order and nonvanishing background quantities.
Equation (21) can be further simplified using background Maxwell equations Equation (6):
D@y = 21p ¢1; and Equation (7): @1 = 2757 ¢1, in order to obtain
-7 3 = 3 1
(A0 =T +7+20)(D—n(p—2€) = (6= n(T— = p=2m)(0 ~ 5t~ 2p))]gy =
2791 [(D + (3¢ +8+20 =)V — (6 + (7 — 7 +3p+20))AM) — 2% (V] + T Y. (23)

This equation can be written in a more convenient form using the commutation expressions

for the operators acting on ¢§1),

[A,D] = n(y+7)D+n(e+éA—y(T+m)d—n(t+7)3, (24)
6,6] = n(E—w)D+y(o—p)A+n(a—Pp)s+n(p—a)3, (25)

and the Ricci identities [28]:
nDu=nén+ (pu+oA) +n(T—a+B) —pu(e+€) —vk+1n¥2+ 2R, (26)
nop = —néa — (up — Ac) — ai — B(B —2a) — (0 —p) — (u — F;) + 1¥2 — P11 — R, (27)

in Equation (23). After some algebra, one arrives to the following expression relating the
perturbations (pgl), v A ‘I’él) with the current ]2(1)
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(D=7 (p—3e—€)(A+y (2u+H+27)) — (647 (38— T — 1)) (3 +7 (2 +27 — 7)) — 329l =
2091[(D+ 1 (20 —p+3e +))vD) — (6 — (@ — 38 — 7T — 21))AD) — 29 (V] + %fél)- (28)

In order to simplify the notation, let us define the derivative operators as follows:

Dy =D+nNp+4ye, AN =A+nNp, (29)
IN=0+1NB, 3N:5+77I\].BI (30)

where N takes integer values. In terms of these expressions, we can rewrite the electromag-
netic perturbation Equation (28) as

1 - 1
Dogv®W = A0) =~ [D_ 1 A3 = 6,65 —67%] oV +2%V + — 1V (31
+1 4 21”01[ 103 =040 2 —61%2] 92 3 4%]2 (31)
With the notation of Equations (29) and (30), we denoted D11 = D +# ((+1) p + 4¢€)
for N=+1,D_1=D+#n((—1)p+4e) for N = —1, and analogously for other values and
operators.

3.2. Perturbed Bianchi Identities

In order to derive the equations for the perturbations ‘i’fp and ‘I’él), we start by
perturbing the the Bianchi identities Equations (10) and (11). As mentioned above, in a
Petrov-type D space-time background, the background Weyl scalars vanish except ¥, and
the spinor coefficients x, v, A, o are equal to zero. Furthermore, we consider spacetimes,
such as the Schwarzschild or the Reissner-Nordstrom, in which it is always possible to
choose a tetrad so that the nonzero spinor coefficients are real. Finally, we consider stress
energy tensors of the same form as the Reissner-Nordstrom one, so that the only nonzero
Ricci scalar is ®qq.

By performing a first-order perturbation in Equations (10) and (11), one gets the
following two equations:

D_l ‘Pz(ll) — 572 Tgl) + (3 n Tz + 2@11) )L(l) — @1 372 (pz(l) =0, (32)
5 ¥+ A — (37, —200) v — Ay gy 9oV = —pan 5o T W.  (33)

In the forthcoming analysis, we consider that the external matter that causes the
perturbation satisfies T,Ell,) = TZ(;) = Cbg) /4 # 0. As we show below, this condition
is consistent with matter falling in the radial direction only.

In an analogous manner, the perturbation of Equation (12) gives

¥ A — 5,00 =0, (34)

Finally, the following Ricci identities describing the action of the operators D and A
on the unperturbed fields are also useful:

DY; = p (372 +2P1), D Py =4nyp P, (35)
AYy = —pu(Bn¥a+2dqy), ADy = —4npudyy, (36)
D¢y =2np¢1, Apr=-2npe¢r. (37)

3.3. System of Equations for the Perturbations
In the previous subsection, we obtained four equations relating the perturbations

xfil)leél)/ q)gl), 1/(1), and A(V) due to the perturbed sources Tzz(l) and ]2(1). It is an underde-
termined system, with four equations for five unknowns. However, as we show, one can
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(1) (1)

partially solve such a system using the particular combination of ¥; "’ and ¢, given by

Equation (15) and obtain a subsystem of coupled equations for ‘I’S) and x. This remarkable
combination has been related to a freedom in the rotation of the tetrad [21], although its
physical meaning is not clearly understood and, to our knowledge, the physical meaning
of such a combination has not been discussed in the literature. In this section, we present a
detailed derivation of such a subsystem of equations.

Acting with As on Equation (32), and with §_, on Equation (33), adding and using the

identity Ay, 0 = 6p Ay withg = —4, p = —2, one gets
(85D 1 =3 28) ¥ + (37 ¥2 +2011) A5+ 377 (A¥2) +2 (A1) AV (39)

—(317 ‘YQ — Zq)ll)g_z 1/(1) — (p1 ((AS + %) 3_2 +g_2 (Az + %)) 4)2(1) = —471'773_2 30 Tzz(l).

A further simplification can be done using the fact that the action of the operator Ay
on ¢ is
AN (91 f) = ¢1Bn-2f, (39)
for an arbitrary function f. Thus, using Equations (38) and (39), it takes the form
(A5 D1 =3 264) ¥y + 37 %5 (A2 + 37 1) AW =8 50V 2001 (82 +37 1) AV +5 50V
+(3 i (—“l/l) (317 Y, + Zq)ll) +2 (—4 nu q>11)) )\(l) — @1 (A3 3_2 + 3_2 Ao) 4)2(1) = -4 175_2 30 Tzz(l). (40)

Substituting in the previous equation A, A(!) given by Equation (34) and after collect-
ing terms, one gets

(AsD_1 — 6 26, — 3%, —20p;) ¥\ + 4Dy, 5_, vV
+ w9+ 6Dy — 9 — 65Dy — 8y D) A — 1 (A3 4+ A1) 500, M) = —4my5_y 50 TV, (41)

Simplifying and using the definition of the operator Ay in Equation (29), one obtains

(AsD_1 — 0264 —37¥, —2®y3) ‘Iﬂ(;l) —2¢1 M0 00V — 8@ AV 44015 v
= —47‘[17 3_2 30 Tzz(l). (42)

Next, one can use Equations (32) and (33) to express the perturbed spinors as
1), % 1 =
M = rptare (_Dflwi ' +5,¥ + 9152 (Pz(l)), (43)
v = L (54 ¥ — A ¥ 4 Ay 01 9oV — 4 5 T22<1>), (44)
and substitute them in Equation (42). The resulting equation is
AP+ A+ A = 4 AL T, (45)

where we have defined the operators

6P +51 Y2 > 2011 +3n¥Y2 <
A = A+3 D_1—2®11 —3n¥Yo+ —————-=0_190y, 46
1 < " 201, +37%,) 1 1 —3n%2 20y, — 3y ¥, 02 (46)
A, — (291) 31 ¥2) (27 1203, —3Y¥3 —3P111Ys) 5, 47)
201 - 37 ¥> n¥2 (2®11 +37¥2) '
4 Dqq 14 &1 —|—9771Y2)
Ay = ————— [ A ———= ) 0_, 48
3 2<I>11—317‘I’2< TS, 1 AT, ) 02 (48)
Ay = 7 201 +37 1, 3 _500. (49)

2P -3
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Remarkably, the operator A; actingon —37 ¥, (pél) takes the same form as the operator
) 1)

Aj acting on 27 ¢4 ‘I’él . Indeed, one can write the action of A; and Az on (pgl) and ‘I’é as

n _ 1 _ (1)
Arg,” = Az((?ﬂy‘l’z)( 31 Y29, ))
_ 2y 6bu +57%2\ 5 ()
= e 3w (A se, ey ) 2 (), 60
1

_ (2¢1) 6P +57%2\ £ 1)
= Taon st \ AT e T, ‘5‘2<2'7"’1T3 ) (51)

and using this remarkable property in Equation (45), one gets

Alqu(Ll) +Asx =4m Ay T, (52)
where ) )
x=1(2e ¥ 3% 91"), (53)
and 2¢1) 6D11 +51F
P1 11 +9o7 2)
As=—— 2P (Aygyu TN 2235 54
° <2<I>n—3n‘1fz)( 2%, +3n¥, ) 7 &4

In order to derive a second equation for ‘I’il) and x, we first apply the operator &,

on Equation (32), and the operator D_; on Equation (33), and adding up and using the

rule of commutation 64 D_1 — D_5 84 = 0, we eliminate ‘Fil) in the equation. The resulting
equation is

(Do Ay — 64 3—2)‘1’?) + (37 Y2 +2®11) 84 AY + (16462 — Dy Ay 1) 2V —
[(37¥2 —2@11) D_p + 315 (DY) —2 (D @11)] vV = —471y D_5 89 TV, (55)

Considering that D_p = D1 — 31 ps, we can use the Maxwell Equation (31) to expand
this last equation as follows:

(D284 —618-2)¥S) — @1 (D2 +2770) (Bg — 217 jt) + 645 _2) oV

1 - 1
—3nY> (2;7% [D_1A3— 6465 —61%] (Pz(l) +2‘F§1) + 19, ]§1)> +

2P, (2 64 /\(1) + 5 ! [D,l Az — (543,2 — 61’]‘1”2] (pz(l) +2qj§l> + L ]2(1)) —4npdy U(l)

1 4 ¢
= —4my D_5 80 Tpa. (56)

After some algebra, the previous equation becomes

(D_p Ay — 8405 —2(37¥, — 203 ¥ +

_ 3%, — 2 -
- <(P1 (Do Ao +040-2) + %(Dq Az — 040 5 — 677‘1’2)) 2V +
40115, — 4y p Dy v) = —4y D230 T + —— (37F, — 20y3) . (57)

4(p1

From Equations (32) and (33), one can obtain the following expressions for the terms
involving the perturbed spinor coefficients:
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10 - -
o _ T 1) 1) 1)
4Dy, 6, 2<I>11+317‘I’z( D55 +6,5 %V + 916,55 ¢ ) (58)

4 Py

- M) = _po 201
dnpPuv 1058, — 3%,

((54 ¥ — A ¥ 4 gy Ag @l — 47 3 T2<;>). (59)

Using these expressions in Equation (57), and after some simplifications, we obtain an

equation involving only ‘I’S), ‘Yél) , (pél), and the sources

By ¥y + (01, + 01,) ¥§") + (Oar + 0ny) i) = 47 B3 Tio ™ + 41% (B31¥2 —201) 3", (60)
where the operators have the form

B 5 o (D010 pg gt ) 0 (61)
0y = (Do+ 670 55 2 ) (ot ) 6
0y, = m (640 2 +2(2®1 +37Y2)], (63)
Oz = —¢n <D0+4ﬂpwnqilgn%)A W(Do—w)woﬁw), (64)
0= (a1 ) 2 s e 2000 o), ©
B = =1 (Do + 610 55 20 ) B (66)

We have collected the operators acting on ‘I’gl) and on (pgl) in those involving Dy and
Ay, and the rest, as long as they involve more algebraic manipulation in the next steps in
the derivation. Indeed, using ‘I’gl) = (2n¢1/2n¢1) ‘Yél) and (pgl) = (=3nY2/ —31¥>) gogl)

in Ola‘Fgl), one gets

2
OlaT:(;l) = 0y, (2221 ‘I’él)) = (91“(217(;)1‘1’;1)), (67)

and for the radial operators

1 _ 1 DA (1)

Oty = Oy s (21 s") = On (2091 457), (68)
1 1 1 1

Oy (Pé )= Oy (C37%,) (‘377‘1;2 ¢§ )) = Oy (_37711;2 ‘Pg )), (69)

where O1,, O1,, and O,, have the form

1 2@11—317?2 —
O1a = 540 2 +2(37¥2+2P1)), 70
" (2’7<P1>2<D11+317‘I’2(4 2+2(37¥2+20n)) (70)

and
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1 D ¢, Dqq )( A(P1>
Oy = D,——H papp—"1 ) (a, -2 71
v 2'74)1( 27T TP %0 23y, )\ gy 7
1 q)11—31’]‘Y2 q)11—31’]‘Y2 )
= —— | DogAp+6nuDy—4np ———""Ag+61n(Du)—24 ,
2,7(,,1( 080+ 61D =415 3 g Ao n(Du)—24p 20, —31 %,
R _D¥ _ Pu _AT
2@11317‘1}2( DTZ)( AT2>:|
+—— =\ D_1— Ay — —=
21 o1 17 7y, 3T Y,
= agDgAg+ a3 Dy +axAg+az(Dp) + ay. (72)
We have written the operator Oy, as a sum of different operators, since, as shown
below, each element of the sum is equal to the corresponding element of Oy,:
1 2<I>11—3’7‘1’2> 1
a — e - + - 7 73
° 317‘?2( 7 21 1 21 1 73)
1 nu 1
aq = — 2011 2P11+31nY)+22P11 —31nY¥Yr) (P11 +31nYY =——06nu, 74
1 3’711,2217%17%( 11 (2®11 +37¥2) +2(2®11 — 35 ¥2) (P11 +37¥2)) 2y gr O1H (74)
1 —-np 2 2
a = - 21 (4P, —4nYr, Dy -9 Y
2 34 Y, 211<p1;7\1f2(2c1>11—3;7\1f2)< “( T A2 A 2)
_ 2 _ b (L, Pu—3nYs
+ 22911 -37Y2) (¢11+ZUT2))_2W¢1< 4’7P2q>11_3,711;2 , (75)
1 /] 1
a = - 2911 (2P +31Y)+ (2P —31Y,) (P11 +317Y))) = —— 67, 76
3 3%, ,7\1,22;74)1( 1 (2P +37Y¥2) + (2P =37 ¥2) (P11 +37¥2)) n o Ul (76)
d 492 — 4y Yy Dy —9Y3) 2P +37 ¥
a, = — —¢1 2y(D11>—py( n =1 ; 11 3) 2P +37 1)
377"P2 Y, ‘Pz(2q911—377‘}f2)
2@11—317‘1”2 ( CDn) (@11+217‘Y2)(q)11+311‘¥2)
+— = (2u({D—) -4
217 91 < 7, Pr Y2
q>11_3;711/2>
= —24 _—= | 77
2774)1( T @

thus, each of the coefficients of O,, take the same form as the corresponding coefficients of
O, acting on the variable ) defined in Equation (53). As a result, we can again express the

(1) (1)

operators acting on Y5’ with the operators acting on ¢, ’ as a single operator acting on yx,
and obtain in this way the second equation for ‘i’gn and y,
1

_ (1)
4([)1 (317 Tz 2@11) ]2 , (78)

B ¥\ + By = Byn TV +

where B; = Oy, + Oy,. We have shown that it is possible to obtain a couple of equations

for ‘I’z(ll) and x that are independent of A1) and v(1). However, the complete system is not
solved as long as, in order to determine the perturbed spinor coefficients, one must obtain
1) (1)

‘Yfll), ‘I’g ,and @, ’ independently, which is not possible within this formalism because, as
mentioned above, the system is underdetermined.

4. Sources of the Perturbation and Harmonic Decomposition

Because the previous section is quite lengthy due to all the calculations, we briefly
present the two important equations that describe the gravitational and electromag-
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Ay

By

By

Bs

(1)

netic/gravitational perturbations for ¥, ’ and x and further comment on the sources
that may cause these perturbations. From Equations (60) and (78), we have

Ay ‘12(11) +Asx = AgxTpW, (79)
By 1},511) +Byx = B3xTpM+ 414)1 (2®11 —37Y¥2) ]2(1), (80)
where

U (2 P ‘Fél) -3%; ¢§1)), (81)
(8+3mn it s e? ) (Do—np)—20u ~3p¥a+ 53025 20 ®)
Gt (8 e are ) )
mfs—z%, (84)
_mfiln‘lfz( O‘WPM) o (85)
21714)1 ((Do —47p m> (Do + 67 1) +2 (2011 —34¥,) + m(5452), (86)
—y <D0+617p2q>1117_\11;17%> 80- (87)

As the source of perturbation, let us consider a charged dust-like matter falling radially
into the black hole with stress energy tensor Ty, = psutu", where u! is the four velocity
and py is the rest mass density of the fluid. In our analysis, we consider that the fluid is
falling radially into the black hole with four velocities:

ut = (u'(t,r),u"(t,r),0,0) . (88)

When the fluid is charged, it induces an electric current given by J# M = pe e, where
the electric density is p. = gpy, and g is the charge per unit of the mass of each particle.

An important property of the system of Equations (79) and (80) with the given form of
the sources is that the system can be decoupled into an angular and radial set of equations.

First, one must notice that the different functions of the system, Equations (79) and (80),
have different spin weights. For instance, the Weyl scalar ‘I’S) has a spin weight of minus
two, whereas x has spin weight of minus one. Furthermore, the rest mass density p, and
the density of charge p, are scalar functions with zero spin. Thus, the different operators
acting on these functions have to be such that they finally produce quantities with the
same spin weight. Indeed, as we show below, Equation (79) has spin weight of —2 and
Equation (80) has a spin weight of —1. With this in mind and using the fact that the

spin-weighted spherical harmonics Y, (") form a basis for each weight s, we write

YW = Y ¥y, (1) Y26, ), (89)
I,m

x = Y xim(tr) Y16, ), (90)
I,m

on =Y puy(t7) Y06, ), (91)
I,m

pe =Y Pern(t,r) Yo (8, ). (92)
I,m
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54 11/4(1)
0462 X

5() K ng(l)

In spherical symmetry, we can choose the vector k¥ = (1,—1,0,0) such that the
operators 6y = m! d;, and 5y in Equation (30) can be written in terms of the eth and
eth-bar operators, 3s = — (9 +1i cscfdy —s cotf) and ds = —(9g — i cscHdy + 5 coth)

as follows: , ,
oy =——"0_n, EN:——é%. (93)

V2r T2 V2r

The action of the eth, eth-bar operators on Ys(l'm) is to raise or lower the spin weight
as follows:

3.0 = -5 (15 +1) Yoy () (94)

Bvm = U+ (I —s+1) Y, (95)

Given the action of the operators on the spin weight, one gets the following identities
for the terms in the perturbation equations:

1 5 1
=g 00 L ¥an Y2 = g R -1 (42) Y Y2,

Im
1 -
=——3_ y ,m — 1 V=1 (142) xp Y2 ),
V2r 11,Zm;le 1 ng ) Xim Y2
k)t
I,m
K uy,)?
- K% Y U= D)1+ 1) (4 2wy, (87) Yoo ),
Im
1 - 1
-———3 Fam Yoo ) = ——— Y (1= 1) (1 42) ¥app Y1 O,
Ty 2%% a1m Y2 \/Erl,zm (I=1)(I4+2)¥Yaym Y
1 - ; 1 |
= 7020 D am Y = =75 D=1 U +2) 20 Y
(K™ ”V)z = I (K u )2
= —k—2L 3 npp Yo = LN 11 41) pyy,, Yo . 96
K \/ET’ Ol,zmplm 0 \/ET LXm; ( )plm 1 (96)

Thus, the angular dependence of the dynamical equations is encoded in the spin
weighted spherical harmonics. Furthermore, all the terms that appear in Equation (79)
have spin weights of —2, and those appearing in Equation (80) have spin weights of —1,
which confirms that the equations are balanced with respect to the spin weight.

The angular part of the perturbation equations can be factorized using the orthog-
onality properties of the spherical harmonics and each equation, and can be reduced to
a set of equations for each mode as follows: multiply Equation (79) by Y "), and
Equation (79) by Y_; "), then, integrate the element of solid angle. As a result of the
orthogonality of the spherical harmonics, each sum reduces and one obtains an equation
for each mode (I, m).

Finally, recalling the Peeling theorem [29] that states that the Weyl scalars have the
asymptotic decay ¥s = 1/, it proves convenient to rewrite the equation for the gravita-
tional perturbation in terms of the quantity r ¥4V, which does not decay in the asymptotic
region. For the electromagnetic/gravitational perturbation, the product between the Weyl
and Maxwell scalars forming x decays as 1/r%; thus, the product *x has a constant ampli-
tude. For simplicity, let us define the amplitudes for each radial mode:

Rimgy=1¥my and  Rppz =7 xim. (97)

Then, the perturbation equations take the form
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G

G

2
CiRims+CoRyyz = xC3ppm (K up)”, (98)

1(1
Mpelm (kﬂ ”H)' (99)

2P +3Y%
(2P 2) r

I

2
DiRyys+D2Ryys = xD3ppy (K uy)” —

where

2P —3%, (I-1)(1+2) 1
2P +3¥, 212 r’

6P —5Y%;

P1 6@11—5?2 1 1
20-1)(1+2)—P _ ((A—3u22n=2%2) 1) 1
I=D0+2) 35 3, << My —3%,) 1)

20— 3%, JI-DI(+1)(+2)

211 +3%; 272 !
2Pqq 2911 4+9Y; 111
2(01-1)(1+2) 5 (D BT 22 _ye) |2,
(”1{ (=0 )2q>113‘1f2( ST e T

1 Py +3Y, (I—1)(142)2®1 +3¥,] 1
A (pyap Butdte 4N A 220y +3%,) — E
2{( TR0, 13Y, €>( 61)+2(20u +3%2) 277 2®y, —3%, | &

[(+1) ¥, 1

Equations (98) and (99) are the final coupled dynamical equations for the gravita-
tional and electromagnetic perturbations in the time domain, which can be written in any
coordinate basis.

5. Perturbations in Reissner—-Nordstrom Spacetime in Kerr-Schild Coordinates

Following our previous work [28], we focus on the Reissner-Nordstrém metric in
Kerr-Schild-type coordinates:

2 2 2
ds? = —(1 _M 2>dt2+2<2M — Q) dt dr + (1 4 2M %)dr2+r2(d92~l—sin29dq02), (101)
r 7 r 7 r

72
where the null tetrad is

2 2
lV:1<1+2NI_Q2,1_2NI+Q00>,
r r r r

N

k= (1,-1,0,0),
1
V2r

and the nonvanishing components of the Weyl, Ricci, and Maxwell scalars associated to
this geometry are

mh (0,0,1,7 csch), (102)

M Q? o _Q
‘YZ—F_;/T/ Cpll—ﬂ/ 4)1—W~ (103)

For this spacetime and with our choice of null tetrad, the nonzero spin coefficients are

- 72 r3

W=D 5= 53— 5 = (104

22 r

In order to solve the perturbation equations, the first step is to write the equations
in a dimensionless form. For this purpose, we recover the physical constants G, ¢, €p and
to- We start by defining the characteristic length of the system Ry, the we write the radial
coordinate r, as r = Rg #, with 7 as a dimensionless quantity. We also define a characteristic

2 2 2
1 _rm=2Mr+Q o 1<M Q)’ B —ac 1 cotd
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time, Ty, such that t = Ty f. In terms of the dimensionless quantities, we find it useful to
define the quantity
GM
2
= —. 105
7= 2R (105)

The maximum value of the charge to get an extreme black hole is Qmax = 4/ % %;

therefore, we can normalize the value of the charge defining a dimensionless quantity

Q = Q/ Qmax-
The dimensionless electromagnetic and gravitational scalars are
/G 1 a2 0 o?
- =~ = =—Xx 1
q)lg ]/lO C2 4)11 (Pl 4 7TRO \/5?2/ X R03 X, ( 06)
where
1 2Q%) Lo
s - — ¥ 107
X 3(?3 7 )q’z 2v2mi2 3 (107
and:
2 A 02
_ T 5242 _ Q
Y, = R021'>4 (7” o Q), q>11—R02 S

Ry = —Ry, Ry = —Rj. (108)

By replacing the Weyl scalars Equation (103) and the spin coefficients Equation (104)
in the perturbation Equations (98) and (99), we obtain the following system in terms of
dimensionless quantities:

A\ 02 Ar\ 02 A 02
2 20  4A2\ 9 (0 5 24 4 A2 n2(ns  2A2
{(r +20°7—0"Q ) ¥ (r 20°7+07Q ) 372 20 (Zr o Q ) afaf“
L (67 +(3-10Q?) 0%#? —50* Q% —20° Q) 3_2(6?3—(3—10@2)azf2+504Q2f+2a6Q4) kl
# (37 —402Q2) of ? (37 —402Q2) or
37 —402Q* 602 (F—202Q%) | 4 .,
+(1=1)(1+2 == : £,7) + 109
(=1 )3?—202Q2 7 (37 — 402 Q?) 4(0F) (109)

2 (3F—20202) \of 97 (3P —402(0?)

,/(1—1)(1+2)Q<a ? 402 (2 )Rs(”)

37 —4020? |

2\ (12
mp(f,r) (0 k)",

327\ (1~ DI+ 1)(1+2)

and
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AQPVI-1)(1+2) [/, 2, 42) 0 2 2., 442) 9
27[(3?_402(22) [(r +20°7 -0 Q)a—f—i—(r —20°7+0 Q)$+
372 (F+20%) — o2 Q*(472 + 9027 — o* Q?) (i7)
P37 —202(2) e
A\ 02 Ao\ 02 A 0>
22 25 4 A2 2 5 248 4A2 . 2(ns_ 2A2
+{<r +20°7 -0 Q) 2 (r 2097407 Q ) 572 20 (Zr o Q ) 5797
3?3_(72@2?2_'_0.4@2 — Q4 (?*UZQZ) (3?270.4(32) )
-2 = -2 = —
7 (37 —202Q2) ot 7 (37 —202Q2) 97
3t —202Q% P2—0tQ® | 5 .
I-1)(I+2 > = R3(t,7) = 110
HI=1) (14D S5 s + 2y i [ Roli) (110)
> l+1 Q{ P42 Mr— Qz) A+(r —2Mr+Q2) a?
273 ( — Q)P 160t QPP +700 Q| e 3FV2I(+T) () 2 42 5. i K
+ (3720207 o(E7) (i, k") —T(Sr—ZOQ)pu

where, for simplicity in the notation, we dropped the indices [, m on each mode.

5.1. Matter Models

We shall consider that there are two sources of matter that cause a perturbation in the
black hole: one associated with neutral matter characterized by the rest mass density p,, and
the other associated to charged particles with density g.. We consider that neutral particles
only move in the radial direction and are free falling into the black hole. The conservation
of the number of particles V, J# = 0, where J# = pPnith, for the metric Equation (101) gives

4(a7)2 472

rapﬂ
Uy 97

9 Pn
of

+

+ Pn

(111)

where we defined the three velocity as v}, = Z—:@’ and we assumed that the dimensionless

A

four velocity has components 1), = (49, 1",,0,0). For charged particles, we make the same
assumptions, so we obtain that the conservation of the number of particles implies

A p 5 0(1)
e |, 0pe 4(15)? 47 =55
0 =0. 112
at "% TP a5 (112)
Considering the normalization of the four velocity #* i1, = —1 for both types of
particles, we can express 719 in terms of 1" as [28]
o? (Z—UQZ) Ty 1lyo2ar -
0 = 113
3 (113)
where A =1 - 22 + % As previously stated, this expression is valid for neutral and
charged particles.

For spherically symmetric static spacetimes, one can determine the motion of test
particles up to quadrature by means of the Euler-Lagrange equations in the following way:
Let us consider the dimensionless Lagrangian for neutral particles

L :% (g " 0"),

using the Euler-Lagrange equation for x and the metric Equation (101), one obtains a
conserved quantity associated to the energy of the particles at infinity €, and, consequently,

(114)
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o - 0 C-)% (115)
n A ’
where &, = g,ﬁ)
Lagrangian is
fo=X(arn,+20%0 QM”ALO (116)
¢ 2 # m 7

= 2 A =
where the vector potential was taken as A;, = (%,0) = (Qmaﬁ# %, 0) and we have

written g = Qmax §. From the staticity of the spacetime via the Euler-Lagrange equation
for t, we get
2 H2 r
~0 ée—i_gz(z_v?Q) ~ 3
0 = , (117)

=

ﬁ)‘
\)

>

where é, = — 355 and A = 20?2 q 0 % Using Equation (113) in both Equations (115) and

(117), we obtain

2 ~
A2 . A A
@ = (&-55) -5 w19)
72 o A
()" = &-— (119)
Finally, the projection of the four velocity along the null vector k* u;, for both types
A A ar
of particles provides a couple of expressions that are useful: 70 + 0, = %, and

a5+, = S,

Given the components of the velocity for both neutral and charged particles and the
evolution of the densities, one can numerically solve the perturbation equations given
an initial distribution of matter and compute the resultant gravitational signal due to the
gravitational and electromagnetic perturbation induced in the black hole.

5.2. First-Order Reduction and Numerical Implementation

In terms of the 3+1 decomposition of the spacetime ds?> = — (a2 — 7B, )dt> + 2 B,drdt +
Y2,dr? + 1?(d6? 4 sin? d¢p?), one can determine the lapse function a, the shift vector ', and
the metric component 7,, from metric Equation (101), yielding

202 04Q2>

-1/2

7 ﬁr:E_UAtQZ

7 72

; = (120)

’ ,Br = “2,31'/ Yrr = <

In order to write the system of second-order differential Equations (98) and (99) as a
first-order system suitable for numerical integration, we introduce the auxiliary functions

(0; Ra — B" ¥a), XS with a=3,4. (121)

From the definition of 7%,, one obtains the time evolution of R,; however, by taking
the time derivative of §, and replacing the lapse and shift, one gets

. P70 + 02 (28 — 02Q?) §a
”hR, = , 122
o 72 42027 — 4 Q2 (122
. #29;7t, + 02 (27 — 02 O?) 9; 0 2702 (7 — 0202 .
0Py = bt ( . 9) W | ( Q) 5 (a — Ga).  (123)

72 4 2027 — 0*Q? (72 + 202 — 04 (?)
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The equations for 714 and 73 are obtained by substituting first-order functions into
Equations (109) and (110):
0’2 (2?‘ — 0’2 Q2>a,¢ ﬁ4 + ?2 af lp4
P 12027 — o OP)
+23?3 (27245027 +40%) — 02 Q? (104 + 31023 +20* (154 Q%) 2 —20°Q? (87 — 02 Q?))
P2 42027 — 04 2)? (37 — 402 02)

313 272+ 11027 +120%) + 02 Q? (104 + 70273 —20* (944 Q%) #2 —20°Q? (27 — 02 Q?)) .
+2 — - —— . s
P(P2+2027 —0* Q%) (37 —402Q?)

(1-1)(1+2) (37 —402Q%) 602 (?—20%Q?) 2
72 (37 —20202) B (Bi—40202) )
QI -1)( ( fts — s o Q? A>
— ) R3

+2)
- o 4 -
27 (3720202 \ (B 12027 oA 02) | (37 402 (P

37 —402Q? . 0 )
——= — G,(,?) (1 +15,") . 124
77(377—2(72Q2) Pn( )( n n) ( )

8; iy =

A

7Ty

1302/ - D1+ 1)(1+2)

o2 (27— 02 Q%) 0s A3 + 7205 3
0; i3 = - s A
242027 —0*Q?
313 (P 42027 +20%) —0? Q* (#* +402 P +110* 2 — 0° Q? (67 — 02 Q?))
P2 4202¢ -0t 0?) (37 —202(?)
3r3 (P + 602+ 60%) —02Q? (374424027 + (29—-8Q?) 0*#2 —0° Q% (167 — 302 Q?)) .
P2 42028 — 4 02)? (37 —202(Q2) v
_<(1—1)(1+2) (37 -202Q?) N 2(372 —c* Q?) >R3
r2 (37 —402Q2) 73 (37 —202Q2)

APV -1)(+2)
27 (37 —402Q?)
+3"AQ2W (@ +a")* [((P+202r =0t Q) a;p+ (P — 2027 +0* Q%) 35p)
E
u

. nt A 2'\3 2 8 — 32 A2_16 4 A2 » 7 6 A4
+p<2(?2—202?+04Q2) Fiw) 2P+ (8- Q)P 16 QTP H707Q7 |

+ ") # (37 —202Q2)
30t Q\21(1+1) (37 —202Q?)

4y

A

+2 3

+2

(125)

37 (2 +20%7 304 Q) — P QP (472 - * @) )
4

(ﬁ“ Tt P (37 —20202)

5.3. Waveforms

For our simulations, we solved the system of equations for the gravitational perturba-
tion and the electromagnetic/gravitational perturbation with sources using Equations (124)
and (125). For the source, we are considering nonspherical shell of particles falling into
the hole. The numerical code evolves the first-order variables with a third-order Runge-
Kutta integrator with a fourth-order spatial stencil. For a more detailed description of the
code see [28]. As initial data, we used a Gaussian packet in the density describing a non-
spherical shell of particles falling into the hole p,,(0,#) = ppel e )2/20g pe(0,7); where
po=5x1073, fcg = 50 and 0g = 0.8. For the simulation, we used Kerr-Schild-type coor-
dinates, 7,,;, lies inside the event horizon, and we chose 7, = 1.5 and #max = 1000. The
gravitational and electromagnetic/gravitational waveforms produced by the infalling
matter were extracted at a fixed # = 100 radius. The gravitational and electromag-
netic/gravitational functions, Ry, R3, were initially set to zero, as were their time deriva-
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tives. The outer boundary was set far enough from the horizon to ensure that any possible
incoming radiation had no effect on our results.

In Figure 1a,b, we show the radial profile for the gravitational and the electromag-
netic/gravitational component for the mode | = 2, respectively. The simulation was
preformed for different values of charge O =0.0,0.5,0.9,0.95, and 0.97. We can observe
that the waveforms are quite similar in structure and that the amplitude changes for dif-
ferent values of Q. The gravitational waveform amplitude is greater and presents more
oscillations than that of the electromagnetic/gravitational case. It is interesting to observe
that the amplitude decreases for greater values of Q in the gravitational case. On the
other hand, in the electromagnetic/gravitational case, the amplitude increases for greater
values of Q. The time response for both gravitational and electromagnetic/gravitational
waveforms starts and finishes at almost the same times.

In Figure 2, we plotted the absolute value on a logarithmic scale to show the differ-
ent stages of the signal: the initial burst due to the initial data, the quasinormal ringing,
and the tail. Figure 2a shows the gravitational signal and Figure 2b shows the electro-
magnetic/gravitational signal. We found no sign of mixing between gravitational and
electromagnetic/gravitational frequencies. Each signal displays its characteristic ring-
down frequency and the power-law decay. The ring-down frequencies were extracted
from #~50 to #~350 for the gravitational case and from £~50 to 400 for the electromag-
netic/gravitational case. The frequency of the gravitational waves is the one associated with
the quadrupolar quasinormal mode. In order to find the frequencies, we fitted the data with
a sinusoidal waveform. The numerical values of the corresponding frequencies are shown
in Table 1. The values we found are consistent with the values given in [21]. Although
it is known that quasinormal mode frequencies are complex, we were interested in the
oscillatory behavior of the signal. For black holes with masses of 10Ms < M < 103M,, the
electromagnetic frequencies are in the interval 8-800 Hz, whereas the gravitational waves
produced for such a range of masses are in the interval of 12-1.2 kHz [28]. As has been
pointed out, quasinormal ringing can be used to determine the intrinsic properties of the
black hole [30]. Electromagnetic waves with such low frequencies, however, could be easily
absorbed by the interstellar medium during propagation, making it almost impossible to
detect them directly.

——Q =00
—Q=05

Q=09
—— Q=095
—Q =097 |

50

<Qd 0 \/_

-100 1
I I I I I I 20 I I . . . .

140 150 160 170 180 190 200 210 140 150 160 170 180 190 200 210
Time Time
(a) (b)

Figure 1. Radial profiles of the gravitational signal R4 (a), and electromagnetic/gravitational Rz (b) signals for the
quadrupolar / = 2 mode with different values of Q =0.0,0.5,0.9,0.95, and 0.97.
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Figure 2. The gravitational Ry and electromagnetic/gravitational R3 signals in logarithmic scale for different values of
charge Q =0.0,0.5,0.9,0.95, and 0.97. The signals show the characteristic phases: the initial burst, the quasinormal ringing,

the power-law decay, and the tail.

Table 1. Frequency of the quasinormal modes of the black hole produced by the perturbation of the
accreting matter. The frequencies are consistent with the values given in [21].

A,

0) £ @

0 2 0.3736
0.2 2 0.3747
0.9 2 0.4135

0.95 2 0.4216

Next, we present the behavior of the energy carried by the gravitational wave for
several values of the charge of the infalling matter for the I = 2 mode (any —! < m <),

obtained from the energy loss formula, i.e., the power of the gravitational wave, Pgy, = di%,
(see [27]):
: 1 ! 2 g4/
Py = lim —— /_ IRgPar (126)

From Figure 3, we notice how the flux of energy carried by the gravitational wave ‘Yz(ll)
reaches a constant value. This value decreases for large values of the charge of the black
hole. Although the same integral can be made for the gauge invariant quantity x, as long as
it is coupled to the gravitational radiation through ‘i’él), its classification as electromagnetic
energy cannot be immediately made; thus, it deserves a deeper discussion. Here, we only
mention that it is zero for Q = 0 and opposite in behavior to dEgw /dt; and its asymptotic

value increases with Q.
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Figure 3. Energy carried by the gravitational wave, ‘I’fll), according to Equation (126), for the values

Q = 0.9,0.95,0.97 proportional to the charge of the black hole.

Our system of equations allows for a purely electromagnetic/gravitational response
(encoded in the function x). Indeed, for the I = 1 case, which corresponds to a dipole angu-
lar distribution, there is no gravitational response, as the gravitational waves occur starting
from the quadrupolar angular distribution [31], but there might be an electromagnetic one.
We see that this is the case in the following: in solving the system of equations with [ =1,
we only obtain a response in ), which we present in Figure 4.

15 T T T T T T T T T

5r

1 1

: Ao
N \/

-10 * *
120 130 140 150 160 170 180 190 200 210 220

Time
Figure 4. Waveforms for dipole perturbation, I = 1, with Q = 0.9, M = 1, and § = —0.8. Data were
collected at 74, = 100. Notice how in this case, there is no gravitational response, ‘I’Ell) =0, as there
should be, but there is the response associated with yx.

6. Final Remarks

In this work, we revisited the gravitational and electromagnetic perturbations in a
Reissner-Nordstrom black hole by means of the Newman-Penrose formalism. In our
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analysis, we include the sources that cause the perturbations and discuss the particular case
of a charged perfect fluid falling radially into the black hole. Using both Maxwell equations
for the Maxwell scalars and the Bianchi identities for the Weyl scalars, we found a system
of coupled equations for the gravitational and electromagnetic perturbations without
choosing a specific gauge. A common practice to study electromagnetic and gravitational
perturbations within the Newman-Penrose formalism is to choose the so-called phantom

gauge (imposing (pgl) = 0), since using this gauge, one can obtain a subsystem of equations

for the perturbation of the Weyl scalars ‘I’Ell) and ‘I’gl). However, although convenient,

this choice is not unique. In this work, we show that a similar system of equations can

be obtained for ‘I’z(ll) and x = 2¢1‘I’é1) - 3‘I’zq)£1), which involves perturbations of the
(1)

electromagnetic field ¢, ' and perturbations of the electromagnetic part of the Weyl tensor

‘I’gl). Our results thus open up the possibility to explore electromagnetic and gravitational
perturbations without any a priori assumption regarding the value of any of the scalars.

)

It is remarkable that it is not possible to obtain a perturbation equation for ‘I’él
independently of ¢§1) without choosing a particular gauge, and only the combination
given by x can be determined via this formalism. However, this fact is not related to
any physical property of the fields since one can always obtain the fields by numerically
solving the Einstein-Maxwell field equations and computing all the gravitational scalars at
each time step. The actual physical meaning of such a constraint in the Newman-Penrose
formalism is an ongoing focus of research.

We also considered a dust-like charged fluid as a source of the perturbations. We used
the spin-weighted spherical harmonics as a basis to expand the functions and obtain a
system of partial differential equations for the temporal and radial components, leaving all
the angular dependence of the functions on the respective basis of spherical harmonics.
The resulting system of partial differential equations constitutes a hyperbolic system that
can be solved numerically by standard means. In this way, we see that we have a robust
procedure which sets the basis to accurately determine the simultaneous generation of
gravitational and electromagnetic waveforms. A thorough study comparing amplitudes,
frequencies, harmonic dependence, and power between the gravitational and the electro-
magnetic/gravitational signals for several fiducial values of the parameters will allow for
the determination of correlations between these waveforms. This will not only give a better
understanding of the process, but might also shed light on the multimessenger program
in a general sense, as long as it is possible to extrapolate the correlations found in the
system presented in this work to other scenarios in which signals of different interactions
are generated.

Furthermore, our analysis can be used as a simple model to describe the correla-
tion that exists between electromagnetic and gravitational wave signals that occur dur-
ing the accretion of charged matter around a compact object. This is because the fre-
quency of the gravitational waves resulting from the quasinormal ringing of black holes of
(10-10%) M, with moderate charge lies within the range of sensitivity of current ground-
based gravitational wave interferometers.

Finally, we would like to remark that studies performed in a Reissner-Nordstrom
spacetime frequently give valuable insights into Kerr geometry. The relationships arising
from the interaction of the electromagnetic field of matter with the charge of a black hole
might have a similarity with the interaction of the angular momentum of the accreting
matter with the angular momentum of the black hole. The results and derivations presented
in this work might prove to be useful in the perturbation analysis generated by accreting
rotating matter in a Kerr background. Further studies are currently underway.
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