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Abstract: This article analyzes the convergence of the obtained values as a result of the authors’ 
earlier experimental and theoretical studies. On the basis of the correlations, it was found that the 
analyses of a traditional cylindrical steel tank without a steel wire strand wrapping and with a filling 
level of zero by a liquid showed a difference in natural vibration frequencies of 8.4%, while with 
half and maximal filling by a liquid showed differences equal to 3.2% and 6.2%, respectively. Vice 
versa, analyses of a cylindrical steel tank with a steel wire strand winding pitch of a = 3d and with 
a filling level of zero by a liquid showed a difference in natural vibration frequencies of 8.1%, while 
with half and maximum filling by a liquid and with the same steel wire strand winding pitch 
showed differences of 10.1% and 5.9%, respectively. Conversely, analyses of a cylindrical steel tank 
with a steel wire strand winding pitch of a = d and in absence of filling level amounted to a difference 
of 5.5%, while with half and maximum filling and with the same steel wire strand winding pitch of 
a = d, differences of 1.6% and 1.4% were, respectively, achieved. Based on the aforementioned re-
sults, the general difference between experimental and theoretical vibration frequencies showed up 
to 10%, which is a satisfactory result of convergence. The obtained findings of this research can be 
used by engineers and technical workers in the industries of various fields, research institutes and 
professional companies in designing new earthquake-resistant steel tanks and strengthening exist-
ing ones. Conclusions were then mentioned at the end of the article. 

Keywords: dynamic earthquake effect; dynamic oscillation; earthquake resistance; liquid; natural 
vibration frequency; cylindrical steel tank; wire strand 
 

1. Introduction 
Today, oil and petroleum products are one of the main fuels in the world and the 

main profitable raw materials in the formation of the economy of the Republic of Kazakh-
stan. It is obvious that intensive construction of cylindrical steel tanks will continue, and 
great attention will be paid to maintaining them in suitable operational and technical con-
ditions. Therefore, significant funds will be allocated to restore the carrying power of ex-
isting cylindrical steel tanks. The construction and the operation of steel tanks is associ-
ated with high material costs, fire and explosion hazards, risk of environmental pollution, 
and danger to human life [1,2]. Consequently, they are specifically classified as critical 
structures, the design and construction of which must be based on strictly scientific prin-
ciples, new fundamental design concepts [3–6] as well as on optimal and cost-effective 
design solutions. The problem is particularly given importance by the fact that, in the 
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Republic of Kazakhstan, areas with increased seismic activity, where steel storage tanks 
for oil and petroleum products are located, are being built, or are planned to be built, 
occupying approximately 30% of the territory [7]. Since the history on the operational con-
ditions of steel tanks includes many accidents associated with dynamic effects, research 
in this area is a very urgent task, as illustrated in the following Table 1. 

Table 1. Analyses of the failures of and damage to steel tanks associated with dynamic earthquake 
effects. 

№ Source Year and Location of the Earthquakes Caused Damages 

1 [8] 
1933 Earthquake in Long Beach, California. 

Earthquake magnitude: 6.4 

One steel water storage tank was destroyed; 16 
steel oil and water storage tanks experienced prod-

uct overflow and various types of damage 

2 [9] 
1952 Earthquake in Kern County, California. 

Earthquake magnitude: 7.3 

Of 12 steel tanks, only two withstood seismic 
loads. Massive destruction of the roofs of the tanks 

was revealed 

3 [10] 1960 Great Chilean Earthquake, Chile. Earth-
quake magnitude: 9.4–9.6 

In the city of Conchon, most of the 95 steel tanks 
collapsed 

4 [11] 
1964 Earthquake in Niigata, Japan. Earthquake 

magnitude: 7.5 

The earthquake caused the destruction of many 
steel oil storage tanks, a fire in two steel tanks, as 

well as an oil and liquefied gas spill. The main 
damage to the tanks were: bending of roofs; loss of 

wall stability; destruction of floating roofs; dis-
placement and local precipitation 

5 [12] 
1964 Great Alaska Earthquake. Earthquake 

magnitude: 9.2 

In the city of Anchorage, of 21 steel tanks, only one 
withstood the shocks. In the city of Ritter, all the 13 

existing steel tanks collapsed. In the city of Val-
desse, all the 30 steel tanks collapsed, five of which 
overturned, while the other part was rendered un-

usable as a result of a fire. In the city of Seward, 
not a single one of the 30 steel tanks remained un-
damaged; the damage was aggravated by the fact 

that some of the oil spilled into the sea 

6 [13] 1971 Earthquake in San Fernando, California. 
Earthquake magnitude: 6.6 

Six steel tanks were damaged along their walls, 
roofs and anchors. One steel tank was destroyed, 

while eight floating roof tanks experienced product 
overflow and damage to floating roofs 

7 [14] 
1972 Earthquake in Managua, Nicaragua. 

Earthquake magnitude: 6.2 

The nature of damage to the steel tanks was the 
formation of “dents” in the lower part of their wall 

structure 

8 [14] 1974 Earthquake in Peru. Earthquake magni-
tude: 7.8 

Swinging of liquid from the steel tanks and for-
mation of “dents” along the wall structure 

9 [9,10] 
1978 Earthquake in Miyagi, Japan. Earthquake 

magnitude: 7.4 

Cracks along three steel oil storage tanks and dam-
age to the anchors of an additional steel water stor-

age tank 

10 [9,10] 
1979 Earthquake in the Imperial Valley on the 
Mexico-US border. Earthquake magnitude: 6.4 

A total of 16 steel tanks containing petroleum 
products were damaged. “Dents” and damage to 
wall and roof structures, as well as product leaks 

11 [14] 1980 Earthquake in Greenville, California. 
Earthquake magnitude: 5.5 

About 100 steel tanks were damaged. The main 
type of damage was the loss of stability of their 

wall structure 
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12 [15] 
1983 Coalinga Earthquake, California. Earth-

quake magnitude: 6.2 

A total of 17 steel tanks (9 static roof tanks and 8 
floating roof ones) suffered by wall and roof struc-

ture damage, and product overflow 

13 [8,9] 1983 Earthquake in the Sea of Japan. Earth-
quake magnitude: 7.8 

Numerous steel oil storage steel floating roof tanks 
were damaged 

14 [16] 
1989 Earthquake in Loma Prieta (near San 

Francisco), California. Earthquake magnitude: 
7.1 

Cracks along wall structures, and destruction of 
auxiliary equipment were noted. Two steel tanks 

had wall damages, while additional two for petro-
leum products storage experienced dislocations 

15 [17] 
1994 Earthquake in Los Angeles, known as 
Northridge earthquake. Earthquake magni-

tude: 6.7 

One steel tank was completely destroyed; damage 
to the lower wall chords were observed in several 

tanks 

16 [18] 1999 Earthquake in Turkish province Kocaeli. 
Earthquake magnitude: 7.6 

The disaster damaged more than 100 steel oil stor-
age tanks; a fire on steel floating roof tanks and an 

oil spill 

17 [8,9] 1999 Earthquake in Jiji, Taiwan. Earthquake 
magnitude: 7.7 

Structures and connections between walls and bot-
toms of several steel oil storage tanks were dam-

aged 

18 [8,9] 2003 Earthquake in Hokkaido, Japan. Earth-
quake magnitude: 8.3 

Seven steel oil storage tanks with floating roofs 
had flooded roofs, while additional two tanks 

caught fire 

19 [19] 2011 Tohoku Earthquake and Tsunami, Japan. 
Earthquake magnitude: 9.0–9.1 

More than 50 accidents were recorded at gas in-
dustry facilities (four fires/explosions; six leaks; 20 

cases of pipeline damaged; 20 steel tanks dam-
aged); 139 accidents at facilities in other industries 
(five fires/explosions; 23 leaks; 59 pieces of equip-
ment damaged; 52 cases of damage to steel tanks) 

20 [20] 2012 Earthquake in the Northern Italy. Earth-
quake magnitude: 6.0 

Damage to the wall and anchor structures of nu-
merous steel tanks were observed 

The aforementioned consequences of the failures of and damage to steel tanks were 
mainly the result of strong earthquake effects. We have highlighted several of the most 
significant findings from the point of view of this research object in the following Figure 
1. 

 
Figure 1. Analysis of the failures of and damage to steel tanks as a result of the dynamic earthquake 
effects. 
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Figure 1 shows that the cause of more than half of the failures of and damage to the 
steel tanks was due to the destruction of their wall structures. In this context, the study of 
this problem requires additional investigations since the destruction of the walls under 
dynamic seismic effects showed the complexity of the dynamic behavior of steel tanks 
based on simple numerical solutions. This issue is made more complex still by the hydro-
dynamic influence of the liquid stored within the tank structure and especially by the in-
ertial component of its load [21–25]. 

The development of the research in the field of the earthquake resistance of steel 
tanks has widely been described in the literature [26–31]. Serious research regarding the 
dynamics and earthquake resistance of steel liquid storage tanks and vessels dates back 
to the 1930s. In 1934, the pressure ratio for rectangular vertical dams was obtained by 
Westergaard [26]. In the same year, pulse pressure was experimentally determined for 
similar rectangular structures in the form of cylindrical tanks [27]. In 1945, a German sci-
entist established the fundamental expression for determining the natural vibration fre-
quency of the splashing of liquid (water) [28]. In 1949, the value of the hydrodynamic 
pressure was found by solving problems for cylindrical steel tanks filled with a liquid [28]. 
In 1954, Housner [29] proposed a simplified mechanical model that, in turn, replaced the 
“structure–liquid” interaction with a system of point masses by simplifying the calcula-
tion of the hydrodynamic loads. However, in 1964, the earthquakes that happened in Ni-
igata (Japan) and Alaska (USA) led to much damage to the existing steel tanks which were 
designed according to code provisions. Consequently, the approaches proposed by the 
codes have required significant improvements. Subsequently, a detailed calculation meth-
odology was developed by Wozniak and Mitchell [30] which, in turn, formed the basis of 
the American Petroleum Institute (API) 650 regulatory document [31], the calculation 
which became the most common and largely used as a standard. 

Following this trend, in Europe, an important number of studies were performed to 
study the issue of the earthquake resistance of steel tanks: a mechanical model was devel-
oped for steel tanks with rigid walls [32], while an analytical method was implemented 
for flexible steel ones [33]. The problem of the behavior of a steel tank when detached from 
the base was also studied by Peek et al. [34]. Serious additions to the problem of fixed and 
unfixed bases of steel tanks were considered by other works [35,36]. The corresponding 
results of these studies were then included in European and domestic standards [37,38]. 
It is also possible to note such information in works carried out during the 1960s [39–41]. 
Particularly, the findings of these investigations were mainly recommendations for the 
design of steel tanks and gas receivers under seismic impacts [39]. Subsequently, taking 
into account the results presented by Elenitsky E. Ya [42,43], a new standard was gener-
ated [44]. This developed regulatory document was of a general nature, and its application 
to the calculation of steel tanks had some significant limitations [45,46]. 

At the present stage of the ongoing research in the field of the earthquake resistance 
of plate and shell structures, a number of relevant studies can be found [47–61]. Particu-
larly, in the work proposed by Śliwa et al. [47], in order to restore the carrying power of a 
structure, the problem of repairing the “dents” with carbon fibers was considered, but the 
issue of the dynamic effects was not investigated. In the work proposed by Ghazijahani 
and Showkati [48], a series of experimental results were instead highlighted. Moreover, 
the study proposed by Joniak et al. [49] considered the issue of elastic bending, where an 
analytical formula for critical stresses for open round cylindrical thin shells in a state of 
pure bending was proposed. Conversely, the work presented by Al-Yacouby et al. [50] 
focused on numerical modeling for the design of operational loads taking into account 
hydrodynamic pressure. In Hud [51] and Sierikova et al. [52], a Finite Element (FE) model 
of a full-scale steel tank was implemented and calculations were executed under opera-
tional loading. The values of the frequencies and periods of the natural dynamic oscilla-
tions of a steel tank under various operational modes were then gained. Specifically, the 
study performed by Jaramillo et al. [53] addressed the problem of lifting and swaying 
taking the flexibility of the soil into account. A comprehensive analysis of the effects of the 
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interaction between soil, foundation and structure was presented. In Wang and Kusunoki 
[54], the buckling of cylindrical steel shells was investigated, in which the goal was to 
compare the results of numerical, analytical and experimental studies regarding the buck-
ling of a traditional shell structure under extreme loading. Furthermore, in the work pre-
sented by Thongchom et al. [55], a number of variable calculations were performed based 
on the results achieved in some calculation modules. The dynamic behavior of the tradi-
tional design of a steel liquid storage tank was also analyzed. Particularly, the study exe-
cuted by Wang et al. [56] considered the possibility of strengthening a cylindrical steel 
tank for storing petrochemical products with anti-explosion strips. Simulations were car-
ried out for various parameters of amplification bands during an external explosion. The 
possibility of strengthening a steel tank structure by prestressing its entire structure was 
proposed. Specifically, the works performed by Bragov et al. [57] and Chernobryvko et al. 
[58] presented the results of a comparative analysis of the mechanical properties of some 
steel structures by considering the influence of the environmental temperature on the pro-
cess of their elastic deformation [59–64]. Since, during dynamic impacts, the issue of con-
sidering the influence of loads from the liquid stored is crucial, Ye and Birk [65] examined 
the distribution of the hydrostatic pressure along the wall of a traditional steel tank where 
it was shown that the change in stress depends on the hydrodynamic pressure and geom-
etries of the tank itself. 

The above analyses showed that, despite the simplicity of the shape and design solu-
tions of steel tanks, the thin-walled structure and the presence of a liquid inside causes 
significant problems. It is also necessary to assume operational conditions, an important 
one of which is the level of liquid filling within the structure. Under earthquake condi-
tions, the above factors give a peculiarity to the dynamic operations of the steel tank struc-
ture under operational conditions. As a result, it can be concluded that there is a need to 
develop constructive solutions for cylindrical tanks and, for the completeness of the re-
search, it is also necessary to conduct a comparative analysis of the experimental and the-
oretical studies present in the literature. In connection with this, the purpose of this article 
was to correlate the values of natural vibration frequencies of a cylindrical steel tank de-
termined by the experimental and theoretical studies conducted by the authors earlier 
[66,67]. 

2. Theoretical-Numerical Model 
The study of the operational conditions of structures under dynamic effects using 

numerical modeling has become widespread in various fields of modern technology and 
constitutes an important field in civil engineering. Particularly, the main difficulties in 
modeling cylindrical shells are related to the thin-walled factors, which significantly com-
plicate the production and testing of the structural models. Therefore, when modeling 
thin-walled cylindrical shells for dynamic experiments, such models are usually utilized 
for which the scale of shell thicknesses is independently chosen from the scale of its overall 
dimensions. The main geometric and dynamic parameters, as well as the mechanical 
properties of the material of a typical cylindrical steel tank with a volume of 3,000 m3, and 
a steel wire strand wrapping, are described in Tursunkululy et al. [66]. The corresponding 
parameters used in the experimental studies on reduced models are instead presented in 
Zhangabay et al. [67]. We establish the similarity criteria for dynamic testing of a model 
of a cylindrical steel tank based on the affine (multi-scale) correspondence between the 
model and the full-scale design of the tank itself [68]. Specifically, we use the method of 
dimensional analysis to determine the criteria for defining the similarity of a vessel under 
dynamic earthquake effects. In such a method, by selecting the main values for measuring 
the geometric parameters of the tank, the values which describe the dynamics of the tank 
itself are limited by the following series: 

𝜎𝜎,𝑢𝑢, 𝜀𝜀, 𝑓𝑓, 𝑞𝑞, 𝑙𝑙, 𝛿𝛿, 𝑟𝑟,𝐸𝐸,𝜌𝜌 (1) 
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where 𝜎𝜎—stress; 𝑢𝑢—displacement; 𝜀𝜀—relative deformation; 𝑓𝑓—natural dynamic oscil-
lation frequency; 𝑞𝑞—external load intensity; 𝑙𝑙, 𝛿𝛿, 𝑟𝑟—curvature radius, wall thickness and 
length of the tank; 𝜇𝜇, 𝜌𝜌, 𝐸𝐸—Poisson’s ratio, material density and elastic modulus of the 
tank. We exclude the dimensionless parameters: 𝜀𝜀 —relative deformation and 𝜇𝜇 —Pois-
son’s ratio—from the series (1) and we consequently obtain: 

𝜎𝜎,𝑢𝑢, 𝑓𝑓, 𝑞𝑞, 𝑙𝑙, 𝛿𝛿, 𝑟𝑟,𝐸𝐸,𝜌𝜌  (2) 

The matrix of the dimensions of the physical quantities of the series (2) relative to the 
international system of units for the main linear dimensions 𝐿𝐿𝑙𝑙 (m), 𝐹𝐹 (N), thickness 𝐿𝐿𝛿𝛿 
(m) and time 𝑇𝑇 (s) take the following form [68]: 

       𝑥𝑥1 𝑥𝑥2 𝑥𝑥3 𝑥𝑥4 𝑥𝑥5 𝑥𝑥6 𝑥𝑥7 𝑥𝑥8 𝑥𝑥9
  𝜎𝜎 𝑢𝑢 𝑓𝑓 𝑞𝑞 𝑙𝑙 𝛿𝛿 𝑟𝑟 𝐸𝐸 𝜌𝜌  

𝐹𝐹
𝐿𝐿𝑙𝑙
𝐿𝐿𝛿𝛿
𝑇𝑇

�

1 0 0 0 0 0 0 1 1
2 0 0 −2 1 0 2 2 −2
−4 1 0 0 0 1 −1 −4 −2
0 0 −1 0 0 0 0 0 2

� 
(3) 

The matrix rank is 𝑟𝑟 = 4, while the number of the main parameters is 𝑛𝑛 = 9. Accord-
ing to the 𝛱𝛱—theorem of dimensional analysis—the number of independent dimension-
less complexes 𝛱𝛱𝑘𝑘, composed of the basic parameters, is 𝑘𝑘 = 𝑛𝑛 − 𝑟𝑟 = 5. Therefore, for the 
unknown dimensionless ratio, it is possible to write the following expression: 

П = 𝜎𝜎𝑥𝑥1𝑢𝑢𝑥𝑥2𝑓𝑓𝑥𝑥3𝑞𝑞𝑥𝑥4𝑙𝑙𝑥𝑥5𝛿𝛿𝑥𝑥6𝑟𝑟𝑥𝑥7𝐸𝐸𝑥𝑥8𝜌𝜌𝑥𝑥9 . (4) 

Based on the exponents of the parameters (4) 𝑥𝑥𝑖𝑖(𝑖𝑖 = 1. . .9), we take the following sys-
tem of algebraic equations: 

𝑥𝑥1 + 𝑥𝑥4 + 𝑥𝑥8 + 𝑥𝑥9 = 0 
2𝑥𝑥1 − 2𝑥𝑥4 + 𝑥𝑥5 + 2𝑥𝑥7 + 2𝑥𝑥8 − 2𝑥𝑥9 = 0 
−4𝑥𝑥1 + 𝑥𝑥2 + 𝑥𝑥6 − 𝑥𝑥7 − 4𝑥𝑥8 − 2𝑥𝑥9 = 0 

𝑥𝑥3 + 2𝑥𝑥9 = 0 

(5) 

We then normalize the system of Equation (5) as a matrix of solutions for exponents 

ix  [68]: 

 𝑥𝑥1 𝑥𝑥2 𝑥𝑥3 𝑥𝑥4 𝑥𝑥5 𝑥𝑥6 𝑥𝑥7 𝑥𝑥8 𝑥𝑥9
  𝜎𝜎 𝑢𝑢 𝑓𝑓 𝑞𝑞 𝑙𝑙 𝛿𝛿 𝑟𝑟 𝐸𝐸 𝜌𝜌  

𝛱𝛱1
𝛱𝛱2
𝛱𝛱3
𝛱𝛱4
𝛱𝛱5

�

�

1 0 0 0 0 0 0 −1 0
0 1 0 0 0 −1 0 0 0

0 0 1 0 0 0 1 −
1
2

1
2

0 0 0 1 0 −2 2 −1 0

0 0 0 0 1 −
1
2

−
1
2

0 0
�

�
 

(6) 

By using the matrix solution expressed in Equation (6), we can present the dimen-
sionless relations by the following expressions: 

П1 = 𝜎𝜎𝐸𝐸−1; П2 = 𝑢𝑢𝛿𝛿−1; П3 = 𝑓𝑓𝑟𝑟𝐸𝐸−1/2𝜌𝜌1/2; 

П4 = 𝑞𝑞𝛿𝛿−2𝑟𝑟2𝐸𝐸−1; П5 = 𝑙𝑙𝛿𝛿−1/2𝑟𝑟−1/2. 
(7) 

Consequently, we supplement the system of the dimensionless complexes (7) with 
the dimensionless quantities—𝜇𝜇—Poisson’s ratio and 𝜀𝜀—relative deformation: 

П6 = µ,П7 = 𝜀𝜀.  

We can then write the invariance of the similarity criteria by using the form based on 
the following conditions: 
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𝜎𝜎𝐸𝐸−1 = 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖; 𝑢𝑢𝛿𝛿−1 = 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖; 𝑓𝑓𝑟𝑟𝐸𝐸−1/2𝜌𝜌1/2 = 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖; 𝑞𝑞𝛿𝛿−2𝑟𝑟𝐸𝐸−1 = 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖; 
𝑙𝑙𝛿𝛿−1/2𝑟𝑟1/2 = 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖; 𝜇𝜇 = 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖; 𝜀𝜀 = 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖, 

(8) 

where the symbol idem means that the corresponding dimensionless ratio for the model 
and for the full-scale structure must remain unchanged. The conditions in Equation (8), 
using the expanded solution, are then written as follows: 

𝜎𝜎𝑚𝑚 𝐸𝐸𝑚𝑚⁄ = 𝜎𝜎𝑛𝑛 𝐸𝐸𝑛𝑛⁄ ; 𝑢𝑢𝑚𝑚/𝛿𝛿𝑚𝑚 = 𝑢𝑢𝑛𝑛/𝛿𝛿𝑛𝑛; 𝑓𝑓𝑚𝑚𝑟𝑟𝑚𝑚�𝜌𝜌𝑚𝑚/�𝐸𝐸𝑚𝑚 = 𝑓𝑓𝑛𝑛𝑟𝑟𝑛𝑛�𝜌𝜌𝑛𝑛 �𝐸𝐸𝑛𝑛�  
𝑞𝑞𝑛𝑛𝑟𝑟𝑛𝑛2/𝛿𝛿𝑛𝑛2𝐸𝐸𝑛𝑛 = 𝑞𝑞𝑚𝑚𝑟𝑟𝑚𝑚2/𝛿𝛿𝑚𝑚2 𝐸𝐸𝑚𝑚; 𝑙𝑙𝑚𝑚/�𝛿𝛿𝑚𝑚𝑟𝑟𝑚𝑚 = 𝑙𝑙𝑛𝑛 �𝛿𝛿𝑛𝑛𝑟𝑟𝑛𝑛⁄  

𝑢𝑢𝑛𝑛 = 𝑢𝑢𝑚𝑚; 𝜀𝜀𝑛𝑛 = 𝜀𝜀𝑚𝑚 
(9) 

If we assume that the material of the model is the same as that of the full-scale struc-
ture then, for the elastic modulus 𝐸𝐸, Poisson’s ratio 𝜇𝜇 and density of the material 𝜌𝜌 of 
the model and full-scale structure, we can consider: 

𝐸𝐸𝑛𝑛 𝐸𝐸𝑚𝑚 = 1⁄ ; 𝜇𝜇𝑛𝑛 𝜇𝜇𝑚𝑚 = 1⁄ ;  𝜌𝜌𝑛𝑛 𝜌𝜌𝑚𝑚 = 1⁄ . (10) 

Subsequently, taking into account the formulas in (10), the expressions in (9) can be 
represented as follows: 

𝜎𝜎𝑛𝑛 = 𝜎𝜎𝑚𝑚; 𝑢𝑢𝑚𝑚 𝑢𝑢𝑛𝑛 = 𝛿𝛿𝑚𝑚 𝛿𝛿𝑛𝑛⁄⁄ ; 𝑓𝑓𝑚𝑚/𝑓𝑓𝑛𝑛 = 𝑟𝑟𝑛𝑛/𝑟𝑟𝑚𝑚; 
𝑞𝑞𝑛𝑛𝑟𝑟𝑛𝑛2/𝛿𝛿𝑛𝑛2 = 𝑞𝑞𝑚𝑚𝑟𝑟𝑚𝑚2/𝛿𝛿𝑚𝑚2 ; 𝑙𝑙𝑚𝑚2 /𝛿𝛿𝑚𝑚𝑟𝑟𝑚𝑚 = 𝑙𝑙𝑛𝑛2/𝛿𝛿𝑛𝑛𝑟𝑟𝑛𝑛 

(11) 

Considering the modeling scale for linear dimensions ml = ln/lm, and the pipeline 
thickness mδ = δn/δm, expressions in (11) in their final form through linear scales lm  and 
similarity coefficients take the following formulas: 
• for stress mσ = σm/σn = 1; 
• for displacement mu = un/um = mδ; 
• for natural vibration frequency mf = fn/fm = rn/rm = mδ2/ml; 
• for surface load intensity mq = qn/qm = ml2⋅mδ2; 
• for curvature radius mr = rn/rm = ln2 δn/lm2 δm = ml2/mδ. 

The damping decrement of the dynamic oscillations in the structures can quite accu-

rately be determined by the area of the hysteresis loop. If we denote ω—energy absorbed 

per unit volume, and k —maximum elastic energy, it is possible to obtain: 

𝜔𝜔𝑚𝑚 = 𝑖𝑖𝜎𝜎 ⋅ 𝑖𝑖𝑘𝑘 ⋅ 𝜔𝜔𝑛𝑛; 𝑘𝑘𝑚𝑚 = 𝑖𝑖𝜎𝜎 ⋅ 𝑖𝑖𝑘𝑘 ⋅ 𝑘𝑘𝑛𝑛. (12) 

Consequently, the relative energy absorption is equal to: 

𝜓𝜓 =
𝜔𝜔𝑚𝑚
𝑘𝑘𝑚𝑚

=
𝜔𝜔𝑛𝑛
𝑘𝑘𝑛𝑛

 (13) 

, i.e., the damping decrement of the free dynamic oscillations of the model and that of the 
full-scale structure are the same. 

3. Results and Discussion 
In their previous theoretical work, the authors based their study on FE modeling ac-

cording to the standard calculation modules of the American company ANSYS software 
(Canonsburg, PA, USA), where a model of free oscillations of a liquid in a tank, and an 
additional one of free oscillations of a tank without any liquid, were investigated. A cylin-
drical steel tank with a storage capacity of 3,000 m3 and various internal loading was as-
sumed which, in turn, was characterized by a filling level where the distributed pressure 
acted on the outer surface of its wall structure by steel wire strand wrapping under pre-
stressing. The preliminary stresses, caused by four variables of wire tension in the wind-
ing, were considered. Moreover, the cases for the coefficients of the tensile force along the 
steel wire relative to its tensile strength were investigated: at k1 = 0.2; k2 = 0.4; k3 = 0.6; and 
k4 = 0.8. Other investigations were performed both considering additional loads caused by 
the action of the hydrostatic pressure from the maximum and half-filled level with and 
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without oil within the tank. As a result, the magnitude of the variations in oscillation fre-
quencies of the wall structure from the application of the prestressing showed a positive 
value with a reading of 21–62%, depending on the degree of filling level of the tank [66]. 
Conversely, in the experimental work, the oscillations of the natural frequencies of the 
tank were additionally analyzed. For this purpose, scale models of traditional cylindrical 
steel tanks were generated, while a special vibration stand was assembled [67]. Taking 
into account the values obtained from these studies, there is a need to analyze the achieved 
findings. Based on the theoretical-numerical model described in Section 2 [68], to verify 
the adequacy of the calculated (theoretical) values [66], a comparison was made with the 
experimental results from models of the steel tank with and without steel wire strand 
wrapping [67] and, additionally, assuming the similarity criterion for the dynamic oscil-
lations of the natural frequencies [68]. The corresponding results from the comparative 
analyses are thus illustrated in the following Tables 2–4. 

Table 2. Comparison of the values of the natural vibration frequencies (NVF) of dynamic oscillations 
obtained when testing the traditional cylindrical steel tank without a steel wire strand wrapping 
and at different filling levels (considering the similarity criterion). 

№ 
NVF 

Average Calculated (Theo-
retical) Values of Natural 

Frequencies of Oscillations 
of the Steel Tank with a 

Volume of 3,000 m3 Mod-
eled by ANSYS (f1), Hz [66] 

Experimental Val-
ues of Natural Os-
cillation Frequen-
cies of the Steel 

Tank (fe), Hz [67] 

Experimental Values 
of Natural Oscillation 

Frequencies of the 
Steel Tank Taking 

into Account the Scale 
Effect (fE), Hz [68] 

Average Values of 
Natural Frequen-
cies of the Steel 

Tank (f∆), Hz 

Absolute Percent-
age Differences be-
tween f1 and f∆, % 

Tank without a liquid 
1 

14.01 

11.24 14.06 

15.19 8.4 
2 11.89 14.87 
3 12.18 15.23 
4 13.26 16.58 

Tank half-filled by a liquid 
1 

17.16 

12.92 16.16 

16.61 3.2 
2 14.14 17.68 
3 12.48 15.61 
4 13.58 16.98 

Tank maximally filled by a liquid 
1 

17.71 

12.72 15.91 

16.62 6.2 
2 13.81 17.26 
3 13.98 16.23 
4 13.66 17.08 
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Table 3. Comparison of the values of the natural vibration frequencies (NVF) of dynamic oscillations 
obtained when testing the prestressed composite cylindrical steel tank at different filling levels (con-
sidering the similarity criterion with a steel wire strand winding pitch equal to a = 3d). 

№ 
NVF 

Average Calculated (Theo-
retical) Values of Natural 

Frequencies of Oscillations 
of the Steel Tank with a Vol-
ume of 3,000 m3 Modeled by 

ANSYS (f1), Hz [66] 

Experimental Val-
ues of Natural Os-
cillation Frequen-
cies of the Steel 

Tank (fe), Hz [67] 

Experimental Values 
of Natural Oscillation 

Frequencies of the 
Steel Tank Taking 
into Account the 

Scale Effect (fE), Hz 
[68] 

Average Values of 
Natural Frequen-
cies of the Steel 

Tank (f∆), Hz 

Absolute Percent-
age Differences be-
tween f1 and f∆, % 

Tank without a liquid 
1 

12.55 

10.01 12.51 

13.57 8.1 
2 10.34 12.93 
3 11.11 13.89 
4 11.96 14.95 

Tank half-filled by a liquid 
1 

16.21 

10.88 13.61 

14.58 10.1 
2 11.23 14.04 
3 11.64 14.55 
4 12.88 16.11 

Tank maximally filled by a liquid 
1 

16.75 

12.05 15.07 

15.76 5.9 
2 12.08 15.11 
3 13.10 16.37 
4 13.17 16.47 

Table 4. Comparison of the values of the natural vibration frequencies (NVF) of dynamic oscillations 
obtained when testing the prestressed composite cylindrical steel tank at different filling levels (con-
sidering the similarity criterion with a steel wire strand winding pitch equal to a = d). 

№ 
NVF 

Average Calculated (Theo-
retical) Values of Natural 

Frequencies of Oscillations 
of the Steel Tank with a 

Volume of 3,000 m3 Mod-
eled by ANSYS (f1), Hz [66] 

Experimental Val-
ues of Natural Os-
cillation Frequen-
cies of the Steel 

Tank (fe), Hz [67] 

Experimental Values of 
Natural Oscillation 
Frequencies of the 

Steel Tank Taking into 
Account the Scale Ef-

fect (fE), Hz [68] 

Average Values of 
Natural Frequen-
cies of the Steel 

Tank (f∆), Hz 

Absolute Percent-
age Differences 

between f1 and f∆, 
% 

Tank without a liquid 
1 

11.77 

9.08 11.35 

12.42 5.5 
2 9.46 11.83 
3 10.08 12.61 
4 11.10 13.88 

Tank half-filled by a liquid 
1 

15.03 

11.38 14.23 

15.27 1.6 
2 12.24 15.31 
3 11.28 14.11 
4 13.95 17.44 

Tank maximally filled by a liquid 
1 

16.86 

12.85 16.07 

17.09 1.4 
2 13.61 17.02 
3 12.20 15.25 
4 16.01 20.01 
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The results from the comparative analyses between calculated and experimental data 
of the traditional cylindrical steel tank without steel wire strand wrapping, and with a 
filling level of zero, showed a difference in natural vibration frequencies of 8.4% (Table 2). 
The comparisons regarding the traditional steel tank half-filled by a liquid instead showed 
a difference in natural vibration frequencies of 3.2% (Table 2). Conversely, the comparison 
of the traditional tank with maximal filling level by a liquid showed a difference in vibra-
tion frequencies of 6.2% (Table 2). Furthermore, the results from the comparative analyses 
between calculated and experimental data of the prestressed composite cylindrical steel 
tank with a steel wire strand winding pitch of a = 3d, and filling level of zero, showed a 
difference in natural vibration frequencies of 8.1% (Table 3). The comparisons considering 
the half-filled level and steel wire strand winding pitch of a = 3d instead showed a differ-
ence in natural vibration frequencies of 10.1% (Table 3). Taking the same comparison into 
account and, particularly, with the maximum filling level and steel wire strand winding 
pitch of a = 3d, a difference in vibration frequencies of 5.9% was conversely obtained (Table 
3). Regarding the prestressed composite steel tank with a steel wire strand winding pitch 
of a = d, and in absence of filling level, a difference in natural vibration frequencies of 5.5% 
was showed, while differences in vibration frequencies of 1.6% and 1.4% were, respec-
tively determined with a filling level of half and maximum filling (Table 4). 

On the basis of the aforementioned results (Tables 2–4), we can conclude that the dif-
ference between the calculated and experimental natural vibration frequencies showed a 
satisfactory convergence of values, which generally varied between a percentage range 
equal to 1.4–10.1%. This fact proves the reliability of the calculation models by justifying 
the proposed calculation method of the dynamic oscillations of natural frequencies and 
modes of the composite cylindrical steel tank prestressed by wire strand wrapping pro-
posed by Tursunkululy et al. [66] and Zhangabay et al. [67]. The practical significance of 
these works, consisting of experimental and theoretical approaches [66,67], as well as the 
aforementioned comparison analyses, lies in the development of a seismic-resistant de-
sign of prestressed composite cylindrical steel tanks for oil and petroleum products, thus 
ensuring the optimal stress distribution along the wall structure and improving its dy-
namic characteristics which, in turn, increases the reliability and safety of steel tanks un-
der earthquake impacts. The developed solutions for cylindrical steel tanks and methods 
for engineering calculations and optimal design can be used by engineers and technical 
workers in various field industries, research institutes and professional companies in de-
signing new earthquake-resistant steel tanks and the strengthening of existing ones 
[69,70]. 

4. Conclusions 
According to the conducted literature review, and within the limitations of this 

study, the results from the comparison between the experimental and theoretical natural 
vibration frequencies of the traditional cylindrical steel tank and those of the prestressed 
composite cylindrical steel one have demonstrated that: 
• The tank without steel wire strand wrapping, and with zero filling level, showed a 

difference in natural vibration frequencies of 8.4%. The results of the traditional tank 
half-filled by a liquid instead showed a difference in percentage of 3.2%. Conversely, 
the results of the traditional tank maximally filled by a liquid showed a difference of 
6.2% (Table 2). 

• The tank with steel wire strand winding pitch of a = 3d, and zero filling level, showed 
a difference in natural vibration frequencies of 8.1%. The results when the filling level 
by a liquid was half, and the steel wire strand winding pitch was of a = 3d, instead 
showed a percentage difference of 10.1%. When the tank was filled to its maximum 
level, and the steel wire strand winding pitch was of a = 3d, a difference in vibration 
frequencies of 5.9% was conversely obtained (Table 3). 
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• When the tank was with a steel wire strand winding pitch of a = d, and in absence of 
any liquid, the difference in natural vibration frequencies amounted to a percentage 
value of 5.5%. Conversely, with a half and a maximum filling level, and a steel wire 
strand winding pitch of a = d, differences in vibration frequencies were, respectively, 
equal to 1.6% and 1.4% (Table 4). 
Based on these results, it can undoubtedly be concluded that the difference between 

the studies conducted by the authors showed a satisfactory convergence of their achieved 
findings, which did not exceed the absolute percentage difference in natural vibration fre-
quencies of 10%. The prestressing method can be defined as an effective solution to in-
crease the strength and seismic resistance characteristics of vertical cylindrical steel tanks. 
At the same time, the prestressing method can be suitable for newly designed tanks, as 
well as for those existing in situ. In conclusion, the prestressing method provides an op-
portunity to create the necessary strength conditions for the cylindrical steel tanks by se-
lecting effective design parameters. 
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