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Abstract: Vibration-based damage detection is a range of methods that utilizes the dynamic response
of a structure to evaluate its condition and detect damage. It is an important approach for structural
health monitoring and has drawn much attention from researchers. While multiple reviews have been
published focusing on different aspects of this field, there has not been a study specifically examining
the recent development across the range of methods, including natural frequency, mode shape, modal
curvature, modal strain energy, and modal flexibility-based damage detection methods. This paper
aims to fill this gap by reviewing the recent application of these methods in civil structures, including
beams, plates, trusses, frames, and composite structural members. The merits and limitations of each
method are discussed, and research opportunities are presented. This broader review also provides
an opportunity for critical comparison across this range of methods. While predominantly reviewing
experiment-based studies, this review also considers some numerical studies that may motivate
further research.

Keywords: damage detection; vibration-based method; natural frequency; mode shape; modal strain
energy; modal flexibility

1. Introduction

The safety and serviceability of structures can be adversely affected by the loss of
structural integrity due to gradual aging and deterioration or shock events such as earth-
quakes and hurricanes. Such circumstances demand that any structural damage should
be detected at the earliest possible stage to avoid catastrophic incidents. Structural Health
Monitoring (SHM) is oriented toward this mission.

Detecting the occurrence of damages, identifying their locations, and determining
their severities are the three steps involved in damage assessment. These steps can be
facilitated through different types of non-destructive testing (NDT) [1], such as visual
inspection, digital image correlation, ultrasound, acoustic emission, magnetic field, eddy
current, thermography, and radiography tests, to name a few. However, typically, these
experimental techniques are local methods (as shown in Figure 1) [2], only able to inspect a
limited region at once; hence, several measurements must be taken to inspect a structure
or for inspection focused on specific regions. Such NDT techniques also require that
the portion of the structure being inspected is readily accessible [3–5]. The need for
quantitative global damage detection without prior knowledge of damage location has
prompted the development of two global methods. One is based on the measurement of
static deflections [6–8], and the other is to examine changes in vibration characteristics
of structures, i.e., vibration-based damage detection methods, as shown in Figure 1. In
the vibration-based method, damage detection can be fulfilled by examining changes in
measured vibration response, where the modal parameters (natural frequencies, mode
shapes, and modal damping) are functions of the physical properties (mass, damping, and
stiffness) of a structure [9]. Therefore, changes in structural properties will result in changes
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in modal properties, which can either be detected absolutely or more often with reference
to an undamaged state.
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Vibration-based damage detection has received considerable attention, and an array of
methods have been proposed in the past decades, ranging from those based on changes in
modal parameters to those incorporating signal processing, model updating, and optimiza-
tion algorithms. Doebling et al. [9] gave an overview of damage detection methods based
on changes in basic modal properties (e.g., natural frequencies, mode shapes, and modal
damping ratios) up to 1998. A review of subsequent literature reveals that most of the
summarized issues in [9], such as the dependence on prior test data and linear structural
models, the number and location of measurement sensors, and the sensitivity to small
flaws, have not yet been addressed and are still with the subject of ongoing research across
the community.

In 2008, a review focusing on the identification of double/multiple cracks in beams,
rotors, and pipes was provided by Sekhar [10]. The effects of multiple cracks on the
frequency, mode shape, and stability of rotors were summarized. For the multi-crack
situation where crack variables increase, the crack-induced effect on dynamic response
is dominated by the largest crack. Thus, the author suggested that to successfully detect
cracks of various severity, the use of advanced signal processing techniques, for instance,
the wavelet transform and the Hilbert–Huang transform, should be considered. While
advanced signal processing is not a core focus of the current review, the literature covering
recent applications is incorporated where relevant.

In 2009, based on structural dynamic changes and linear and/or non-linear vibrational
measurements, a review focusing on civil engineering structures and rotating machineries
was given by Sinou [11]. Some topics of interest for future research were listed concerning
crack models (open, breathing, and propagating cracks), the effect of changes in damping,
temperature effects, uncertainties caused by ambient conditions or by evolutions of bound-
ary conditions, modeling errors, and uncertainties in numerical analysis. Linear vibrational
experiment-based methods will be emphasized in this review.
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In 2011, a review of vibration-based damage identification methods was performed
by Fan and Qiao [12]. The methods were classified into four categories, namely, natural
frequency-based, mode shape-based, modal curvature-based, and combined methods
based on both frequencies and mode shapes. A comparative study based on finite element
(FE) modeling was performed under varying conditions (single/multiple damages, large-
area damage, measurement noise, and sensor spacing) to demonstrate the merits and
shortcomings of each of the four methods. It was concluded that: (a) the quantification
of damage severity was still in a less mature stage compared to damage localization;
(b) reliable damage identification methods for 2D plates were not well developed, and
signal processing techniques such as 2D wavelet transform could be a powerful tool.
Relevant recent damage identification methods for metallic and composite plates will be
discussed in this review. In 2015, a review specifically based on wavelet analysis of modal
curvatures for composite structures was performed by Katunin [13]. The influence of
various factors such as measurement apparatus, measurement noise, wavelet functions,
damage location, sampling distance, and boundary effects was discussed.

Recently, Avci et al. [2] reviewed the application of machine learning and deep learning
in vibration-based damage detection. Perhaps the most intriguing feature of machine
learning-based methods is that, with the help of fast-developing computing power and
sensing technology, the method can be devised in a straightforward manner, i.e., focusing
on feature extraction and feature classification. However, the application of the machine
learning-based method still shows a case-by-case pattern because it is difficult to find a set
of universal feature classifiers that is suitable for any type of civil structure and for all kinds
of damage scenarios. Moreover, reference vibration data from the undamaged structure as
well as the data measured under several structural damage scenarios, is still essential when
training the algorithm, while for a given civil structure, a full set of data containing pre
and post-damage cases is rarely available. Although the machine learning-based method
is an alternative to the traditional method, both methods suffer from similar limitations,
including the necessity of reference data, the difficulty in finding a universal method that
works for multiple types of structures, and the influence of environmental factors.

In the present study, the authors aim to provide the current state of the literature
on vibration-based damage detection methods in civil structures such as beams, trusses,
frames, plates, composite beams, laminated composite plates, etc. The five reviewed
methods are highlighted in Figure 1, which are natural frequency, mode shape, modal
curvature, modal strain energy, and modal flexibility-based damage detection methods.
Compared with previous literature reviews that focus on different aspects of damage
detection, this review examines the pros and cons of the above vibrational signature-based
methods. This is achieved by investigating the selection of damage index, the design of
a methodology, and the experimental or numerical verification. Therefore, this review
predominantly investigates recent experiment-based studies. However, some numerical
studies that may motivate further research are also considered. It is anticipated that this
review will provide researchers with some reference information in terms of damage
index, damage sensitivity, method complexity, and experiment design when contriving
vibrational signature-based methodologies for damage detection. This review does not deal
with practical implementation aspects such as designing the monitoring system, sensor
placement, sensor validation, and sensor failure (interested readers are referred to the
review of Worden and Dulieu-Barton [14]). Furthermore, the ‘crack’ termed in this study
mostly represents an open, non-propagating edge crack, in contrast to a breathing crack
that will repetitively open and close depending on the amplitude of vibration [15,16]. The
equations of motion of the system become non-linear when a breathing crack model is
employed, and a numerical method must be adopted as there is currently no exact solution
to these equations [17,18].

The remainder of the article is organized as follows. Sections 2–5 review the current
state of the art of the above-mentioned five types of methods. For each method, recent
developments are reviewed, followed by a discussion commenting on its characteristics,



Vibration 2023, 6 846

pros and cons, and potential research opportunities. The comments on mode shape and
modal curvature-based methods are merged and presented together in Section 3.3 due
to the close relevance between these two types of methods. The article ends with some
concluding remarks and research prospects in Section 6.

2. Methods Based on Natural Frequency
2.1. Review

Natural frequency is a global dynamic parameter that normally contains limited spatial
information of damage. Thus, an auxiliary mass has been used to draw spatial information
from a frequency shift [19]. Zhang et al. [20] presented the frequency shift surface method,
which was essentially roving an auxiliary mass on a plate and measuring the frequency with
the mass at different positions. The damage was modeled as a local thickness reduction.
The advantages of using the frequency shift surface are that, firstly, the frequency shift
surface is related to the mode shape squared; thus, it contains spatial information of
damage. Secondly, frequency measurement is usually easier and less susceptible to noise
compared with mode shape measurement. In the experiment, a steel plate with a central
thickness reduction was tested. The steel plate was supported by sponges to approximate
free boundary conditions (see Figure 2a). A 0.3 kg accelerometer was considered as the
auxiliary mass. The damage was identified using the fundamental frequency shift surface.
An observation of this approach is that if the plate is large, more measurement points
would be required to maintain the same spatial resolution, and the experiment could be
time-consuming.
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Subsequently, a similar method was applied to a damaged steel cylindrical shell [21].
By changing the location of the auxiliary mass around the circumference of the cylindrical
shell (see Figure 2b), the frequency shift curve was obtained, and the lowest trough on the
curve indicated the damage location. In the experiment, thickness reduction was made
on the inner surface of the shell. It is interesting to observe the difference between the
lowest trough and other troughs on the frequency shift curve for each damage case in
Figure 3. When the area of thickness reduction was large, the frequency difference was
2.97 Hz. However, when the area of damage was small and did not cross the trajectory of
the mass, the frequency difference was 0.81 Hz. The frequency difference could be even
smaller if the damage were not severe. The methods in [20,21] deserve further study to see
how the frequency curves behave when there are multiple damages. Moreover, whether
the presence of measurable frequency shifts implies that the damage is already too severe
or if the structure is amenable to repair is a question that has not been addressed.
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The auxiliary mass approach has also been applied in more complex structures. For
example, by extending the frequency shift curve method presented in [21], Lie et al. [22]
used the frequency shift caused by an auxiliary mass to detect a sharp slot in a compressed
natural gas (CNG) cylinder (see Figure 4a). Cao et al. [23] simplified a parked vehicle-
bridge system as a beam carrying a mass block (see Figure 4b). The frequency of the
beam-mass system varied when placing the mass block at different positions before and
after damage, and the frequency change was used to locate damages. The relationship
between the frequency change and damage severity was established via FEM analysis and
curve fitting. It is worth mentioning that in [23], the damage severity was of a bending
stiffness loss of 15% or 20% in the numerical study. In the experiment, the damage severity
was approximately 25%. Although the damage was located and its severity quantified,
whether this methodology works for minor damage was not reported. For a practical
structure, a damage severity of 25% may have already jeopardized its serviceability. This
again indicates the necessity of a direct comparison between measurable damage-induced
frequency change and structural integrity, which has been neglected in past research.
Wang et al. [24] applied an auxiliary mass on a railway track model (Figure 4c) to detect
damaged supports under the railway track, such as loose or missing fasteners and damaged
ballast. The method was shown to be effective, especially when detecting a missing fastener
or severely damaged ballast.

When an auxiliary mass is used, it is crucial to measure the frequency shift accurately.
However, the frequency change caused by either the damage or the auxiliary mass can
be small and difficult to capture or may be masked by measurement errors. For example,
for a crack with a normalized severity (i.e., normalized crack length or normalized crack
depth) of 10% or below, the magnitude of natural frequency change tends to be small,
especially for the first two modes, posing a challenge to the natural frequency measurement
if environmental effects are also considered [25–29]. It would be difficult to distinguish
between a small natural frequency change and measurement noise.

Wavelet transform has been introduced to natural frequency-based crack detection to
alleviate the above issue. Zhong and Oyadiji [30] processed the frequency data of a beam
carrying an auxiliary mass using stationary wavelet transform (SWT). The application
of SWT involved two steps. Firstly, natural frequency curves were decomposed into
approximation coefficients and detail coefficients, where the approximate coefficients were
the high-scale, low-frequency components, and the detail coefficients were the low-scale,
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high-frequency components of the frequency signal. Secondly, the detail coefficients were
thresholded to reduce noise. After these two steps, a new coefficient was obtained as
the crack indicator, and the crack location could be determined by peaks in the curves
of the new coefficient. An experiment was conducted on a cracked simply supported
aluminum beam carrying a 4 kg auxiliary mass (see Figure 5a). The length of the beam
was 2.4 m, and the spatial probing interval of the mass was 0.05 m; thus, 49 sampling
points were needed. A challenge in this study is the determination of adequate sampling
points. If sampling points are insufficient, the obtained natural frequency curve may not
contain the information of cracks. If, on the other hand, the scale of the tested structure is
relatively large, a dense measurement grid is required, and the number of sampling points
can be considerable, which limits the application of this method in practical situations.
In this situation, how to optimize the sampling interval [31] to minimize the effects of
measurement noise requires further research.
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In [30], SWT was applied to the curve of frequency versus mass location; thus, the
local perturbation caused by a crack was revealed, and the crack was located. However,
the theoretical basis of the application of the frequency curve in damage detection was
not well established. Later, based on the eigenvalue problem and the assumption that a
defect induces local perturbation in modal response, Yang and Oyadiji [32] demonstrated
the relationship between the frequency curve, the roving mass, the mode shapes of the
intact beam, and the local mode shape perturbation caused by damage. It was shown that
the roving mass magnified the effect of local mode shape perturbation. After applying
a discrete wavelet transform to the curve of frequency versus mass location, it could be
seen that the approximation coefficients were the smooth terms that were dependent on
the linear combination of the mode shapes of the intact beam, while the local mode shape
perturbation contributed to detail coefficients. Thus, the detail coefficients contained high-
order oscillations caused by damage and could be extracted and used for damage detection.
Compared with [30], where only the wavelet detailed coefficients of individual modes were
used, the responses from multiple modes were accumulated by superposing the absolute
detailed coefficients from each mode, highlighting the existence of damage. To model
the internal damage detection in multi-layer structures, the debonding was simulated
using node separation at pre-defined locations, and the effect of inter lamina contact was
ignored in the FE model. An experiment was conducted in [32] on a clamped-clamped
two-layer bonded aluminum beam, as shown in Figure 5b. Two layers of aluminum were
bonded using high-strength epoxy adhesive. The internal defect was modeled as interfacial
debonding where the adhesive was not applied. The location of the debonding was
detected, but the accuracy of size evaluation was influenced by random effects. It is worth
noting that the size of the debonding may not be the same as the expected size in Figure 5b,
as the adhesive may flow when the bond is formed. In a practical application, accurate size
estimation may require the superposition of frequency data from a sufficient number of
modes to suppress random effects, which means a large number of sampling points would
be necessary to obtain accurate frequency curves of high-order modes. Comparable to the
limitation of [30], this would be the major drawback of the method in [32].

The effect of the translational inertia of an auxiliary mass is considered in theoretical
derivations in [20–24,30,32], while the effect of rotary inertia is ignored. Cannizzaro et al. [33]
analytically proved that as a roving body with mass and rotary inertia passes a crack, the
natural frequencies of a beam would generally change abruptly. Based on this, they also
presented an explicit closed-form solution of the governing equation of a multi-cracked Euler–
Bernoulli beam carrying a roving body. Similarly, Ilanko et al. [34] analyzed the frequency
changes as a roving body passed a crack on a plate using the Rayleigh–Ritz Method for various
boundary conditions. A sudden frequency shift was obtained as the roving body with rotary
inertia crossed a partial crack or with translational inertia only when crossing a complete
(through-thickness) crack. This can be a simplified model for crack detection in a bridge, which
is to identify points where sudden frequency shifts occur as a vehicle moves on the bridge;
thus, the crack locations can be obtained. Experimental verification is needed to examine the
feasibility of the method in [33,34]. Massless rotational springs were used to model the crack,
and the evaluation of crack severity (i.e., spring stiffness) remains a challenge.

As damage detection is a typical inverse problem, some optimization algorithms
(such as the fuzzy inference system [35], the genetic algorithm [36,37], and the clonal
selection algorithm [38]) have been utilized to solve it. Zhang et al. [39] used a surrogate-
assisted generic algorithm to locate delamination in a composite laminated plate. This
surrogate-assisted generic algorithm is essentially an artificial neural network (ANN)-aided
optimization algorithm that takes the five parameters describing the size and location
of the delamination as input and a single frequency shift as output. In the FE model,
a pair of contact elements were added between the mating surfaces of the delaminated
area, thus allowing neither penetration nor separation between the sub-laminates. In their
experiment, the delamination in the composite plate was ‘simulated’ by embedding double
layers of 25 µm thick Teflon release films at predetermined locations, which was only an
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approximation of how real delamination may respond. Oliver et al. [40] employed two
ANN algorithms fed with frequency shifts to identify delamination in composite laminate
plates. The delamination was modeled by an element with stiffness reduction. Considering
the experiment results in [39], the experimental verification for [40] can be challenging. The
mismatch between the simulation and the real delamination can lead to wrong predictions.
For the above optimization algorithms, the optimal solution is searched for in the full
domain, which inevitably increases computation time with the risk of being trapped in the
local optimum. Dahak et al. [41] presented a method for detecting the zone containing a
concentrated crack instead of precisely locating the crack. Thus, the search space in the
inverse method can be considerably reduced. It is a possible way to improve the efficiency
of crack detection methods incorporating optimization algorithms.

After identifying the damage location, quantifying the damage severity is still chal-
lenging. Some researchers strive to separate the effect of damage severity and the effect of
damage location. De Los Rios et al. [42] found an interesting property of the characteristic
equation of a cracked beam using the determinant of the dynamic stiffness matrix. It was
noted that the crack severity and crack location parameters are separated explicitly in
known terms, one with the characteristic equation of the uncracked beam and the other
with the characteristic equation of the beam with a hinge at the location of the crack. Using
this property, for known crack location, the severity of the crack can be determined by
frequency measurement as the determinant of the dynamic stiffness matrix is a linear
function of crack severity. Labib et al. [43] proposed a method for locating a single crack in
a frame using natural frequency degradations. They assumed a linear relationship between
frequency changes and crack severity (represented by the stiffness of a rotational spring)
when the dimensionless crack depth (i.e., crack depth/cross-sectional height) is below
0.4. It was then possible to eliminate the severity factor through statistical processes and
perform the numerical search for the crack location. Natural frequencies were calculated
as a benchmark when the crack was placed at discretized positions. For this method, the
natural frequencies of the corresponding intact structure were required. Both [42] and [43]
employed the dynamic stiffness method which is suitable for deriving analytical solutions.
A similar application on frames using the dynamic stiffness method can be found in [44],
where the effect of damage severity and the effect of damage location were not separated
but were expressed in one function. For a known frequency, each possible damage location
maps to a damage severity; hence, the damage can be uniquely identified by showing the
point of intersection between three curves (i.e., three natural frequencies).

Apart from beams and frames, arches represent an important engineering structural ty-
pology that is frequently used to construct bridges [45]. Some researchers have endeavored
to apply frequency-based damage detection to arches [46]. For example, the methodol-
ogy in [44] was modified and applied to a double-hinged parabolic arch in [47], where
the numerical model was developed using FEM instead of the dynamic stiffness method.
Greco et al. [48] presented a damage model considering a reduction in the volume of a
segment of an arch. The dynamic stiffness matrix of the damaged segment was integrated
into the global dynamic stiffness matrix, and exact eigen-properties of the damaged spatial
arch were calculated. Genetic algorithms were used to retrieve the global optima for two ob-
jective functions, namely, considering frequency measurements only and considering both
frequency and mode shape. It was found that the involvement of mode shape data can be
helpful in avoiding symmetry in the identified damage configurations. Giordano et al. [49]
conducted a series of pseudo-static loading-unloading cycles to masonry arches to progres-
sively induce damage. In this process, they used a damage index evaluating frequency
shifts between progressive displacement scenarios to detect the damage and assess the
global stiffness degradation. Although the damage index is not able to localize the damage,
it can follow the stiffness loss of the arch during progressive damage and hence set the
threshold beyond which reinforcement interventions are necessary.

Frequency-based damage detection has also been considered a promising technique
for the health monitoring of concrete members. When the damage in a concrete member is
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not obvious or difficult to quantify (e.g., some hidden defects after shock events), frequency-
based FE model updating is a possible approach to localizing the damage. To model the
damage in concrete-encased composite column-beam connections after an earthquake,
Nasery et al. [50] conducted a cyclic loading test on four samples with different connections
(as shown in Figure 6a). Concrete failure and some welding damages can be observed
after the loading test (see Figure 6b). Natural frequencies were measured through ambient
vibration tests for 15 min, considering the 0–100 Hz frequency range. For the FE model
updating, the first and fourth modes were taken as references. The modulus of elasticity,
density, the spring stiffness at the boundary, and the moment of inertia of beam and encased
column cross-sections were updated. To localize the damage, the percentage change of
updated parameters is plotted (as shown in Figure 7), and those parameters showing high
percentage changes indicated the most significant changes in the FE model, based on which
the damaged regions could be identified. Overall, this study explores the possibility of
damage detection in a practical scenario using FE model updating. Although the damage
is artificially introduced, it is close to real damage and hence makes damage localization
more difficult compared with detecting open cracks in many controlled experiments. The
idea of using the rate of change of updated parameters during model updating to localize
the damaged zone warrants further research.
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2.2. Comments

Based on the above literature survey, some comments are made as follows:

(1) An advantage of the natural frequency-based approach is the global nature of natural
frequency. It is a good indicator of the overall mass and stiffness of a structure. This
characteristic, on the other hand, may render the natural frequency weakly sensitive
to minor damage because minor damage tends to be a local phenomenon. Methods
incorporating signal processing techniques, e.g., wavelet transform, are proposed
to deal with this weak sensitivity [30,32]; however, new challenges, such as how to
optimize the sampling interval [31], require further research.

(2) A combination of different damages may lead to identical frequency changes [51]. For
unique identification of damage location, there are a few promising ways to include the
spatial information of damage in frequency responses. For example, an auxiliary mass
with or without rotary inertia can be attached to the structure [20–24,30,32–34]. In this
case, the mass acts as a probe, and the spatial information of damage is contained in the
curve of frequency versus mass location. This helps to separate the location effect from
the severity effect.

(3) To date, most natural frequency-based damage detection methods are verified by
successfully detecting cracks of moderate size (e.g., with dimensionless crack depth
between 0.2 and 0.5 for skeletal structures) as the resulting frequency changes are
easier to capture. Taking the frequency change as input data, the feasibility of the crack
detection method can be tested. Nevertheless, a question that remains unaddressed
is the direct comparison between the crack severity reaching the initiation of crack
propagation or leading to brittle fracture and the crack severity causing a measurable
frequency change. If the former severity is reached before the latter, frequency-
based crack detection would be risky. If, on the other hand, the crack already causes
measurable frequency drops in the first few modes before it jeopardizes the safety
of a structure, then there may be some safety margin where frequency-based crack
detection can be executed. Overall, with this issue being unsolved, even when cracks
of moderate size are detected successfully in a controlled experimental condition, it
is debatable whether the presented crack detection method is feasible in practical
situations. To make a direct comparison, fracture toughness in fracture mechanics
would be an important parameter to determine the critical state of crack propagation
or brittle fracture.

(4) The damage-induced frequency changes may be veiled by the frequency changes due
to other factors such as the effects of ambient conditions (e.g., temperature, humidity,
wind, rainfall, etc.), operating loads, and possible evolution of boundary conditions.
It has been reported in [25–28] that the frequency variation due to such environmental
and operational factors is usually of the order of 5–10% but can exceed this. Currently,
most successful frequency-based damage detection methods are verified only under
controlled laboratory conditions rather than exposed to variations in environmental
or operational effects. In practical applications, damage-induced frequency changes
should, as a minimum, be expected to exceed 5% to detect the damage with confidence.
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(5) Quantifying the damage severity is still a challenging task, and to date, there are
few simple and robust methods. The method comparing the frequency response
of damaged structures with ‘baseline information’ that contains different damage
scenarios exhibits its viability in numerical simulations and laboratory environments.
However, a large amount of calculation, either through the finite element analysis or
in an analytical manner, is necessary to obtain the ‘baseline information,’ which may
render this method impractical when using it in complex structures. One possible way
to reduce the computation is to roughly estimate the damage location ranges, then
accurately localize the damage and quantify the severity. For example, the method
in [41] can be used to preliminarily narrow down the ranges where the crack may be
located, and then other methods based on pattern recognition or global optimization
can be employed to search for the optimal solution (i.e., the damage location) within
the prescribed spans. Once the damage location is found, the severity of the damage
can be evaluated in the second step by trial and error to find the severity that gives
results matching experimental measurements.

3. Methods Based on Mode Shapes and Their Derivatives
3.1. Review of Mode Shape-Based Damage Detection Methods

Natural frequencies alone can only indicate the presence of damage but cannot pin-
point its location (except in cases where a roving inertial interrogator is used); by contrast,
the spatial information of damage can be found in mode shapes. However, damage-induced
changes in mode shapes can be subtle (unless the damage is severe), and the damage cannot
be easily identified. Therefore, several indices have been proposed as correlation indices
between two sets of modal data, for example, the modal assurance criterion (MAC) [52], the
coordinate modal assurance criterion (COMAC) [53], the coordinate modal error function
(COMEF) [54], etc. These criteria provide the evaluation of consistency between mode
shapes (i.e., mode shapes of the intact structure and damaged structure); thus, damage
can be identified where discrepancy happens. They are not the validity or orthogonality
check. A review of various criteria was provided by Allemang [55], stating that the modal
assurance criterion, as a simple statistical concept, could be very powerful when used
correctly but misleading when used improperly. More specifically, the misuse of the modal
assurance criterion resulted from five issues, namely, incomplete modal vector measure-
ment, the occurrence of complex-valued modal vectors, the dominance of erroneous data
in modal vectors (wild points), a limited number of degrees of freedom in the modal space,
and the zero-padding for elements of modal vectors when modal vectors are exported
from one computational environment to another. Therefore, the abovementioned modal
correlation indices require accurate measurement of mode shapes, and damage-induced
local perturbations may be consumed and lost in the computation, which involves all
degrees of freedom.

The wavelet transform can be employed to identify local perturbations in the original
signal. The wavelet coefficient curves show oscillations, ridges, or peaks when a discontinu-
ity or a sudden change occurs. Thus, mode shapes can be processed by wavelet transform,
and damage-induced discontinuities can be shown on curves of wavelet coefficients. The
study of Solís et al. [56] confirmed the effect caused by a stationary roving mass (as in [30]);
namely, both the noise immunity and the damage sensitivity were improved in the presence
of a roving mass. Contrary to [30], the continuous wavelet transform (CWT) analysis was
performed on the difference between the mode shapes of the healthy and damaged beams.
Reference noise-free mode shapes were obtained by implementing the smoothed spline
interpolation to experimental mode shapes. By comparing experimental mode shapes with
the reference noise-free mode shapes, the level of noise for each mode was estimated by
the signal-to-noise ratio. Thus, the less noisy mode shapes could be emphasized. The
experimental set-up in [56] is shown in Figure 8. The roving mass was 5% or 10% of the
total mass of the beam. Three crack depths were used, namely, 10%, 20%, and 50% of the
height of the beam. The saw-cut crack was located in the middle of two adjacent measuring
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points. It is worth noting that to accurately evaluate experimental mode shapes, thirty-two
accelerometers were distributed evenly across the beam, which might require a significant
amount of signal processing.
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The authors of [56] demonstrated that the less noisy mode shape (mode 2 in this
experiment) provided a more reliable result for damage detection (see Figure 9, and the
crack is at 0.4 L). However, local peak values of the wavelet coefficient due to noise can
be observed at different measuring points (as indicated by the bright stripes in Figure 9),
and they can easily mask the perturbations caused by a small crack. When locating a small
crack, using the summation of wavelet coefficients of all mode shapes (without proper
selection beforehand based on sensitivity) may not be advisable because the noise effects
from all mode shapes could potentially accumulate and further mask the crack.

A demanding task when using mode shape-based damage detection is to minimize the
noise in mode shape measurement. This is paramount if wavelet transform is incorporated.
It was mentioned earlier that sampling intervals should be optimized to enhance the dam-
age sensitivity. Zhong and Oyadiji [57] observed that when the CWT was used, the accuracy
of crack localization degraded as the sampling distance increased. Thus, they adopted a
cubic spline interpolation as an over-sampling technique for the sparsely measured mode
shape data, and the accuracy for localizing a small crack (for the dimensionless crack depth
of less than 0.05) was improved. Sampling interval sensitivity analysis was conducted in
subsequent research [58]. The relation between the maximum values of the SWT detail
coefficient and sampling intervals was obtained via a fifth-order polynomial fitting method;
thus, the sampling interval sensitivity was quantified. Both the methods for damage lo-
calization in [57,58] require that the mode shapes are symmetric or antisymmetric, which
means the structure, including its boundary conditions, should be symmetric.

Sparsely measured data may not contain enough information about damage while
measuring data in a dense manner may be unnecessary. Therefore, some researchers
investigated the effect of down-sampling [59,60]. The aim was to establish the minimum
sampling intervals on the condition that small cracks could be localized successfully. For
example, in the context of mode shape-based damage detection incorporating the CWT,
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a parametric study was provided by Montanari et al. [61] to investigate the impact of
sampling intervals with factors such as the padding method, the level of noise, the type
of mother wavelet, and the crack configuration. The crack was modeled using a massless
rotational spring. The results showed that when high-order mode shapes were used, more
measurement points were needed. A parameter named the pseudo-frequency was found.
The pseudo-frequency is a function of the sampling interval, the center frequency of the
mother wavelet, and the scale parameter of the mother wavelet. They found that as long
as the optimal value of the pseudo-frequency could be achieved, down-sampling densely
measured data could reduce the costs of damage detection without affecting performances.
It should be noted that this study proves the possibility of applying down-sampling
without affecting the results of damage localization. For practical applications, especially
for damage detection in large-scale structures, ensuring enough measuring points is still
important. This down-sampling technique can be used as a tool to verify the accuracy of
detection results.
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Some researchers [62,63] have concluded that, compared with mode shape, derivatives
of mode shape, such as slope and curvature, are more sensitive to the presence and location
of the crack and make good candidates for damage detection. For example, Whalen [63]
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investigated the sensitivity of the second, third, and fourth derivatives of mode shape to
various damage-related parameters (mass loss, stiffness loss, and damage radius scale).
Both stiffness loss and mass loss were considered in the damage model. It was shown that
in the context of transverse vibrations of a beam-like structure, all higher-order derivatives
of the mode shape exhibited strong damage localization and sensitivity properties. Lower
modes were demonstrated to be the best choices to evaluate modal changes, as higher
modes were less sensitive to damage radius while more sensitive to mass loss, overall
rendering lower levels of modal change. The author of [63] acknowledged that the fourth-
order derivative of the mode shape could not be obtained from direct measurements;
instead, it must be calculated numerically, which would inevitably introduce errors.

In light of the abovementioned advantages of high-order derivatives of mode shape, it
is necessary to review the recent development of damage detection methods based on the
derivatives of mode shape. As the second derivative of mode shape (i.e., modal curvature)
is extensively studied by researchers, damage detection methods based on modal curvature
are reviewed in the next subsection.

3.2. Review of Modal Curvature-Based Damage Detection Methods

Generally, it is considered possible to locate the damage by the largest absolute differ-
ence between modal curvature-based functions calculated from both damaged and healthy
states of a structure. Ručevskis et al. [64] presented a method using the modal curvature
square obtained from only the damaged state of a beam. They used the average of the sum
of modal curvature squares from each mode to diminish the influence of measurement
noise, and modal curvature squares were shown to be capable of damage localization.
However, the scale of the mill-cut damage in the experiment was large, i.e., the depth of
damage was between 54% and 66% of the thickness of the beam, and the width of damage
was 4% or 6.7% of the total length of the beam. Apart from edge cracks aligned perpendic-
ular to the axis of the beam, horizontal cracks can also be detected without modal data of
the corresponding undamaged beam [65]. This is potentially useful in composite beams
due to the analogy between the horizontal crack in uniform beams and the delamination in
laminated beams.

Measurement noise is known to induce local perturbations to mode shapes, leading
to crests in modal curvature. It is possible to mistakenly identify these crests as local
damages, whereas the real damages may be obscured, which leads to false alarms or
missed detections. To improve the robustness against noise and to ameliorate the sensitivity
to multiple damages, Cao et al. [66] explored the application of modal curvature with
the synergy between two signal processing tools, namely, the wavelet transform (WT)
and the Teager energy operator (TEO). Given the prominent feature of the TEO being the
identification of local singularities and the salient advantage of the WT being denoising,
the proposed synergistic regime aimed to combine the complementary merits of both.
Subsequently, Cao et al. [67] proposed the complex wavelet modal curvature, in which the
complex wavelet was derived from the Gabor wavelet. Experiments were conducted on a
single-crack aluminum beam and a multi-crack carbon-fiber-reinforced polymer (CFRP)
composite beam consisting of five layers. From the experimental results in [66,67], the
susceptibility of conventional modal curvature to noise can be alleviated by incorporating
noise suppression techniques. However, this may be achieved at the cost of losing sensitivity
to small cracks because a small perturbation in modal curvature may be induced by either
noise or a small crack. An advantage of [66,67] is that multiple damages can be identified
without baseline information, which shows the prospect of the combined utilization of
modal curvature and signal processing techniques.

It is a demanding task to juggle noise suppression and the identification of small dam-
ages, factors with conflicting requirements, because the sensitivity to small damages may
also lead to noise susceptibility. Apart from signal processing, suppressing the noise caused
by the numerical differentiation has also been considered [68,69]. Yang et al. [70] adopted a
Fourier spectral-based method as an alternative to the central difference method to increase
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the precision when estimating modal curvature. In addition to the noise amplification
caused by the numerical differentiation, the authors of [70] stated that the approximation
of mode shapes (assuming polynomials in estimation instead of trigonometric functions as
expressed in the modes) also adds to the error. By contrast, the approximation functions
in the Fourier spectral method were trigonometric functions, and the mode shape was
synthesized via trigonometric interpolation. Quaranta et al. [71] compared damage indices
based on numerically obtained modal curvatures. The modal curvature was calculated
using the central difference method, cubic spline interpolation, a modified Savitzky–Golay
filter, and cubic smoothing spline, respectively. The modified Savitzky–Golay filter and the
cubic smoothing spline method were demonstrated to be superior to the central difference
method regarding the robustness against measurement errors.

It is worth recalling that modal curvature can be obtained either by numerical cal-
culation from modal displacements or by direct measurement of strain [72,73], which is
proportional to the curvature of an Euler–Bernoulli beam. The latter approach has been used
by Lestari et al. in [74], where they used surface-bonded piezoelectric sensors (PVDF films)
to directly acquire the modal curvature of composite beams. Thus, the computing errors
arising when calculating modal curvatures from mode shapes identified from measured
lateral acceleration, velocity, or displacement signals were circumvented. Hsu et al. [75]
utilized long-gauge fiber Bragg grating (FBG) strain sensors to obtain the modal curvature
of a thin plate without a numerical differentiation procedure. The damage was simulated
through changes in stiffness caused by attaching stiffened aluminum plates. Macro-strain
mode shapes were identified directly from dynamic vibration signals measured by the FBG
sensors mounted on the plate.

As previously mentioned, damage detection techniques based on natural frequencies
are commonly formulated as a type of inverse problem that is often ill-conditioned; namely,
even by leaving symmetrical positions aside, cracks in two sets of different locations can
cause identical frequency changes [76]. However, a study by Capecchi et al. [77] shows
that the inclusion of modal curvature could help remove the indeterminacy due to the
symmetry of a structure. They proposed an objective function that minimizes the difference
between numerical and experimental response quantities (i.e., natural frequency and modal
displacement). Taking advantage of the localized feature of modal curvature, the difference
in modal curvature was introduced as a penalty term to enhance the global minimum and
accelerate convergence. The method was verified on a pinned parabolic arch with a notch-
type crack. The crack depth ratio ranged from 12.5% to 50%. Seven accelerometers were
equally spaced along the arch. The results indicated that the penalized objective function
performed more robustly than the common objective function, minimizing frequency
difference only. Although coordinating multiple modal parameters within one objective
function might require additional efforts in data processing, ref. [77] shows the potential of
the combined use of modal parameters.

Narrow damage can induce a localized and abrupt change in modal curvature that may
otherwise be undetected if insufficient sensors are used in experiments. Ciambella et al. [59]
investigated the minimum number of measurement points that allow the damaged area
to be accurately identified. The use of a reduced number of sensors was enabled through
a filtering procedure acting on the variation of modal curvatures. It was shown that the
variation between modal curvatures of the damaged and undamaged beams alone could not
provide meaningful results when the number of sampling points was limited. In contrast,
the properly filtered variations of modal curvature were demonstrated to be competent
for damage localization (when noise is not considered). This could be explained by [60,78],
where the damage was represented via a smooth stiffness variation function η(s) (or, in the
authors’ terms, damage shape) that is non-zero only in the damaged region. According to
the analytical approximation, modal damage shape is related to modal curvature variation,
some measured quantities, and some spurious terms. These spurious terms, relevant to the
width of damage and the position of damage with respect to the position of measurement
points, contribute to multiple peaks outside the damaged area in the graph of modal
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damage shape (see Figure 10). In the experiment, modal curvature was measured directly
through the time history of strains on the surface of the beam. It was found that, in the
absence of a measurement point within the damaged region, the modal curvature variation
should be filtered to eliminate the influence of those spurious terms, thereby avoiding the
misdetection of damage.
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and third modes and damage at 0.35 and width 0.4. Grey areas represent the actual damage shape
η(s). Continuous lines represent the absolute values of modal curvature variation (thick blue line)
and approximated modal damage shape, respectively.

The 2D modal curvature has been used to detect non-uniform damage in metal
plates [79,80]. Analogous to the method proposed in [66], the TEO-WT modal curvature
of a plate was taken as the damage index in [79]. The FE model of the plate consists
of two layers, and a through-thickness crack was introduced to the first layer. In the
experiment, an X-shape notch was made on an aluminum plate (see Figure 11) under
completely free boundary conditions, practically achieved by hanging the plate with two
strings. The thickness of the plate was 4 mm, and the depth of the notch was 1.2 mm.
Thus, the notch only caused insignificant variation in natural frequencies. By using the
TEO-WT modal curvature, the damage was identified successfully. However, to avoid
the influence of abnormal wavelet coefficients caused by boundary distortion, the wavelet
coefficients around boundaries were discarded, which means only the grey area, as shown
in Figure 11, was analyzed. Thus, the method was not capable of identifying any damage
near boundaries.

The problem of boundary distortion can be avoided by using the difference between
the damaged and undamaged mode shapes. Abdulkareem et al. [81] employed the 2D
CWT to decompose the mode shape difference. The singular peaks in wavelet coefficients
near the support resulted from the sudden increase in stiffness due to the support. By
considering the mode shape difference, the sudden change in stiffness around the support
could be canceled out. Thus, it was possible to identify the damage near the boundary. In
the FE model, the damage was modeled by local thickness reduction. In the experiment,



Vibration 2023, 6 859

a fully clamped steel plate was studied (see Figure 12). Damages were introduced to
the middle, the top, and the corner of the plate, respectively. The damaged area was
approximately 0.5% of the plate area, and the damage was manufactured by milling off
62.5% of the plate thickness. Using the wavelet coefficients of the difference of the first
mode shape, the damaged areas were identified with reasonable accuracy.
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Apart from metal plates, various methods were devised using 2D modal curvature to
identify delamination, cracks, and cut-outs in composite plates. Xu et al. [82] conducted
an experimental study to detect delamination in carbon fiber-reinforced polymer (CFRP)
laminated plates based on the integration of complex wavelet and 2D modal curvature. In
the FE model, the small delamination was modeled by inserting a non-thickness interface
between the second and third plies; on the non-thickness interface, the coincident nodes in
adjacent but separated elements were distributed. The CFRP plate consisted of four plies,
and the delamination was manufactured by inserting a 50 µm thick rectangular Teflon
sheet between the second and third plies when the laminated plate was fabricated. The
delaminated area was 0.09% of the total area. Although the delamination was successfully
identified under noisy conditions, it should be noted that a high-order mode was necessary.

Composite laminates with cutouts are usually found in complex structural designs
such as aircraft windows. Damage may occur around the cutout due to severe stress
concentration or local buckling. To identify such damages, an experimental study was
conducted by Zhou et al. [83], where the 2D modal curvature processed by CWT was taken
as the damage index. They considered multiple high-order modes simultaneously and
summed the damage index of each mode. Essentially, more fluctuations in a high-order
mode shape would be beneficial to reducing the influence of damage location. Thus, it was
possible to quantify the damage according to the magnitude of the total damage index. In
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the FE model, the concentrated damage was simulated by the reduction in the modulus of
elasticity. The method was applied to a unidirectional fiber-reinforced composite laminate
with a circular cutout, as shown in Figure 13a. The vibration data were captured using a
scanning laser vibrometer, with the distance between scanning points being 3 mm. It can be
seen from Figure 13b that both damage locations (A and C) were identified, and the damage
severity could be roughly estimated, which was confirmed by conventional ultrasound
testing. This study [83] explored the possibility of damage quantification using modal
curvature without baseline information, which is rarely touched upon in the literature,
especially for composite laminates with cut-outs. However, a few limitations also exist.
Firstly, a high-order mode is a vague definition. If the order is not high enough, the total
damage index may still be susceptible to damage location. If the order is too high, too many
coupling modes may be involved, and the result of damage severity evaluation would
be affected. Secondly, it is possible to compare the damage severity qualitatively among
various damages, but recognizing the damage severity quantitatively (e.g., expressed as
the percentage of stiffness) remains a challenge and may need to employ NDT techniques.
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3.3. Comments

Based on the above literature survey, some comments are made as follows:

(1) As natural frequencies represent the global dynamic characteristics of a structure, in
general, their measurement alone may not be sufficient to draw spatial information on
the damage. Measurement of mode shapes and their derivatives may be more useful.
However, mode shape-based methods tend to be very sensitive to measurement
inaccuracy, which may obscure damage-induced perturbations. Moreover, a large
number of measurement points are required to estimate a detailed mode shape or
a high-order mode shape when using MAC and other relevant assurance criteria in
damage detection, which inevitably increases the duration of the measurement. The
accessibility of measurement points could also pose problems. These factors place
limitations on the practical application of the mode shape-based method.

(2) Since mode shape is not sensitive enough to minor damage, many damage indices
defined by modal curvature have been proposed in the literature. Modal curvature
is commonly computed by numerical differentiation, which amplifies the errors in
measurements. This is particularly worse when modal curvature is obtained from a
densely-measured mode shape. To address these problems, generally, four approaches
are employed, namely, reducing noise [64,66,67], filtering or smoothing [59,60,71],
reducing measurement points [59,61], and measuring modal curvature directly [74,75].
For damage detection using modal curvature only, three ways are known to alleviate
noise effects, i.e., optimal sampling interval [31,61], signal processing [66,80,81], and
multi-resolution analysis [65,68]. Nevertheless, the opinion held by several researchers
that reducing noise cannot essentially solve the problem caused by the inherent
flaw of the numerical difference [71] is valid as the causes of deviations are entirely
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independent. Similarly, reducing measurement points (down-sampling) is not always
a reasonable choice as it may increase the lower bound of the detectable damage
severity, which impairs the identification of minor damage.

(3) Combining the wavelet transform and modal curvature helps to focus on damage
effects, and small damage in a plate can be identified in the laboratory environment
using a scanning laser vibrometer [79,80,82,83]. This is more advantageous compared
with natural frequency-based methods. In addition, there is no specific requirement
for the shape of damage. The damage can be through-thickness damage or a thickness
reduction. The depth of the damage can be constant or non-uniform [80]. However,
the minimum detectable damage can be directly affected by noise, and the damage
near boundaries cannot be identified owing to the boundary distortion issue when
using wavelet transform signal processing.

(4) When wavelet signal processing is applied, one way to avoid boundary distortion
and identify the boundary damage simultaneously is to use baseline information. For
example, some damage indices are proposed based on mode shape difference [81]
and the curvature difference of operational deformation shapes [84]. By using these
indices, the effect of a sudden change in stiffness near boundaries is canceled; hence,
boundary distortion is circumvented. Nevertheless, this is achieved at the sacrifice of
an advantage of wavelet signal processing, i.e., baseline information free. The benefit
is that, normally, high-order mode shapes are not essential when baseline information
is available. This is in sharp contrast to the situation where baseline information is
unavailable. In those situations, the necessary order of mode shape may exceed ten to
ensure the successful identification of small damages [69,79,82].

4. Methods Based on Modal Strain Energy
4.1. Review

Modal strain energy is directly related to modal curvature in beams. This feature
also applies to plates. Therefore, the modal strain energy-based method shares common
advantages and drawbacks with the modal curvature-based method, and some researchers
regard it as a special case of the modal curvature-based method [12]. Normally, the modal
strain energy employed in damage detection is based on discretized elements rather than
the entire structure. Thus, by checking the modal strain energy-based damage index
element by element, damage can be localized where an unusual change in damage index is
shown after the damage occurs.

Many modal strain energy-based damage detection methods show a two-stage feature;
namely, the damage is localized in the first stage through a damage index derived from
modal strain energy, and then the damage severity is estimated in the following stage using
optimization algorithms. For example, Pal and Banerjee [85] processed measured mode
shapes using wavelet transform and obtained a damage index based on the modal strain
energy calculated in the wavelet domain. Probable damage locations were indicated by
the peaks in the curve of the damage index. In the second stage, the stiffness reduction at
probable damage locations was taken as the updated variable, and the objective function
was minimized by particle swarm optimization. It should be noted that in the numerical
and experimental results, some false peaks were present in the curve of the damage index
even though the damage was severe. In addition, when the effect of noise was significant,
the number of false peaks tended to increase. Khatir et al. [86] proposed a two-stage
method where local frequency changes and modal strain energy were used to derive a
damage location indicator, and a teaching-learning-based optimization algorithm was
utilized to evaluate damage severity. The damage index in [86] was the same as that
in [85]. Although the damage indices derived from modal strain energy are similar in
many studies, different techniques are utilized in the second stage, e.g., Jaya algorithm [87],
finite element (FE) model updating [88], genetic algorithm [89,90], differential evolution
algorithm [91], etc. Apart from beam and truss, these two-stage methods have been applied
to thin plates [87,88] and composite plates [90,91]. However, although the dimension
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of search space in the second stage is substantially reduced by approximately localizing
the damage, an obvious disadvantage is that if the true damage location is not correctly
identified in the first stage, there is no remedial measure in the second stage and the
damage would remain unidentified throughout. The study conducted by Xu et al. [92] is
an attempt to address this issue. They proposed an iterative approach where the two stages
were conducted alternately. Through cyclic iterations, the predicted damage locations and
damage severities were mutually calibrated; thus, false positive indications of damage
could be gradually suppressed. By embedding an element activation operation into the
iterative process, false negative indications could be activated and retested. This method is
an improvement to the traditional two-stage method, but some experiments are needed to
verify its efficacy. It is possible that the convergence rate is slow when damage is minor or
when noise is pronounced (in either case, the number of false positive/negative indications
may increase, which extends computation time).

A mode storing the maximum modal strain energy provides more accurate results
for damage detection [93], and this mode does not have to be the first mode. Therefore,
selecting the modes that are most indicative of the damage is important. Wu et al. [94]
presented a procedure for selecting sensitive modes. The modes that significantly contribute
to the modal strain energy changes (before and after the damage occurrence) of an element
were regarded as the sensitive modes of that element. The sensitive mode of an element
was defined according to (a) the magnitude of normalized elemental modal strain energy of
the intact structure and (b) the noise immunity of the element. The proposed modal strain
energy-based damage indicator was the average normalized modal strain energy changes
of the selected sensitive modes. In the numerical model, the damage was simulated by
reducing the modulus of elasticity of damaged elements. The proposed damage localization
indicator was numerically proven to be more robust than traditional indicators utilizing
the first several modes together.

Methods based on the changes in elemental modal strain energy have shown rea-
sonable accuracy in damage localization, while their performance in quantifying damage
severity is poor. Striving to address this issue, some researchers proposed methods based
on cross-modal strain energy [95,96]. Here, ‘cross’ means that compared with the expres-
sion of the traditional modal strain energy term, the expression of the defined cross-modal
strain energy is similar, except that the modal vectors are replaced by the ith modal vector
from the undamaged structure and the jth modal vector from the damaged structure. A
review of modal strain energy-based methods was conducted by Wang and Xu [97] with a
comparative study on a 3D off-shore platform structure. They classified the methods into
four categories, namely, damage index method (e.g., [98,99]), modal strain energy change
method (e.g., [94]), cross-modal strain energy method (e.g., [95]), and other methods. The
pros and cons of four typical damage detection algorithms were demonstrated via the
comparative study, and slight superiority to other algorithms was exhibited for the modal
strain energy decomposition method in the first category.

Modal strain energy-based damage detection method has also been applied to inho-
mogeneous materials such as functionally graded materials [100] and laminated composite
plates [90]. In [100], the elemental modal strain energy change after the damage occurred
was taken as the damage index. The influence of noise level, damage extent, the order
of mode shape, and the gradient index of the material were investigated. However, as
the damage was considered as a stiffness reduction in an element, whether this method is
feasible in experiments requires further research. In [90], the delamination in composite
plates was detected. The genetic algorithm was applied to FE model updating, and the
parameters of damage were updated. The proposed objective function in the genetic algo-
rithm was based on natural frequency and weighted strain energy; thus, the sensitivity of
elemental strain energy to damage location could be fully utilized.

Experimental studies employing modal strain energy-based damage index are of-
ten found in frame models or offshore platform scale models [101–103]. Damage detec-
tion under varying environmental and operational conditions has also been researched.
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Xu et al. [104] considered temperature variations and proposed a method based on residual
modal strain energy. To eliminate the influence of temperature variations on damage
localization, principal component analysis was applied to measured mode shapes. Through
principal component analysis, a set of observations of possibly correlated variables could be
converted into a set of values of linearly uncorrelated variables. By projecting the measured
data to the principal component space, temperature effects and damage were accounted
for using different principal components; thus, temperature effects and damage were de-
coupled. Changes in mode shapes due to temperature variations were then subtracted
from measured mode shapes, leading to residual mode shapes. The method was verified
through the numerical model of a 3D off-shore platform. Multiple damages were clearly
localized. Overall, the results in [104] indirectly reflect the efficacy of the modal strain
energy decomposition method [97,98], which is more suitable for damage localization in
3D skeletal structures by considering the modal strain energy in both transverse and axial
directions. It should be noted that uniform temperature distribution was assumed in [104],
and other sources of noise were not considered.

4.2. Comments

Some important points that emerge from the above review of modal strain energy-
based methods follow:

(1) In most modal strain energy-based methods, modal strain energy is checked element
by element. The advantage is that damage can be localized within an element (if
disregarding false alarms), and the accuracy can be guaranteed (if the element size is
reasonable). The disadvantage is that the number of elements increases for complex
structures, and more degrees of freedom are involved. Modal strain energy in multiple
degrees of freedom should be considered to ensure that no false-negative alarms occur.
Therefore, most studies are focusing on beams, planar frames, and 3D frames. For 3D
frames, the modal strain energy decomposition method is necessary.

(2) The performance of modal strain energy-based methods in damage quantification is
generally unsatisfactory. Optimization algorithms or FE model updating are often
utilized to estimate damage severity. Thus, many modal strain energy-based damage
detection methods exhibit a two-stage feature, i.e., damage location is determined
in the first stage, and damage severity is evaluated in the second stage. This is a
common characteristic of many vibration-based damage detection methods, but it is
more obvious when modal strain energy is used. A false-positive alarm in the first
stage may lead to error in the second stage, and a false-negative alarm in the first
stage cannot be corrected afterward. Thus, the iterative two-stage method (e.g., [92]),
where the two stages are conducted alternately, deserves further research.

(3) As modal strain energy is evaluated in an elementwise manner, modal strain energy-
based methods fit the finite element method (FEM) well. In many numerical studies
using the FEM, the damage is considered by introducing elemental stiffness reduction.
Although many damage indices are proven reliable in numerical studies, simulated
and experimental results may differ significantly. This is because cracks or corrosion
in practical applications may not exactly map to the general stiffness degradation of
an element. Apart from numerical studies, more experimental studies are needed to
assess and, if possible, improve the reliability of modal strain energy-based methods
for practical applications.

(4) The presence of the false-positive alarm remains a major challenge. Normally, it
is assumed that the effect of damage is constrained within a certain element and
other elements are intact. However, the actual effect of damage usually distributes
unevenly in a certain area instead of being concentrated. Thus, false-positive alarms
could happen near the damage. Wei et al. [88] presented a method for reducing
false-positive alarms, but at the cost that the magnitude of the damage index was
holistically suppressed. It means the number of false-negative alarms may increase
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if the damage is minor and the signal contains noise. Overall, the problem of false
alarms calls for further research.

5. Methods Based on Modal Flexibility
5.1. Review

The dynamically measured modal flexibility matrix has been employed in damage
detection. Damage results in a flexibility increase in elements near the damage, especially in
the corresponding diagonal terms of the modal flexibility matrix. Pandey and Biswas [105]
took the absolute change in the modal flexibility matrix as the damage index. The stiffness
matrix K can be expressed as

K = Φ−TΛΦ−1 (1)

where Φ is the mass normalized mode shape, Λ is the natural frequency matrix given
by Λ = diag

{[
ω2

1 ω2
2 · · · ω2

n
]}

. The flexibility matrix F is the inverse of the stiffness
matrix K, and it can be written as

F = ΦΛ−1ΦT =
n

∑
i=1

ΦiΦ
T
i

ω2
i

(2)

where n is the number of modes and Φi (i = 1, 2, · · · n) represents the ith mode shape. The
maximum variation observed in the column of the modal flexibility matrix after damage
occurs corresponds to the damage location. The flexibility matrix converges rapidly with
increasing frequency; thus, it can be easily and accurately estimated from a few of the
low-order modes. The minor contribution of high-order modes to modal flexibility can
also be observed from the inversely proportional relationship between the flexibility and
the squares of natural frequencies in Equation (2). In [105], the damage was modeled by a
reduction of the modulus of elasticity in the damaged element, and the damage severity
was related to the extent of the reduction. An experiment was conducted on a wide-flange
steel beam with a splice at the mid-span. Damage was represented by opening bolts from
the splice plates. The first two modes were used to estimate the modal flexibility. It is worth
mentioning that the magnitude of the modal flexibility change was very small (around
10−11) if the damage (i.e., stiffness reduction) was not severe.

Many modal flexibility-based methods involve optimization algorithms. These meth-
ods normally show a two-stage feature. In the first stage, a damage index is proposed
based on modal flexibility, and subsequently, an objective function is formulated in which
the global extremum solution represents the damage location. In the second stage, various
optimization algorithms are utilized to find the global extremum solution in the search
space. The challenge in the second stage is typically to avoid being trapped in local optima
while accelerating the convergence. There is usually a trade-off between finding global
optima and boosting convergence speed by, for instance, iteratively reducing search space.
Hosseinzadeh et al. [106] presented an objective function based on the modal assurance
criterion and modal flexibility matrix. The novelty of this objective function was to search
the geometrical correlation between the vector of a monitored damaged structure and the
vector of an analytical model with unknown damage severity. Both vectors were composed
of diagonal terms of modal flexibility matrices. In the second stage, the conventional parti-
cle swarm optimization algorithm was modified by considering the experiences of all kinds
of particles (eligible particles and bad particles) when searching the solution domain; thus,
premature convergence could be avoided. Dinh-Cong et al. [107] presented an objective
function based on the Frobenius norm of modal flexibility change matrix. In the second
stage, the differential evolution algorithm was modified by enhancing the balance of global
and local searches in each generation. To be specific, the variables corresponding to healthy
elements were gradually eliminated after several generations to reduce the dimension of
search space, thereby accelerating the convergence. Ahmadi-Nedushan and Fathnejat [108]
introduced a new damage index based on modal flexibility and modal strain energy. The
modal strain energy of each element was normalized by the diagonal terms of the modal
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flexibility matrix. The normalization was performed because of the two characteristics of
modal flexibility matrix: modal flexibility matrix can be estimated using merely the first
few modes; modal flexibility matrix is a diagonal matrix. Thus, the normalization made it
possible to improve the performance of modal strain energy by using a smaller number
of modes. A modified teaching-learning-based optimization algorithm was employed in
the second stage. Results showed that the new damage index resulted in a smaller search
domain of the optimization algorithm. It should be noted that in the numerical models
of [106–108], the damage was modeled by stiffness reduction in the damaged element, and
mass reduction was not considered.

Modal flexibility-based methods have been compared with other methods by some
researchers. Wang et al. [109] applied FE model updating to a cracked three-story frame.
The damage was modeled by stiffness reduction, and elemental stiffness parameters were
updated. Based on the same set of data, two objective functions were proposed. One
objective function was a weighted function of mode shape residues and natural frequency,
and the other was the modal flexibility residue. The advantage of the former objective
function was that different weights could be assigned to natural frequencies and mode
shapes; thus, the measurement accuracy could be considered. In comparison, this cannot
be achieved in the modal flexibility-based objective function. In both objective functions,
the uncertainties in the measured modal data were assumed as independent, normally
distributed random variables with zero means and specific covariance. It was found that the
introduction of different weights in the first objective function made the modal parameter-
based method outperform its counterpart. Measured mode shapes usually contain larger
noise than measured frequencies. Introducing different weights can be a feasible way to
suppress noise effects. However, it may be difficult to determine suitable weights, and
some case-dependent trial calculations are necessary.

Altunisik et al. [110] compared a modal curvature-based method with a modal
flexibility-based method. A crack was modeled using a local flexibility matrix in the
analytical model based on the transfer matrix method. Crack detection in multi-cracked
steel cantilever beams with circular-hollow cross-sections and box cross-sections was car-
ried out through changes in modal curvature and modal flexibility. Because there were
only six measurement points, the cracks could not be localized precisely every time. In
terms of detecting multiple cracks regardless of their depths, the modal curvature-based
method performed better than the modal flexibility-based method. However, when the
number of measurement points was limited, the modal flexibility-based method would
be a better option. However, one should bear in mind that in the presence of cracks with
different severity, the modal flexibility-based method tends to be less sensitive to smaller
cracks. This was also observed by Kahya et al. [111] when comparing the application of
two damage indices, i.e., the absolute changes in modal curvature and the modal flexibility
after damage occurred, in laminated composite beams with multiple edge cracks.

To identify multiple damages and enhance noise immunity, data fusion techniques
were considered by some researchers. Data fusion techniques combine data from multiple
information sources to improve accuracy and robustness. In [112], for example, mode
shapes of the damaged and undamaged states were regarded as information sources,
and local decisions were made through the relative change of modal flexibility at each
element and subsequently fused. In contrast to using the relative change alone, multiple
damages could be identified more clearly when data fusion was used. However, the
situation where multiple damages with distinct severity are present is not studied. Previous
studies (e.g., [110,111]) have shown that the effect of severe damage may be dominant and
consequently obscures minor damages. Further research is needed to determine whether
data fusion techniques can tackle this issue.

Unlike the data fusion technique that accumulates a shared characteristic from multiple
information sources, the statistical pattern recognition method aims to identify a certain
damage pattern from a large amount of data. For example, Entezami et al. [113] proposed
a hybrid method combining modal flexibility and clustering analysis. Clustering is a
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statistical tool for dividing data into clusters based on similarity. The discrepancy between
the modal flexibility matrices of the damaged and undamaged states of a structure was
taken as the damage-sensitive feature. The advantage of [113] is good noise immunity.
It was shown that when the noise level increased from 0% to 10%, the variation in the
Frobenius norms of clustering outputs was negligible. However, to make the damage
signature pronounced, a huge amount of data is processed when using statistical pattern
recognition methods, such as the clustering method.

The in-situ application of modal flexibility-based damage detection is scarce.
Schommer et al. [29] conducted in-situ dynamic testing on a new concrete bridge and
a retired prestressed concrete bridge in Luxembourg. The influence of temperature on
frequencies and modal flexibility matrices of the new bridge was investigated. Before
demolishing the retired bridge, artificial damages were introduced in multiple steps, and
the variation in frequencies and modal flexibility matrices was studied. Artificial damages
were made by cutting tendons and subsequently inducing cracks using mass loading of
250 tons. In the dynamic test, both bridges were excited by an excitation force of 2.5 kN
from an unbalanced mass exciter. Figure 14 shows that the temperature in summer can
lead to a frequency drop as large as 15.5% for the first bending frequency of the new
bridge, which is consistent with the description in [25–28]. Figure 15 shows the influence of
temperature on the modal flexibility matrix based on the first two modes of the new bridge.
As the temperature changes, a global shift can be observed in diagonal terms. According to
the authors’ explanation, the temperature effect may be due to the thermal sensitivity of
the thick asphalt layer and the elastomeric bearing pads of supports.
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The variation of natural frequencies as the damage develops is shown in Figure 16.
Comparing Figure 16 with Figure 14, the magnitude of frequency drop caused by dam-
age is similar to that caused by temperature change, which indicates the importance of
maintaining a roughly constant temperature during the measurement. Figure 17 shows the
variation of diagonal terms in the modal flexibility matrix that is based on the measurement
of seven modes. The damage on the first cutting line located at the mid-span could be
identified, whereas the damage on the second cutting line located above the intermediate
support was not detected due to the low absolute flexibility or the high stiffness. Overall,
ref. [29] demonstrates that the type of support and the damage location have a considerable
influence on modal flexibility-based damage detection. The modal flexibility change is
often very small, especially when the damage location is far from the region with high
modal curvature. Therefore, it can be challenging to make correct interpretations when
measurement noise and temperature effects interfere.
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5.2. Comments

Based on the above literature survey, some comments are made as follows:

(1) The greatest strength of the modal flexibility-based damage index is that modal
flexibility converges rapidly with increasing natural frequency. Thus, the modal
flexibility matrix can be properly estimated by using the first few modes. This is
beneficial because, normally, only a limited number of modes can be measured in
a practical structure. However, most of the damage indices are based on modal
flexibility change, which means baseline information is indispensable. This is the
most obvious limitation of modal flexibility-based methods. Baseline information is
obtained from the FE model of the intact structure in many studies, whereas baseline
information is not always available for a practical structure.

(2) Modal flexibility is a function of both natural frequencies and mode shapes. It inherits
the noise immunity of natural frequency as well as the spatial information from mode
shape, which makes it a sensitive parameter to damage location. However, it is
difficult to formulate an explicit relationship between modal flexibility and damage
severity. Thus, the modal flexibility-based damage index is not a good candidate for
severity estimation.

(3) Data-driven techniques (e.g., data fusion, clustering, big data analytics, etc.) seem
promising when dealing with some challenging situations where, for example, multi-
ple damages are present or modal data contain considerable noise. Although multi-
damage scenarios are considered in the above literature, it is still unknown whether
the proposed methods are applicable for identifying closely spaced damages. More-
over, when there are multiple damages with distinct severity, the performance of those
methods seems not satisfactory. It is shown in [112] that compared with using the
relative change of modal flexibility alone, multiple damages can be identified more
clearly when data fusion is employed. For the heavily noise-polluted modal data,
ref. [113] shows that the clustering approach has stable performance. Overall, hybrid
methods combining data-driven techniques or statistical pattern recognition deserve
further research.

6. Concluding Remarks and Future Recommendations

This study provides an overview of vibration-based damage detection with emphasis
on the application of natural frequency, mode shape, modal curvature, modal strain energy,
and modal flexibility-based damage detection methods in civil structures. The current state
of the art is given for each type of method, followed by some comments on characteristics,
pros and cons, and potential research opportunities. In this section, the main findings from
this literature review are briefly summarized, and areas where further research is indicated
are addressed.

Summarizing the reviewed literature and extracting the main features of most studies,
a schematic of the general methodology of vibration-based damage detection is presented
in Figure 18. From START to END, each possible route represents a possible methodology;
thus, the flow chart implies numerous possibilities: whether they are baseline-free or
baseline-dependent; one-stage, two-stage, or even multi-stage; advanced signal processing-
assisted or FE model-involved, etc.

The characteristics of the five vibrational signature-based damage detection methods
discussed above are briefly outlined in Figure 19. The efficacy of natural frequency-based
methods has been verified only under laboratory conditions by some researchers, and
the artificial damages used are of significant magnitude. In contrast, they may serve the
purpose of proof of concept, their feasibility for practical damage detection when the
damage is small enough to be repaired, or their applicability in the presence of multiple
damages has not been verified. Although the natural frequency-based method may be easy
to implement, it is advisable to supplement it with other methods, for example, methods
based on mode shape or methods considering an auxiliary mass, to take advantage of its
global nature while circumventing its inherent drawbacks.
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Based on mode shape and its derivatives, such as modal curvature, extensive re-
search has been conducted on various methodologies. Even though measurement noise
emerges as a crucial factor determining the reliability of these methodologies, the sensi-
tivity to minor damage is highlighted in their application. However, problems relevant
to measurement error propagation and amplification still pose a challenge for methods
based on mode shape derivatives. Compared with natural frequency-based methods, the
mode shape and modal curvature-based methods have an increased demand for mea-
surement equipment. However, with the increasing availability of high precision and
quasi-continuous modern measurement techniques (such as scanning laser vibrometers,
piezoelectric sensors, fiber optic sensors, and smart wireless sensors), the mode shape and
modal curvature-based methods are likely to receive considerable attention as potential
solutions for damage detection.

Modal strain energy and modal flexibility are good candidates for damage localization.
However, due to the approximation adopted in the calculation of modal strain energy,
the accuracy for damage severity estimation based on modal strain energy is inadequate.
Moreover, to date, no explicit mathematical relationship has been derived between modal
flexibility and damage severity. Considering these issues, combining the modal strain
energy or modal flexibility matrix with other supplementary methods is common, and
damage localization and severity estimation can be solved successively in a two-stage or
multi-stage manner (as shown in Figure 18).

From the reviewed literature, the authors believe the following lines of research will
be beneficial in turning theory into practical implementation.

(1) Damage-induced changes in dynamic parameters such as natural frequency, mode
shape, modal curvature, etc., have been used as indices in damage detection. However,
the changes in parameters relevant to structural integrity, such as levels of stress
and displacement, have been ignored. For example, damage-induced changes in
stress fields have not been fully utilized in vibration-based damage detection. When
the damage severity varies, natural frequency, displacement, and stress levels may
change to different extents. This then raises a question of whether the damage that
causes a small change in natural frequency, which is difficult to distinguish from
measurement noise based on existing technologies, can cause stress levels that are
significant enough to warrant remedial action. If this is not the case, then frequency
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measurement based on current technology can still be a good indicator of damage
that should trigger inspection and repair. Thus, a direct comparison between the crack
severity threatening structural integrity and the crack severity causing a measurable
frequency change is necessary.

(2) An auxiliary system affiliating to a damaged beam and plate has been used for damage
detection. For example, a stationary roving mass is utilized to enhance the effect of a
crack on the dynamics of a cracked beam and provide additional spatial information
about the crack [19,30]. A roving mass with or without rotary inertia has been used
for crack detection in beams, plates, and cylindrical shells [20,21,33,34] without any
knowledge of the theoretical model and irrespective of the crack severity. However,
its practical application is yet to be explored. Firstly, further research is required to
determine whether the measured frequency change is higher than the change caused
by measurement noise in practical situations. Secondly, the fact that the rotary inertia
does not act at a point would make the theoretical frequency jump in [33,34] simply
a steep change, which will raise the difficulty to discern the frequency change, and
advanced signal processing techniques such as wavelet transform may be needed. A
potential application of this method may be the use of traffic or a dedicated vehicle to
test the integrity of a bridge or monitor the health of a bridge. This would also mean
further research is needed to consider not only the effect of a roving body but also
the effect of a moving body, in which factors such as the velocity of the vehicle need
to be considered.
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79. Xu, W.; Cao, M.; Ostachowicz, W.; Radzieński, M.; Xia, N. Two-dimensional curvature mode shape method based on wavelets
and Teager energy for damage detection in plates. J. Sound Vibr. 2015, 347, 266–278. [CrossRef]
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