e Vibration

Article

A Parameter Sensitivity Analysis of Two-Body Wave Energy
Converters Using the Monte Carlo Parametric Simulations
Through Efficient Hydrodynamic Analytical Model

Elie Al Shami and Xu Wang *

check for
updates

Academic Editor: Kefu Liu

Received: 28 April 2025
Revised: 11 June 2025
Accepted: 26 June 2025
Published: 7 July 2025

Citation: AlShami, E.; Wang, X. A
Parameter Sensitivity Analysis of
Two-Body Wave Energy Converters
Using the Monte Carlo Parametric
Simulations Through Efficient
Hydrodynamic Analytical Model.
Vibration 2025, 8, 39. https://
doi.org/10.3390/ vibration8030039

Copyright: © 2025 by the authors.
Licensee MDP], Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license

(https:/ /creativecommons.org/
licenses /by /4.0/).

School of Engineering, RMIT University, Bundoora, VIC 3081, Australia; elie.j.shami@gmail.com
* Correspondence: xu.wang@rmit.edu.au; Tel.: +61-03-9925-6028; Fax: +61-03-9925-6108

Abstract

This paper introduces a novel approach by employing a Monte Carlo simulation to in-
vestigate the impact of various design parameters on the performance of two-body wave
energy converters. The study uses a simplified analytical model that eliminates the need
for complex simulations such as boundary elements or computational fluid dynamics meth-
ods. Instead, this model offers an efficient means of predicting and calculating converter
performance output. Rigorous validation has been conducted through ANSYS AQWA
simulations, affirming the accuracy of the proposed analytical model. The parametric inves-
tigation reveals new insights into design optimization. These findings serve as a valuable
guide for optimizing the design of two-body point absorbers based on specific performance
requirements and prevailing sea state conditions. The results show that in the early design
stages, device dimensions and hydrodynamics affect performance more than the PTO’s
stiffness and damping. Furthermore, for lower frequencies, adjustments to the buoy’s
height emerge as a favorable strategy, whereas augmenting the buoy radius proves more
advantageous for enhancing performance at higher frequencies.

Keywords: hydrodynamic analytical model; two body wave energy converters; wave
energy; sensitivity analysis; Monte Carlo simulation

1. Introduction

In the contemporary era, ocean wave energy has garnered substantial attention as
an alternative, renewable power source due to its remarkable power density [1]. Although
wave energy concepts date back to the late 18th century, full-scale WEC trials remain limited
compared to other renewable technologies. Two main factors explain why WEC develop-
ment has lagged behind solar, wind, and hydro technologies. Firstly, the multidisciplinary
nature of WEC design necessitates a profound theoretical foundation [2-8]. Secondly, the
challenges and substantial costs associated with testing full-scale prototypes in harsh sea
conditions pose significant obstacles [9-13]. Ruehl and Bull [14] outlined a roadmap for
WECs to attain full commercial viability. However, a survey of recent advancements and
research in WECs [9,15] suggests that wave energy conversion technology lags behind
other renewable energy methods in achieving full-scale commercial realization.

Diverse types of WECs, suitable for both near-shore and far-offshore settings, exist. The
point absorber represents a simple variant, featuring a buoyant float that oscillates on the
water’s surface to harness the considerable wave-induced forces. This kinetic energy is har-
nessed through a Power Take-Off (PTO) mechanism situated between the buoy and a fixed
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reference point [1]. The point absorber holds potential even in high-energy, far offshore
environments, where the ocean waves carry substantial energy density [16]. This makes it
a prime candidate for advancing WECs towards commercialization, given its potential for
high conversion efficiency [17]. Locations with significant wave energy, like the southern
coast of Australia, often exhibit extended ocean wave periods larger than 8 s [16,18]. Point
absorbers are most efficient when the incoming wave frequency aligns with their resonant
frequencies [17,19]. Thus, researchers have proposed adding a submerged body to the buoy
of point absorbers to decrease their natural resonant frequency and enhance power capture.
This submerged oscillating body reduces the resonance frequency by increasing physical
dry mass and hydrodynamic added mass. The augmented system inertia results in higher
captured power through relative motion between the buoy and the submerged body [19-22].
Incorporating a submerged body elevates the complexity of point absorbers [23], as various
parameters impact the performance of these two-degree-of-freedom WECs. Traditional
sensitivity analyses for two-body WECs rely on linear BEM [19,21,24] or computationally
intensive nonlinear CFD simulations [3,24-26]. These studies compute detailed hydrody-
namic properties for use in frequency-domain linear models [2,27]. For example, Wu, Wang,
Diao, Peng and Zhang [27] derived a solution for hydrodynamic properties in a two-body
WEC with heaving cylinders, performing an initial parameter study that identified design
parameters linked to device resonance frequency as the main influencers of performance
output. However, the model was complex and ignored viscous drag from the submerged
body, leading to overestimated efficiency. It is well-established that this viscous damping
drag force acting on the submerged body of a two-body WEC can reduce the absorbed
power of two-body WECs by 10-30% [21]. Many other parameter and optimization studies
across the literature rely on BEM simulations for hydrodynamic properties, constraining
analysis as each new response calculation necessitates a fresh BEM simulation [28-32].
Monte Carlo, genetic algorithm, and machine learning methods require large datasets for
optimization studies. Consequently, significant computational resources are required due
to the need for new BEM or CFD simulations whenever the device’s geometric configu-
ration is altered. Liu, et al. [33] present a novel quasi-zero-stiffness (QZS) device using
piezoelectric buckled beams that simultaneously provides superior vibration isolation and
energy harvesting compared to conventional, single-purpose systems where the analytical
model was developed for numerical optimization.

This paper introduces a simplified hydrodynamic model for studying how design
parameters affect wave energy performance using Monte Carlo simulations. Six Monte
Carlo simulations were executed to comprehensively scrutinize the influence of diverse
design parameters on the response and performance of two-body WECs. This study
uniquely expresses displacement, power output, and natural frequencies as functions of sea
state and device dimensions. By furnishing the Monte Carlo simulation results within this
study, readers can fine-tune the design parameters of a two-body WEC to achieve desired
performance outcomes within specific sea conditions.

The remainder of this paper is structured as follows: Section 2 elaborates on the
analytical mathematical model, Section 3 validates the analytical mathematical model via
BEM simulation, Section 4 outlines the findings of the Monte Carlo simulations, Section 5
engages in a discourse on these outcomes, and, finally, Section 6 draws conclusions from
the presented study.

2. Mathematical Formulation of System Dynamics
2.1. Dynamics of Two Body Point Absorber Wave Energy Converter

Figure 1 displays the schematic of the described WEC system. The WEC is composed
of a cylindrical floating buoy, and a cylindrical submerged body connected by a linear
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generator. In order to simplify the model, all the forces are linearized, including the
hydrodynamic and viscous damping, and PTO forces. This renders the model a two-degree-
of-freedom mass-spring-damper system, with a linear PTO operating as a result of the
relative movement of the buoy and the submerged body. Point absorbers primarily operate
in the heave direction because wave excitation forces—and thus energy—in that direction
are much greater than in others [2,27,34,35]. This study focuses solely on heave motion for
wave energy conversion. In later design stages, mooring will be added to the submerged
body, which may introduce surge or pitch motions that must be considered.

1

V1

V2

Figure 1. Schematic of the studied two body WEC.

We applied Newton’s second law of motion in the two-degree-of-freedom oscillat-
ing system:

My + ma1¥y + Coaryy + €Yy + 1Y + ¢p (yl - ]/2) +kp(y1 —v2) + kv = fer, (1)

Moy + Ma12)y + Coaalfy + Cralp + Crioly + Cp (Vo — ¥1) +kp(y2 — 1) = fer, 2)

With j = 1 denoting the buoy, and j = 2 denoting the submerged body. y;, y;, and y;
represent the displacement, velocity and acceleration of the oscillating bodies, respectively.
M,; is the total mass of an oscillating body, which is composed of both the dry mass m;; and
the hydrodynamic added mass m,;. c,4; represents viscous drag damping, c,; is radiation
damping, and ky; is hydrostatic stiffness—the restoring force caused by the difference
between buoyancy and weight as the device oscillates. k, and ¢, are the linear PTO’s
stiffness and damping coefficients, respectively, which are used to calculate the PTO force,
Fp from the relative displacement Ay = y; — y» and relative velocity A; = Y — Y, between

the buoy and submerged body: F, = k,(Ay) + ¢, (Ay>. fej is the wave excitation force.
Finally, c,21 /cy12 and m,21 /415 are the hydrodynamic radiation damping and added mass
interactions between the two oscillating bodies, respectively.
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The total mass M; is composed of both the dry mass and the hydrodynamic
added mass:
M] = Mygj + Mygj. (3)

The purpose of this work is to develop an analytical model which can predict the
response of a two-body point absorber efficiently with a low number of required parameters.
The frequency domain is accurate enough to model the linear interactions of point absorbers,
although the frequency domain analysis is only applicable to a linear system due to the
requirement of Fourier transformation. Therefore, to reduce the complexities, one can
assume that the incoming wave is regular and harmonic [3,19,28,36,37]. This presents the
following set of harmonic equations in the frequency domain:

yj = YjeHo), 4)
y; = sY;el ), 5)
yj _ SZYje(St+a]')/ (6)
foj = Fejettte0, 7)

where t is time, Y; is the complex amplitude of the displacement of the two bodies, F; is the
complex amplitude of the wave excitation force, s = iw, i is the imaginary unit and equal
to square root of —1, and w is the wave angular frequency. 9; is the phase difference in the
displacement of the two bodies, while ¢; is the phase of the wave excitation force on the
two bodies.

To reduce the complexity of Equations (1) and (2), the viscous damping drag force on
the buoy, c,41, can be neglected, as it has a relatively small magnitude [4,38,39], also, the
hydrodynamic interactions are equal, rendering ¢,y = c,12 and mgp; = mg1o [2,21,27]. By
incorporating these assumptions into Equations (1) and (2), substituting Equations (4)—-(7)
into Equations (1) and (2), and conducting some algebraic manipulations, the following
equations representing the amplitude of the harmonic motions can be shown:

Yl (M152 + ¢S + CpS + kp + kh) + Y2 (TnauSZ + Cr128 — CpS — kp) = (1, (8)

Y, (Mzsz + Cr28 + Cogns + cps + kp) +Y (mu1252 + Cr128 — CpS — kp) = Fp. )

2.2. Hydrodynamic Analysis and Parameter Reduction

This section defines the coefficients in Equations (8) and (9) to reduce the number of
required variables.

The buoyancy force exerted on the bodies in still water must be equal to their dry
weights to achieve neutral buoyancy, resulting in a dry mass equal to the weight of the
displaced volume of water:

ﬂ’ld]' = Vdpp, (10)

Vap represents the volume of displaced water and is the draft volume of the oscillating
bodies. p is the density of water. The dry mass can be expressed as:

mgj = m’th, (11)

where r represents the radius of the buoy or submerged body, and # is either the draft of the
buoy or the height of the submerged body. In this study, the radius and height of both bodies
are assumed equal to reduce the number of parameters in the Monte Carlo simulations.
Different dimensions between the buoy and submerged body may alter hydrodynamic
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interactions, particularly those affecting resonance frequencies. Such refinements may be
included in future, detailed design optimizations after the main parameters are finalized
using this study. The intent of this work is to illustrate a method for conducting high-level
optimization using Monte Carlo simulations.

The buoy is placed in two mediums, air and water, indicating that its displacement
during oscillation will create a difference between the buoyancy force and its weight. This
generates a spring force effect known as the hydrostatic force. The hydrostatic stiffness is
represented as:

ky, = mr?og, (12)

where g is the gravitational acceleration.

This work uses hydrodynamic coefficients derived by Zheng et al. [3], who applied
separation of variables and eigenfunction expansion for a two-body point absorber with
cylindrical components. The work presented in this paper is based on [2,27] where it is
assumed that the draft of the buoy in calm waters is equal to the height of the submerged
body, both the cylindrical buoy and submerged body have the same radius, the distance
between the buoy and the submerged body is set to 0.15d (d is the sea depth), and that the
fluid is considered to be incompressible, irrotational, and inviscid under the linear potential
theory. Wu, Wang, Diao, Peng and Zhang [27] also derived the hydrodynamic coefficients
for the same setup of point absorbers and validated this method using the results in [2].

Zheng, Shen, You, Wu and Rong [2] present an analytical investigation into the hy-
drodynamic properties of two coaxial, vertical, truncated cylinders interacting with linear
water waves, focusing on wave forces and coefficients for heave, sway, and roll motions.
The authors employ a method of separation of variables and matched eigenfunction ex-
pansion across three fluid subdomains to derive analytical expressions for the radiated
and diffracted potentials. To validate the model, the study confirms that wave forces from
two methods match, and the added mass and damping matrices are symmetrical. Using
this verified approach, the authors calculate hydrodynamic properties and investigate their
sensitivity to changes in the cylinders’ radii, providing useful data for the design of such
multi-body floating structures in ocean engineering. The data from [2] will be used in
this section.

Exponential and rational fitting models were used in MATLAB 2023b. The exp2 fitting
function fits data as the sum of two exponential terms and the rat55 function fits a rational
model, which is the ratio of two polynomials. Specifically, it uses 5th-degree polynomials
in both the numerator and denominator to fit the data, allowing more efficient computation
than using full analytical or BEM/CFD models. It should be noted that A is the wave height,
and k is the wave number, which is calculated from the following dispersion relation:

k tanh(kd) = «?/s. (13)

Point absorbers are suitable for areas with large ocean depth and high energy density,
where kh >> 1, allowing the wave number to be approximated as follows:

k = w?/s. (14)

As seen from the figures below (Figures 2-9), the fitting curves of the non-dimensional
hydrodynamic coefficients accurately represent the adopted analytical solution from the
past literature. Additionally, their fitting curves as a function of (kr), or for large sea depths,
as a function of rv?/g are calculated and shown in Appendix A.
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Figure 2. Non-dimensional buoy wave excitation force vs. (kr). The dotted data used is from [2].
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Figure 3. Non-dimensional submerged body wave excitation force vs. (kr). The dotted data used is
from [2].
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Figure 4. Non-dimensional buoy added mass vs. (kr). The dotted data used is from [2].
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Figure 5. Non-dimensional submerged body added mass vs. (kr). The dotted data used is from [2].
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Figure 6. Non-dimensional interaction added mass vs. (kr). The dotted data used is from [2].
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Figure 7. Non-dimensional buoy radiation damping coefficient vs. (kr). The dotted data used is
from [2].
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Figure 8. Non-dimensional submerged body radiation damping coefficient vs. (kr). The dotted data
used is from [2].
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Figure 9. Non-dimensional interaction radiation damping coefficient vs. (kr). The dotted data used is

from [2].

The non-dimensional wave excitation forces on the buoy and the submerged body are,
respectively, given by:

* fl

k= pg;rzh' (15)
% fe2

B = (16)

The non-dimensional added masses of the buoy and submerged body are, respectively:

« m
M = (17)
m
My* = pnﬁh. (18)

The non-dimensional radiation damping coefficients of the buoy and submerged body
are, respectively:

* Cr1
= — 19
Cr1 pnrzhw ’ (19)
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* Cr2
= . 20
cr2 prer2hw 20)

The non-dimensional interaction added mass and radiation damping coefficients of
the buoy and submerged body are, respectively:

* Mg12
= a2 21
Ma12 prery (21)
* Cr12
= . 22
ez prtr2hw @2)

Although the viscous damping drag force acting on the buoy is small and negligible,
the viscous damping drag force acting on the submerged body cannot be neglected as it is
proven to have a considerable impact on the absorbed power [21,28]. The viscous damping
drag force is a nonlinear force which acts in the opposite direction to that of the motion of
the device, and is given by the Morison drag force equation:

1 )
Fog = EPﬂTZCdzl/z . (23)

4o is the dimensionless viscous damping coefficient. To linearize the equations of the
system for the convenience of the solution, Siow, et al. [40] linearized the Morison drag
force as the following:

Fp = %Pm’zcdz 3% Vmaxj/z = %Pﬂrzcdz Vmaxj/z = CvdZyZ/ (24)
where V¢ is the maximum heaving velocity of the submerged body and ¢, = %T pmfzcdz Vinax-
This linearization renders the viscous damping drag force to be a function of geometric pa-
rameters. Since this paper is focused on the cylindrical oscillating bodies, the non-dimensional
viscous damping drag coefficient ¢z, can be set equal to 1 [24,41]. The non-dimensional viscous
damping drag coefficient is typically a function of the radius to height ratio, however, a nominal
value of 1 was chosen as the radius to height ratio in order to reduce the complexity of the
numerical model.

2.3. Method of Solution

With all hydrodynamic parameters defined, this section presents the method to solve
for the response and absorbed power for a two-body point absorber analytically without
the need to conduct the hydrodynamic BEM/CFD simulations.

The response for a given sea state—defined by wave height and frequency—can be
calculated by solving Equations (8) and (9), or alternatively, one can conduct the Fourier
transform of Equations (1) and (2) and solve for the response for a range of frequencies or

1 E
1
() o

To calculate response and power, the remaining required outputs are the phases of the

wave heights via a loop:

Yi| [ Mis® +cps+cps+ky +ky Ma128% + 125 — cps — ky
Y> Ma128% + €128 — cps — ky Mps% + 128 + Cpos + cps + kp

wave excitation forces. However, for a two-body WEC, the phase difference in the wave
excitation force between the buoy and the submerged body is around —180 degrees. As
can be seen in Figure 10 below, the phase difference for the wave excitation force between
the buoy and the submerged body is plotted for different radiuses of the buoy and the
submerged body and for different distances between the buoy and the submerged body.
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-179.92

-179.94

-179.96

-179.98

Phase difference (degrees)

-180

-180.02

The results are based on the simulations from ANSYS AQWA 2019. Nonlinear resonance
dynamics [42,43] are assumed negligible in this study.

I
—Radius= 8m, distance =20 m

——Radius= 8m, distance = 18 m
Radius= 8m, distance = 16 m
——Radius= 7m, distance =20 m
——Radius= 7m, distance = 18 m
Radius= 7m, distance = 16 m

/

0.05 0.1 0.15 0.2 0.25 0.3

wave frequency rad/s

Figure 10. The phase difference between the buoy and the submerged body for different radius of the
buoy and the submerged body and for different distances between the buoy and the submerged body.

The linear PTO, placed between the two bodies, generates electricity from their relative
motion. After calculating the heave displacements of the buoy and the submerged body,
the average absorbed power by the linear generator PTO can be calculated as follows:

P, _1 Tc (i, — ¥ )Zdt—lwzc (Y1 —Y,)? (26)
average = T 0 r\Y1 = VY2 ) piil 2)

where T is the period of the wave in seconds. After the geometric parameters of r and & and
the sea state parameters of p, A, and w are provided, all the coefficients in Equations (9)-(22)
can be calculated.

As for the linear PTO coefficients, either k;, and ¢, constant values are used for control
or impedance matching is applied. Impedance matching is considered a passive control
algorithm [19], where the linear PTO electrical stiffness and damping coefficients are equal
to the external hydrodynamic stiffness and damping coefficients. Also, one can implement
varying optimal PTO stiffness and damping coefficients as derived in [20] and given by:

. 1 |C1C2 — C3C4|

Cp,optimal = o 12 + c32 (27)

by = —w*(cr + cr2 + Coap + €12 + Cp21), (27a)

by = wky — w?[My + My + mg1p + Mg, (27b)

¢ = b2/w, (27¢)

o3 = —bi/e, 27d)

02 = why(cr2 + Com) — W M1 (2 + Coan) + €1 Mo — Ma126r12 — Man1€421], (27¢)
¢4 = W M1 My — maiam ] — W [Maky + ¢ (er2 + Coan) — €r1acran ], (271)
Kpoptimal = At €222 (28)

c1? +c3?
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Impedance matching provides a passive control algorithm which predicts the response
under more realistically controlled conditions. Impedance matching reduces the number
of variables by linking PTO stiffness and damping to the device’s hydrodynamic proper-
ties. The device’s hydrodynamic parameters are functions of the geometry and sea state
parameters. Reactive control strategies, such as reactive tuning or model predictive control,
can yield better power output than the passive approach used in this study. However, the
passive control strategy was selected in order to avoid nonlinearities in the mathematical
model and for maintaining a high computational efficiency of the mathematical model.

One of the most important performance aspects of point absorbers is their operation
around the resonance, as their power capture considerably increases when the point
absorbers are resonating at the incoming ocean wave frequency [17,19]. Throughout
the literature [19,21,28,29], the natural resonant frequency w; of a two-body system is
calculated by assuming that it is a one-degree mass spring undamped oscillator, ignoring
the hydrodynamic interactions between the two oscillating cylinders [24]

_ mr?pg + kp _ mrlpg + ky (29)
~\ w2ho + (ma*)prer2h + mwr2hp + (mp*)prtr2h -\l wr2he(ma* + map* +2)

If one applies impedance matching, by substituting Equations (12) and (28) into
Equation (29), the fundamental natural resonant frequency with impedance matching
wy,; becomes:

oo nr2pg 4 mr2pg _ 28 (30)
ni nir2ho(ma* + mg* +2) h(mg* 4+ mg* +2)°

In reality, two-body point absorbers are a two-degree of freedom system with two
distinct natural resonant frequencies [44]. Neglecting the hydrodynamic interactions
between the two oscillating cylinders, and assuming the system is a two-body undamped
mass-spring system, the first and second resonating frequencies are calculated from the
Eigen equation of Equations (7) and (8) which is given by:

(My8% + ky, + kp) (M,s® + k) — ky* = 0. (31)

For the convenience of the reader, the first and second natural frequencies without
the impedance matching (w;; and wy;), and the first and second natural frequencies with
impedance matching (wy;; and w,,;;) are presented in Appendix B.

3. Validation

The analytical model is validated against simulations using ANSYS AQWA boundary
element analysis software [23,45] The primary difference between the two models lies in
how the hydrodynamic coefficients are derived—either by separation of variables and
eigenfunction expansion [3] or by numerical simulation. ANSYS AQWA is boundary ele-
ment analysis software that solves hydrodynamic equations around the oscillating bodies.
ANSYS AQWA was extensively used throughout the literature and its results have been
verified by experimental results [43]. The two-body point absorber—comprising a cylindri-
cal buoy and submerged body—was simulated in ANSYS AQWA. The incoming wave was
meshed, as shown in Figure 11. Table 1 lists the parameters used in the analytical model.
A mesh sensitivity study was conducted to ensure result convergence. Hydrodynamic
coefficients from ANSYS AQWA were compared with those from the analytical curve-fit
model. The results are shown in Figure 12.
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Figure 11. Two-body point absorber mesh model in ANSYS AQWA.

Table 1. Parameters of the model for validation.

Radius of buoy and submerged body r (m) 7
Draft of buoy and height of submerged body & (m) 35
Viscous damping drag coefficient c;;, (Ns/m) 133,933.3
Water density p (kg/ m?) 1025
Wave height A (m) 1
Wave frequency range w (Hz) 0.025-0.3
Gravitational acceleration g (m/s?) 9.81
«108 Wave excitation force

N

T I
——Buoy Fitting model

——Buoy Ansys Aqwa results
Submerged body Fitting model
—— Submerged body Ansys Aqwa results ||

e ! | T

0 0.05 0.1 0.15 0.2 0.25 0.3

-
T

o

<10% Added mass

K_?) Wave excitation force (N/m)

N
T

@ 10|

£

- 81

@

id

- 0 0.05 0.1 0.15 0.2 0.25 0.3
E 105 Radiation damping

£ \ T T
22 T
o
£
Sl .
c
Q
= | | ! !
E 0 0.05 0.1 0.15 0.2 0.25 0.3
o Wave frequency (Hz)

Figure 12. The hydrodynamic coefficients from the curve fit analytical model used in this work vs.
ANSYS AQWA simulation results. Wave excitation force (top), added mass (middle), and radiation
damping (bottom).
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Figure 12 shows close agreement between the curve-fit model and ANSYS AQWA
simulations. Minor differences between the models arise from assumptions in [3] and slight
variations in the fitted curves (Equations (A1)-(AS8); Figures 2-9).

Based on linear potential flow theory, the curve-fit model accurately predicts the
response and absorbed power of point absorbers, supporting both design and optimization.

4. Sensitivity Analysis Using Monte Carlo Simulation

The curve-fit model offers two main advantages: it quickly computes response and ab-
sorbed power without time-consuming BEM simulations, and it helps estimate the required
dimensions of a two-body WEC for a specific sea state. The second advantage is the ability
to perform optimization and sensitivity analysis for two-body WECs efficiently. Tradition-
ally, parameter analysis relied on BEM simulations for each case, which is time-consuming
and limits the use of some optimization algorithms due to changing hydrodynamic proper-
ties. The curve-fit model enables designers to use optimization tools like genetic algorithms
or Monte Carlo simulations to better understand two-body WEC hydrodynamics. This
section presents a sensitivity analysis using Monte Carlo simulations to examine how
design parameters affect two-body WEC performance. This work is part of a project aimed
at designing and optimizing a wave energy converter for Australia [9,15,17,27], therefore
a wave frequency of 0.1-0.13 Hz will be targeted. The simulations will study a frequency
band between 0 and 0.3 Hz, but the objective of the design is to excite the device at the
resonant frequency of 0.1-0.13 Hz and ensure that the maximum power absorption occurs
at the frequency. The wave height is taken as 1 m.

Monte Carlo simulation is a statistical method used to study the sensitivity of design
parameters to system performance [46-48]. As mentioned earlier, the resonant frequency
of 0.1-0.13 Hz is targeted and the radius * = 7 m and height 1 = 3.5 m values of this
device are used as mean values. The radius r and height / are then randomized and
normally distributed with a 30% standard deviation around the mean values. The excitation
frequencies studied under regular waves will be uniformly distributed between 0 and
0.3 Hz. Section 2 demonstrated that the response of a two-body point absorber can be
calculated given the sea state parameters and two design parameters, r and h. Since
the sea state is defined, the design parameters will be randomized with a 30% standard
deviation around their mean values in this Monte Carlo simulation, to study their effect on
device performance.

In all Monte Carlo simulations, in Equation (24), V. represents the maximum heaving
velocity of the submerged body.

The Monte Carlo simulations are applied to study the effects of r, h, kp, and ¢, on the
response and power conversion performance. Table 2 below illustrates the parameters for
all the Monte Carlo simulations.

Simulations 1 and 2 examine how varying the buoy radius (r), randomized around
a 7 m mean, affects power absorption. Simulation 1 will have the constant PTO stiffness
and damping coefficients for all the Monte Carlo simulation runs, while Simulation 2 listed
in Table 2 will utilize the varying optimal PTO coefficients derived by [21]. Simulations 3
and 4 will study the effect of the draft of the buoy on the power absorption of the system,
with randomly varying the parameter /1 around its mean value of 3.5 m. Simulation 3 will
have the constant PTO stiffness and damping coefficients for all the Monte Carlo simulation
runs, while Simulation 4 will utilize the varying optimal PTO coefficients derived by [21].
Simulation 5 explores the effect of varying k, around its mean value of 2,428,840 N/m on
power absorption, while keeping all other parameters, including c,, constant. It should
be noted that this value of k, is the value which results in the highest power absorption
around the desired frequency range, hence it is the value that results in the resonance of
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the system in that range. Simulation 6 investigates how varying ¢, around its mean value
of 4,745,450 N-s/m affects power absorption, with all other parameters held constant. This
value of ¢, yields the highest power absorption around the desired frequency range. Each
simulation was run for 40,000—45,000 iterations to reveal performance trends. As shown
in Figures 13 and 14, one should note that the black line is the absorbed power with the
mean parameter values, and the colored dots represent the absorbed power values with
the randomized parameter values. The blue dots represent the absorbed power values
larger than those with the mean parameter values. The red dots represent the opposite,
i.e., absorbed power values lower than those with the mean parameters. This section will

showcase the results, and they will be analyzed and discussed in the section below.

Table 2. The Monte Carlo simulation parameters.

Simulation 1 2 3 4 5 6
Randomly Randomly
distributed distributed
with 30% with 30%
r stan.da.rd stan.da.rd 7m 7m 7m 7m
deviation deviation
around the around the
mean value of mean value of
7m 7m
Randomly Randomly
distributed distributed
with 30% with 30%
b 35m 35m standard standard 35m 35m
’ ’ deviation deviation ’ ’
around the around the
mean value of mean value of
3.5m 3.5m
Car 1 1 1 1 1 1
o 1025 kg/m? 1025 kg/m? 1025 kg/m? 1025 kg/m? 1025 kg/m? 1025 kg/m?
A Im Im Im Im Im Im
0.1-0.3 Hz, 0.1-0.3 Hz, 0.1-0.3 Hz, 0.1-0.3 Hz, 0.1-0.3 Hz, 0.1-0.3 Hz,
f uniformly uniformly uniformly uniformly uniformly uniformly
distributed. distributed. distributed. distributed. distributed. distributed.
Randomly
distributed with
. . 30% standard
kp 2,428,840 N/m Optimal value 2,428,840 N/m Optimal value L 2,428,840 N/m
deviation around
the mean value of
2,428,840 N/m
Randomly
distributed
with 30%
. . standard
Ccp 4,745,450 N-s/m Optimal value 4,745,450 N-s/m Optimal value 4,745,450 N- s/m deviati
eviation
around the
mean value of
4,745,450 N-s/
g 9.81 m/s? 9.81 m/s? 9.81 m/s? 9.81 m/s? 9.81 m/s? 9.81 m/s?
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Figure 13. Simulation 1 results—the power output of the system when r is randomized with a 30% stan-
dard deviation around the mean value, with the constant PTO stiffness and damping coefficients.
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Figure 14. Simulation 2 results—the power output of the system when r is randomized with 30% stan-
dard deviation around the mean value, with varying optimal PTO stiffness and damping coefficients.

Figures 13 and 14 showcase the effects of randomizing r with a 30% standard deviation
around its mean chosen value. In Figure 13 the PTO stiffness and damping coefficients
are assumed to be constant, while in Figure 14 the varying optimal stiffness and damping
coefficients were used. With the constant PTO stiffness and damping coefficients, changing
r has little impact on system performance at the resonant frequency. It can also be observed
that the second resonant absorbed power peak occurs between 0.15 and 0.2 Hz. In its mean
chosen parameter values, the system mainly presents a single degree of freedom buoy
dynamics with a single resonant peak. When the buoy radius changes, the hydrodynamic
interaction between the buoy and the submerged body increases. The system then exhibits
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two-degree-of-freedom dynamics involving both the buoy and the submerged body with
two resonant peaks. The random Monte Carlo (MC) simulation data points of the absorbed
power have a large spread. When the optimal PTO stiffness and damping coefficients
are varied in Simulation 2, r is randomly varied by 30% around its mean value. It is seen
that the radius r has an effect on both the absorbed power and the resonant frequency,
specifically on the right-hand side of the curve peak. The results will be further discussed
in Section 5 below. Figure 14 shows that both the random and mean peak absorbed power
values are slightly higher than those in Figure 13 in the case with the constant PTO stiffness
and damping coefficients. In its mean chosen parameter values, Figure 13 shows the
absorbed power at the peak frequency of 0.125 Hz is 2.1 x 10° W while Figure 14 shows
that at the peak frequency of 0.14 Hz is 2.5 x 10> W. In Figure 14, the mean PTO stiffness
(kp) is higher, while the damping (c) is lower compared to Figure 13. The spread of random
absorbed power values in Figure 14 is larger than in Figure 13. Figure 14 shows that when
r is randomized by +30%, absorbed power can reach up to 3.75 x 10° W with optimal
PTO coefficients.

Figures 15 and 16 showcase the effects of the buoy draft & on the average absorbed
power by randomizing the buoy draft i1 with a 30% standard deviation around its chosen
mean value. In Figure 15, the PTO stiffness and damping coefficients are set to be constant,
while in Figure 16, the varying optimal PTO stiffness and damping coefficients are utilized.
The trends and effects were similar in both cases, as applying the optimal PTO stiffness
and damping coefficients did not change much in the peak value of the absorbed power
curve in the mean chosen parameters. Randomizing the buoy draft & had an effect on both
the average absorbed power and the resonant frequency. The absorbed power seemed to
increase with the decrease in the resonant frequency and decrease with the increase in the
resonant frequency. Also, it is shown that both the random and mean peak absorbed power
values in Figure 16 are inconsiderably larger than those in Figure 15 in the case with the
constant PTO stiffness and damping coefficients.

0.05 0.1 0.15 0.2 0.25 0.3
Frequency (Hz)

Figure 15. Simulation 3 results—the power output of the system when the buoy draft # is ran-
domized with 30% standard deviation around its mean value, with the constant PTO stiffness and
damping coefficients.
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Figure 16. Simulation 4 results—the power output of the system when the buoy draft /1 is randomized
with 30% standard deviation around its mean value, with the varying optimal PTO stiffness and
damping coefficients.
The effect of the PTO stiffness coefficient k,, on the average absorbed power is shown in
Figure 17, and the effect of the PTO damping coefficient ¢, on the average absorbed power
is shown in Figure 18. It is seen from the Monte Carlo simulation results in Simulations 5
and 6 that both the PTO damping coefficient ¢, and the PTO stiffness coefficient k, have
a small effect on the average absorbed power output value and resonant frequency.
25 0°
2 [
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Frequency (Hz)

Figure 17. Simulation 5 results—the power output of the system when k, is randomized with
a 30% standard deviation around its mean value while the other parameters are not changed.
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Figure 18. Simulation 6 results—the power output of the system when c, is randomized with
30% standard deviation around its mean value, while the other parameters are not changed.

It is seen from Figures 13-18 that the wave height  has the largest effect on the peak
power output value and resonant frequency in the low frequency range (lower than the
fundamental resonant frequency). The buoy radius has the second largest effect on the
peak power output value and resonant frequency in the high frequency (higher than the
fundamental resonant frequency). The PTO damping coefficient ¢, and the PTO stiffness
coefficient k;, have the least effect on the peak power output value and resonant frequency
among all the simulations.

5. Discussions

As mentioned earlier, the system dynamic model assumes that the draft of the buoy
is equal to the height of the submerged body. This assumption is acceptable given the
purpose of this work which is to present a simplified analytical solution with the simplified
hydrodynamic analytical model and simplified/linearized viscous damping drag force
calculations for two-body WECs. The calculation of the response in the design process is
used to estimate the dimensions of the WEC for a specific ocean site. This assumption is con-
sistent with two-body point absorber configurations tested in wave tanks [49]. This model
also enables sensitivity and optimization studies involving changing design parameters.
Usually, changing the design parameters related to the dimensions of WECs requires a new
BEM or CFD simulation, which is time-consuming. This work demonstrated the ability to
conduct the Monte Carlo sensitivity analysis for two-body WECs with 40,000-45,000 runs
in each simulation. Traditional BEM methods made Monte Carlo simulations impractical
for two-body WECs due to high computational cost.

As for the Monte Carlo simulations, it is observed from Figures 14 and 16 in Section 4
that the optimal PTO parameters (stiffness and damping coefficients) increases the band-
width much more than increases the maximum absorbed power, which is verified by [21].
This is partly because the chosen constant PTO parameters bring the system close to
resonance, where power absorption is highest. Figures 13 and 14 demonstrate the ef-
fect of the buoy and submerged body radius r on the average absorbed power in Monte
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Carlo Simulations 1 and 2. It is seen that the power is greatly affected in the case of the
optimal PTO parameters, specifically past the resonance point. This result is expected
since altering r greatly affects the system’s inertia and excitation forces of the system.
Many parameters—such as dry and added mass, hydrostatic stiffness, and wave excitation
forces—depend on 72, though other factors also influence performance. This indicates
that absorbed power is highly sensitive to changes in buoy radius. The results agree
with those of some of the previous parameter studies [20,28]. Changes in buoy radius
had minimal impact on absorbed power before the resonance frequency. This is due to
the fact that increasing the buoy radius results in an increase in both the dry and the
hydrodynamic added mass, but also increases the hydrostatic stiffness of the device, which
cancels the advantages gained with regard to decreasing the resonance frequency out of
the increased masses. Figures 7-9 show that radiation damping is large at low frequencies
and approaches zero as the wave frequency increases. This also explains why there was
no meaningful increase in the absorbed power at lower frequencies. It is well known that
increasing buoy radius raises dry and added masses and excitation forces. The Monte
Carlo analysis further clarifies how these changes affect WEC performance, as discussed
below. The increase in mass inertia due to larger buoy radius outweighed the impact of
increased viscous damping at higher frequencies. The opposite trend was shown at lower
frequencies. This can be specifically seen in Simulation 2, where the buoy radius r has
a substantial effect on both the absorbed power and the resonance frequency of the system.
At frequencies larger than 0.12 Hz, with the varying optimal PTO coefficients, the effect of
increasing the mass inertia through increasing the buoy radius overtook that of increasing
the radiation and viscous damping drag forces, which has produced more power.

The peak of the absorbed power is much larger for the case of varying optimal
PTO coefficients in Simulation 2 than that for the case of constant PTO coefficients in
Simulation 1. This occurs because varying the optimal PTO coefficients brings the system
into impedance matching. When r is randomized while PTO coefficients remain fixed
(Simulation 1, Figure 13). Changing the buoy radius is not only affecting the geometric and
hydrodynamic parameters of the device but also changing the PTO stiffness and damping
coefficients to further tune the hydrodynamic properties of the system. The effect of the
PTO stiffness and damping coefficients can be most seen around the resonant frequency
where the velocities of the oscillating bodies are at a maximum.

If we randomize r while keeping the PTO coefficients unchanged in Monte Carlo
Simulation 1 as shown in Figure 13, we can see that the buoy radius does not have an effect
on the resonant frequency. Another resonance frequency appears between 0.15 Hz and
0.2 Hz. For a two degrees of freedom system, the absorbed power curve of the two-body
point absorber of two distinct resonant frequencies and two absorbed power peaks were
discussed by Falnes [45] and the results of this Monte Carlo simulation showcase that it is
possible to move the first and second natural resonant frequencies within an acceptable
range. Further optimization could shift the second resonant frequency closer to the ocean
wave range and improve bandwidth. This result can be deduced from Equation (A12), as
the buoy radius r is also one of the variables in the equation, hence influencing the second
natural frequency. As the buoy radius r changes, the second natural resonant frequency
changes. As for randomizing » in Monte Carlo Simulation 2 with the variation in the
optimal PTO stiffness and damping coefficients as shown in Figure 14, the buoy radius has
an effect on both the peak absorbed power and resonant frequency.

Figures 15 and 16 demonstrate the effects of the buoy’s draft / or submerged body
height / on the average absorbed power in Monte Carlo Simulations 3 and 4. One can see
that the resonant frequency is greatly affected by altering the buoy’s draft / (or submerged
body height). This is because increasing / will increase the dry and hydrodynamic added



Vibration 2025, 8, 39

20 of 24

masses of the system without affecting the hydrostatic stiffness, resulting in a decrease in
the resonant frequency and vice versa. As shown in Equations (A11) and (A13), increasing
the buoy draft (or submerged body height) lowers the resonant frequency, since this term
appears only in the denominator.

The peak of the absorbed power increased with the decrease in the resonant frequency
and decreased with the increase in the frequency. This occurs because the buoy’s wave
excitation force peaks at low frequencies and decreases exponentially at higher frequencies
(see Figure 2). The system absorbs most of the wave energy due to the buoy’s wave
excitation force. Even though the damping is also high at low frequencies, but because the
system is resonating where the two-body WEC is overcoming the hydrodynamic damping,
taking advantage of the large wave excitation force and absorbing more power. We can see
a trend resemblance between the wave excitation force in Figure 2 and the upper bound of
the power data envelope as shown in Figures 15 and 16.

Reducing the natural resonant frequency of two-body point absorbers is beneficial
for high-energy locations, such as the south coast of Australia where there is a large ocean
wave period [15,17]. Simulations 3-4 showcase that one can reduce the natural frequency
by altering the draft of the buoy & resulting in an increase in the captured power. However,
increasing the draft indefinitely does not continually increase absorbed power, as there is
a point where the radiation damping becomes too large. The obtainable energy density out
of the ocean waves decreases rapidly as the draft increases [19,44].

Finally, Figures 17 and 18 demonstrate the effects of the PTO damping coefficient
cp and the PTO stiffness coefficient k;, on the average absorbed power in Monte Carlo
Simulations 5 and 6. Randomizing the PTO stiffness and damping coefficients had the least
impact among all simulations as the maximum absorbed power was less affected in the
simulations than in the other simulations. The range of the k, and c, values is limited to
reflect the effect of the parameter disturbance on the changing trend of the absorbed power
and to conform to the assumption of a linear system.” If we take a look at Equation (26), the
absorbed power is a direct function of c¢,, but randomizing c, with 30% standard deviation
around its mean value barely affected the average absorbed power. A similar observation
can be made in the case of randomizing the PTO stiffness coefficient. For a two degrees of
freedom mass-spring-damper oscillator system, the resonant frequencies are proportional
to the stiffnesses of the system, and hence the first resonant frequency increase with the
increase of kj and vice versa. Therefore, one would expect a large effect of the PTO stiffness
coefficient on the resonant frequency. However, as we can see from Figures 17 and 18,
altering the PTO spring-damper coefficient had a minimal effect on the absorbed power
performance of the device. This suggests that tuning two-body WECs to specific sea states
is essential for maximizing power absorption. It seems that the PTO stiffness and damping
coefficients had a small effect on the wave-structure interactions and the response of the
device, and hence had a low effect on the absorbed power performance of the device as well.
These results demonstrate that the geometry and hydrodynamic parameters of a two-body
point absorber have a larger effect on its absorbed power performance output than the
PTO’s stiffness and damping coefficients. The Monte Carlo analysis assumes a linear system
with constant parameters. In reality, WECs may exhibit nonlinear, time-varying behavior,
which could affect the accuracy of sensitivity and optimization results.

6. Conclusions

This study developed a streamlined hydrodynamic model to assess the performance
of a two-body point absorber. The model combines hydrodynamic properties from [2]
with a viscous damping model from [39] The model efficiently predicts two-body WEC
performance without relying on complex BEM or CFD simulations. It also provides



Vibration 2025, 8, 39

21 of 24

solutions for the distinct resonant frequencies of two-body WECs. Importantly, only
four parameters are required to calculate the response: buoy radius, body height, wave
frequency, and wave height, assuming a linear system with constant parameters. Validation
against ANSYS AQWA confirms strong agreement, supporting the model’s accuracy. Using
the model, six Monte Carlo simulations were performed to examine how design parameters
affect two-body WEC performance.

Key findings from the simulations include:

1. Elevating the draft (h) of the buoy leads to a reduction in the first resonant frequency.

2. Increasing the buoy draft (h) substantially augments absorbed power, particularly at
frequencies below the resonance frequency.

3. Modifying the buoy radius (r) is more conducive to performance enhancement at
higher frequencies, while adjusting buoy draft (h) is preferable for bolstering perfor-
mance at lower frequencies.

4. The geometry and hydrodynamic parameters of the device exert a more pronounced impact
on performance output than Power Take-Off (PTO) stiffness and damping coefficients.

5. Future work could vary buoy and submerged body geometries separately to better
tune the second resonant frequency, as discussed in the appendix. These findings
support sensitivity analysis and design optimization of WECs.
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Appendix A
The non-dimensional hydrodynamic coefficients:
Fr= L = 0.7974¢ 148k 1 02929, ~05621kr (A1)
pgmreA
pe_ B _ 3.369(kr)® — 46.98(kr)* + 189.4(kr)> — 195.2(kr)* + 493.3(kr) — 23.02 (A2)
2T pgm?A (kr)*+758.8(kr)* — 1218 (kr)> + 2738(kr)* — 882.4(kr) + 765.8
. omg —2825(kr)° +17590(kr)* — 22380(kr)® + 29500 (kr)? — 2642 (kr) + 1442
Mot = op = 5 4 3 2 (A3)
p7r (kr)® + 11640(kr)* — 6013 (kr)> + 16330(kr)* — 869.8(kr) + 788.1
e M 2.156(kr)> — 4.761(kr)* +9.057(kr)> — 3.171(kr)* + 1.406 (kr) + 0.7048 (Ad)
2 prh (kr)®—2.216(kr)* + 4.351(kr)® — 1.6(kr)* + 0.6398(kr) + 0.3177
. may  —0.5191(kr)’ —0.9581(kr)* +3.449(kr)® — 8.054(kr)* + 4.458(kr) — 2.343
My12 = (A5)

prcr?h (kr)® +1.4914 — 3.829(kr)® + 13.46(kr)* — 7.905(kr) + 3.534
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et —8.398(kr)” + 161.8(kr)* — 1022(kr)® +2290(kr)* — 213.4(kr) + 186.3 (A6)
T pthe (kr)® + 1073 (kr)* 4 200.7 (kr)® + 2552 (kr)? — 473.8(kr) + 582.6
e —0.001919(kr)° + 0.06006 (kr)* — 0.4777(kr) + 1.271(kr)* — 0.3393 (kr) + 0.02779 (A7)
7 pthw (kr)® — 1.941(kr)* 4 4.676(kr)® — 0.4923 (kr)? + 0.8913(kr) + 0.8418
o _tm2 0.2107(kr)> — 5.13(kr)* + 42.51(kr)> — 115.3(kr)* +10.97 (kr) — 0.9994 (A8)
T pmthe (kr)® +229.6(kr)* — 480(kr)* + 861.6(kr)* — 395.9(kr) + 131.9
Appendix B

Solving Equation (30) and neglecting the negative frequencies renders the following
first natural frequency:

[kle + (kp + kp) My — \/ (kpMy + (kp + ki) Ma)? — 4M1M2kpkh]

= A9
w1 NI, (A9)
And the following second natural frequency:
[k,,Ml + (kp + k) Mo+ 1/ (kp My + (kp + k) M2)? — 4M1M2k,,kh}
W — A10
2 NI, (A10)
If we plug Equations (9)-(22) into Equations (A9) and (A10), we obtain:
>kp(mﬂ1* +1) + (me* + 1) (nr2pg + kp) — \/(ka +kpma* + kpmg* + mr2pg + nrngmaz*)z — 4rgk,r2p(ma* + 1) (mep* + 1)
e 2hr2p7t (Mg * + 1) (ma* + 1) (A1)
_k,,(m,,l* +1) + (me* + 1) (nr2pg + kp) + \/(ka + kptgr* + kpmap* + mrlpg + m’ngmuz*)z — 47tgk,pr2p(mar* + 1) (mgp* + 1)
w2 2hr2p7t (Mg * + 1) (ma* + 1) (A12)
If we apply impedance matching by setting k,, = k;, = 7r*pg and performing algebraic
simplifications, we end up with the following natural frequencies:
g[mal* +2mp" +3 — \/mal*z + 201 + 4 2 4 8mgy* + 5]
wj = Al3
. 2h(ma* +1)(ma2* +1) (A1)
8[”@11* + 200" + 3+ Vg "2+ 2y + 4™ + 8mg” + 5}
wip = Al4
2 (i & 1) (miy” 1) (ALY
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