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Abstract

Hysteretic nonlinear vibration systems can exhibit jumps, coexisting attractors, and strong
dependence on the initial state, particularly when material hysteresis is coupled with
geometric nonlinearity. This paper investigates the global nonlinear dynamics of a harmoni-
cally forced single-degree-of-freedom oscillator incorporating pseudoelastic shape memory
alloy (SMA) wires in a perpendicular geometric configuration. Cyclic force—displacement
tests on pseudoelastic SMA wires are used to calibrate the constitutive response, after
which steady-state dynamics are analyzed using time integration, numerical continuation
(COCO), and basin-of-attraction computations over representative excitation frequencies,
pre-tension levels, and the number of wires. The calibrated model predicts rich response
regimes including jump phenomena, coexisting stable solutions, multistability, asymmetric
periodic responses, and the pronounced dependence of the achieved steady response on
initial conditions and internal state. Basin computations reveal sensitive partitioning of
the state space between competing attractors, highlighting the influence of the initial and
internal state in oscillators that combine pseudoelastic hysteresis with geometric stiffening.
Additional numerical exploration of a negative pre-tension extension indicates transitions
to more complex responses, including quasi-periodic and chaotic behaviour, but these are
presented as secondary results outside the directly validated tension-wire regime. The
results clarify how calibrated SMA hysteresis and geometric nonlinearity jointly shape
multistability and basin structure in pseudoelastic oscillators.

Keywords: nonlinear vibrations; pseudoelasticity; hysteresis; nonlinear oscillator; shape
memory alloy

1. Introduction

Nonlinear vibration systems with hysteretic restoring forces can exhibit multivalued
frequency responses, jump phenomena, coexistence of attractors, and sensitivity to initial
conditions. These behaviours are central to vibration analysis because they determine
which steady response is actually realized under a given excitation history, even when
the system has only one mechanical degree of freedom. Shape memory alloys (SMAs)
are a useful physical source of such behaviour: stress-induced phase transformation can
produce large recoverable strains and substantial hysteretic energy dissipation under cyclic
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loading, while the internal martensitic fraction adds state dependence beyond that of purely
geometric nonlinearities [1-4].

Hysteretic oscillators are more broadly known to exhibit amplitude-dependent reso-
nances and rich nonlinear dynamic behaviour. Previous studies of Masing-type, Bouc-Wen,
and related hysteretic oscillators have reported multivalued frequency-response curves,
jump phenomena, bifurcations, symmetry breaking, quasi-periodic responses, and chaotic
or non-periodic motions [5,6]. Experimentally characterized hysteretic devices have also
been embedded in oscillator models and analyzed through combined experiments, contin-
uation, and computations, showing that identified force—displacement loops can lead to
softening, hardening, and mixed softening—hardening dynamic responses [7].

For nonlinear oscillators, steady-state FRFs alone do not fully describe the global
response structure. Bifurcation analysis, Poincare maps, and basins of attraction provide
complementary information on coexisting attractors, response selection from initial con-
ditions, transient behaviour, basin metamorphoses, crisis-related transitions, and global
bifurcations [8-10]. These tools are therefore important when a hysteretic restoring force
permits multiple steady responses under the same forcing conditions.

Nonlinear attachments and absorbers have been widely studied as a means of achiev-
ing broadband response shaping compared with classical linear vibration absorbers, which
are most effective over narrow frequency bands [11,12]. Concepts such as nonlinear vi-
bration absorbers and nonlinear energy sinks have demonstrated rich dynamics, includ-
ing bifurcations, quasi-periodicity and chaotic responses, and the potential for enhanced
attenuation through nonlinear energy exchanges [13-18]. For pseudoelastic SMA oscil-
lators and devices, earlier studies have shown that thermomechanical coupling, loading
rate, and an asymmetric tensile-compressive response can substantially alter frequency-
response curves and can lead to jumps, bifurcations, and chaotic solutions [3,4]. Experi-
mental work on SMA wires under torsional vibration has also demonstrated softening-type
nonlinearity and associated jump phenomena [19], while damper-oriented models highlight
the importance of cyclic effects and residual martensite strain in vibration applications [20].

Several studies have explored SMA-based vibration mitigation and adaptive con-
cepts by exploiting variable stiffness and hysteresis [21-29]. In parallel, continued interest
in improving pseudoelastic performance and fatigue resistance motivates experimental
characterization and modelling efforts that support the design-oriented use of SMA compo-
nents [30-34]. From a modelling standpoint, experimentally driven hysteresis descriptions
such as Preisach-type approaches have been highlighted as practical alternatives for captur-
ing the pseudoelastic response in simulation workflows [35]. Despite this progress, a gap
remains in systematically linking experimentally calibrated pseudoelastic wire behaviour
to global nonlinear vibration features, such as coexistence of attractors, basin structure,
asymmetric steady states, and chaotic windows under periodic excitation.

Beyond its dynamical significance, the observed multistability is also relevant from
a practical response-interpretation perspective. The basin computations show that the
oscillator may converge to different steady responses, with different apparent stiffness and
frequency characteristics, under nominally identical excitation conditions depending on
its initial state, internal martensitic state, and loading history. Accordingly, in structures
incorporating SMA-based damping or adaptive components, such state-dependent vari-
ability may influence how response changes or frequency shifts are interpreted, even in the
absence of any change in structural parameters [36]. This provides an additional practical
motivation for examining basin structure and response robustness.

In this work, we investigate the global nonlinear dynamics of a pseudoelastic SMA-
wire oscillator in which nonlinearity arises from a perpendicular wire configuration (geo-
metric hardening) coupled with pseudoelastic phase-transformation hysteresis (softening
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and dissipation). The pseudoelastic constitutive description is adopted from the estab-
lished SMA modelling literature [2,37] and calibrated here to reproduce experimentally
observed cyclic force-displacement loops; the required material parameters are identified
from cyclic tensile testing of SMA wires. Although various methods have been investigated
for analyzing nonlinear systems such as those involving Duffing-type oscillators, chaotic
dynamics, and power-series-based methods [38,39], local linearization or low-order Taylor
expansion would only describe motion near one operating point and would not preserve
the transformation-induced hysteresis, multistability, basin dependence, and discontinuity-
sensitive branch switching that are central to the present problem. Steady-state responses
are therefore computed via time integration and numerical continuation using the Continu-
ation Core (COCO) toolbox to track solution branches and bifurcations across excitation
frequency and representative design parameters (e.g., pre-tension and number of wires).

The present work does not propose a fundamentally new pseudoelastic SMA con-
stitutive law. Rather, it combines an experimentally calibrated pseudoelastic SMA-wire
response with a perpendicular geometric configuration and uses this calibrated model to
investigate the global nonlinear dynamics of the resulting oscillator. The contribution lies in
the systematic analysis of frequency-response behaviour, jump phenomena, multistability,
basin structure, and related asymmetric and global response features in the calibrated
system. Results associated with the negative pre-tension case are retained as a secondary
numerical extension outside the directly validated tension-wire regime.

The remainder of the paper is organized as follows. Section 2 presents the model
formulation and governing equations for the pseudoelastic SMA-wire oscillator. Section 3
summarizes the experimental cyclic force-displacement testing and the identification of
material parameters used to calibrate the constitutive description. Section 4 presents
the computed nonlinear response characteristics under harmonic excitation, including
frequency-response curves, bifurcation and solution-type evidence, and basin-of-attraction
results. Section 5 discusses the implications for nonlinear vibration analysis and outlines
directions for future work. Finally, Section 6 concludes with the key response-regime and
robustness findings.

2. Materials and Methods

The extension of the SMA element is determined by analyzing the constrained motion
outlined by the path made by the triangle shown in Figure 1. The displacements and forces
are determined from trigonometry according to Figure 2.

F cos (o1)

()

SMA Element

> F cos (ot)

N
m
=
Linear Spring Damper Linear Spring EN
= AMper
7, (b) W/Z

Figure 1. (a) SMA oscillator schematic; (b) force-displacement response.

The schematic emphasizes the SMA-wire geometry used to define the nonlinear
restoring force. The viscous damping in the oscillator is represented by the ideal damping
term Cx in the governing equation rather than by a separately modelled SMA component.

https:/ /doi.org/10.3390/vibration9020039


https://doi.org/10.3390/vibration9020039

Vibration 2026, 9, 39 4 of 30
10+80
X
fsma
Figure 2. Geometric force relationship of the SMA element.
The displacement relationship is given by
5= 4/x2+ (lo + (50)2 — lp. @)

where 6, Jp and [ are the extension, initial extension, and original length of SMA wire,
respectively, and x is the displacement of mass, m. The effective nonlinear force, is given by

Fu = fomasin(). (2)

where F,;; and fs,, are the effective force in the x-direction and force/tension of the SMA

wire respectively and
x

Va2 4+ (Ip+60)2

In this paper, the work by [2] is utilized for developing the constitutive equations of

sin(f) = (©)

motion of this system. The SMA element is an experimentally calibrated wire element;
references below to a pseudoelastic spring or device denote the equivalent axial restoring
law of the wire before it is projected through the perpendicular oscillator geometry. This
distinction is important because the tested component is a wire, while the model uses its
calibrated axial force—extension relation as the restoring element. The governing relations
are given by

mi = Fsin(wt) — kx — fomasin(0) — C, (4)
é = fomad +Q, (5)

0 = Q+T, (6)

I>o. )

where e is the internal energy, Q is the rate of heat exchange with the environment, T is the
rate of energy dissipation, ¢; is the temperature of the SMA wire, 7 is the entropy, k is the
stiffness of the linear spring and C is the damping coefficient.

Equation (4) is the balance of linear momentum, while Equation (5) represents the
internal energy balance (First Law of Thermodynamics), and Equations (6) and (7) are
the balance of entropy and Clausius-Duhem inequality, respectively (Second Law of
Thermodynamics). The thermomechanical framework is presented in this general form
for completeness and to state the constitutive setting in which heat exchange, entropy
evolution, and dissipation constrain the restoring force and internal-variable evolution.
After the free energy and phase-transformation law are specified, these constitutive relations
close the mechanical equation of motion in Equation (4). Using the free energy function,
® = ¢ — 07, instead of the internal energy, Equation (5) is rewritten using Equation (6) in
the following form:

& = fonad — 36y —T. (8)
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To fully define all the unknown functions, five constitutive equations are sought.
Assuming primarily convection heat exchange, Newton’s heating law is used:

Q = h(6g — ;). )

where 11 > 0 is the heat exchange coefficient and 6 is the temperature of the environment.
Using Equations (7) and (8) leads to
od 0P . .
=—,=—-,I'=1IIC > 0. 1

fsma 85’77 96, ¢>0 (10)
where I = —9®/9¢ is the thermodynamic force (driving force) conjugated with the phase-
transformation rate and ¢ is based on Equation (10). Only two equations for ® and ¢ are
needed to completely specify the model, as it is commonly obtained in thermodynamics
systems with internal variables [40]. The following free energy function has been used to
model a pseudoelastic spring—mass device [37]:

K 0
d = 52'”“ (6 — sgn(8)0max®)? 4 c(6; — 0y — thne—é)

+(0r — 60)bdmaxC + ag — bobs. (11)

where K, > 0 is the elastic stiffness, 0,y is the maximum martensite—austenite trans-
formation displacement, ¢ > 0 is the heat capacity, b > 0 is the slope in the temperature
transformation-force plane, and ap and by are the internal energy and entropy of the device
in the fully austenitic state at the reference temperature, 6y respectively. The constitutive
equations for the restoring force, entropy and thermodynamic driving force directly follow
from Equation (11) as

f = Ksma (5 - Sgn(é)émaxé)/ (12)
0
n= Clneft — bdmaxG + bo, (13)
0
Il = Ksmafsmax(|5| - 5max€) - bémﬂx(e - 90)' (14)

The restoring force, sgn(5 )0max€, is the pseudoelastic part of the total displacement,
and the signum function is introduced to reproduce symmetric responses. The constitutive
equation for ¢ describes the evolution of the phase transformations described by

6 = G(H/ C/ sgn(cf))H (15)

with the hysteresis operator
c_ k=0 [1+ tanh(k{IT+ ky)], if >0 (16)
k3é[1 4 tanh (k3T + ky)], if &<of

where an increase in kj increases the slope of the phase fraction evolution with respect to
IT and an increase in k, decreases the value of IT at which the transformation takes place.
These are experimentally determined parameters which directly affect the slope of the
austenite to martensite transformation section on the hysteresis force—displacement curve
and the height at which the transformation begins, respectively. k3 and k4 are analogous to
k1 and ky, but are instead applicable to the reverse transformation section of the hysteresis
loop. When ¢ = 0, no switching between the forward and reverse branches occurs, and the
hysteretic internal state remains unchanged until the loading direction resumes.
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The function G clearly depends on the state and whether ¢ is increasing or decreas-
ing to describe the transformations A — M and M — A, respectively. Substituting for
Equation (14), the relationship of ¢ in terms of displacement and temperature is obtained:

&=

Gbémgx A Ksmu ¢
————— (6 — é o. 17
1 + Ksmaé%/mxc( t Sgn( )) b ( )

Rearranging, the system can be expressed in a reduced first order form:
X=0, (18)

0 = (F/m)sin(wt)

- 7 sgn(0)Kspac .

. 1 sgn(0)KsmaZ1Z; .

0; = C—Z1Z2[ b (5+h(6t GE)]/ (21)
where ¢ — Z1Z, > 0, and
bfsmaxG

li1=——"FF—, 22
Y 1 ¥ Kanad2,,G 2)
ZZ = _Ksmaﬁsmax(|5| - (5max§) - gobémaao (23)

Although the thermomechanical framework is introduced in the general form,
an isothermal approximation, ; = 0, is adopted here as a practical first modelling assump-
tion for the present thin-wire, low-frequency operating regime. This choice is motivated by
the 0.5 mm SMA-wire geometry, for which the characteristic internal thermal diffusion time
across the wire radius can be estimated as t; ~ 2 /a. Using reported thermal diffusivity
values for NiTi SMAs of the order 10~® m?/s [41], the diffusion timescale for the wire
used here is of the order of 1072 s. This estimate is shorter than, or at least comparable
to, the oscillation periods considered in the numerical study (0.067-0.333 s for 15-3 Hz),
supporting the use of the isothermal formulation as a practical approximation for the
nonlinear-dynamics analysis. At the same time, thermomechanical coupling is known
to influence pseudoelastic response, and isothermal and non-isothermal predictions can
differ quantitatively, particularly as the loading rate increases [3]. These limitations are
therefore acknowledged: the present model does not resolve rate-dependent self-heating
or environmental heat exchange, and non-isothermal effects may become more important
for larger wires, higher frequencies, or more severe rate-dependent conditions. Using
Equations (10) and (21) gives .

Q = —JZ1Zsgn(6)0. (24)

Using Equations (1), (3) and (24) and non-dimensionalizing gives the equations of motion:

=19, (25)
b = Fsin(OF) — k£ — nyires (6 — sgn(8)AZ) Jﬁ — {9, (26)
{ = ~JZisgn(4)5, 27)

where

S=\/¢2+ 22—y, (28)
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A X
0= 0———. 29
— (29)
The hat denotes non-dimensional variables defined as
N « 6; -
t = wut,x = i,f)t = *t,G = Gbéaxy,
Xms 0r
Zi= Sz L8 - A0 + 6]
T Veltne o
The non-dimensional parameters are
5max bémax 2~ h st
A= —— 1= h = — /5
Smis c ’ cwn'] bo,’
~ . lO =+ 50 I 4 k
ki = kibdyux0r,i=1,3,¢ = U= k= ,
4 JEmaxEr I (P 5Ms 1’b 5Ms Ksma
C F . w
— A== 0=—. 30
¢ Sorm’ | e o (30)

Here, A scales the transformation displacement, | compares the transformation-force
scale with the temperature—force slope, 4 is the forcing amplitude normalized by the
martensitic starting force, () is the forcing frequency normalized by the reference frequency,
and ( is the viscous damping ratio. The parameter ¢ is the normalized pre-tensioned
initial SMA-wire length, while ¢ is the normalized undeformed wire length used in the
instantaneous extension relation. In the baseline parameter set, k = 0 is chosen in order
to isolate the restoring-force contribution of the SMA wires and thereby highlight the
nonlinear pseudoelastic response of the wire-based oscillator. This does not imply the
absence of an effective linear stiffness contribution in the overall response, since pre-tension
in the adopted geometric configuration already introduces a linearized stiffness effect.
The linear spring in Equation (4) is retained so that additional parallel linear stiffness could
be included in future configurations. Here, 11,,.s denotes the number of identical SMA
wires arranged symmetrically in parallel, such that each wire follows the same extension—
displacement relation and the total restoring force is obtained as the sum of the individual
wire forces. This idealization represents a symmetric physical arrangement in which the
wire contributions add without introducing net asymmetry.

For the physical interpretation, k;, are more conveniently expressed in terms of the
non-dimensional parameters:

G = fo,t?z - fif,ﬁs = fas
st fAs st

where fyis, fmf, fas and faf are the respective start and finish transformation forces at
the reference temperature, 6,, and r = tanhfl(l — 2n,), with n, denoting the residual
martensitic fraction at the conventional start of transformation. This parameterization is
used to regulate the smoothness of the tanh-based transition in the pseudoelastic hysteresis
approximation. This gives

>

2r 2(1—6) —J(41 +1)

f— _
S [T Y (T o
. 2r ~ 21 —6p) —q3](G2+1)
k = k = .
ST U= e T0—dis] %2
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3. Experimental Characterization and Parameter Identification

This research is concerned with utilizing the force-displacement relationship that
arises from SMA due to the pseudoelasticity effect in a nonlinear oscillator. This is a
nonlinear hysteretic relationship that can be observed through the loading and consecutive
unloading (cyclic loading) of an SMA wire while monitoring the displacement and force.
Successful testing produced data that were utilized to obtain the parameters required in
the mathematical model of the system.

3.1. Experimental Tensile Testing of SMA Wires

Cyclic loading tests were done on SMA wires using a Tinius Olsen Universal Testing
Machine (Model: H25KS, Load Capacity: 25,000 N; Tinius Olsen, Horsham, PA, USA) as
shown in Figure 3.

.

H25kS

ke

Figure 3. Hysteresis tensile testing of SMA wire using a Tinius Olsen Universal Tester.

The force—displacement relationship of SMA wire is known to stabilize with an increas-
ing number of cyclic loading; a relationship which is also rate dependent [42]. At present,
when even the commercially available higher-performance SMA, Nitinol, undergoes a
strain above 5%, high pseudoelastic degradation is experienced at high cyclic load numbers,
which may be impractical for vibration-based applications whereby they will be expected
to undergo significantly high repetitive loading [43]. This is an interesting area of research
for the further development of the fatigue properties of SMAs. To alleviate this current lim-
itation, it was decided to stay below the maximum strain 5%, considering that continuous
cyclic loading or oscillations of SMA wires will be experienced. In measuring stabilization,
several useful indicators can be used.

The force-displacement graphs were monitored over progressive loading cycles to
visualize the resulting pseudoelasticity of the SMA wire. The SMA-wire test specimens
used were 10 cm and 20 cm in length, 0.5 mm diameter, black finish Nitinol wire, with item
# WSE002000000S0O, obtained from Confluent Technologies. The austenitic transformation
according to the manufacturer ranges from 5 °C to 15 °C, exhibiting pseudoelasticity at
room temperature. This was chosen for convenience as it allows studying the effect of
pseudoelasticity of the SMA wire without requiring the need for a heating source (such as
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an electrical power source for Joule heating). Using this readily available size of wire was
also very cost-efficient as many samples had to be discarded after testing, thus allowing
sufficient repeatability at minimal cost. Other properties that made this wire desirable
included its high fatigue life, strain capability, and corrosion resistance. The maximum
strain was limited to approximately 4% (i.e., 0.4 cm and 0.8 cm for 10 cm and 20 cm length,
respectively) to avoid the possibility of degradation of the force—displacement relationship
and ensure a high cycle life.

The SMA-wire samples were loaded for 1000 cycles, as stabilization is suggested to
occur between 500 to 1000 cycles [42]. Force—displacement graphs were recorded after
specified intervals of loading cycles to assess the degradation of the pseudoelasticity until
stabilization was obtained. The force—displacement graphs obtained under cyclic loading
are shown in Figures 4 and 5. In Figure 4, the data are shown for approximately every
10 cycles for the first 100 cycles.

150

100

Force, N

50

D L 2 i i i
0 1 2 3 4 5 6 7 8 9

displacement, mm

Figure 4. Cyclic loading obtained for 20 cm-length SMA wire for cycles 1-100 (cycles 1, 10 20, 30 and
100 labelled and arrow indicates direction of increasing cycle number).

The initial anomalous force excursions on the first curve occurred as a result of notice-
able grip slip. This was avoided in future tests by further tightening of the grips. Various
clamping materials were tried, such as bare machine grippers, wood, and sleeves for
insulated wire, as a consequence of this. The smooth sheet metal surface was the only
option that securely clamped the wires while avoiding premature failure near the clamped
ends, which occurred especially with the machine grippers used due to the perforations
of the surface inducing stress concentration in the wires which are of relatively small
diameter. From the data obtained, most of the stabilizing occurs within the first 100 loading
cycles. Figure 5 further shows that the later-cycle force—displacement loops form an ap-
parent plateau over cycles 700-1000, with no visible change in the loop shape relative to
the much larger early-cycle evolution. To better measure stability, the relationship of the
residual strain or the energy dissipated per cycle with the number of loading cycles may
be recorded [44]. The residual strain refers to the strain without load upon unloading,
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whereas the energy dissipated refers to the loop energy or the energy upon loading minus
the energy upon unloading. In this research, the relationships of both the residual strain
and the dissipated energy per cycle were found as the number of loading cycles increased,
because they conveniently required postprocessing of the same force displacement data.

140
cycle 400
120 cycle 500
cycle 600
cycle 700
100 cycle 800
cycle 900
cycle 1000
=z 80t
) /
e f
(=]
w 60fF
40 r
20t Residual displacement
0 F i F , i . i
0 1 2 3 4 5 6 T 8 9

displacement, mm

Figure 5. Cyclic loading obtained for 20 cm-length SMA wire for cycles 300-1000.
3.2. Stabilizing of SMAA Wires

Similarly to previously published work [45], the residual strain/displacement

decreases as the number of loading cycles increases, where the residual strain
R% — Residual Displacement
°= OriginalLength

the return path of an unloading curve first meets approximately zero. For good practice and

. The residual displacement is measured as the displacement when

consistency, a value of 0.5 N was used instead to determine where the residual displacement
was measured. Similar data were obtained for the 10 cm-length SMA-wire sample. To better
see this, the residual displacement was also plotted for the first 100 cycles, as shown in
Figure 6. Figure 6 quantifies the rapid early decrease in the residual displacement and
residual strain, showing that the dominant stabilization occurs in the first 100 loading
cycles. The later-cycle loops in Figure 5 then provide the practical stabilization criterion
used in this study: once the force—displacement loops become visually indistinguishable
over several hundred cycles, the wire is treated as stabilized for parameter identification.

3.3. Closing Remarks
The following are conclusions drawn from the experimental pretesting:

1.  Most stabilization occurs in the first 100 loading cycles of the SMA wires, as quantified
by the decrease in residual displacement and residual strain in Figure 6.

2. After 700 loading cycles, the force-displacement relationship of the SMA wires reaches
a practical plateau, with no visible change in loop shape over cycles 700-1000 in
Figure 5.

3. The SMA wires produced equivalent stress—strain curves for both 20 cm and 10 cm-
length wires as expected. Hence, it is assumed that the force-displacement curves
can be obtained for varying lengths of SMA wire by considering the equivalent
stress—strain curves.
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0.8 s

o
-
T

Displacement (mm)
o o o o o
M w E=y (&)} (e}
T Te T T T

o
—
T

0 1 1 1 1 ]
0 20 40 60 80 100

Cycle Number

Figure 6. Residual displacement and strain for increasing cycles.

3.4. Prelude to Section 4

With the experimental tests performed on the SMA wires, Section 4 begins the compu-
tational aspect of the analysis. The force-displacement relationship will first be utilized
in the mathematical model of the SMA developed in Section 2 to study the dynamics of
the SDOF nonlinear oscillator. The cyclic tensile experiments are used here to calibrate
the pseudoelastic restoring response of the SMA-wire element. The frequency-response
curves, basin structures, bifurcation evidence, and complex-response regimes reported in
the following sections are therefore interpreted as model-based predictions of the calibrated
oscillator, rather than as direct experimental validation of the full forced dynamic system.

4. Nonlinear-Dynamics and Steady-State Response Analysis

In order to replicate the force-displacement relationship according to the mathematical
relationship developed, several parameters need to be obtained from experimental testing
of the force—displacement relationship of the SMA wire.

4.1. SMA Parameter Matching

Using an SMA wire of diameter 0.5 mm and length | = 10 cm at a loading frequency of
0.5 Hz, the transformation forces fus, faf, fas, far and transformation displacement x5
obtained from Figure 7 are 72.2 N, 101.6 N, 82.05 N, 48.98 N and 0.74 mm, respectively.
The stress and strain are determined from =——2%¢___ and Olzll;ﬁll’;i?;gh, respectively.

The non-dimensional parameters 41,2 and g3 are associated with the transformation-
force ratios defined in Equation (32). The experimentally identified transformation forces
therefore provide the initial estimates for these ratios, while the final calibrated values
are selected by fitting the complete loading and unloading loop rather than only the four

transformation points. The parameter-identification procedure was semi-manual rather

than based on a single automatic optimization routine. A tanh-based pseudoelastic hys-
teretic representation was first adjusted to reproduce the measured forward and reverse
force-displacement branches. Intermediate return and reloading paths were then con-
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structed iteratively, with branch-matching constants determined through interpolation
and root-finding (fsolve) steps. These root-finding steps enforce branch consistency and
intersection conditions; they are not a global least-squares fit. The resulting nonlinear
force—displacement relation was subsequently approximated in MATLAB R2020a using
the Curve Fitting Toolbox functions prepareCurveData, fittype(’poly7’), and fit as
a smooth polynomial surrogate for later implementation. The calibration was therefore
treated as a model-matching step for the restoring law, rather than as an independent vali-
dation of the later forced-dynamic predictions. The following were used in the numerical
analysis unless otherwise specified and dimensional quantities are reported in SI units,
with ! =0.10 m, x5 = 0.74 mm, 6 = 1.88 mm, fy1; = 83.3 N, and m; = 1.09 kg:

1 = 115,45 = 0.8,d3 = 0.9, x5 = 0.00741, b = 6(10°) A,

5
5 = 0.01881, A = ——,0, = 1.05, fus = 83.3, Kona = J%

ms ! ms
¢r = 0.3655,0) = 0.95,k =0,m; = 1.09, ¢ = 0.0166,
60 = 0.1xp5, v = 0.06, nyires = 5.

In this parameter set, the dimensional quantities are /, x5, J, and Jp in metres, b in
N/K, fms in N, Kgg in N/m, and m in kg; the remaining listed ratios are non-dimensional.

Figure 8a shows the force-displacement relationship obtained by incrementally vary-
ing the excitation amplitude and integrating the equations of motion of the SDOF nonlin-
ear oscillator up until it reaches a maximum displacement (from zero) and then returns
to zero. The coloured solid lines (numerical data) show that a good approximation to
the experimental data (the dashed blue line) was obtained. The final nonlinear force—
displacement relation was represented by an odd polynomial surrogate. Lower odd orders
were examined, and fifth- and seventh-order forms gave very similar practical agreement.
The seventh-order poly7 polynomial was retained as the final surrogate because it pro-
vided slightly improved accuracy while remaining a smooth empirical representation
suitable for implementation in the subsequent nonlinear-dynamics model. The reported
RMSE values correspond to the dimensional force—displacement data used in the final
curve-fitting stage, with force in newtons and displacement in metres. The root mean
square errors are 0.0167 N and 0.0418 N for the forward and reverse segments, respectively,
with corresponding R? values of 0.9974 and 0.9818. The RMSE and R? values are therefore
used here as practical goodness-of-fit measures for the surrogate force-displacement repre-
sentation. The reverse branch exhibits a lower R? and larger residual discrepancy than the
forward branch, indicating that unloading behaviour is captured less accurately. Figure 8b
shows the restoring-force relationship projected in the perpendicular oscillator direction.
The horizontal axis therefore represents the perpendicular displacement x/x;;s rather than
direct axial wire extension. The physically relevant axial extension is obtained through
the geometric relation for ¢ in Equation (1), while Equation (2), Fnl = fs,sin(6), is used
to evaluate the force in the direction of oscillation of the mass. Accordingly, the extended
range in Figure 8b is retained to illustrate the shape of the projected restoring law, while
the subsequent dynamic analysis focuses on the practically relevant operating range.

Although the calibrated surrogate reproduces the measured hysteretic behaviour with
reasonable agreement, the reverse branch remains less accurately captured than the forward
branch and some local mismatch persists. A full uncertainty-propagation study is beyond
the scope of the present work. Nevertheless, these discrepancies should be borne in mind
when interpreting the quantitative details of the predicted frequency-response curves
and bifurcation structure, although the overall nonlinear trends and response regimes
remain informative.
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Figure 7. Force-displacement and stress—strain relationship with austenitic-martensitic transfor-
mation points labelled. The blue curves show the experimental cyclic response, while the black
lines are tangent constructions used to identify the labelled transformation points from the graph.
Stress was computed using the 0.5 mm wire diameter, corresponding to a cross-sectional area
A = d?/4 ~ 0.196 mm? (1.96 x 107 m?).
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ms ms

Figure 8. Force-displacement relationships used in the calibrated restoring-law construction:
(a) longitudinal SMA-wire response, with fitted solid lines overlaid on the experimental data shown
by black dashed lines, and (b) projected restoring-force relationship in the perpendicular oscillator
direction, plotted against normalized oscillator displacement x / xs.

The parameters varied for the computational analysis presented in this analysis are w,
60, v and ny,;s which correspond to forcing frequency, initial extension of the SMA wire,
amplitude of harmonic forcing and the number of SMA wires in parallel, respectively.
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4.2. SDOF System Numerical Computation

Direct time-domain simulations of the forced oscillator were carried out in MATLAB
using ode15s with a relative tolerance of 10~°. In this workflow, the governing equations
were treated in their non-autonomous form, with the harmonic forcing retained explicitly.
The piecewise pseudoelastic evolution was handled by event-driven switching between
the upward and downward transformation branches, so that the appropriate branch was
integrated as the response evolved through the transformation conditions. For the cycle—
response and FRF calculations, the reported amplitudes were extracted from the final
quarter of the simulated time history. For the spectral analysis, the initial quarter of the
simulated signal was discarded and the retained steady-state portion was interpolated
onto a uniform grid before computing the FFT. This quarter-based trimming was used
as the practical transient-removal procedure in the direct simulations, and the adequacy
of the retained portion as representative of steady-state behaviour was also checked by
visual inspection of the simulated response histories. Poincare maps were obtained by
stroboscopic sampling once per forcing period of the retained steady-state response.

Figure 9 presents the normalized steady-state response for w = 10 Hz using the
baseline parameter set. The time history is shown as x/x;;s against normalized time wyt,
while the phase portrait is plotted in the (x/xs, v/ (wnXps)) plane. The corresponding
Poincare section is obtained by sampling the normalized response once every forcing
period, T, and the FFT panel shows |[FFT(x/x;;s)| as a function of normalized frequency
w/wy. The single loop and one Poincare point indicate a period-one solution. Although the
oscillator has one mechanical degree of freedom, its nonlinear restoring force can gener-
ate harmonic content in the response. The peaks associated with the second and third
harmonics of the 10 Hz forcing frequency are therefore interpreted as nonlinear response
harmonics rather than as additional linear modes.
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Figure 9. Numerical results for w = 10 Hz using the baseline parameter set listed in Section 4.1:
(a) normalized steady-state time response, x /x5, plotted against normalized time, wy,t; (b) normalized
phase portrait in the (x/Xs, v/ (WnXms)) plane; (c) Poincare map formed by sampling the normalized
response once every forcing period T, shown in the (x(nT)/xpus, v(nT)/ (wnXms)) plane; and (d) FFT
amplitude spectrum of the normalized steady-state response, |FFT (x /x5 )|, plotted against normalized
frequency, w/wy.
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4.3. Frequency—Response Analysis

An important parameter of interest is the forcing frequency w. To study its influence
on the system response, the frequency-response function (FRF) is computed as shown in
Figure 10, where close agreement is found between time integration and continuation for
the calibrated model. The following FRFs are computed from the calibrated mathemati-
cal model and should therefore be interpreted as numerical predictions of the oscillator
response under harmonic excitation. This FRF plots the excitation frequency against the
magnitude of the maximum displacement. The numerical values shown by the red squares
are obtained from the direct ode15s simulations described in Section 4.2.

4 -
contiuation core toolbox %
= =% -~ unstable periodic solution ik
3571 B numerical computation *
!
/
3r Lt I
g25¢ %
E T
2 2@ &
=
\

05 1 1 1 1 1 1 1
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Figure 10. FRF of SDOF SMA oscillator (displacement) for the baseline parameter set listed in
Section 4.1.

For the continuation-based computation of periodic solution branches, a separate
COCO/hspo workflow was used. An initial periodic-orbit seed was generated by MATLAB
ode45 integration with a relative tolerance of 107> over 50.25 cycles, after which the
final one-period segment was extracted and supplied to the hspo formulation. In this
workflow, the forced system was recast in autonomous form by introducing auxiliary
oscillator states, which enabled robust continuation of the forced periodic response within
hspo. The periodic orbit was represented in a four-segment piecewise form so that the
forward and reverse pseudoelastic branches could be stitched consistently into a single cycle.
The collocation settings were NTST = 50 with NCOL = 6,4, 6,4 for the four segments,
respectively, and the continuation settings included cont.ItMX = 1000, cont.h_max = 20,
cont.NPR = 2, and corr.ItMX = 200. The monodromy matrix was computed numerically
to determine the stability of each periodic solution.

Unstable solutions exist when any of the eigenvalues of the matrix have a magnitude
greater than one, identified by the black dashed line with x symbols in Figure 10. An advan-
tage of the toolbox seen here is the ability to assess stability and compute the full branch of
the solution curve, including the unstable solutions. There is a limitation, however, in that,
specifically, the ‘hspo’ toolbox used has only been implemented with the ability to compute
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periodic solutions that can be divided into four subsequent segments corresponding to
forward, reverse, and forward and reverse loading of the SMA wire. At around 3 Hz,
there is a small resonance peak, which is attributed to the low-frequency response branch
associated with the pseudoelastic softening contribution as the transformation region is
engaged. The high resonance peak around 11 Hz, however, is of more particular interest
here due to its significant amplitude as well as the jump phenomena.

4.4. Varying Forcing Amplitude

The computed FRFs obtained as the amplitude of harmonic excitation, vy, varies are
shown in Figure 11. As the forcing amplitude increases, the oscillator is driven farther into
the nonlinear restoring regime, so the response branch rises to larger amplitudes and the
jump region broadens. At higher forcing levels, however, the pseudoelastic softening contri-
bution becomes increasingly pronounced, causing reverse bending of the backbone toward
lower frequencies within the bistable range. This reversal of the backbone direction reflects
the competition between geometric hardening induced by the perpendicular wire configu-
ration and pseudoelastic softening associated with phase transformation. As the response
evolves through the bistable regime, the relative dominance of these two mechanisms
changes, leading to the observed change in the effective backbone trend.
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Figure 11. FRF of SDOF SMA oscillator for varying -.

4.5. Varying Number of SMA Wires

The computed FRFs obtained as the number of SMA wires, 11,5, Varies are shown in
Figure 12. Increasing the number of wires increases the total SMA restoring contribution
because the parallel wires add to the same geometric—pseudoelastic restoring force. For a
single wire, the response remains much closer to nearlinear behaviour and no clear turning
points are observed. From 1,;,,; = 2 onward, turning points and jump behaviour emerge,
and the jump region widens as the nonlinear restoring effect becomes more pronounced.
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Figure 12. FRF of SDOF SMA oscillator for varying #1;,es-

4.6. Varying Pre-Tension

The computed FRFs obtained when the initial extension (producing a pretension) of
the SMA wires 4y varies are shown in Figure 13. Increasing pre-tension strengthens the
effective linear stiffness contribution associated with the perpendicular wire geometry.
As a result, the resonance curve shifts toward higher frequencies, the maximum resonance
amplitude decreases, and the jump section narrows. For sufficiently large pre-tension,
the turning points disappear and the response becomes increasingly dominated by the
linear stiffness contribution.

4.7. Effect of Initial Conditions

The normalized phase plane shown in Figure 14 gives the three different limit cycles
that can be obtained at w = 10.72 Hz, plotted in terms of x/x,s and v/ (wyXms). This
excitation frequency was selected from the multistable interval of the FRF in Figure 10,
between the turning points of the response branch, where two stable periodic solutions
and one unstable periodic solution coexist. Two are stable steady-state solutions and one
is an unstable solution (in blue, red, and green, respectively). The maximum normalized
displacement of the unstable solution lies between the two stable solutions, consistent with
the FRF shown in Figure 10.

The normalized time responses shown in Figure 15 show these same two stable steady-
state solutions and one unstable solution (in blue, red, and green, respectively). Different
steady-state solutions are obtained after the transient stage of the response. The red
stable solution and green unstable solution are out of phase with the blue stable solution
by approximately 90 degrees and 45 degrees, respectively. The determining factor for
which the steady-state solution is achieved is based on the initial displacement, velocity,
and martensitic composition in the SMA wire. A useful way of visualizing this dependence
is through a basin-of-attraction plot.
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Figure 14. Normalized phase plane of steady-state solutions of the SDOF SMA oscillator, plotted in
terms of x/xms and v/ (wpXms) at w = 10.72 Hz.

The basins of attraction computed at w = 10.72 Hz, where the three solutions can exist
(two stable and one unstable), are shown in Figure 16, with initial conditions expressed as
X0/ Xms and vy / (wyXms ). These basin calculations are model-based predictions that quantify
the sensitivity of the calibrated oscillator to the initial state; they were not measured directly
in the experimental tests. The basin plot is used here as a qualitative global-dynamics
diagnostic to illustrate the coexistence of attractors and pronounced sensitivity to initial
conditions. The blue basin represents the initial conditions that lead to the higher-amplitude
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stable solution, whereas the red basin represents the initial conditions that lead to the lower-
amplitude stable solution. The three green markers denote the numerically identified
initial conditions on the unstable separating solution, whose amplitude is between the
two stable steady-state solutions. As expected, unstable solutions are difficult to capture
by direct time integration, so their role in delimiting the attraction regions is interpreted
here qualitatively. The unstable solutions obtained numerically are consistent with the
interpretation that the boundary between the stable attraction regions is associated with
an unstable invariant set. However, a rigorous quantitative characterization of the basin-
boundary geometry was not pursued in the present work, since this would require a
denser dedicated computation than was performed here. In these computations, the initial
composition of martensite SMA wires ¢ is linearly approximated based on the previous
solutions. However, it is also worth mentioning that ¢y will also affect which steady
solution is achieved. In the analysis performed, ¢y essentially depends on x( and vice versa,
and it is another parameter/dimension that can be considered. ¢y can also be varied by
manipulating the temperature of the SMA wires, but this consideration is out of scope of
the current work.
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Figure 15. Normalized time response of steady-state solutions of the SDOF SMA oscillator, plotted as
x/Xms versus wyt at w = 10.72 Hz.

4.8. Negative Initial Pre-Tension

The following negative initial pre-tension case is considered as a theoretical numerical
extension of the equivalent pseudoelastic restoring law and does not represent a directly
validated operating regime of the tested tension-wire SMA device. This clarification is con-
sistent with the broader distinction made in the revised manuscript between the principal
calibrated-model findings and the more exploratory numerical extensions. The physical
element calibrated in this work is an SMA wire, which is naturally used in tension. A phys-
ical realization of this type of parameter regime would require a different implementation,
such as a compression-capable SMA element or an antagonistic wire arrangement, and is
not demonstrated experimentally here. A numerical FRF is shown in Figure 17 for an
initial extension, §p = 0.1x,s and —0.1x;s. Only numerical computation is done here
as it was found that for the negative extension, very peculiar responses prohibited the
Continuation Core toolbox from computing the entire branch of solutions. Furthermore,
the maximum amplitude seems to be significantly higher for frequency excitation above
9 Hz when 6y = —0.1x,5. Accordingly, the responses reported for 5y = —0.1x,,s should be
interpreted as illustrating possible dynamics of the equivalent restoring law outside the
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directly validated tension-wire regime, rather than as direct predictions for the physical
test configuration.

n ms

-100 -50 0 50

xO/me

100

Figure 16. Basins of attraction of the SDOF SMA oscillator at w = 10.72 Hz, with initial conditions
expressed as X/ Xps and vg/ (wnXms). Blue initial conditions lead to the higher-amplitude stable
solution, red initial conditions lead to the lower-amplitude stable solution, and the green markers
denote numerically identified initial conditions on the unstable separating solution.
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Figure 17. FRF of SDOF SMA oscillator for 6y = 0.1x,s and —0.1xs.
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4.9. Unique Steady State Solutions

Numerous types of solutions are possible on the basis of initial conditions and ex-
citation frequency. These can include symmetric or asymmetric solutions which may be
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period-n type, quasi-periodic or even chaotic. The bifurcation diagrams, Poincare sections,
FFTs, and 0-1 chaos indicators in this subsection are model-based diagnostics of the cal-
ibrated oscillator; they should not be read as direct experimental validation of chaos in
the tested wire oscillator. A bifurcation diagram is shown in Figure 18a for dp = 0.1x;s.
The lines intersect around 11.2 Hz near the resonance peak where the jump phenomena
occurs, as observed by the FRF in Figure 10. Monitoring the Lyapunov exponents not only
determines whether the solutions are stable or unstable, but also indicates that the points
of change in stability are saddle node bifurcation points. The analysis conducted thus far
indicates periodic solutions and with little suggestion of the existence of chaotic solutions.

The 0-1 test for chaos was implemented in MATLAB following Gottwald and Mel-
bourne [46]. In the present work, the test was applied to the retained steady-state portion
of the simulated displacement response, consistent with the transient-removal procedure
described above. For each case, the test was evaluated using multiple randomly selected
values of the translation constant c; in the present implementation, N, = 10 was adopted.
Within this framework, values of K. approaching zero indicate regular dynamics, whereas
values approaching one are indicative of chaotic dynamics. The 0-1 test was used together
with the bifurcation diagrams, Poincare maps, and FFT-based response characterization, so
that the identification of chaotic regimes was not based on K. values in isolation. In the
range of frequency (2 to 18 Hz) shown in Figure 18b, the obtained values of K, are not
close to one, indicating regular behaviour for the calibrated positive pre-tension baseline.
However, where dp = —0.1xys, the values of K, shown in Figure 19b approach one between
10 and 12 Hz, supporting the identification of chaotic responses in this numerical exten-
sion. For 9 = —0.1xy,;, these results are interpreted within the scope of the exploratory
negative initial-extension case described in Section 4.8. The bifurcation diagram shown in
Figure 19a shows period doubling consistent with a route to chaotic response in this range.
The transient increase around 3.5 Hz is therefore treated as a narrow local feature in the
computed response rather than as a standalone basis for classifying chaos.
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Figure 18. (a) Bifurcation diagram for dp = 0.1x,,s and (b) associated K. values from the 0-1 test
for chaos.
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Figure 19. (a) Bifurcation diagram for o = —0.1x,,s and (b) associated K. values from the 0-1 test
for chaos.
Unique types of responses have been found for dg = —0.1x,s. Figure 20 presents

the normalized steady-state response at a forcing frequency of 1.7579 Hz, with x/x;;s
plotted against wyt, the phase portrait and Poincare section shown in the normalized
displacement-velocity plane, and |FFT(x/x,)| plotted against w/wy. The response is
period-one, with a dominant frequency and integer harmonic components. Asymmetric
responses can also occur where the base response frequency does not coincide with the
forcing frequency, as shown in Figure 21 at a forcing frequency of 4.0947 Hz using the same
normalized variables.

The occurrence of period doubling, as observed with many studied nonlinear oscilla-
tors, is observed in the normalized phase portrait, Poincare section, and FFT spectrum of
Figure 22 at a forcing frequency of 8.7684 Hz.

As the excitation frequency increases further, the period number of the solution is
reduced instead, as shown by the normalized response in Figure 23 at a forcing frequency
of 9.5474 Hz, where an asymmetric two-periodic solution is obtained. Period doubling can
also lead to quasi-periodic responses as well.

Figure 24 shows that at a forcing frequency of 11.8842 Hz, the motions seem to be
quasi-periodic, as the normalized Poincare map traces a curve in the (x(nT)/xys, v(nT)/
(wnxms)) plane. According to the segment of the normalized time response shown, the os-
cillator seems to be caught on one side of the positive/negative x/ x,,;s axis and eventually
being attracted to the other side. The FFT panel, plotted as |FFT(x/xs)| against w/wy,
does not show only distinct integer harmonic components but rather fluctuating compo-
nents over a range of normalized frequency, indicative of chaotic behaviour. This falls
in the range where the K. values obtained from the 0-1 test are near one, supporting the
classification of the computed response as chaotic within the negative initial-extension
numerical extension.

Due to the negative pre-tension, however, it is possible for this oscillator to get caught
on one side of the equilibrium point (at zero displacement). At a forcing frequency of
12.6632 Hz, the motions seem to be initially quasi-periodic again from the normalized
Poincare map and phase portrait, but this time the oscillations get caught and stay on
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the positive x/x;s side as shown in Figure 25. The FFT panel shows integer frequency
components that are incommensurate with the excitation frequency when plotted against
w/wy, suggesting a quasi-periodic response. The forcing frequency also falls outside
the range where the K, values obtained from the 0-1 test are near one, supporting the
classification of the computed response as non-chaotic.
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Figure 20. Numerical results for w = 1.7579 Hz and J9 = —0.1xy;,: (a) normalized steady-state

time response, x/xy;s, plotted against normalized time, wyt; (b) normalized phase portrait in the
(x/xms, v/ (WnXms)) plane; (c) Poincare map formed by sampling the normalized response once every
forcing period T, shown in the (x(nT)/xms, v(nT)/(wnXms)) plane; and (d) FFT amplitude spectrum
of the normalized steady-state response, |FFT(x/x.;5)|, plotted against normalized frequency, w/wy.
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Figure 21. Numerical results for w = 4.0947 Hz and J9 = —0.1xy;: (a) normalized steady-state

time response, x/ x5, plotted against normalized time, wyt; (b) normalized phase portrait in the
(x/xms, v/ (Wnxms)) plane; (c) Poincare map formed by sampling the normalized response once every
forcing period T, shown in the (x(nT)/Xms, v(nT)/(wnXms)) plane; and (d) FFT amplitude spectrum
of the normalized steady-state response, |FFT (x/xy;5)|, plotted against normalized frequency, w/wy,.
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Figure 22. Numerical results for w = 8.76847 Hz and Jp = —0.1xy;5: (a) normalized steady-state

time response, x/ x5, plotted against normalized time, wyt; (b) normalized phase portrait in the
(x/xms, v/ (WnXms)) plane; (c) Poincare map formed by sampling the normalized response once every
forcing period T, shown in the (x(nT)/xms, v(nT)/(wWnXms)) plane; and (d) FFT amplitude spectrum
of the normalized steady-state response, |[FFT(x/xy;s)|, plotted against normalized frequency, w/wy,.
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Figure 23. Numerical results for w = 9.5474 Hz and J9 = —0.1x;s: (a) normalized steady-state

time response, x/ x5, plotted against normalized time, wyt; (b) normalized phase portrait in the
(x/xms, v/ (Wnxms)) plane; (c) Poincare map formed by sampling the normalized response once every
forcing period T, shown in the (x(nT)/xmus, v(nT)/(wnxms)) plane; and (d) FFT amplitude spectrum
of the normalized steady-state response, |FFT(x/x.;5)|, plotted against normalized frequency, w/wy.
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Figure 24. Numerical results for w = 11.8842 Hz and Jp = —0.1xy;5: (a) normalized steady-state

time response, x/ x5, plotted against normalized time, wyt; (b) normalized phase portrait in the
(x/xms, v/ (WnXms)) plane; (c) Poincare map formed by sampling the normalized response once every
forcing period T, shown in the (x(nT)/xms, v(nT)/(wWnXms)) plane; and (d) FFT amplitude spectrum
of the normalized steady-state response, |[FFT(x/xy;s)|, plotted against normalized frequency, w/wy,.
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Figure 25. Numerical results for w = 12.6632 Hz and Jy = —0.1x,;: (a) normalized steady-state

time response, x/ x5, plotted against normalized time, wyt; (b) normalized phase portrait in the
(x/xms, v/ (wWnxms)) plane; (c) Poincare map formed by sampling the normalized response once every
forcing period T, shown in the (x(nT)/xms, v(nT)/(wnXms)) plane; and (d) FFT amplitude spectrum
of the normalized steady-state response, |FFT(x/xy;5)|, plotted against normalized frequency, w/wy.

Figure 26 also shows the oscillations that get caught on the positive x/x;; side at a
forcing frequency of 15 Hz. The normalized response is periodic; however, the FFT panel
indicates components associated with a subharmonic response at half the excitation frequency.
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Figure 26. Numerical results for w = 15 Hz and Jp = —0.1xys: (a) normalized steady-state

time response, x/ x5, plotted against normalized time, wyt; (b) normalized phase portrait in the
(x/xms, v/ (WnXms)) plane; (c) Poincare map formed by sampling the normalized response once every
forcing period T, shown in the (x(nT)/xms, v(nT)/(wWnXms)) plane; and (d) FFT amplitude spectrum
of the normalized steady-state response, |FFT (x/xy;5)|, plotted against normalized frequency, w/wy,.

4.10. Summary of Response Characteristics
The following are the findings drawn from the analysis completed in this section.

1. The experimental cyclic force-displacement data were used to calibrate the numerical
values of the SMA restoring-law parameters required by the mathematical model.

2. The computed FRFs indicate the possibility of jump phenomena and stable/unstable
response branches over selected frequency ranges.

3. Parametric studies show that forcing amplitude, number of wires, and pre-tension can
significantly alter the predicted resonance peak, jump range, and backbone direction.

4. Where multiple response amplitudes are predicted at the same frequency, the attained
steady state depends on the initial displacement, velocity, and martensitic state.

5. FRPFs, time responses, phase plots, Poincare maps, bifurcation diagrams, and 0-1 tests
were used to classify the model-predicted steady-state solutions. Periodic, quasi-
periodic, and asymmetric responses were obtained, while chaotic behaviour was
found only in the secondary negative pre-tension numerical extension.

5. Discussion

The present study establishes how an experimentally calibrated pseudoelastic wire
element, when placed in a perpendicular geometric configuration, can generate response
regimes that are not apparent from the material loop or the geometry alone. The geometric
arrangement tends to introduce hardening-type behaviour, whereas pseudoelastic phase
transformation introduces hysteresis and an effective softening contribution. Their coupling
explains the non-monotonic backbone behaviour, jump phenomena, and multistability
observed in the frequency-response curves. This also shows why reducing the element
to a single equivalent stiffness or damping value would miss key vibration features of
the system.

The basin results are especially important for interpreting the response of this oscillator.
In the multistable frequency range, the forcing frequency and amplitude do not uniquely

https:/ /doi.org/10.3390/vibration9020039


https://doi.org/10.3390/vibration9020039

Vibration 2026, 9, 39

27 of 30

determine the final steady state; the initial displacement, velocity, and martensitic fraction
can select different coexisting attractors. This has practical consequences for repeatability
and response prediction, since nominally identical operating conditions may produce
different amplitudes if the system is initialized differently. For monitoring or adaptive-
device applications, such state-dependent response changes could appear as shifts in
apparent stiffness or dominant response frequency even when the underlying structure has
not changed. The higher harmonic components seen in the FFTs should also be interpreted
in this context: they arise from the nonlinear restoring force and do not imply additional
linear modes in the SDOF system.

The present scope was chosen to focus on the coupled effect of geometric nonlin-
earity and experimentally calibrated pseudoelastic hysteresis. Natural extensions of this
framework include non-isothermal modelling for cases where thermomechanical cou-
pling becomes important, particularly for larger wires or higher loading rates, as well as
fatigue-aware parameter evolution for long cycling histories. Future work should also
embed the calibrated element in a representative host-structure or absorber configuration
so that the response regimes identified here can be translated into attenuation, robustness,
and operating-map metrics.

6. Conclusions

This paper investigated the global nonlinear response characteristics of a harmon-
ically forced pseudoelastic SMA-wire oscillator in which geometric nonlinearity from a
perpendicular wire configuration is coupled with phase-transformation-induced hysteresis.
Cyclic force-displacement testing was used to calibrate the pseudoelastic restoring law of
the wire, and the calibrated law was then embedded in the oscillator model. The experi-
mental calibration supports the restoring-force model used in the simulations, while the
frequency-response curves, basin structures, bifurcation evidence, and complex-response
regimes should be interpreted as model-based predictions of the calibrated oscillator.

For the positive pre-tension case corresponding to the directly calibrated tension-
wire regime, the computed responses show jump phenomena, coexistence of stable and
unstable periodic branches, and strong dependence of the attained steady state on the initial
displacement, velocity, and martensitic fraction. The basin-of-attraction calculations show
that the same forcing frequency and amplitude can lead to different steady amplitudes
depending on the initial state. This sensitivity is important for repeatable operation of SMA-
based vibration devices because apparent stiffness, response amplitude, and dominant
response features may change without any change in structural parameters.

The parametric results indicate how forcing amplitude, number of wires, and pre-
tension alter the predicted resonance peak, jump interval, and backbone direction. These
trends are explained by the competition between geometric hardening from the perpendic-
ular wire configuration and pseudoelastic softening and dissipation from the calibrated
hysteresis loop. Additional complex responses, including quasi-periodic and chaotic be-
haviour, were identified mainly in the negative initial-extension case. These results are
retained as a secondary numerical extension outside the directly validated tension-wire
regime, and they should not be interpreted as direct experimental evidence of chaos in the
tested SMA-wire oscillator.

Overall, the study provides an experimentally grounded modelling and analysis
framework for examining multistability and basin structure in pseudoelastic SMA oscil-
lators. Future work should extend the framework to non-isothermal and rate-dependent
modelling where thermal coupling becomes important, particularly for larger wires or
higher loading rates, and should evaluate representative absorber or host-structure con-
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figurations so that the predicted response regimes can be translated into application-level
attenuation and robustness metrics.
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