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Abstract: The support stiffness of the turbopump rotor system with angular contact ball bearing
varies with the rotational speed, which leads to the inaccurate prediction of the dynamics of the
turbopump rotor system. The model of the rotor bearing system was constructed based on the
theoretical model of angular contact ball bearing stiffness, and the dynamics characteristics of the
turbopump system were calculated. To verify the accuracy of the stiffness and the dynamics model,
a test system of the turbopump rotor with angular contact ball bearings was designed. Since the
bearing stiffness cannot be measured directly, a stiffness identification model was introduced, and
an unbalanced response test was conducted to verify the dynamics model. It was found that the
turbopump bearing stiffness increased dynamically with speed and reduced the unbalance response
of the rotor. The results show that the angular contact ball bearing stiffness model and the dynamics
model of the rotor support system are accurate and provide support for the dynamics design of the
turbopump rotor system with angular contact ball bearings.

Keywords: liquid rocket engine; angular contact ball bearing; turbopump rotor; stiffness theoretical
model; dynamic characteristics

1. Introduction

The turbopump becomes the main component of liquid rocket engines, which operate at
high speeds and high power densities. It causes significant vibration of the rotor [1–3]. Service
performance will deteriorate and even lead to severe failure of the rocket engine [4,5]. At the
same time, stiffness was an important factor affecting the dynamic characteristics [6,7]. It will
be significantly affected by operating parameters such as speed and operating temperature in
service [8]. Therefore, the stiffness characteristics of turbopump rotors were explored in order
to elucidate their effect on the dynamics.

The influence of bearing stiffness on the dynamics of rotating machinery has been
widely studied. The support stiffness function was fitted by simulating the response of
bearing vibration data under different loads [9]. In the aircraft engine, finite element
analysis for bolted housing with longitudinal mounting edge was carried out, and the
support stiffness has a great influence on the prediction of critical speed [10]. The influence
of support stiffness on critical speed by relative deflection provided a reference for dynamic
design [11]. It can be seen that the support stiffness is an important parameter affecting the
rotor dynamics. It is crucial for dynamic characteristics such as critical speed.

On the other hand, stiffness evolution has also received considerable attention in order
to investigate its effect on dynamics. An analytical stiffness model for aircraft engine bear-
ings was established. The effects of bearing inner and outer ring fit parameters, centrifugal
effects, thermal effects and combined loads on bearing stiffness were explored [12]. The
front support structure of a type of engine was modeled, and the dynamic stiffness curve
was established using the finite element method. In addition, the structural, assembly and
operational parameters that may affect the dynamic stiffness of the engine system have
also been thoroughly analyzed [13–17].
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However, most of the current research has focused on aircraft engines. Very little re-
search has been completed on rocket engine turbopump rotors. For example, the differences
between three different support structures for a type of turbopump rotor were analyzed.
The effect of the reference mass on the critical speed was investigated and compared with
experiments [18]. However, an in-depth analysis of stiffness is still lacking.

Considering the important influence of bearing stiffness on dynamics, the identifi-
cation of dynamic stiffness has also attracted attention. The identifying method of the
aero engine V pivot bearing stiffness has been established. The influence of inner and
outer ring fit parameters and tightening torque of cylindrical roller bearings on bearing
stiffness was investigated [19]. Based on the Jeffcott rotor, a dynamic stiffness test method
independent of the initial bending was proposed, which uses the linear relationship be-
tween the unbalanced rotor excitation force and the response, and the dynamic stiffness
was obtained by a double-disc rotor tester [20]. Based on the combined elastic support
structure, the dynamic stiffness of the bearing was determined using the support reaction
force and displacement [21]. The hammering method was used to test the dynamic stiffness
of aero engine magazine bearings, and the effects of measurement and impact points were
investigated [22]. Unfortunately, the above studies focus on aero engines and lack the
stiffness identification for turbopumps.

In summary, relatively little research has been carried out on the bearing stiffness
of turbopumps. In particular, the evolution law and mechanism of the bearing stiffness
on turbopumps are still unclear. Therefore, theoretical and identification models for the
dynamic stiffness of bearings were developed. At the same time, tests have been carried out.
Dynamic properties such as the unbalanced response of the rotor were revealed. The laws
of stiffness evolution were elucidated. In turn, the influence of the speed on the dynamic
stiffness was studied. Finally, the influence mechanism of the stiffness on rotor dynamics
was revealed.

2. Stiffness Theoretical Model of Angular Contact Ball Bearing

Considering the structure and operating characteristics of turbopumps, the bearings
were subjected to extremely high speeds and large axial loads. The bearing stiffness is
affected, which in turn causes vibration. Therefore, in this section, bearing clearances and
contact angles were determined for a rocket turbopump rotor, taking into account the
effects of speed, structure and assembly parameters. In turn, a theoretical model of the
bearing stiffness was developed to establish the evolution of the bearing stiffness.

2.1. Clearance and Contact Angle

Clearance and contact angle are important bearing parameters. Due to the radial, axial
and angular clearance (Cr, Ca, Cα), the bearing contact angle is not zero and rolling element
and raceway of relative position are as shown in Figure 1.
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Figure 1. The relative position of the ball bearing.
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Where D is the rolling body diameter, R is the raceway curvature radius, O is the
curvature center. The subscripts i, o are inner and outer rings, and the ratio of the radius of
curvature to the rolling element diameter ( fi and fo). Thus, the contact angle α is

α = arccos
(

1− Cr

2( fi + fo − 1)D

)
(1)

Under the working condition, the bearing was subjected to the spindle mating pressure,
the nut preload and the centrifugal force, resulting in the clearance and contact angle of the
bearing being changed. The reduction in the hollow shaft mating diameter (∆Iω), the inner
diameter of the bearing inner ring (∆d) and the diameter of the inner ring raceway groove
bottom (∆dg) are [23]

∆Iω =
ρb
(
d + dg

)3Ω2

32Eb
+

ρs(d + d0)
3Ω2

32Es
(2)

∆d = qiυbd
2Eb

∆dg =
qiυsdg

2Eb

(3)

where d and d0 are the inner diameter of the bearing and shaft, dg is the diameter of the
bottom of the raceway of the inner ring, E is the elastic modulus, ρ is the material density, Ω
is the speed, v is the Poisson’s ratio and qi is the end stress of the inner ring. The subscripts
b and s are bearings and shafts. Thus, the radial clearance reduction in the inner and outer
rings (∆Cri and ∆Cro) is obtained. The final actual clearance is

Cr
′ = Cr − ∆Cri − ∆Cro (4)

2.2. Stiffness Theoretical Model of Ball Bearing

From the internal geometric relationship, when the bearing was subjected to the
combined load, the relative axial displacement δa, radial displacement δr and angular
displacement θ occur in the inner and outer rings. The center of curvature of the outer ring
raceway remains unchanged. The position relationship between the j ball center and the
center of curvature of the inner and outer ring raceway before and after loading is shown
in Figure 2.
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Figure 2. Schematic diagram of: (a) position, (b) displacement and (c) load of the jth ball under
loading.

As shown in the figure, the ball center moves from O to O′. The center of curvature
of the inner ring raceway moves from Oi to Oi

′. The center of curvature of the outer
ring raceway does not move, and the contact angles between the ball and the inner and
outer rings change to Oij and Ooj. Considering the contact deformation of the ball and the
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raceway δi and δo, assuming that the axis and radial distance between the raceway and the
ball center after loading are Xa and Xr, the equation can be obtained:

(
Saj
′ − Xaj

)2
+
(
Srj
′ − Xrj

)2 −
[
( fi − 0.5)D + δij

]2
= 0

Xaj
2 + X2

rj −
[
( fo − 0.5)D + δoj

]2
= 0

(5)

After the deformation relationship was determined, the load analysis was carried out.
The centrifugal force Fc and gyroscopic moment Mgj were considered:

Fc =
1

12
πρD3ωm

2Dm =
1

12
πρD3

(ωm

ω

)
j

2
ω2Dm (6)

Mgj = J(ωbωm)sinβ j = J
(ωb

ω

)
j

(ωm

ω

)
j
ω2sinβ j

where ρ is the ball density, D is the ball diameter, ωm is the ball angular velocity, ω is the
inner ring rotation velocity, J is the moment of inertia, ωb is the ball angular velocity and β j
is the attitude angle.

It can be seen that the gyroscope torque of the ball was balanced with the friction
torque of the raceway, and the contact loads of the inner and outer ring raceway were Qi
and Qo, respectively. The distribution coefficients λij and λoj of the raceway friction torque
were introduced for the j ball. The force balance of the ball in the horizontal and vertical
directions can be obtained [23]:

Fa =
Z
∑

j=1

(
Qijsinαij −

Mgj
D λijcosαij

)
Fr =

Z
∑

j=1

(
Qijcosαij +

Mgj
D λijsinαij

)
cosψj

M =
Z
∑

j=1

[(
Qijsinαij −

Mgj
D λijcosαij

)
Ri +

λij Mgj
D ri

]
cosψj

(7)

When the bearing was loaded, there is an elliptical contact surface between the rolling
element and the ring raceway. Generally, the contact deformation was within the elastic
limit. When the contact surface size was smaller than the contact body, the Hertz model
was used [24], and the contact stiffness of the ball raceway was established. Afterwards,
based on the contact between the raceways and the balls, the angular and radial stiffnesses
of the bearings were shown in the following equations:

K =
πµ

2F

(
3E2Q
∑ ρ

) 1
3

(8)

Kr =
Z

∑
j=1

KrijKroj

Krij + Kroj
cos2

[
2π

Z
(j− 1)

]
(9)

2.3. Dynamic Model of Rotor System

In order to investigate the dynamics of a turbopump rotor system with angular contact
ball bearings, a rotor dynamics model was developed using the discrete finite element
method [25–27]. The dynamic equations are expressed as follows:

Ms ..
q + (Cs −ΩGs)

.
q + (Ks + K + Kr)q = Qs (10)
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Here, q is the generalized displacement vector, Ω is the rotor speed, Ms is the mass
matrix of rotor system. Cs is the rotor system damping matrix, which is determined by
half power method. Gs is the gyroscopic torque matrix, Ks is the stiffness matrix, K is the
angular stiffness matrix of angular contact ball bearing, Kr is the radial stiffness matrix of
angular contact ball bearing and Qs is the unbalanced force.

The unbalance force of the rotor system can be expressed as

Qs = QccosΩt + QssinΩt (11)

where Qc = mεΩ2cosβ, Qs = mεΩ2sinβ, m is the unbalanced mass on the turbo pump
rotor, ε is the mass eccentricity and β is the eccentricity phase.

Hence, the iterative form of the steady-state response solution of a turbopump rotor
system with angular contact ball bearings was as follows:

qn+1 = qn+1
c cosΩt + qn+1

s sinΩt (12)

The steady-state response can be obtained by substituting expressions (10) and (11)
into Equation (12).[

qn+1
c

qn+1
s

]
=

[
Ks + K + Kr −MsΩ2 Ω(Cs −ΩGs)
−Ω(Cs −ΩGs) Ks + K + Kr −MsΩ2

]−1[Qc
Qs

]
(13)

In this expression, n is the number of iteration steps, and the specific iteration process
was as follows:

(1) The radial stiffness and angular stiffness of the angular contact ball bearing were
calculated, according to the inner ring speed at the nth time of the current speed.

(2) Based on Equation (13), and the equivalent stiffness obtained from the above previous
step, the vibration response at (n + 1)th will be obtained.

(3) Compare the vibration response of the nth and (n + 1)th. If it is less than the
threshold value, the iteration exits. Otherwise, the response of (n + 2)th was defined
as the mean value of the vibration response at nth and (n + 1)th, and the iterative
solution was continued.

3. Dynamical Response of the Turbopump Rotor System
3.1. Structure and Modal Analysis

Figure 3 shows the overall structure of the turbo pump rotor system, which is com-
posed of the centrifugal wheel, induction wheel, turbine and other components. It was a
single-rotor structure. The turbine was welded to the main shaft as a whole. The turbine
was supported by an angular contact bearing, and the centrifugal wheel end was supported
by a deep groove ball bearing. The bearings transmit the load through the bushings. The
angular contact bearings, bushings, deep groove ball bearings, centrifugal wheels and
induced wheels were mounted on the spindle. They were pressed into by a shaft-end
locking nut. The centrifugal and inducer wheels were fitted to the spindle with small
clearances, and the bearings were fitted to the spindle with small interference fits.

The turbo pump rotor system was discretized into 27 nodes, in which the induction
wheel, centrifugal wheel and turbine were located at the 7th, 10th and 27th nodes. The
bearings were located at the 12th and 19th nodes. The disk element parameters were shown
in Table 1, and the finite element model is shown in Figure 4.

Based on the above model, the speed range was set from 0 to 40,000 r/min, and the
dynamics model was solved using the state vector method. The calculated critical speed is
shown in Figure 5 and the corresponding model is shown in Figure 6.
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Table 1. Parameters of disk element.

Project Inducer Wheel Centrifugal Wheel Turbine

Radial moment of inertia/kg·m2 0.006842 0.02731 0.03904
Polar moment of inertia/kg·m2 0.00899 0.05027 0.07707

Quality/kg 3.025 6.978 8.86
Node number 7 10 27
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Figure 4. Discrete model of rotor system.

The 1st order critical speed of the turbo pump rotor system was 25,132 r/min,
which is the pitching mode. The 2nd order critical speed was 34,271 r/min, which is the
bending mode.
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3.2. Stiffness Model Verification of Angular Contact Ball Bearing

In order to investigate the influence of angular contact ball bearings on the vibration
of the turbo pump rotor, firstly, the unbalance distribution of the rotor was determined.
According to the unbalance requirements of the turbo pump, an unbalance of 27.2 g·cm was
set. The distribution of the unbalance is shown in Table 2. According to the phase matching
criterion for the residual rotor unbalance, the vibration response of the corresponding mode
was maximum, and the effect of the angular contact ball bearing on the vibration of the
turbopump rotor system can be effectively observed.
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Table 2. Distribution of the unbalance.

Position
Measure of Inequality (g·cm)

Quality Phase

Inducer wheel 12.4 0
Centrifugal wheel 7.4 0

Turbine 7.4 0

To investigate the effect of axial force on the dynamic characteristics, the effect of angu-
lar contact bearing stiffness due to axial force on the unbalanced response was calculated.
When the axial force was increased from 1000 N to 3000 N, the unbalance response curves
for the shaft end, induced wheel, centrifugal wheel and turbine are presented as shown in
Figure 7.
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As shown in Figure 7, the vibration response of the turbo rotor system decreases as the
axial force increases until the 1st order critical speed. However, above the 1st order critical
speed, the vibration increases as the axial force increases. The real turbopump rotor system
operates at 18,000 r/min. This indicates that the increase in axial force has a suppressive
effect on the vibration of the turbopump, which is conducive to the reduced vibration
response of the turbopump rotor system.

The fit between the outer ring of the bearing and the turbo pump is the main factor
affecting the bearing clearance. When the clearance was increased from 0.005 mm to
0.015 mm, the unbalanced response of the turbo pump rotor system is shown in Figure 8.
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Figure 8. Response of turbopump rotor at different mating clearances.

As can be seen from Figure 8, the response of the rotor system is increasing as the
bearing outer ring mating clearance increases. This indicates that the vibration response of
the turbopump rotor will be excited by a larger fit clearance. Therefore, the fit clearance
should be reduced within a reasonable range.

Considering the clearance fit, there will be deviations in the alignment. The angle
between the misalignment and the initial unbalance of the induced wheel (i.e., the initial
position deflection angle) was analyzed. The vibration response of the turbopump is shown
in Figure 9.

As shown in Figure 9, the vibration response of the turbopump rotor was the largest
when the tilt angle between the spindle and the initial unbalance were in the same phase.
The opposite was the minimum. It acts as a counterweight to reduce the residual rotor
unbalance, and it results in lower vibration amplitude of the rotor system.
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4. Results and Discussion of Turbopump Rotor Tests

A turbopump rotor tester was built to investigate the dynamics. Then, dynamics tests
were carried out to verify the dynamics of a turbopump rotor test system with angular
contact ball bearings.

4.1. Turbopump Rotor Test System

The turbopump rotor test system with angular contact ball bearings corresponds to
the construction of the turbo pump in Figure 3. The rotor was flexibly connected to the
drive motor, and the experimental system operates in the speed range 0 to 12,500 r/min.
The reflective paper was attached to the coupling as a phase marker.

A test system was designed to obtain rotor vibration information. It consists of sensors,
signal conditioner, data acquisition card and computer, as shown in Figure 10. The vibration
information was captured by displacement and acceleration sensors, and the speed was
monitored by photoelectric sensors. The sensors were mounted orthogonally in order
to reflect the horizontal and vertical characteristics. The shaft end nut, the centrifugal
wheel, the sleeve and the turbine were defined as the test sections. At the same time, the
acceleration sensor was mounted on the rotor support. Thus, six measurement sections
were formed in total. The sampling frequency was set at 10 kHz. The software CAMB 9100
2.0 for rotating machine condition monitoring and dynamic balancing system was used for
subsequent analysis.
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4.2. Stiffness Theoretical Model Verification

In the operating condition, the interference between the inner ring of the bearing and
the spindle was 0.019 mm, and the clearance between the outer ring of the bearing and
the housing was 0.021 mm. The tightening torque of the locking nut was 1400 Nm. The
contact angle of the bearing was determined to be 8.37◦. It is used as an iterative initial
value, and the bearing stiffness was determined according to the stiffness theoretical model.
The effect of speed on stiffness was also analyzed. The bearing parameters required in this
calculation are shown in Table 3.

Figure 11 illustrates the theoretical values of the bearing stiffness. It can be seen
that the bearing stiffness gradually increases from 1.08 × 108 N/m to 1.14 × 108 N/m as
the speed increases. This indicates that the stiffness shows a significant trend with speed.
This reflects the dynamic change in the rotor bearing stiffness of the turbopump. At the
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same time, as the speed increases, the rate of change in the bearing stiffness converges to
a stable value.

Table 3. Parameters of bearing element.

Density g/cm3 Modulus of
Elasticity GPa Poisson’s Ratio Number of

Balls
Inside

Diameter mm
Outside

Diameter mm
Ball

Diametermm

7.75 200 0.29 10 70 125 17.46
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As the stiffness of angular contact ball bearings cannot be measured directly, a stiffness
identification method was introduced using the linear relationship between response and
unbalance [12]. During the test, the rotor system without added unbalance was carried out.
The unbalance response was recorded. Then, an unbalance was added to the centrifugal
wheel (Table 4). The vibration response was recorded.

Table 4. Unbalance magnitude and phase.

Group Amplitude/g·mm Phase/◦

Test 1 43.365 60
Test 2 270.81 240

Figure 12 illustrates the unbalanced response of the turbopump rotor in Test 1. The
speed was gradually increased to 11,500 r/min, followed by a deceleration and stop. It can
be seen that the sensitivity of the rotor components to unbalance varies with the addition
of unbalance at the centrifugal wheel. The response amplitude was greatest at the shaft
end, followed by the centrifugal wheel, and lowest at the sleeve. This is consistent with
the shaft end being in the cantilever section, where the vibration response was greater.
As the turbopump was a rigid rotor, the critical speed was higher than the operating
range. Therefore, with the exception of the centrifugal wheel, the variation in vibration
displacement with speed was not significant. However, the vibration acceleration of the
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rotor support rises rapidly with increasing speed. The vibration threshold was approached
at 11,500 r/min, which will affect the operating conditions.
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Figure 12. Unbalance response of the turbopump rotor in Test 1: (a) hub center, (b) centrifugal wheel,
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Meanwhile, Figure 13 shows the unbalance response of the turbopump rotor in
Test 2. The effect of location on the unbalance is consistent. The response amplitude
was highest at the shaft end, followed by the centrifugal wheel, and the sleeve has the
smallest. At the same time, the response was significantly higher than Test 1, when the
amount of unbalance increases.

The rotor response was found to be very sensitive to the amount of unbalance. As
shown in Figure 14, the unbalance response at the turbine was stable below 2000 r/min.
As the speed increased, the unbalance response increased rapidly. In order to further
investigate the influence mechanism, the vibration response obtained in Test 1 and Test 2
was subtracted from the initial state vector without adding the unbalance; this eliminates
the influence of the initial unbalance. Hence, the bearing stiffness was obtained using the
identification method in this work.

As shown in Figure 15, the turbopump bearing identification stiffness exhibits a dy-
namic change. As the speed increases, the stiffness gradually increases from 1.00× 108 N/m
to 1.25 × 108 N/m. This indicates that the increase in centrifugal force caused by the speed
will lead to changes in the bearing structural dimensions. This in turn affects internal
parameters such as clearance and contact angle; ultimately, the bearing stiffness was varied.
It is worth noting that the identification value of the stiffness shows a convergence trend
as the speed increases. In order to compare the theoretical model of bearing stiffness,
the theoretical values of stiffness are also shown in Figure 15. The results show that the
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experimental identification results were closely related to the operating conditions, and
that meets the theoretical expectations.
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Figure 14. Unbalance response of the turbine in Test 1.
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Figure 15. Comparison of experimental and theoretical stiffness of the ball bearing.

In order to compare the difference between the theoretical model and the identification
results, the stiffness estimation error of the angular contact bearing was calculated as shown
in Figure 16. The evolution law of the two test results was consistent. At the same time, it
can be seen that the estimated error of the angular contact bearing stiffness was within 10%.
Through the test verification, the validity of the turbopump bearing stiffness model was
demonstrated. It will provide important support for the design of the turbopump.
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4.3. The Influence of Stiffness on Unbalance Response

As discussed in Section 2.2, axial force is an important factor affecting stiffness. So,
tests were carried out at an axial load of 1850 N. As shown in Figure 17, the unbalance
response of the turbine occurs in a similar law to that of the unapplied axial force
(Figure 14). The unbalance response of the rotor is stable up to 2000 r/min. As the speed
continued to increase, the unbalance response at the turbine increased. However, as the
axial force increases, the magnitude of the unbalance response decreases significantly at
the same speed.
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Figure 17. Unbalance response of turbine under axial force of 1850 N.

The unbalanced response of turbopump rotors is an important factor affecting their
performance in service. Through the work above, the phenomenon of dynamic changes
in the stiffness characteristics has been identified. The evolution law and mechanism of
the dynamic stiffness have also been revealed. In order to investigate the influence of the
bearing stiffness of the turbopump on the unbalanced response, the following work has
been carried out.

Firstly, the dynamics model of the rotor system was used to determine the unbalance
response by considering the bearing stiffness as both a fixed value and a dynamic variation,
respectively. The dynamic stiffness was determined by experimental data. Using the
unbalanced response at the shaft end, the effect of the dynamic characteristics of the
stiffness was explored, as shown in Figure 18.

It can be seen that the unbalanced response of the turbopump was significantly lower
in the dynamic stiffness state compared to the fixed stiffness value. This is in better
agreement with the actual test results. Therefore, the stiffness model should be modified
in the actual turbopump rotor design. The accuracy of the damping can be improved by
using the dynamic stiffness model.
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Figure 18. Influence of dynamic stiffness on shaft end unbalance response.

5. Conclusions

In this paper, the dynamics of a rocket turbopump rotor with angular contact ball
bearings were investigated. The focus is on the effect of bearings stiffness on the dynamic
behavior of turbopump rotors. Theoretical analysis and experimental verification were
carried out. The following conclusions are obtained:

(1) A theoretical model for the angular contact ball bearings stiffness considering speed,
structure and assembly parameters was developed. Then, a dynamic model of the
rotor system was also developed. The dynamics of the turbopump rotor system
were also calculated. The effects of component position, fit state and axial force on
the unbalance response were elucidated. It was found that the shaft end was more
sensitive to the unbalance response. It was shown that the unbalance response was an
important factor affecting the service performance.

(2) In order to verify the accuracy of the stiffness model and the dynamics model, a tur-
bopump rotor test system with angular contact ball bearings was designed. Unbalance
response tests were also carried out. The tests found that the dynamic characteris-
tics were consistent with the theoretical analysis, while the axial force reduced the
unbalanced response of the rotor. It was shown that the developed model of the
stiffness is accurate with the dynamics of the rotor system. This provides support for
the dynamics design of a turbopump with angular contact ball bearings.

(3) As the stiffness of angular contact ball bearings cannot be measured directly, a stiffness
discrimination model was introduced. The dynamic increase in the bearing stiffness
was found in the test. The variation law and mechanism of the stiffness were revealed.
It was verified that the stiffness prediction error was less than 10%. This provides
important support for the design of turbopump rotors.

(4) The unbalanced response of the turbopump rotor at dynamic stiffness was signif-
icantly lower compared to the fixed values. This is in better agreement with the
actual test results. So, the effect of dynamic stiffness on the dynamic response of the
turbopump was elucidated.
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Therefore, the stiffness model should be modified in the turbopump rotor design. The
accuracy of the dynamical design can be improved using a dynamic stiffness model. This
provides the theoretical basis for the development of a new generation of highly reliable,
high-power, reusable turbopumps.
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Abbreviations

α contact angle
βj attitude angle
β eccentricity phase
ε mass eccentricity
C clearance
C damping matrix
D rolling body diameter
d inner diameter of the bearing
d0 inner diameter of the shaft
dg The diameter of the bottom of the raceway of the inner ring
∆d inner diameter of the bearing inner ring
∆dg the diameter of the inner ring raceway groove bottom
E elastic modulus
Fc centrifugal force
J moment of inertia
K stiffnesses
K Stiffnesses matrix
G gyroscopic torque matrix
Mgj gyroscopic moment
M mass matrix
m unbalanced mass
n the number of iteration steps
ρ material density
R raceway curvature radius
X The distance between the raceway and the ball center
O curvature center
Q contact load of the inner and outer ring raceway
Q unbalanced force vector
ω the inner ring rotation velocity
ωm Angular velocity of ball revolution
Ω Rotor speed
f The ratio of the radius of curvature to the rolling element diameter
∆Iω hollow shaft mating diameter
v Poisson’s ratio
λ The distribution coefficients of the raceway friction torque
qi end stress of the inner ring
q displacement vector
δ displacement



Vibration 2023, 6 678

θ angular displacement
Z Number of balls
subscript
i inner ring
o outer ring
b bearings
s shafts
a axial
r Radial
α Angular
j The ball number
subscript
‘ The location after deformation
s rotor system
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