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1. Introduction

The problem of accounting for the bound states (clusters) [1,2] formed by particles is particularly
important in the development of the theories of nonequilibrium processes of thermal quantum field
systems, such as nuclear matter [3-16]. Kinetic and hydrodynamic processes in a hot, compressed
nuclear matter, which appears after ultrarelativistic collisions of heavy nuclei [7,14,16-21], are mutually
connected, and therefore, the bound states between nucleons should be considered. This is of great
importance for the analysis and correlation of final reaction products. Obviously, a nucleon-nucleon
interaction investigation based on a quark-gluon plasma is a sequential microscopic approach to the
dynamical description of reactions in a nuclear matter. The problems of a dense quark-gluon matter
were discussed in detail in [4,5,12,13,22-27].

In his recent works [1,2,19], G. Ropke noted the importance of constructing a nonequilibrium
theory in which along with hydrodynamic parameters, a cluster distribution function is taken into
account, similarly to the case of the classical theory of non-equilibrium processes of dense gases and
liquids [28-31].

In modern theoretical studies of the nonequilibrium properties of quark-gluon plasma [12,13,23,24],
which is one of the states of nuclear matter, one of the most widely-used statistical concepts is the
entropy of Tsallis and Renyi [32—42]. This is due to the fact that the results of experimental data on
the distribution of high-energy hadrons over transverse momentums [32] are described by the power
distributions and are characterized by temperature oscillations and possible fractal structures [43]. At
the same time, the important problem of the construction of kinetic and hydrodynamic equations
for nuclear matter of high density and high temperature is not sufficiently addressed for these
systems. However, within the framework of the Gibbs statistics, the equations of hydrodynamics
and thermodynamics were already considered in many papers using the method of Zubarev’s
nonequilibrium statistical operator [44-53], the projection operator method [54,55], and kinetic
equations [56-59]. Thus, we propose an approach to solve these problems based on the nonequilibrium
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thermo-field dynamics [60-62] in the formulation of the method of the nonequilibrium statistical
operator [63—-65]. We use the thermo-field formalism proposed by Umezawa, Matsumoto, and
Tachiki [66,67], mainly because it accounts for the quantum field nature of the interaction of the
particles in the synthesis with Gibbs statistics.

Below, in the Section 2 of this paper, we consider the nonequilibrium thermo-field dynamics in
the formulation of the nonequilibrium statistical operator method [68-71] in Renyi statistics. We use
the statistics of Renyi, which has the power distribution. When the Renyi parameter is § = 1, we obtain
the results of Gibbs statistics. In addition, Renyi entropy is additive in contrast to the Tsallis entropy.

Next, in the Section 3, generalized equations for the consistent description of kinetic and
hydrodynamic processes, which take into account the bound states that emerge in the thermal quantum
field system, will be presented.

2. Nonequilibrium Statistical Operator in Thermo-Field Space

We use the nonequilibrium statistical operator method in the thermo-field formulation [63,64],
where the mean values corresponding to the observables can be found using the nonequilibrium
thermo-vacuum state vector |o(f))):

(4)! = ((1Ae(t))) = (1] AJa(1))), ©)

where A is a superoperator acting on the state |o(t))). The nonequilibrium thermo-vacuum state vector
lo(t))) satisfies the Schrodinger equation [63]:

2 1e(®) ~| 2 [H o) =0, @
2 Ja(t)) —  Ale(t)) = 0. Q

Here, the total Hamiltonian H takes the form:

H=H-H, 4)
where (1|1 = 0and H = H(a",4), H = H"*)(a*, ) are superoperators constructed from the creation
and annihilation of superoperators of the thermal Liouville space [63,66,67]. The superoperators H
and H are accordingly defined by the relations:

[Ho())) = Hle(t))),  le(t)H)) = Hlo(t))). ®)

At A
The superoperators a,", 4 j

al,a j of the corresponding statistics:

, 3 and a i satisfy the same commutation relations as the operators

(2,410 = [, )0 = 6y, 41,40 = [3),d)o =0, (6)
[ﬁlfﬁj]a = [ﬁ;r/ﬁ;r]v =0, [ﬁl/ﬁj]v = [ﬁf—/d;r]a =0,
where [A,B]; = AB —0BA, ¢ = +1 for bosons and ¢ = —1 for fermions. The annihilation

superoperators 4; and 4; are defined by their action on the ground state, the supervacuum [60-62]:
2,/00)) = 4,/00)) = 0, )

where |00)) = |0)(0[)) is the supervacuum. In this case, we have the relations 4;|0) = 4;|0) = 0 and
(0]@; = 0. In other words, the supervacuum |00)) is the orthogonalized state of two vacuum states (0|
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and |0). Taking commutation relations (6) and definitions (7) into account, we can represent the unit
vectors |1)) = | Y [1)(I]) and (1| = (3 |1){!]| in the form

1) = exp { £/ }100)),

. (8)
(1] = (00l exp { ma }.
1
Using these vectors, we write the relations between the actions of the superoperators ﬁl*, ﬁ]-, ﬁl*,
and aj:
alyy = aly, (g = (la,
af (1) = oall), (Ua = (llac

Hence, in the thermo-field dynamics formalism [60-62], the number of operators is doubled by
introducing the operators A(4",4) and A(a*, ), which satisfy the conditions:

©)

AAy, = AjA, A=A,
ClAlTCZAz = CIA] + C;Az, (10)
[A) = A1),
|A142)) = AilAy)),

where the asterisk denotes complex conjugation. A more detailed description of the properties
of the superoperators ﬁl+, fl]-, ﬁf, and aj and the thermal Liouville space was presented in [60-62].
The nonequilibrium thermo vacuum state vector is normalized: ((1]o(t))) = ((1|6(¢)|1)) = 1, where
0(t) is the nonequilibrium statistical superoperator, which depends on ;" and 4;, 6(t) = ¢ (2%, ;t).
The superoperator §(t) = ¢*(a',a;t) depends on a;", d;.

In the nonequilibrium statistical operator method in the thermo-field formulation [63,64],
the nonequilibrium thermo-vacuum state vector as a solution of the Schrodinger Equation (3) with a

source —¢ ( lo(t))) — |ore1(£))) ) , with the projection taken into account, can be found in the form:

o)) = lewa(t)) + / At T (1) (1= Pra(t)] 5 Allora (1)) a

Here, T(t,t') = exp . { /. ; dt' [1—Pra(t)] 4+ H } is the evolution operator with the projection taken
into account, where exp __is the ordered exponential, ¢ — +0 after the thermodynamic limit transition.

Palt)(l--) = lew®) + &5 hqaip]..) 1)

t
Sl0ea(1)
= L5ipe)

is the Kawasaki—Ganton projection operator, which acts only on the state vectors |...)) and has the
operator properties Prei(t)[0(t'))) = [0re1 (1)), Pret(t)0re1l(t))) = [0re1 (1)), Prei(t)Prei(t’) = Prar(t).
The relevant thermo-vacuum state vector |0 (f))) = 0re(t)|1)), is normalized in accordance with
the relation ((1|owe(f))) = (1]0re1(t)|1)) = 1, where 0, (t) is the relevant statistical superoperator.
The relevant thermo-vacuum state vector of the system can be defined as follows. We assume that
{(pu)t = ((1|pnlo(t))) is the set of observed variables describing the nonequilibrium system state,
where p,, are the operators constructed on the respective creation and annihilation operators a,” and a;.
The relevant statistical operator gy (t) is determined from the extremum of the Renyi entropy functional:

(pal.- N

LR<t>—1iL]1n<<1<|e'<t>>>>q—zx (11 (1))~ T B (11pule’ (1))
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under the additional condition that the mean values (p,)! are given with the normalization condition
((1/6(#)|1)) = 1 preserved. The Lagrange parameters « and F;; (t) are determined from the respective
normalization condition and self-consistency conditions:

(-t = (e ®)), (pn)' = (Pu)ra = (U Pulorer(t)))- (13)

The relevant statistical operator . (t) then becomes:

o) = o [1- T DR pu] ", (1)

where g is the Renyi parameter, dp, () = p — (1|px|o(t))), and:

1

Zr(t) = <<1‘ [1 — ”7;1 ;F;(t)m(t)] "Tl>> (15)

is the partition function. The sum over n can denote the summation over the wave vector k, the kind
of particles, and a whole series of quantum numbers, such as spin. From (14) at § = 1, we obtain the
relevant statistical operator corresponding to Gibbs statistics [63]:

0ra(t) = exp { = @(t) = L Ei()pa }, (16)

where ®(t) = InSpexp{— Y, F;i (t)pn} is the Massieu-Planck functional. Substituting (14) in (11),
we now obtain the nonequilibrium thermo-vacuum vector:

o) = lew(t)) + X [ _dte W) nE)eaOTEWEE),  (7)

)pn are the operators of the generalized flows describing the

where [,(t) = [1—P(t )]%
1y

L
dissipative processes p, = -5 ﬁn in the system. The projection operator P (t) acts on operators and
has the structure:

P)C-.) = (- lewt) + 6| [ dreiao ) (Fu(t) s
b 009) e | (-] [ e 000 D (0)

where d[..] = [...] = (1][- Jlozet(£)) and fyun(t) = “L45200 The operator (t) has the form () =

% Y Ei(t)0pn(t). Using the nonequilibrium thermo-vacuum state vector |o(f))) given by (17),
we obtain the transport equations for the nonequilibrium means ((1|p,|o(t))) in the thermo-field
representation. For this, we use the identity:

%<<1Iﬁnle(f)>> = (Upnlo())) = (1lpnleser(t)) + {Tu ()0 (£))). (19)

Averaging the last term on the right-hand side with |o(t))) given by (17), we obtain the transport
equations for the means ((1|py |01 (t))):

2 (lpale() = (1pulosa(t)) (20)
+Z/dﬂ”% () ()0l () En ().
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Transport Equation (20) takes the memory effects into account and can be used to describe
nonequilibrium processes in quantum Bose and Fermi systems in concrete cases in the framework of
the nonequilibrium thermo-field dynamics of extensive statistics. In particular, a system of relativistic
transport equations for a consistent description of the kinetic and hydrodynamic processes in a
quark-gluon system was derived in [64] using the nonequilibrium statistical operator method in the
thermo-field representation in Gibbs statistics. The advanced approach in terms of Renyi statistics
can be generalized to the case of relativistic systems, and this observation is important [33,35-42].
This subject will be described in forthcoming works.

3. Thermo-Field Transport Equation Taking into Account Bound States

We will consider a quantum field system in which bound states can appear between the particles.
Let us introduce annihilation and creation operators of a bound state (Ax) with the A-particle:

a,,(p 2 Paup(L,..., Aa(1)...a(A),

21
aArx Z lPAzxp A) +(1)"‘a+(A)/ @)

where lI’A‘%p(l, ..., A) is a self-function of the A-particle bound state, « denotes internal quantum
numbers (spin, etc.), p is a particle momentum, and the sum covers the particles. Annihilation and
creation operators 4(j) and a™ (j) satisfy the following commutation relations:

[a(),a* (DNle =01, la(),a()le = [a*(1),a" ()l =0, (22)

where the o-commutator is determined by [a,b], = ab — oba with ¢ = £1: +1 for bosons and —1
for fermions.
The Hamiltonian of such a system can be written in the form:

1= 3 [ ey (0 3o (4 ) @

dpdp'd N _
2/ P p qVAB(q)aAa <P+q zp)nBﬂ(CD’lAa <P—q ZP)’
Buw,p

+

1

2 X
where V,p5(q) is interaction energy between A- and B-particle bound states and q is a wavevector.
Annihilation and creation operators a , , (p) and a} . (p) satisfy the following commutation relations:

(240 (P), a55(P)le = 04,80,65(p — P'),

8,40 (P, 255 (Pl = [0, (P, afs (P = 0. @)

fipg(q) in (23) is a Fourier transform of the B-particle density operator:

5 _ dp +
Asp(a) = / (2rch) "Bp-1"Bp+
As parameters of a reduced description for the consistent description of the kinetics and

hydrodynamics of a system, where bound states between the particles can appear, let us choose
nonequilibrium distribution functions of A-particle bound states in thermo-field representation:

(U p(r,p)[(t)) = fan(t,p;it) = fau(x;t), x={rp}. (25)
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Here, f,, (x;t) is a Wigner function of the A-particle bound state where:

; ; d R
nAzx(rl P) = nAzx(x) = / (27.;11) € mq raAzx (P - %) aAlX (P + %) (26)
is the Klimontovich density operator; and the average value of the total energy density operator:

(1A (1)]e(t))) = ((1[H(r)a(t))). (27)

By this [ dr H(r) = H, H(r) is a superoperator of the total energy density, which is constructed
on annihilation and creation superoperators d,,(p) and 4}, (p). The latter satisfy commutation
relations (24). Following [63], one can rewrite relevant statistical operator 0, (f), |01 (£))) = 0rer (£)[1))
and with (14) from g = 1 for the mentioned parameters of a reduced description in the form:

@ma>:en>{—¢%w-—/drﬁux>(Hu>—§;/cj§PuAAxnﬁmxw)}, 28)

where Lagrange multipliers f(r; ) and y ,, (x;t) can be found from the self-consistency conditions,
respectively:

(LH®e(t)) = ((1H(1)]ee (1)), (29)
(Uap(®)]e(®))) = (A (*)]era(t))), (30)

®*(t) is the Massieu—Planck functional, and it can be defined from the normalization condition:

O*(t) =1In <<1 exp{—/dr B(x; t) ( Z/ ) Toag Pan (6 )4, (x )) } >> (31)

Using now the general structure of nonequilibrium thermo-field dynamics (20), one can obtain a
set of generalized transport equations for A-particle Wigner distribution functions and the average
interaction energy:

%<<1|ﬁAzx(x)‘Q(t)>> = (1140 (x)]eq(£))) (32)

—i—/dr /dt/ =D A% (x, s t,t)B(x; )
+Z/¢r/&’“%¢#“mfmwmﬂwwaﬂw,
o (UH (D) lo(8))) = (1A (r)]eq (1)) (33)
—l—/dr’ / dt’ e Doy (r, 25, ) B(H; 1)

t
+Z/dx’ / dt ee(t,*f)(Pffn(r,xl;t,t/)ﬁ(r/,‘t,)‘uBﬁ(x,;f,),
B,p —o0
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where x' = {r,p'}, dx' = (2rth) ~3dr’ dp’. Here,
2 A
o2 (x, it ) = <<1 ]nAa (x,5)T(t

it t) = <<1 i, (e T

1
Ol o, odT@). e

1
)| 4T )’ f’)eief(f’>>>r (35)

BB, 1 1.y 2 L
gDHn(r/x/t/t) ]H(r/t)T(t t)

It
?\H\

ret (E)],,, (' t’)Q}JT(t’)>>, (36)

pup(r ;) = <<1 Ju(x, )T (t,t) [t of (t’)]H(r’;t’)g}ef(t’)>> (37)

are generalized transport cores, which describe dissipative processes. In these formulae:

Jumt) = (1-P())H@),

| (39)
o, (epit) = (1=P(F))rig,(x)
are generalized flows, H(r) = —%[H,H(r)], 7,4, (5,p) = —%[H, 1 ,,(x)], and P(t) is a generalized
Mori projection operator in thermo-field representation. It acts on operators:
(11Plgrer (1)) .
P(t (P )+ /d H(r) — ((1|H t 39
(1P = ({|Ples(t) Sy (O~ (UAEe0)) (39)

lo
drdp 5((11Ployu(t) :
+ L | Gy s(ia,, ety v~ (a2t

and has all the properties of a projection operator:

P(1)H(r) = H(r), P(HP(¥) = P(t),
Pt (1,P) = 14 (r,p), (1-P(H))P(t) =0.

The obtained transport equations have the general meaning and can describe both weak and
strong nonequilibrium processes of a quantum system taking into consideration bound states. In
the calculation of the transport cores (34)—(37) in each case, the problem arises due to the fact that
the relevant thermo-vacuum state is not the ground state for the superoperators a ,, (P), a}; (P) and
i,,(P), @} (P). The essence of this problem is to construct a dynamic mapping of superoperators
a,,(P),a% (P)anda, (P),a} (P)bysome superoperators of “quasiparticles”, for which the relevant
thermo-vacuum state is the ground one.

In the next step, we will construct such annihilation and creation superoperators, for which the
relevant thermo-vacuum state vector is a vacuum state. Analyzing the structure of relevant statistical
superoperator (28), one can mark out some part that would correspond to the system of non-interacting
quantum A-particles. Let us write §,,(¢) in an evident form and separate terms that are connected
with the interaction energy between the particles:

Orel () = exp {—CIJ*(t) - /dr B(x;t) (40)

L o [ Rl — )| — [ g >}.
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Using operator equality (A and B are some operators):
1
ATB — |14 /dr eT(A+B) po—TA| oA

the relation for ¢,.(t) can be rewritten in the following form:

Qrel [1 - /dr /dT Qrel )(Qrel( ))T] @(r]el(t)r (41)

where:
) =oxp {0(0)~ [arpun Y [ oo [P ()~ gy (x4, () 2)
rel 4 o~ (271%)3 ZmA Aw Aa\*r Ax ’
or:
égel(t) - exp{ /dl‘ 1‘, Z/ bAa x; t)ﬁAzx(x)}/ (43)
p?
where b, (x;t) = [ZmA — Up (5 t)} . Relevant statistical superoperator ¢°,(t) is bilinear on

annihilation and creation superoperators @, (P) and 4}, (P), as well as on the non-perturbed part
of Hamiltonian Hj. One can write the total relevant superoperator as some non-perturbed part of
é(r)el (t) and the part that describes the interaction of quantum particles in the relevant state. Further,
we introduce the following designation:

érel(t) = @E')el(t) + @;el(t)r (44)
where:

Qrel /dr /dT Qrel )(Qrel( ))7T@70’€l<t)' (45)

Relevant thermo-vacuum states |9, (t))) and [6%,(t))) are not vacuum states for annihilation and
creation superoperators 4 , (P), 4}, (P), a4, (P), d}, (P). However, for [, (t))), one can construct new
superoperators § 4, (P), 44, (P), 7 4,(P), 74, (P) as a linear combination of superoperators 4, (P),

a4, (P)and d,, (P),a}, (P) in order to satisfy the conditions:

T aa(PiD)lep (1)) =0, (144, (P;t) =0,

ﬁAa(P; t) IQ}(')el(t)>> = 0/ <<1|’7X0¢(P, t) = (46)

To achieve this, let us consider an action of annihilation superoperators a ,, (P;t), d,,(P;t) on
relevant state |2, (f9))):

Aa(Pit)l0r(t0))) = faa(Pit—t0)a}, (P;t) 0y (t0))), (47)
A (Pi )0 (0))) = O fan(Pit —to)a}, (P;t)|ap,(to))),

where superoperators 4 4, (p; t), @3, (p;t), a4, (p;t), @}, (p;t) are in the Heisenberg representation:

aAzx(P; t) =e thOt ﬁAa(P) e% Ot/ ﬁAa(P; t) = 87% of ﬁA

a5, (Pit) = et ok (P)ed ™,y (Pt =eh
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and satisfy commutation relations:

2P0, 835(P31)] | = 000056(P ),
2 Pi1), 355 (P50) ] = Eanbips(® =)

[ﬁAa(P; t),dBﬁ(P’;t)L - {ﬁza(P;t) ahs(P' )L = 0.

It is necessary to note that superoperators H(r), fi 4, (x) are built on superoperators @, (p +
D, o, (p—2), d,p+3), al,(p—3). Therefore, for convenience, here, a unit denotation was
introduced for arguments hke P = p + 3. This should be taken into account in further calculations
where obvious expressions are needed.

According to the general relations of [63,64], we can introduce new operators 4 , , (P; ), '?X(X(P; t),

Y 4a(Pit), 74, (P; 1) via superoperators 4 4, (P; t), a% (P;t), d,, (P;t), @}, (P;t):

Vaa®it) = /14014, (Pt 1) [ﬁA“(P;t) . 1;1;;11:(:2’)%) it (Pt)],
Via®st) = 1 tom,, (Bt to) [, (P;t) — 0t (Pi1)] (48)
The relations (48) satisfy the conditions (46). Here:
Mas(P Gt to) = na,(Pit,to) = (a4, (P;t)a )|one(fo)))

240 (Pt
= (1}, (p = 2D 4 (P + 25Dl 0b (t0)),

is a relevant distribution function of A-particle bound states in momentum space p, q, which is
calculated with the help of relevant thermo-vacuum state vector |02, (t9))) (43). Function fa, (P; t — o)
in the formulae (47) is connected with 14, (P; ¢, ty) by the relation:

) = naa(P;t, to)

Pt—ty) = .
faal 1+ onaq(P;ttg)

Superoperators 7, (P; 1), 44, (P; t), 74, (P;t), and 7} (P; t) satisfy the “canonical” commutation
relations:
(P'; t)} = 064,80,86(P—P'),
[

L
|70 (Bi), T (P50)| = 64,500,8(B — ), (49)
700 (P30, s (P1)| = [75,(B3), 75,(Pi0)] =o.

Inversed transformations to superoperators 4, (P;t), ), (P;t) are easily obtained from (48):

~ o n (P/ t, tO) ~
a,,(Pt) = \/1+UnAa(P;t,t0) [WAIX(P;t)—i— 1+2le P31, t0) ;{a(P;t)] ,
o 7 v
iy, (Pt) = \/1 +on,, (Pt to) [Th,(Pit) + 094, (Pi )] . (50)

TanPit), ¥h (Pit), 74, (Pit), ¥4, (P;t) could be defined as some operators of annihilation and
creation of A-quasiparticle bound states, for which relevant thermo-vacuum state [0, (9))) (43)
is a vacuum state. In such a way, we obtained relations of dynamical reflection of superoperators
a,,(P;t), aAa(P t),d,, (P;t), a}, (P;t) to new superoperators of “quasiparticles” 4 ,, (P; t), 71, (P; 1),
Y 4. (P1), 74, (P; ). Now, we can consider some particular strategy for the calculation of the transport
cores by switching to the superoperators of “quasiparticles” 4, (P;t), ¥4, (P;t), ¥ 4, (P; 1), 74, (P; ).
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Here, we can use series expansions over the interaction of the relevant superoperator (44). These issues
require a separate, detailed study.

A set of transport Equations (32) and (33) together with dynamical reflections (48) and (50) of
superoperators in the thermo-field space constitute the basis for a consistent description of the kinetics
and hydrodynamics of a dense quantum system with strongly-bound states. Both strong and weak
nonequilibrium processes of a nuclear matter can be investigated using this approach, in which
the particle interaction is characterized by strongly-bound states, taking into account their nuclear
nature [3-6].

Weak nonequilibrium processes can be described when the fluctuations of the parameters
0B(r;t) = B(r;t) — B, pan(x;t) = pan(x;t) — pa, are small, where B and p 4, are equilibrium values
for temperature and chemical potential, respectively. In this case, the system of Equations (32) and (33)
will have a similar structure, but is closed with respect to ((1|67 4, (x)|0(#))), ((1|0H(r)|o(t))), where
640 (x) = 4, (x) — (111 5, (x)]00)), S (x) = A(x) — ((1]A(x) 00)), | o)) is the equilibrium thermo
vacuum state vector of the systems.

In addition, by designing a system of equations on moments 1, P of the distribution function,
we obtain, respectively, the equation of the thermo-field hydrodynamic for the dense quantum-field
systems. These questions require separate consideration and will be investigated in future work.

4. Conclusions

We generalized the nonequilibrium thermo-field dynamics in the framework of Zubarev’s
nonequilibrium statistical operator method [63] within the framework of Renyi statistics.
The non-Markov transport equations in the thermo-field presentation in Renyi statistics are obtained,
which can be used to describe the nonequilibrium processes in quantum Bose and Fermi systems.
In the case of g — 1 [72,73], when Renyi statistics are transformed into non-extensive Tsallis statistics,
we obtain the corresponding generalized transport equations with non-additive entropy for the system.
Based on this approach and Gibbs statistics, the generalized equations of the consistent description
of kinetics and hydrodynamics for dense quantum field systems with strongly-bound states were
obtained. We obtained the relations of the dynamic mapping of the superoperators 4, (P; ), 4% (P;t),
a,,(P;t), ﬁj{f“(P;t) with the new superoperators of “quasiparticles” ?AW(P;t), ’ijga(P;t), Y au(Pit),
9 4, (P; t), for which the relevant thermo vacuum state of the non-interacting particles is the ground
one. This is important for the calculation of the transport cores.

Using this approach, one can investigate both strong and weak nonequilibrium processes of
nuclear matter, when the interaction between particles of the latter is characterized by strongly-bound
states of an internucleon nature [4,5].
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