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Abstract: In this paper, we calculate the vacuum expectation value of the azimuthal fermionic
current, associated with a massive fermionic quantum field in the spacetime of an idealized cosmic
string, considering the presence of a magnetic tube of radius a, coaxial to the string. In this analysis
three distinct configurations of magnetic field are considered: (i) a magnetic field concentrated on a
surface of the tube; (ii) a magnetic field presenting a 1/r radial dependence; and (iii) an homogeneous
magnetic field. In order to develop this analysis , we construct the complete set of normalized solution
of the Dirac equation in the region outside the tube. By using the mode-sum formula, we show that
the azimuthal induced current is formed by two contributions: the first being the current induced
by a line of magnetic flux running along the string, and the second, named core-induced current,
is induced by the non-vanishing extension of the magnetic tube. The first contribution depends only
on the fractional part of the ration of the magnetic flux inside the tube by the quantum one; as to the
second contribution, it depends on the total magnetic flux. We specifically analyze the core-induced
current in several limits of the parameters and distance to the tube.
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1. Introduction

In 1957, A.A. Abrikosov [1], by using the Ginzburg-Landau superconductivity theory, showed
that there exist a magnetic flux tube penetrating in a type II superconductor, that was named vortex,
when the intensity of the field is bigger then the critical one, B > Bc. Some years later, adopting
a relativistic formalism, Nielsen and Olesen [2] have found vortex configurations, by using field
theory, with Higgs field interacting with Abelian one. The numerical analysis of the influence of this
system on the geometry of the spacetime was made in [3,4]. The authors have shown that, as in flat
space, the system presents also cylindrically symmetric solutions, having a magnetic field of finite
extension. They also shown that the space around the vortex is asymptotically Minkowski minus
a wedge. Two length scales naturally appear in this formalism, the one related with the extension of
the magnetic flux proportional to the inverse of vector field mass, mv, and the other associated with
the inverse of the scalar field mass, ms, being the radius that the scalar field reaches its vacuum value.

In the analysis of the behavior of a quantum charged field in the neighborhood a (NO) string [2]
one has to take into account the influence of the geometry of the spacetime and the presence of the
magnetic field. In this way two different procedure can be adopted: The first one is to consider the
vortex without inner structure, having a magnetic flux running along a straight line and the topology
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of the surface orthogonal to it been conical one. The second procedure is to consider this object
having a non-vanishing core. The first approach the can be exactly solved; as to the second one, it
is beyond our analytical comprehension. In the first approach, the idealized model, the periodicity
condition imposed on the quantum field due to the conical topology leads to a modification of the
spectrum of the zero-point fluctuations of quantized fields shifting the vacuum expectation values
(VEV) for many physical quantities (see for instance references given in [5]). Considering the presence
of the magnetic flux, additional polarization effects take place, these ones associated with charged
quantum fields, as we can see in [6–11]. Specifically speaking the magnetic flux induces a non-zero
azimuthal current densities, 〈jφ〉 (see references [12,13]). Although the results found for these currents
are calculated considering a fixed configuration of magnetic field, these currents act as sources of the
semiclassical Maxwell’s equations and play important roles in modeling a self-consistent dynamics
involving the electromagnetic fields. In higher-dimensional cosmic string spacetime, the analysis of
induced fermionic currents in the presence of a magnetic flux have can be seen in [14]. In all these
analysis, the authors have shown that induced azimuthal vacuum current densities take place if the
ratio of the magnetic flux by the quantum one has a nonzero fractional part. In fact, induced fermionic
and scalar current densities in compactified cosmic string spacetimes have been considered in [15,16].

As it is well known, the analysis of a quantum system in a realistic model for the NO vortex cannot
be exactly solvable, but an intermediate approach can be adopted. In this way, we consider the spacetime
produced by the string as being conical everywhere, but having a non-zero thickness magnetic field
surrounding it. This means that this model is valid in the case where the width of the string can be
completely neglected, or similarly in the case where the size of the magnetic tube is much larger than
the string width. In this way, some improvements may be obtained. In fact, in [17–19] this approach was
used to calculate the VEV of massless charged scalar and fermionic energy-momentum tensors, 〈Tµν〉,
respectively. The scalar vacuum current induced by a magnetic flux in a cosmic string considering a
non-vanishing core has been developed in [20]. In these calculations we see that the vacuum polarization
effects were developed for the region outside the tube, and presented two contributions. The first
one associated with a zero-thickness magnetic flux, and the second one induced by the non-vanishing
core, called core-induced contributions. It is seen that the first contribution is a periodic function of
the magnetic flux inside the tube, with the period equal to the quantum flux, Φ0 = 2π/e, however the
second contribution, in general, it is not periodic function of the quantum flux. In fact, the core-induced
contributions depend on the total magnetic flux inside the core. This non-periodic function is the new
one, and its analyses corresponds the main objective of this paper.

We organized this paper as follows. In Section 2 we provided the geometry associated with the
cosmic string spacetime and the configurations of the magnetic fields adopted. Moreover we construct
the set of normalized solutions of the Dirac equation in the region outside the core in a general
formalism, that can be applied to each of the three configurations of magnetic field. In Section 2.1,
we use the mode-summation method to calculate the induced azimuthal current density. We show
that this current can be decomposed in two parts: The first one corresponds to idealizing cosmic string
having a magnetic flux running along its core, and the second one is induced by the non-zero core of
the magnetic tube. In Section 2.2, we discuss the core-induced azimuthal current in various asymptotic
regions of the parameters. In Section 3 we present some plots associated with the core-induced
azimuthal current exhibiting its behavior as function of the most relevant physical variables. Finally,
our most relevant conclusions are summarized in Section 4.

2. The Geometry and the Fermionic Wave-Functions

The geometry of an idealized cosmic string along the z-axis, can described in cylindrical coordinate
system, by the following line element:

ds2 = dt2 − dr2 − r2dφ2 − dz2 . (1)
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In this system the coordinates take values in range r ≥ 0, 0 ≤ φ ≤ φ0 = 2π/q and−∞ ≤ (t, z) ≤ +∞.
The conical structure of this spacetime is codified through the parameter q ≥ 1. In fact, the parameter
q depends on the linear mass density of the string, µ0, by the relation q−1 = 1− 4µ0.

In curved spacetime and in the presence of a electromagnetic four-vector potential, Aµ, we can
describe the quantum dynamic of a massive charged spinor by the Dirac equation,

iγµ(∇µ + ieAµ)ψ−mψ = 0, ∇µ = ∂µ + Γµ , (2)

where the Dirac matrices in curved space-time are γµ, and Γµ is the spin connection that generalize
the spinor concept to derivative in curved spacetime. For this geometry the gamma matrices may be
written in the form,

γ0 = γ(0) =

(
1 0
0 −1

)
, γl =

(
0 σl

−σl 0

)
. (3)

Here we have introduced the Pauli 2× 2 matrices in cylindric coordinates for l = (r, φ, z):

σr =

(
0 e−iqφ

eiqφ 0

)
, σφ = − i

r

(
0 e−iqφ

−eiqφ 0

)
, σz =

(
1 0
0 −1

)
. (4)

To the four-vector potential we consider

Aµ = (0, 0, Aφ(r), 0) , (5)

being

Aφ(r) = −
qΦ
2π

a(r) . (6)

Here in this analysis, we consider three different configurations of magnetic fields that allow as to
solve the Dirac equation exactly. They are: (i) a magnetic field concentrated on a surface of the tube;
(ii) a magnetic field presenting a 1/r radial dependence; and (iii) an homogeneous magnetic field.
For these fields the function a(r) for the cylindrical magnetic shell is given by

a(r) = Θ(r− a) . (7)

While for the second (magnetic field as function of 1/r) and third (constant magnetic field)
configurations, the radial function a(r) reads,

a(r) = f (r)Θ(a− r) + Θ(r− a) , (8)

with

f (r) =

{
r/a, for the second model ,

r2/a2, for the third model .
(9)

In the (7) and (8) Θ(z) represents the Heaviside function, and Φ the total magnetic flux.
Now, we present the procedure to obtain positive energy solution of Dirac equation. We assume

the time-dependence of the eigenfunctions like e−iEt and express the four-component spinor ψ into the
upper (ψ+) and lower (ψ−) components:

ψ =

(
ψ+

ψ−

)
. (10)



Particles 2018, 1 85

Substituting (10) into the correspondent Dirac equation we obtain

(E−m)ψ+ + i
[

σl (∂l + ieAl) +
1− q

2r
σr
]

ψ− = 0 , (11)

(E + m)ψ− + i
[

σl (∂l + ieAl) +
1− q

2r
σr
]

ψ+ = 0 . (12)

If we substitute the function ψ− from the (12) into the (11), we find a second order differential
equation for the two-component spinor ψ+:[

r2∂2
r + r∂r +

(
∂φ + ieAφ − i

1− q
2

σz
)2

+

r2(∂2
z + E2 −m2)− e

r
σz∂r Aφ

]
ψ+ = 0 .

(13)

At this point let us assume that the general solutions to ψ+ and ψ− can be express in terms of the
cylindrical symmetry ansatz below,

ψ+ = e−ip.xeiqnφ

(
R1(r)

R2(r)eiqφ

)
, (14)

ψ− = e−ip.xeiqnφ

(
R3(r)

R4(r)eiqφ

)
, (15)

where we used the compact notation p.x ≡ Et− kz.
We impose that this function ψ must be eigenfunction of the total angular momentum along the

string, Jz,

Ĵzψ =
(
−i∂φ + i

q
2

γ(1)γ(2)
)

ψ = qjψ . (16)

This imposition leads to j = n + 1/2, n = 0, ±1, ±2, ... .
To construct the complete set of the wave-functions we will consider (13) in the regions r < a and

r > a, separately. For the inner region, we have three different configurations of magnetic field given
by (5)–(9), as we showed previously. For the outer region, r > a, there is no magnetic field and the
vector potential is given by,

Aφ = − qΦ
2π

. (17)

Therefore, after some intermediate steps, we can express the external positive-energy solution of
the Dirac equation by

ψ(+) = e−ip.xeiqnφ


C1 Jβ j(λr) + D1Yβ j(λr)[

C2 Jβ j+εj(λr) + D2Yβ j+εj(λr)
]

eiqφ

A1 Jβ j(λr) + B1Yβ j(λr)[
A2 Jβ j+εj(λr) + B2Yβ j+εj(λr)

]
eiqφ

 , (18)

with n = j− 1/2 being an integer number. We have defined

β j = q|j + α| −
εj

2
, (19)

where εj is the sign of (j + α), being α = eAφ/q = −Φ/Φ0 and Φ0 = 2π/e and Jµ(z) and Yµ(z) are
the Bessel and Neumann functions respectively. Is verified a similar result for the lower components
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Dirac spinor. Notice that we have introduced a set of eight constants Ci, Di, Ai and Bi with i = 1, 2 in
the above general solution. As to the energy we have

E =
√

λ2 + k2 + m2 , (20)

given in terms of λ, k and m.
Using (11) and (12) we are able to find a relation between the constants of the the upper and lower

solutions in (18). In addition, following Nail [21] we require the following relation:

R3(r) = ρsR1(r), R4(r) = −
R2(r)

ρs
, (21)

with

ρs =
E + s

√
λ2 + m2

k
, s = ±1 . (22)

Applying the above relations, and after some intermediates steps, we obtain

A1 = ρsC1 , A2 = −C2/ρs , (23)

B1 = ρsD1 , B2 = −D2/ρs . (24)

Henceforward, the positive energy exterior solutions for the Dirac equation, will be specified by
the quantum numbers σ = (λ, j, k, s). It has the form

ψ
(+)
σ(out)(x) = e−ip.xeiqnφ


C1 Jβ j(λr) + D1Yβ j(λr)

iεjρsb(+)
s

[
C1 Jβ j+εj(λr) + D1Yβ j+εj(λr)

]
eiqφ

ρs

[
C1 Jβ j(λr) + D1Yβ j(λr)

]
−iεjb

(+)
s

[
C1 Jβ j+εj(λr) + D1Yβ j+εj(λr)

]
eiqφ

 , (25)

where the parameter b(±)s is defined by

b(±)s =
±m + s

√
λ2 + m2

λ
. (26)

For the inner region, r < a, we have three different configurations of magnetic field. Consequently,
there will be three different solutions for (13). Let us define each radial function represented by R(i)

l ,
where we introduced i = 1, 2, 3, the index associated with the model and l = 1, 2 the index associated
to the spinor components. For this region, r < a, we have the positive-energy spinor field in the
general form given by:

ψ
(+)
i(in)(x) = C(i)e−ip.xeiqnφ


R(i)

1 (λ, r)
iρsb(+)

s R(i)
2 (λ, r)eiqφ

ρsR(i)
1 (λ, r)

−ib(+)
s R(i)

2 (λ, r)eiqφ

 . (27)

By the continuity condition imposed on the fermionic wave function at the boundary, it means
r = a, we can related the constants C1 and D1, in (25), and C(i), in (27). After some intermediate steps
we have,

C1 = −π

2
(λa)C(i)R(i)

1 (λ, a)Ỹβ j(λa) , (28)

D1 =
π

2
(λa)C(i)R(i)

1 (λ, a) J̃β j(λa) , (29)
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where

Z̃β j(z) = εjZβ j+εj(z)− V
(i)
j (λ, a)Zβ j(z) , with V (i)j (λ, a) =

R(i)
2 (λ, a)

R(i)
1 (λ, a)

. (30)

In (30) Zµ generalize the Bessel functions Jµ and Yµ. Using this notation we have all information

about the inner structure of the magnetic field confined in the coefficient V (i)j .
Therefore, by the normalization condition∫

d3x
√

g(3)
(

ψ
(+)
σ

)†
ψ
(+)
σ′ = δσ,σ′ , (31)

C(i) may be obtained, in (31) the delta symbol on the right-hand side is compacted notation to the
delta function for continuous quantum numbers λ and k, and the Kronecker delta for discrete ones
n and s being g(3) the spatial metric tensor part determinant. The integration over the radial coordinate
should be realized in the range [0, ∞). In this case two different expressions for the wave function
must be used. The function (27) for r ∈ [0, a] and (25) for r ∈ [a, ∞). The integration over the inner
region is finite, it means that the dominant contributions for λ′ = λ comes from the integration in the
outsider region. Evolving the integrals involving the cylindrical Bessel functions, we get

(2π)2[|C1|2 + |D1|2] =
qλ

(1 + ρ2
s )(1 + (b(+)

s )2)
. (32)

Now, if we substitute (28) and (29) into (32) we have:

C(i)R(i)
1 (λ, a) = Ξ(λ, a) , (33)

with

Ξ(λ, a) =
1

aπ2

[
q
λ

1
(1 + ρ2

s )

1

(1 + (b(+)
s )2)

]1/2
1√

(Ỹβ j(λa))2 + ( J̃β j(λa))2
. (34)

The above relation determines the normalization constant for the inner wave function.
To the obtention of the outsider negative-frequency fermionic wave function we can follow the

same procedure to the outsider positive-frequency one. This way, the positive- and negative-energy
wave functions may be specified by the complete set of quantum numbers σ = (λ, k, j, s). Finally,
we have these functions given below:

ψ
(±)
σ(out)(x) = C(±)

(out)e
∓i(Et−kz)eiq(j−1/2)φ


gβ j(λa, λr) ,

±iεjρsb(±)s gβ j+εj(λa, λr)eiqφ

ρsgβ j(λa, λr)

∓iεjb
(±)
s gβ j+εj(λa, λr)eiqφ

 , (35)

where we introduce the notations,

gβ j(λa, λr) =
Ỹβ j(λa)Jβ j(λr)− J̃β j(λa)Yβ j(λr)√

(Ỹβ j(λa))2 + ( J̃β j(λa))2
, (36)

gβ j+εj(λa, λr) =
Ỹβ j(λa)Jβ j+εj(λr)− J̃β j(λa)Yβ j+εj(λr)√

(Ỹβ j(λa))2 + ( J̃β j(λa))2
, (37)
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and

C(±)
(out) =

1
2π

 qλ

(1 + ρ2
s )
(

1 + (b(±)s )2
)
1/2

. (38)

After we find the negative-frequency wave function for the outsider region of the magnetic
flux, i.e., for r > a, we will use it for the further investigations of the vacuum azimuthal fermionic
current density.

2.1. Induced Azimuthal Fermionic Current

By using the the mode sum method we can obtained the vacuum expectation value (VEV) of the
fermionic current density operator, jµ = eψ̄γµψ, as given below,

〈jµ(x)〉 = e ∑
σ

ψ̄
(−)
σ (x)γµψ

(−)
σ (x) , (39)

here the compact notation defined by

∑
σ

=
∫ ∞

0
dλ
∫ +∞

−∞
dk ∑

j=±1/2,...
∑

s=±1
, (40)

is used.
To the VEV of the azimuthal current density we have specifically,

〈jφ(x)〉 = e ∑
σ

(ψ
(−)
σ (x))†γ0γφψ

(−)
σ (x) . (41)

In fact, by using (3), (4), (35) and (38) we get the following expression for the induced azimuthal
current density in the outsider region of the magnetic tube, that is given by:

〈jφ〉 = − eq
2π2r

∫ ∞

−∞
dk
∫ ∞

0

λ2dλ√
λ2 + k2 + m2 ∑

j
εjgβ j(λa, λr)gβ j+εj(λa, λr) . (42)

Developing the product of gβ j(λa, λr)gβ j+εj(λa, λr), we can separate the functions into two
contributions, that one does not depend on the inner structure of the magnetic field from the other that
does, this separation is written as a sum of two terms as shown below:

〈jφ(x)〉 = 〈jφ(x)〉s + 〈jφ(x)〉c . (43)

The first term in (43), 〈jφ(x)〉s, corresponds to the induced azimuthal current density in the
geometry of an ideal string cosmic having a magnetic flux running along its core. It reads,

〈jφ(x)〉s = −
eq

2π2r

∫ ∞

−∞
dk
∫ ∞

0

dλλ2
√

λ2 + k2 + m2 ∑
j

εj Jβ j(λr)Jβ j+εj(λr) . (44)

As to the second, 〈jφ(x)〉c, corresponds to the azimuthal current induced by the non-vanishing
extension of the magnetic tube. the latter is given by

〈jφ(x)〉c =
eq

(2π)2r

∫ ∞

−∞
dk
∫ ∞

0

dλλ2
√

λ2 + k2 + m2

×∑
j

εj J̃β j(λa)
2

∑
l=1

H(l)
β j
(λr)H(l)

β j+εj
(λr)

H̃(l)
β j
(λa)

,
(45)
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where Hl
ν(x) with l = 1, 2 are the Hankel functions.

In [15] it was presented the explicit derivation to 〈jφ〉s. Here we reproduce only the more relevant
steps. In order to provide a more workable expression we use the identity below

1√
m2 + k2 + λ2

=
2√
π

∫ ∞

0
dt e−(m

2+k2+λ2)t2
. (46)

Doing this, it is possible to develop the integral over λ in (44), by using the results presented
in [22]. Moreover, defining a new variable y = r2/(2t2), we get

〈jφ〉s = −
eq

2π2r4

∫ ∞

0
dy y e−y−m2r2/(2y) [I(q, α0, y)− I(q,−α0, y)] . (47)

Being I(q, α0, y) a new function obtained by a long manipulation over the summation on the
quantum number j. It reads

I(q, α0, z) = ∑
j

Iβ j(z) =
∞

∑
n=0

[
Iq(n+α0+1/2)−1/2(z) + Iq(n−α0+1/2)+1/2(z)

]
, (48)

and

∑
j

Iβ j+εj(z) = I(q,−α0, z) , (49)

where Iµ(x) is the modified Bessel function of the first kind. The parameter α0 corresponds to the
fractional part of the ratio of the total magnetic flux Φ by the quantum one, as showed below

α = eAφ/q = −Φ/Φ0 = n0 + α0 , (50)

with n0 being an integer number. So we conclude that (47) is an odd function of α0.
In [23] we have presented an integral representation for I(q, α0, y):

I(q, α0, z) =
ez

q
− 1

π

∫ ∞

0
dy

e−z cosh y f (q, α0, y)
cosh(qy)− cos(qπ)

+
2
q

p

∑
k=1

(−1)k cos[2πk(α0 − 1/2q)]ez cos(2πk/q),
(51)

with 2p < q < 2p + 2 and with the notation

f (q, α0, y) = cos [qπ (1/2− α0)] cosh [(qα0 + q/2− 1/2) y]

− cos [qπ (1/2 + α0)] cosh [(qα0 − q/2− 1/2) y] .
(52)

For 1 ≤ q < 2, the last term on the right-hand side of Equation (51) is absent.
Finally substituting the above results into (47), and after the integration over y, the expression (47)

is presented in the form

〈jφ〉s = −
em2

π2r2

[
p

∑
k=1

(−1)k

sin(πk/q)
sin(2πkα0)K2(2mr sin(πk/q))

+
q
π

∫ ∞

0
dy

g(q, α0, 2y)K2(2mr cosh y)
[cosh(2qy)− cos(qπ)] cosh y

]
.

(53)

In the above expression Kν(x) is the modified Bessel function of the second kind, and

g(q, α0, y) = cos [qπ (1/2 + α0)] cosh [q (1/2− α0) y]

− cos [qπ (1/2− α0)] cosh [q (1/2 + α0) y] .
(54)
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The expression (53) depends on α0, and vanishes for α0 = 0. Therefore, we can say that 〈jφ〉s is
another kind of manifestation of the Aharonov-Bohm effect.

Now let us focus on the core-induced current 〈jφ〉c. In order to present a more workable expression
to (45), in the complex plane λ we rotate the integrals by the term e±iπ/2 for l = 1 and l = 2 respectively.
For the coefficient that carrying the dependence of the specific configurations of the magnetic field,
presented in (30), we can show that by the rotation on the complex plane we get the following relation,

V (i)j (±iλ, a) = ±iIm{V (i)j (iλ, a)} , (55)

developing the integration after the rotations is easy to see that over the segments (0, e±iπ/2
√

m2 + k2)

occurs a mutual cancellation. Proceeding with the remaining integration over the imaginary axis we
have introduce the modified Bessel functions. Making the variable substitution λ = ±iz, the azimuthal
current reads,

〈jφ(x)〉c = −
eq

π3r

∫ ∞

0
dk
∫ ∞
√

k2+m2

dzz2
√

z2 − k2 −m2

∑
j

Kβ j(zr)Kβ j+εj(zr)F(i)
j (za) ,

(56)

here we present the notation

F(i)
j (y) =

Iβ j+εj(y)− Im[V (i)j (iy/a, a)]Iβ j(y)

Kβ j+εj(y) + Im[V (i)j (iy/a, a)]Kβ j(y)
. (57)

After a some appropriate coordinate transformations in (56) we have:

〈jφ(x)〉c = −
eq

π2r4

∫ ∞

mr
z2dz ∑

j
Kβ j(z)Kβ j+εj(z)F(i)

j (z(a/r)) . (58)

2.2. Analytical Development

At this point to reinforce our calculations we will evaluate (58) for some asymptotic conditions.
First we now evaluate the core-induced azimuthal current for large distances of the magnetic field
structure. However, to do so we first consider massive fermionic fields in the large distances, it means,
mr >> ma. In this case we assume that Kβ j(z)Kβ j+εj(z) in (58) may be expressed its corresponding
asymptotic form. This way, the induced current density may be presented as

〈jφ〉c ≈ −
eq

2πr4

∫ ∞

mr
dz ze−2z ∑

j
F(i)

j (z(a/r)) . (59)

The leading contribution for this integral is on the region near the lower limit of integration.
This way we can approximated the asymptotic behavior for the massive case at large distances
as follow,

〈jφ(r)〉c ≈ −
eqm4

4π(mr)3 e−2mr ∑
j

F(i)
j (ma) . (60)

The behavior of the term
〈

jφ
〉

c decays as e−2mr sin(π/q)/(mr)5/2 for q > 2; in consequence the
latter dominates the total azimuthal current at large distances.

For massless fields in the limit r >> a. We will use the radial functions in the inner region of the
magnetic structure. In [24,25] we provided exact solutions for R1(r) and R2(r) for the three different
configurations of magnetic field. They are:
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1. For magnetic field concentrated on the surface of the tube:

R(1)
1 (r) = Jνj(λr)

R(1)
2 (r) = ε̃j Jνj+ε̃j(λr) ,

(61)

where νj = q|j| − ε̃j
2 , with ε̃j = sing(j) = |j|/j.

2. For the magnetic field as function of 1/r:

R(2)
1 (r) =

Mκ,νj(ξr)
√

r

R(2)
2 (r) = C(2)

j

Mκ,νj+ε̃j(ξr)
√

r
,

(62)

where

ξ =
2
a

√
q2α2 − λ2a2 , κ = −2q2 jα

ξa
(63)

and

C(2)
j =

{
λ
ξ

1
(2q|j|+1) , j > 0 .

− ξ
λ (2q|j|+ 1), j < 0 .

(64)

3. For the homogeneous magnetic field:

R(3)
1 (r) =

M
κ− 1

4 ,
νj
2
(τr2)

r

R(3)
2 (r) = C(3)

j

M
κ+ 1

4 ,
νj+ε̃j

2

(τr2)

r
,

(65)

where τ and κ are given by where τ and κ are given by

τ = qα/a2, κ =
λ2

4τ
− qj

2
, (66)

with

C(3)
j =

{
λ√
τ

1
2q|j|+1 , j > 0 .

−
√

τ
λ (2q|j|+ 1), j < 0 .

(67)

Where we can see that the second and third configurations, are expressed by the Whittaker
functions, Mκ,ν(z) [22].

Now we will develop the behavior of the induced current at the limit r >> a for the massless
fermionic fields. Expanding the (58) in powers of a/r and keeping just the dominant contributions,
given by the smaller power of the ratio a/r. After intermediate steps, we get:

〈jφ(r)〉c ≈ 2
|α0|
α0

eq
π2r4

β− χ(l)( 2r
a
)2β

χ(l)

β

2β + 1
, (68)

where

β = q
(

1
2
− |α0|

)
+

1
2

(69)

and χ(l) for l = 1, 2, 3 specifies de configuration of magnetic field that is adopted, given in [24].
In fact, this parameter depends on the intensity of the magnetic field. In fact, by (68) we can see
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that for the three configurations of magnetic field considered, the fermionic current density that is
induced by the combination of the geometry spacetime and magnetic field structure decays with,

1
r4(r/a)2β , for large distance from the magnetic structure. In [15] is showed that for massless fields the

zero-thickness azimuthal current decays with 1/r4. This way, at this limit taken (43), is dominated by
the zero-thickness contribution.

The next analyses is the behavior of 〈jφ(r)〉c near the boundary, it means, near the three
configurations cylindrical magnetic field structure, that we will investigate separately. Actually next
to this region the current diverges. To find the more relevant term we can introduce a new variable
transformation, z = β jx, in (58). It means that for the large order for the modified Bessel functions [26]
we can use the uniform expansion, this way, after some steps, we have

〈jφ(x)〉c ≈
eq

4π2r4 ∑
n>0

∫ ∞

mr
qn

dz z2 e−2qn(η−η̃)

(1 + e2η̃)
√

1 + z2
, (70)

in the above equation η =
√

1 + x2 and η̃ =
√

1− x2(a/r)2. By the using of the approximation
η − η̃ ≈ z(1− a/r) and taking into account that the denominator of the integrand in (70) can be
approximate to unity, for the three configurations, we have:

〈jφ(x)〉c ≈
eq

4π2r4 ∑
n>0

∫ ∞

mr
qn

dz z2e−2qn(1−a/r) . (71)

Developing the above integral we have

〈jφ(r)〉c ≈
e

(4πq)2
1
r

1
(r− a)3 , (72)

where we notice that the current density diverges next to the boundary.
It is seen that 〈jφ(r)〉s has a finite value next to the boundary. Therefore, we conclude that, in this

region, the total azimuthal current, (43) is dominated by the core-induced contribution.

3. Numerical Results

An analytical analysis has been developed in the previous section providing some pertinent
informations about the behavior of 〈jφ〉c; however, it is limited and some further information about
the core-induced fermionic current can be better understood with numerical analysis. Therefore, this
section is devoted to provide these additional informations. In this way, we can see in Figure 1 the
dependence of the induced current density as function of mr considering q = 1.5 and ma = 1. The left
panel exhibits the dependence of 〈jφ〉c with mr in units of em4 considering the first configuration of
magnetic field. In the latter is assumed two distinct values for α. This plot also shows that the sign
of the azimuthal current changes when we change the direction of the magnetic field. Another point
that we wanted to investigate is about the influence of a specific configuration of the magnetic field on
the intensity of the induced current. The answer to this question can be provided in the right panel.
By this plot we may infer that the first model provide the current with biggest intensity. Finally as a
general observation for both plots, we can affirm that near the core, r ≈ a, the intensities of the current
become very high, and they decay very fast for r >> a, for massive fermionic field.

Anther point that we wanted to investigate is about the influence of the parameter q on the
intensity of 〈jφ〉c. In order to do that we display in Figure 2, the behavior of this current in units of em4,
as function of mr, considering q = 1.5, 2.0 and 2.5. In this plot we have only considered the of the first
configuration of magnetic field. By this graph we may infer that the intensity of the current increases
with q.

The last important point to be clarified in this paper is about the behavior of the azimuthal
core-induced current with the intensity of the magnetic field. In order to do that we present in in
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Figure 3, the behavior of 〈jφ〉c in units of em4, as function of α for a fixed point. We choose mr = 2 and
r = 2a. The left plot is constructed for the first model of magnetic field and taking q = 1.5, 2.0 with 2.5.
As we can see, the intensities increase with α, however presenting an oscillatory behavior. Moreover,
this plot also reinforce the fact that the intensity of the current increases with q. In the right plot all the
configurations of magnetic fields are considered. In the latter the parameter q has been fixed equal
to 1.5. For both plots, we assume that α varies in the interval [−7.0, 7.0]. By them we can infer that
the intensity of the core-induced azimuthal current, 〈jφ〉c, increases with α, however presenting an
oscillatory behavior.
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Figure 1. In the above picture the core-induced fermionic current are displayed in units of em4,
as function of mr assuming ma = 1 and q = 1.5. In the left panel two distinct values of magnetic field
are considered: α = 2.1 and α = −2.1. The right panel exhibits the behavior of the currents induced by
the three configurations of magnetic fields considering α = 2.1.
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Figure 2. This plot presents the behavior of the azimuthal core-induced current as function of mr,
considering three distinct values for q exhibit in the plot.
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Figure 3. The core-induced azimuthal current density is exhibited as function of α varying in the
interval [−7.0, 7.0] for a fixed point outside the core. Specifically we have chosen mr = 2 and r = 2a.
The left plot display the current considering only the first model and different values of q; as to the
right plot we display the current induced by the three configurations of magnetic fields considering
q = 1.5.
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4. Conclusions

In this paper we have investigated the vacuum expectation of the azimuthal fermionic current in
a locally flat cosmic string spacetime, admitting the presence of a magnetic field confined inside to
a tube of finite radius a. Three distinct configurations of have taken into account. They are: (i) a magnetic
field concentrated on a surface of the tube; (ii) a magnetic field presenting a 1/r radial dependence;
and (iii) an homogeneous magnetic field. In fact, we have concentrated ourselves on the current in the
region outside the tube, i.e., in the region with r > a. So, we had to construct the set of normalized
solutions of the Dirac equation in the region outside the core in a general formalism, that could be
applied to each of the three configurations of magnetic field. Because in general, the analysis of
vacuum induced current takes into account only the presence of a magnetic flux running along a line,
this present analysis provides some improvements and may shed light in the analysis of induced
current in a more realistic model. In fact, the results found here were obtained for fixed configurations
of magnetic fields. The complete treatment should take into the equations for fermionic and gauge
fields simultaneously. In particular, the result found for the induced current can be used as source of
a semiclassical Maxwell’s equations. We understand that our result is a part of a more complete project
that may be developed in near future.

By using the mode-sum formula, we have shown that the azimuthal induced current can be
written as the sum of two contributions. The first one corresponds to the idealized cosmic string having
a magnetic flux running along its core, given by (53), being this one a periodic function of the total
flux with the period equal to quantum flux, Φ0 = 2π/e. The second contribution named core-induced,
given by (58), besides to depend on the total magnetic field takes into account a specific configuration
for the magnetic field.

The first analysis presented in this paper is related with the behavior of the azimuthal core-induced
current in some limits regions. In this sense we have shown that for a massive field, 〈jφ〉c, decays,
for r >> a as e−2mr/(mr)3 (see (60)). Because the corresponding zero-thickness azimuthal current
decays as e−2mr sin(π/q)/(mr)5/2, the latter dominates the total azimuthal current. In the case of
massless field, the core-induced current, (68), decays as 1

r4(r/a)2β , being β > 1/2. Comparing this

result with the corresponding one for the zero-thickness azimuthal current which decays with 1/r4,
we conclude that for large distance the total azimuthal current is dominated by the zero-thickness
contribution. Finally for point near the tube core, the core-induced current diverges with 1

r4(1−a/r)3 ,
as shown by (72). So this contribution is dominant in this region.

Because some informations about the azimuthal core-induced current are not explicitly provided
in the analytical analysis, in the last part of our paper we have presented some numerical evaluations
of this current, exhibiting its behavior as function of several physical quantities relevant in our analysis.
In Figure 1 we have two panels displaying the dependence of 〈jφ〉c with mr. In the left panel an
expected result is presented: The current changes its sign when we change the direction of the
magnetic field. In the right panel, it is exhibited the behavior of the current for the three configurations
of magnetic field. It is shown that the intensity of the current induced by the first model is the largest
one. By these panels we can see that near the core the intensity of the currents become very large,
and decay very fast for r >> a for massive fields. In Figure 2, we exhibit the behavior of current
density for the first model as function of mr, for fixed value of α and different values of q. By this
plot we can infer that the intensity of the current increasing with q. Our final numerical analysis is
exhibited in Figure 3. There we have displayed how the intensity of 〈jφ〉c depends on α for a fixed
point. In the left plot we have considered only the first model and varying q. This plot reinforces
the fact that the intensity of the current increases with q. The right plot exhibits the behavior of the
core-induced current, for the three models, for fixed value of q. Also this plot reinforce that the first
model provides the current with biggest intensity. As additional information, we can infer that the
intensity of the current increases with the magnetic flux through the parameter α, however presenting
an oscillatory behavior.
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