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Abstract: This work considers forced vibrations in a rotating structure consisting of a two-stage
spur gear system with coexisting defects, specifically pitting and cracking. Numerical simulations
and experimental analysis in various scenarios of the system in operation were conducted using
the RPM-Frequency mapping technique. To identify fault characteristics, the analysis performed
assumed the gear system had been misadjusted by a combination of pitting and cracking on the gear
teeth. The correlation of the system-forced responses under regular and chaotic vibrations revealed
that the system is far more sensitive to the crack than to the pitting when there are fluctuating
harmonic peaks present at high vibration levels.
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1. Introduction

Gear transmission maintenance is crucial for extending the life and reliability of
equipment. However, the unique design and demanding working conditions of gear
systems make predicting failure and damage difficult. Transmission errors can cause
increased noise and vibration, and defects on the gear teeth can weaken resistance and
lead to destruction [1]. Pitting and cracking are common gear problems that can cause
significant failures. It is important to study these issues to monitor the condition of the
transmission system and diagnose faults early.

Top of Form

Cracks in the gear teeth affect the bending stiffness due to stress in the root that
exceeds the material endurance limit, but do not affect contact stiffness [2]. Progressive
cracks appear at the base of the tooth defect with each rotation of the mechanism, and are
particularly visible in thin, heat-hardened stainless steels that are highly stressed.

Pitting can cause the deformation of the teeth and the gear transmission system,
resulting in vibration and noise problems.

These crack and pitting defects, when not detected early, significantly influence the
vibration behavior of the gear system [3]. Therefore, researching the mechanism and
diagnosing gear defects is crucial to avoid problems.

In the literature, several publications on monitoring and diagnosing gear systems
have addressed cracks and pitting separately, with few addressing the vibration signature
of coexisting nonlinear cracks and pitting in a two-stage spur gear, which is a difficult
problem to diagnose and analyze.

Condition monitoring and fault diagnostics are useful for ensuring the safe running of
machines [4]. To meet the ever-increasing demand for the maintenance of gear systems,
industrial companies have traditionally depended on the shutdown of the machines or
processing the fault diagnosis. However, online monitoring has proven to be effective in
terms of machine state analysis and fault prediction. Vibration-based condition monitoring
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has become increasingly important in the maintenance of industrial and automotive gear-
boxes [5]. Vibration analysis can be used to detect damage in gear systems by analyzing
the vibrations produced by the gears as they rotate.

Analysis of the vibration characteristics of cracked gears provides a theoretical basis
for diagnosing cracking faults. The potential energy approach was initially developed for
calculating gear stiffness by Yang and Lin [6]. Based on this approach, Wei investigated the
calculation of the time-varying meshing stiffness and dynamic characteristics of a two-stage
helical gear system [7]. Hertz’s contact energy, bending deformation energy, and axial
compression energy all contributed to the elastic deformation of the gear. The gear is seen
as a variable cross-section cantilever beam in this method. Meng created a dynamic model
with a cracked first-level spur gear, using the segmental stiffness approach to examine the
vibrational response of the crack rupture [8]. Chen also created a dynamic model to study
the dynamic properties of a two-stage planetary gear transmission with a fractured gear [9].

Yan et al. [10] used an analytical gear meshing stiffness calculation model with tooth
surface crack. Li et al. [11] considered the axial force of a helical gear as an improved
calculation method for TVMS with crack faults.

Methods for diagnosing and identifying gear pitting defects have been divided into
two categories in recent years: model-based and data-based [12].

Ma et al. applied a similar model, but their study focused on the impact of pitting
evolution on dynamic gear responses [13]. Meng et al. created a model to examine the
changes in gear meshing stiffness as severe pitting levels grew from healthy gearing,
modeling the geometry of the pits as a sphere [14]. Pitting is caused by friction between
the tooth surfaces during the gear meshing process; however, the cracking expands with
each setting load and is located at the tooth root. The effective contact area is reduced,
the gear teeth are bent, and the gear transmission system’s bearing capacity is reduced
because of pitting on the surface of the gear teeth only. Its appearance is due to exceeding
the elastic limit in stress at the root of the tooth and on the side of the tooth in tension.
Because of the change in the meshing stiffness of the gear, the deformation of the teeth and
gear transmission system is more likely to cause vibration in the working process, resulting
in system vibration and noise problems.

Hou et al. [15] used the potential energy approach to solve the TVMS of ideal gears
with various levels of pitting severity.

For the diagnosis and analysis of the two defects, time—frequency analysis is a mod-
ern diagnostic approach with great sensitivity that gives a good diagnostic capacity for
characterizing the dynamic behavior of the gear system [16-18]. The set of coexistence
defects present on the gear teeth weakens the mechanical resistance, which can lead to
their destruction and cause enormous damage. Model-based techniques require a thorough
understanding of dynamic modeling as well as precise system condition parameters, and
vibration analysis is the most extensively utilized technique [19].

Indeed, by utilizing the appropriate technology to provide qualitative information
on the forces applied to the machine components, this method enables the diagnosis of a
possible malfunction. Spectral analysis is the approach used most frequently to investigate
mechanical vibration. Furthermore, depending on the critical method of determining
the intensity of the damage in local fault detection, the symptoms of the fault can be
determined in the experimental instance. However, the application of such a technique in
the analysis of multiple combined nonlinear faults is still a subject of study where predicting
the maintenance of the gear system and preventing an untimely stoppage in a machine
process are concerned. In recent years, based on the method mentioned above, the TVMS
of gears without fault has been obtained by many researchers [20], and many scholars have
studied the tooth crack fault of gears [8,21]. Tiancheng et al. [22] used a three-dimensional
finite element model to derive and validate the gear mathematical model with pitting—crack
coupling faults.

The pitting and cracking of gear teeth can be understood by looking at the mechanics
of the gear meshing process. When gears mesh, the teeth meet each other at a specific
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point, called the contact point. At this point, the gears experience high contact stresses and
pressure, as the teeth must conform to each other in order to transmit power.

Pitting can occur when these high contact stresses and pressure cause small surface
defects, called pits, to form on the gear teeth. These pits can be caused by a variety of
factors, including improper lubrication, high loads, and poor surface finish.

Cracking can occur when the high contact stresses and pressure cause small surface
cracks to form on the gear teeth, which can then become larger over time. These cracks can
be caused by a variety of factors, including improper heat treatment, high loads, and poor
surface finish.

Both pitting and cracking can reduce the strength and durability of the gears and can
ultimately lead to gear failure if left unaddressed [23].

This paper proposes a novel model of tooth-pitting—crack coexistence faults. A method
for calculating the stiffness of a spur gear with combined pitting and crack faults is also
proposed. The influence of crack and pitting parameters and time-varying mesh stiffness
on the vibration characteristics of a gear system is studied. The coexistence of pitting
and cracking faults on a two-stage spur gear system is analyzed. The time domain and
frequency domain results and the RPM—frequency map are obtained for the 10 degrees of
freedom gear system with coexisting defects and compared with experimental results. The
results obtained in the first stage serve as the baseline for the second stage of the study,
which examines the behavior of the vertical vibrations generated by the gear system.

This paper is divided into the following sections: Section 2 introduces the proposed
calculation model of gear meshing stiffness for a gear with coupled pitting and cracking
on the tooth surface. Section 3 provides a brief overview and the governing equation for
the dynamic mathematical modeling of a two-stage spur gear system, while in Section 4
the description of the test bench and experimental findings for validating the simulated
response using the proposed dynamic model are shown. Section 5 discusses the two-stage
gear system fault characteristics in relation to simulation and experiment. The significant
findings and conclusions of the work are highlighted in Section 6.

2. Calculating Gear Meshing Stiffness Model

In this study, based on the parameters of a spur gear system shown in Table 1, the
calculation of the meshing stiffness of the spur gear begins by illustrating the perfect state
of the gear, followed by the damaged one.

Table 1. The main features of spur gears.

Value
Parameters Driving Gear (Pinion) 1 Driven Gear (Wheel) 24
Young Module (E) [Pa] 2.068 x 1011 2.068 x 1011
Pressure angle (°) 20 20
Poisson’s ratio 0.3 0.3
Number of teeth Z; = Z3 (pinion) and Z, = Z4 (gear) 30 90
Base circle radius of a pinion R; = Rz [mm] and gear Ry = R4 [mm)] 30.1 76.1
Mass m; (pinion) and m; (gear) [kg] 0.96 2.88
Meshing stiffness of bearings kj, k3 (pinion) = ky, k4 (gear) [N.s/m] 6.56 x 107 6.56 x 107
Damping coefficient of bearings ¢y, c3 (pinion) = ¢y, ¢4 (gear) [N.s/m] 1.8 x 10° 1.8 x 10°
Torsional stiffness of coupling kp, (pinion) = kg (gear) [N.s/m] 4.4 x 10* 4.4 x 10*

Damping coefficient of coupling cp, (pinion) = cg (gear) [Nm. s/rad] 5 x 10° 5 x 10°
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2.1. Spur Gear at the Perfect State

This section focuses on the correct gears, the involute of the circles, and the numerical
model vibration responses. An involute of a circle is defined as the curve created by a point
N on a straight line as it rolls without sliding on a circle, known as base circle (Figure 1).
The gear system is evaluated with a meshing stiffness equal to that of a pair of involute
gear profiles with no machining errors.

Root gircle
Base circle 4
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Figure 1. Beam model for a spur gear tooth when the root circle is bigger than the base circle.

This section determines the effective gear meshing stiffness using the potential en-
ergy principle.

The total potential energy stored in a gear system is composed of four components,
including the Hertzian energy, bending energy, axial compression energy, and shear energy,
which are expressed as follows:

Ub:;i:Z(Fb(d;EXIi_M)ZdX 0<x<d 2
Ua—;iz_:;ixdx 0<x<d ®)
Uszézzjzléidx 0<x<d 4)

where the moment of inertia of the surface I, and section area A, of the tooth can be
calculated as follows:

1 3
I = 35(2h)’L )
Ay =2xhy xL (6)
and the expression of which can be determined using the following formula:

E
¢ = 2mv @)
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As illustrated in Figure 1, the bending force Fy, produces bending and shear effects,
while the axial force F, produces axial compression and bending effects. Couple M was
used to illustrate the bending effect F,. It is expressed as follows:

M=F, xh )

where h is the distance between the point of contact and the tooth center line, which may
be calculated using the following formula [8]:

h =Ry [(x + op)coso; — sina | 9)

oy is half the angle of the tooth base.

To study the properties of the parameters for the angular displacements of the pinion
or wheel (angular displacement is the angle made by the pinion or wheel with respect to a
reference point), it is more convenient to express mathematical relationships in terms of an
angular rather than a linear variable (reflecting displacement). The involute geometry of
the gear profile is expressed using the following formula:

x = Rpcosax — Ry (op — o)sinee — R,cosay — Recosag (10)

whereas the height of the section, the distance between the involute corresponding to the
section at a distance from the root of the tooth, and the center line of the tooth can be
calculated as follows:

hy = Rp[(0x — o¢)cosee + sina] (11)

where o is the gear rotation angle.
Depending on the geometry of the involute tooth in Figure 1, the distance d between
the contact point and the tooth root can be expressed as follows:

d = Rp[(1 + op)siney + cosag] — Recosos (12)

The expression of the term (d — x) can be obtained by subtracting the Equations (10)
and (12):

d —x = Rp(x1sinag + apsinag + cosog — cosx + opsine + asina) (13)

where o is the half-tooth angle on the base circle, x3 describes the approximated half-tooth
angle on the root circle, and « is the angular displacement, expressed as follows:

oy = % + tanog + apthe (14)
Rosi
o3 = arcsin(bsérwcz) (15)
T

where Z; is the number of teeth of the pinion. The expression of o is expressed as follows:

Z5Cosug

= tan| arccos
“ ( Zo+2

Tt Zl
— = — - = 1
> 77 tanog + o chx (16)
where Z; and Z; are the numbers of teeth of the gear and pinion and « is the pressure angle.

The effective gear meshing stiffness is only considered when analyzing the coupled
torsional-lateral vibrations of pair spur gears in a one-stage gearing system to identify
pitting and cracking and simplify stiffness calculation.

2.2. Cracking and Pitting into the Tooth Surface

In this study, a cantilever beam model is integrated with single pitting and general
cracking calculations to simulate the coupling of two faults. This is illustrated in Figure 2c.
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Figure 2. Isometric profile of the tooth showing: (a) crack; (b) circular pit; and (c) coexistence of
pitting and cracking.

The study of the coexistence of pitting and cracking in gears starts by showing the
path of crack propagation at the root of the tooth, defined as a straight line in Figure 2a, and
then the normal distribution of pitting along the tooth profile direction and the uniform
distribution of pitting along the tooth width (L) direction, as shown in Figure 2b.

Three variables are used to express the circular pitting: the pitting depth (5), the
distance between the tooth root and the pitting circle center (u), and the circle radii of the
pitting (r). Furthermore, the different top views of the affected gear tooth are presented as
shown in Figure 3. At the moderate stage, Figure 3a shows the tooth failure region with a
constant crack depth, and Figure 3b shows the tooth failure region with a pit depth. As a
result, the coexistence of pitting and cracking is uniformly distributed in Figure 3c. This
changes the effective section of the gear tooth area and the area moment of inertia, as well
as the gear meshing stiffness.

Circular pit

/Path of crack

(a) u (b)

Path of crack Circular pit
A

u (o)
Figure 3. Top view of the tooth showing: (a) crack; (b) circular pit; and (c) coexistence of pitting
and cracking.
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The most widely used model in studies of gear meshing stiffness is the cantilever beam
model. In this study, calculations for single pitting and cracking are combined with the
cantilever beam model, as shown in Figure 4a, to simulate the coexistence of the two faults.
Figure 4b shows the affected tooth area at a moderate stage, with the maximum stress on a
spur gear tooth occurring at the point of contact between the two gear teeth. Therefore, the
location of the crack and pit, as shown in Figures 2 and 3, can have a significant impact on
the stress on the tooth.

Root circle | Basic circle d Fy
\ \u

Contact point

Crack arTa Pittin? area

Half section view of the tooth affected by the pitting and crack
(b)

Circular Pit

T~ Action line

Front view of the tooth affected by the pitting and crack

(a)
Figure 4. Tooth cantilever beam model of faulty gear: (a) front view and (b) haft view.

Accordingly, the sectional area through pitting and cracking will change both the area
and the area moment of inertia of the effective section, leading to different effects of the
combined crack and pitting on the meshing stiffness.

The system vibrates due to the contact of the loads at the meshing, which fluctuates
in response to the point of contact movement along the line of action. The transition is
primarily caused by a single tooth pair and variations in mesh stiffness during contact,
either without or with the pitting or crack fault. As a result, it is essential to investigate this
fluctuation in stiffness during the rotation of gears.

Due to the crack’s influence on the effective moment of inertia and the cross-section of
the surface, the bending and shear stiffness will change. As a result, the effective moment
of inertia and cross-section of the surface at a distance x (Equation (10)) from the root of the
tooth are determined using Equations (17) and (18).

1 3 .
N 13 (hat+hy)’L if x<d
Ta = {112(2hx)3L if x>d (17)

[ (ha+hy)L if x<d
A= { G i (18)

where I, is the effective moment of inertia of the cracked tooth, Ay, is the cross-section of
the surface of the cracked tooth, and h, is the height of the section at point A of the crack,
which can be written as follows:

h, = Rpsinay — gsimp (19)

The crack depth called q is only considered if it is less than half the thickness of the
tooth base noted h0, and { the crack angle. Hx is denoted as the height of the section at the
lowest contact point E on the tooth.
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2.2.1. Derivation of Mesh Stiffness for Cracked Gears

From the equations above, 2, 3, and 4 become the integration variable rather than
x. The bending stiffness equation can be obtained by using the potential energy of the
deflection Equation (1), which is based on the beam theory,

Case 1: when h, < hgor hy > hgand o1 < &,

d

—M)?
= 20
chrack CraCk 0/ 2Elxa dx ( )
: 2
[cosat; (d — x) — sinxqh]
= 21
/ Fl, dx @

Crack

By deriving the expression of x in terms of «, its derivative is expressed as follows:

% = —Rpsina — (Rp(—1)sinoc — Ry, (g — a)cosx) (22)

dx = Ry, (¢ — orp)cosad e (23)

Substituting Equation (20) into the term Equation (17), « becomes the integration
variable rather than x:

/0‘2 R?[1 + cosay (—cosac + (g + o)sina]? (o — o )cosex

El. da (24)

crack

where is the expression of the effective moment of inertia substituted into the Equation (21).
Therefore, the bending stiffness equation is expressed as follows:

do  (25)

/0‘2 12[1 + cosa (—cosax + (x + a)sine)]* (o — & )cosa
- 3

Kbgack E. L smocz — —smlb + (g — ot)cosoe + sina

Case2: Whenh, > hy and o > a,
I remains the same as in the perfect state.
2R}
I, = Tb[((ocz — &)cosx + sinet)|’L (26)
When the crack is above the tooth center line (—a; < & < —orp)
Ixa remains the same as in the first case.
R3 q 3
La = 5 {sm oy — ﬁsmlj)—l— ((oxp — o) cos & + sin cx)} L (27)
The potential energy of the deflection (bending) can be calculated using beam theory,
taking into account both set limitations with and without crack:

1 ro 3[1+cosoc1(7cosoc+(cx2+cx)sinoc)]z(cx2+oc)coscxdcx+
& 2.E.L((oty—)cosox+sinex)

fcxz 12[1+cosoc1(—cosoc+(oc2+oc)sinoc)]2(oc2+oc)cosocda (28)

—a

kbcrack

EL (sinocz - %siml) +(xp—&)cosx+sin oc)

When the crack is below the tooth center line (—o < & < —0tg)
A remains the same as in the perfect state.

Ay = 2(Rp[(xg — ox)cosax + sina| )L (29)

When the crack is above the tooth center line (—a, < & < p)
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Axa remains the same as in the first case.
Axa =Ry (sinocz — Risimb + (g — ot)cosax + sinoc) L (30)
b

The shear potential energy is used to obtain the expression of the shear stiffness
equation, which is based on beam theory:

1 / "1.2(1 4 v)cos?ay (o + ) cosa / 1.2(1 + v)cos?aq (op + o)cosa doc 31)
L . E.L((o2 — or)cosex + sinx) / E. L smocz - —s1mb + (op — )cosox + smoc)

Then, because of the crack effect, the bending and shear stiffness equations change.
As a result of the presence of the crack in the tooth root, the total meshing stiffness of a pair
of spur gears is composed of the Hertzian, bending, shear, and axial compressive stiffness
in sequence and can be expressed as follows:

k ! (32)
t(crack) = T | 1 1 1 1, 1 , 1
kp + ka1 + kbl (crack) + ksl(crack) + kaZ + kbz + kSZ
2.2.2. Derivation of Mesh Stiffness for Pitted Gears

The potential energy approach is used to calculate the effect of a pitted tooth on the
gear meshing stiffness. As shown in Figure 2b, a pinion tooth is described as a non-uniform
cantilever beam starting from the root circle.

The effective tooth contact width L is not constant and decreases when the surface of
the pinion tooth has pitting dispersed over adjacent teeth during meshing. Its expression
changes (L — ALy) correspondingly, and affects the expressions of hy, Ix, and Ay, all dif-
ferent from the ones given above for a perfect pinion tooth. ALy, AA,, and Al are used
to represent the reduction of the tooth’s contact width, area, and area moment of inertia,
where x is the distance to the tooth root. Their expressions are calculated as follows:

2 W2 —
ALX — 24/ (u X) ’ X € [u r,u-+ ]_'] (33)
0, others
ALY, X€u—r,u+r]
Ay = { 0, others 34
1 3 AxAAx hx_é g —
Al = { 2ALxS" + ( AX—(AAX2)> X € u—rutr] (35)
0 others
where u represents the distance between the tooth root and the circle centre of the pit, r is
the radius of the pitting circle, and 6 is the pitting depth.

Then, for gear pairs with a circular tooth pit, the Hertzian contact stiffness k;,, bending
stiffness ky,, axial stiffness k,, shear stiffness K, and Hertzian contact stiffness are deduced
as follows: E(L— AL

s — Al
ky = ——7—7 (36)
4(1-w)
z-25 3 3
1 _ - )Z(CC;):‘;.‘(;COS“Z)] ~ (1~ cosaycosa) + /“2 3[1 + cosay (—cosa + (o — a)sine)]* (o — 0‘)COS(Xcloc (37)
Kp(pitting) 2ELcosa + sinda —oy E [ZL((ocz — &)cosx + sinet)® — 3%}
1 12(1+ v)cos’ay (COSO‘Z ZZcosZo?o COSO‘?’) N 72 1.2(1 + v)cos?o (otp + o) cosxcos? oy d (38)
Ks piing) ELsina; . E [L((ocz — x)coset + sina) — %Aﬁtx]



Vibration 2023, 6 204
. 2 725 o .
1 S~ (cosocz ~ Zcosog COSO‘3> N / (ap + o)cosasin®oyy d (39)
= n a
a(Pitting) 2ELsino; %, E {ZL((OQ — «)coso + sinot) — Aﬁzx]

The total effective meshing stiffness of a pair of spur gears is expressed by the series
combination of bending stiffness ky,, axial stiffness k,, shear stiffness kg, and Hertzian
contact stiffness kj, as follows:

k ! (40)
toitted —
pitted 1 + 1 + 1 + 1 + 1 + 1 + 1
ki (pit) Kbl (pit) K o ka1 (pit) kb, ke ka,
2.2.3. Derivation of Total Effective Gear Mesh Stiffness under Coexistence of Pitting
and Cracking

Considering the first stage of the spur gear system affected by the coexistence of the
crack and pits in the pinion tooth root and surface, the Hertzian, bending, shear, and axial
compression stiffnesses change accordingly to Knpit), Kp, (pit+crack)s Ks; (pit-+crack), and Ka, (pit)
in sequence. As a result, the expression for total effective mesh stiffness for a two-stage
spur gear is:

1 1
il I S S S S B S R AT s e S s w0 I
kh(pit) kbl(Pit+crack) k51(pit+crack> kg, (pit) kp, ks, kap o kag  kpy kg kay kp, ks,
N—— o —
damaged driving gear(pinion) healthy driven gear health driving gear(pinion) healthy driven gear
L k,, @first stage ] L k, @second stage 1
2.3. Gear Mesh Stiffness Evaluation with Coupled Pitting and Cracking on the Tooth Surface

The equations mentioned are used to compare the mesh stiffness of a pair of spur
gears under 25% of pitting (moderate), 29% of cracking (moderate), and the coexistence of
pitting and cracking as displayed in Figure 5.

161" Perfect 1641

15 14t r\
=14 E 12+ [ perfect |
E -\ s |
~13r w0 f \ Moderated cracking
¥ X ; ‘Coexistence of both faults
w12r 7]
g
E 117 ?E sl \
5| £ | I
S09f 8, -

= i
Nl 0 \'_ ;
N e
0 5 10 15 20 25 - 0 5 10 15 20 25

(a) Angular displacement 6 (rad ) (b) Angular displacement 6 (rad )

Figure 5. Mesh stiffness: (a) healthy and (b) pitting—crack gear.

The results in Figure 5a demonstrate no irregularities in the pinion and wheel profiles,
as well as no reduction in the gear meshing stiffness. In Figure 5b, for a moderate pitting of
25% on the tooth surface, the meshing stiffness varies from 15 x 107 to 7.772 x 10’ N/m at
a period of 21.45 s. However, for a moderate cracking of 29% on the tooth root, the meshing
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stiffness decreases from 7.772 x 107 t0 6.9 x 10 N/m at a period of 22.31 s, which implies
significant damage to the major components of the gear vibration signal.

Due to the coexistence of pitting and cracking, the mesh stiffness for the severe fault
varies from 6.9 x 107 to 1.732 x 107 N/m. Pitting and cracking together enhance gear
bending fatigue and increase the weakening of the fractured tooth by dramatically lowering
gear mesh stiffness, and it was noted that the crack fault is more dominant on the gear
mesh stiffness than the pitting.

3. Spur Gear Dynamic Response

Figure 6a shows a two-stage gearbox with six bearings used to support the three
shafts—shaft 1 (input), rotating at (Tr) revolution per minute, which carried a pinion of
mass 1, a base circle radius 1, and moment of inertia 1 (m;, Ry, J1) driven by an electric
motor via an input coupling joint, which has the following characteristics: a torsional
stiffness (kp) and a damping coefficient (cp); shaft 2 (intermediary), which carried a wheel
of mass 2, base circle radii 2, within a moment of inertia 2 (my, Ry, J»), and carried a pinion
of mass 3, base circle radius 3, and moment inertia 3 (m3, Rs, J3); and shaft 2 (output),
rotating at (Tp) revolution per minute, which carried a wheel of mass 4, a base circle
radius 4, and moment of inertia 4 (my, Ry, J4), and was connected to a torsional stiffness
(kg) and a damping coefficient (cg) characterizing the load through an output coupling
joint, respectively. All bearings are represented by ki, vertical stiffness, and c;, vertical
damping on the input bearing; k; = ks, vertical stiffness, and c; = c3, vertical damping on
the intermediary bearing; and k4, vertical stiffness, and c4, vertical damping on the output
bearing. Figure 6b,c shows two pairs of spur gears, each with a pinion and a gear. The first
stage (b) and second stage (c) are properly coupled, and the two-surface gear contact is
subjected to torsional stiffness and damping forces generated by the gear meshing stiffness
ki1 and damping coefficient ¢y in Figure 6b and the gear meshing stiffness ki, and damping
coefficient ¢ in Figure 6¢.

Coupling joint Pinion /Shaft 1
Ly ' e A "
n O = )
E MOTOR I jﬂo = %
; <, — L FIRST STAGE
Bearing k¢ o SECOND STAGE
Pinipn Gear — iy v
J2 — — R 3
= N1I=)a
ang tial 0 X A E E 9
AN R, 2 /6’: =S|
(¢ ¢, \0, Intermediary Shaft| | — ;"UF
1 F angonta éﬂ . , m, g ( kg ’./ J| e (¢) Second Stage
A I A
. X :gl rk E\ i .H. )\ LOAD TL
(b) Fisrt Stage S Z/ 94 = \k eL T
t —
A = Wheel (gear)
Jymy
()

Figure 6. Schematic diagram of the two-stage gearbox with 10 DOF. (a) Gear transmission system, (b)
First stage contact, (c) Second stage (Pinion-wheel).

Lagrange dynamics in the inertial coordinate system allows us to develop a model
system. More detailed information regarding the consideration of adjustment faults such
as pitting and cracking, both combined into one fault in the two-stage spur gear system, is
given in the following section.

Figure 6a—c, respectively, show the meshing of a pair of spur gears and the diagram
of a two-stage spur gear transmission model. The effective gear meshing stiffness is only
addressed when analyzing the coupled torsional-lateral vibrations of pair gearing spurs
in a two-stage gearing system to identify pitting and cracking to simplify the stiffness
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calculation. Cracking and pitting are more likely to develop concurrently and concentrate
on the same tooth under heavy load and poor lubrication circumstances, but the mechanism
of gear multiple faults is still limited, which presents more obstacles in this study. The
model is based on the following premises: (1) the gear body is treated as solid; (2) the shaft
is rigid to avoid deformations; (3) engaged teeth are two isotropic elastic bodies; (4) the gear
is a standard spur with a pressure angle of 20 degrees; and (6) the root circle is larger than
the base circle, or the radius of the circle is greater than the radius of the base (Rr > Rb).

3.1. Motion of Dynamic Model

The model proposed in this paper provides a theoretical basis for studying the coex-
istence of pitting and cracking faults in a two-stage spur gear system and can be used to
analyse the vibration characteristics and diagnose the faults.

During the meshing of the teeth, 1 indicates the first pair and 2 indicates the second
pair. Based on the geometry of Figure 6, the system’s total kinetic energy T is written

as follows:
.2 ) .2 ) .2 ) .2 .2 -2 -2 -2
T= 2%m1x1 + gy + 3MaXs + gmaky + myy + 3 + gmayy + 3mayy + 3100 + 3)265 + 3/305+ (42)
1J464 2]m9 + 2]L9L

In the gearing system, the total potential energy U, which includes the strain energy
of rotating gears, is expressed as follows:

= k1 (33 jﬁ) +3k2 (3 +y3) + gks (x5 + yﬁz) + gka(x3 +y3) + 2kp (0 — 91)2+2
zk (64 — 61)" + 3ki, [(y1 + R161) — (v2 + Ra62)]” + 3ki, [(y3 + R363) — (y4 + Ryb4)]

Because viscous damping is considered in the gearing system, Rayleigh’s dissipation
function D is expressed as follows:

(43)

D= %Cl (x% + y%) + %CZ (x§ +y§> + %C3 (x§ +y§) + %64 (xi +yi> + %Cp (Qm - 91)2 + %Cg (94 - 9L>2+
Lo, [(yl n Rlél) - (y2 n Rzéz)r + Ly, [(% n R393) - (y4 n R494)]2

where the driving pinions are 1 and 3 and the driven gears are 2 and 4, respectively.

In this model of the two-stage spur gear system, 10 DOF are considered with four
lateral displacements y1, y2, y3, and y4 from the lateral vibrations developed on bearings
and six angular rotations as follows: driving motor 8y, pinion 81, wheel 0;, pinion 63,
wheel 0,4, and load 01, from the torsional vibrations.

By using the principle of virtual work, the equation of motion for the two-stage spur
gear system can be derived by taking the derivative of the LaGrange function with respect
to the lateral and angular displacement of the gears:

(44)

miyy + 1y + [(91 + R191> - (yz + Rz@z)} +kiy1 + ke [(y1 + R161) — (y2 + Ra62)] = 0 (45)
MYy + €2y — Cty [(3/1 + R191> - (i/z + Rzéz)} +kay2 — ki, [(y1 + R161) — (y2 + Ra62)] = 0 (46)
m3y3 + c3Y3 — C [(ys + R393> - (% + R494)} +k3ys + ki, [(y3 + R363) — (ya + Rabs)] = 0 (47)
g+ caily — iy [ (75 + Raf3 ) — (i + Rabs ) | + kays — Jiy (v + Rob3) — (4 + Ra6s)] = 0 (48)

J1iby — cp (ém — 91) +op, (R1y1 + R0y — Ryijy — R1R292) +

(49)
kt] (R1y1 + R‘%Ql — R1}/2 — R1R292) — kp(em — 91) =0
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J202 + kg (62 — 6,) + c1, (Rzih + RiRofy — Raijp — R§92) - 50)
kfl (Rz]/l 4+ R1Ry6; — Royoy — R%@z) + Cg <92 — 9L> =0

J303 + ct, (R3y3 — R3R404 — Ryyy, + R%%) + ki, (R§93 + Rayz — Ryyz + R3R494) =0 (51)
J4Bs + ke(04 —01) —ct, (R4y3 + R3R4603 — Ryyj, — Rﬁ(ﬁ) - 52)
kt2 (R4]/3 + R3R403 — Ryys — R42194) +cg (94 — GL) =0

Jonbm + Fep (B — 61) + ¢, (ém - 91) =T, (53)
J161 — ke (61— 01) — g (94 — éL) =-TL (54)

ky +kn
—kn
0
0
Rikn

Roki

—kn
k2 +kn
0
0
—Rikp

—Raokn

ks —kia

—kp

Rskip

Rykiy

0 0
0 0
0 0
0 0
0 0
J 0
0 I
0 0
0 0
0 0

0

0

ki
Ky + kex

Finally, the matrix can be expressed as follows when a pit and crack on the root and
surface of a pinion tooth coexist:

o o 0 i aten —cn 0 0 Ricn —Racn 0 0 0 0 n
0 0 o i —n e +en 0 0 —Ricn Racny 0 0 0 0 i
0 0 0 i 0 0 - @ 0 0 —Rscr Rycrp 0 0 s
0 0 0 s 0 0 2 csten 0 0 —Rsen Rycr 0 0 Vs
0 0 0 6, Rycy —Rycp 0 0 Ricy +cp —RyRycpn 0 0 —cp 0 6,
+ +
0 0 0 6, Racn —Rocn 0 0 RiRycq —Rjct +¢g 0 0 0 ¢ [
0 0 0 65 0 0 Rsern Rycrp 0 0 Ren RsRycp 0 0 05
Js 0 0 A 0 0 Ry —Rycpp 0 0 —~RsRscy  Riep +eg 0 —cg A
o 0 6 0 0 0 0 —¢ 0 0 0 ¢ 0 [J
0 [ o 0 0 0 0 0 0 0 —cg 0 cg oL (55)
Ryky —Rokn 0 0 0 0 n 0
—Rikn Rokp 0 0 0 0 v 0
0 0 —Rskiz Rykin 0 0 Y3 0
0 0 ~Rskey Rykiy 0 0 va 0
R}k +ky —RyRakyy 0 0 —kp 0 0 B 0
Ry Rokp —R3kn +ky 0 0 0 kg (3 0
0 0 R3kp R3Rykp 0 0 65 0
0 0 —R3Rykpp R}k + kg 0 —kg 0y 0
—ky 0 0 0 kp 0 O T
0 0 0 —kg 0 ke [ T,

3.2. Numerical Analysis of a Two-Stage Gearbox System with Coupled Pitting and Cracking on the
Tooth Surface

The advanced RPM-Frequency diagnostic technique will be used in the simulation to
effectively identify features of combined faults in a spur gear system [24]. The equations
will be solved using a MATLAB solver with the ode45 subroutine and a Runge-Kutta
discretization approach. For this study, slight pitting has been considered negligible at the
early stage. The simulation will last for ten seconds for each analysis, and the results will
be discussed in terms of the simulated and gear responses:

Figure 7a illustrates the vibration response of a gearbox in good condition with
no defects in the lateral displacement. The vibration signal is stable due to the perfect
gear transmission.

In Figure 7b, the frequency of the gear mesh (50.06 Hz) is the dominant amplitude in
the frequency spectrum (39.08 Hz) in the healthy gearbox. There are no harmonics or small
sideband amplitudes present around either frequency.

Figure 8a illustrates a drastic increase in peak amplitudes over a period of 4 to 10 s.
The size of the pitting defect on the tooth root is proportionate to the change in measured
peak amplitudes.
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Figure 7. Healthy gear response: (a) Time-domain and (b) FFT.
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Figure 8. Gear vibration response with a pitted tooth: (a) Time-domain and (b) FFT.
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In Figure 8b, there is a noticeable decrease in the amplitude of the gear meshing
frequency from 4.6 to 1.839 m/s?. Additionally, three sub-harmonics, a 25% pitting, and
sidebands in the frequency range of 80.08 to 800 Hz are present.

Figure 9a displays the highest fluctuation (between 0 and 10 s), with the primary
amplitude peak ranging from 1.5 to 2.48 m/s? between 4 and 8 s. The fluctuation in peak
amplitudes suggests the onset of crack-induced tooth surface damage at 25%.

Moderate cracking (29%)
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Figure 9. Gear vibration response with cracked tooth: (a) Time-domain and (b) FFT.

In Figure 9b, the propagation of cracks on the tooth root gear causes a fluctuation and
decrease in the amplitudes of the harmonics and sidebands, as well as a variation in the
meshing frequency of the gears ranging from 4.6 to 3 m/s.

In Figure 10a, it can be observed that, as the pitting zone increases in size, the depth of
the cracks increases significantly, the peak amplitudes of the vibration increase, and the
structure becomes unstable within 2 to 10 s.
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Figure 10. Gear with pitted—cracked tooth vibration response: (a) Time-domain and (b) FFT.

In Figure 10b, due to the pitting cracking defect, the presence of three sub-harmonics
surrounded by sidebands in the range of 80.08 to 800 Hz is observed. The gear meshing
frequency (fe) increases significantly from 4.6 to 4.839 m/s?.

Figure 11a displays a sample spectrum at 600 working speeds, which produces a wide
range of vibration frequencies when the gear is in good condition. As gear faults progress,
the narrowband components increase in amplitude (fluctuation of peaks) and serve as
a useful indicator for detecting suspected gearbox failures such as cracks, as shown in
Figure 11b. In Figure 11c, the frequency range of vibration, peak size, shape, and the onset
of narrow-band processes change in response to the pitting impact on the surface of the
tooth. Meanwhile, as shown in Figure 11d, the coexistence of pitting and cracking causes
a significant duplication of energy frequency between 100 Hz and 300 Hz and between
300 Hz and 450 Hz, indicating the evolution of chaotic motion in the spur gear system. As
a result, it is observed that the vibration peaks are visible in the spectrum once during each
rotation when the faulty gear’s surface and the healthy gear’s surface engage.
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(a) Frequency [Hz] (b)o Frequency [Hz]
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Fluctuation of peaks
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Figure 11. 3D-Waterfall: (a) healthy gear, (b) cracked gear, (c) pitted gear, (d) pitted/cracked gear.
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4. Experimental Model

In the dynamic analysis of a two-stage spur gear, extensive studies have been con-
ducted with a crack and a pit running at a constant speed, respectively. To evaluate the
simulation model for maximum speed conditions, a two-stage spur gear test rig was built.
As shown in Figure 12, the experiments were conducted on a gearbox test bench. The test
spur gear was lubricated with grease before being installed on the shafts held by bearings,
as specified in the manufacturer’s brochure. The experimental set includes an electric
motor with a jaw-type coupling to the gearbox and a speed regulator to control the rotation
frequency of the gearbox input shaft. The rotational speed, acceleration, and acting load of
the system, which has a maximum speed of 1420 rpm, were measured using the test bench.

Motor control

Figure 12. Experimental test rig.

A 0.55 kW three-phase induction motor drives a pinion positioned on the input shaft.
A resistive torque is provided by the mechanical brake dynamometer, which is coupled
to the output shaft of the transfer case, where the reducer is placed, and a power supply
with the necessary data-gathering system. Two small piezoelectric accelerometer probe
sensors measure vibration signals in the gear system, with lateral and vertical direction (Y)
sensitivity of 2.56 mv/ms~2 and an acceleration sensor range of 200 g to 200 g.

For an experimental study, a thin saw cut at the tooth root simulates a cracked gear
tooth to determine the crack depth, as shown in Figure 13a. A scanning electron microscope
is used to measure the cracking length pitting in Figure 13b and the combined fault pitting
and crack diameters in Figure 13c.

Figure 13. (a) Gear with crack, (b) Gear with pits, (c) Pitted—cracked gear.
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To create the comprehensive gear system, the Laboratory Virtual Instrument Engineer-
ing Workbench (LabVIEW) was used. LabVIEW-based data acquisition involves building
software to collect data from various sensors. The National Instruments (NI) 9234 vibration
acquisition card was chosen for the analog input modules. For the experiments, the sam-
pling rate is 10 kHz, and each sample lasts eight seconds to measure the signals within a
frequency range of 0 to 15 kHz with a frame rate of 1500.

The specifications of a spur gear system are provided in Table 1, and these data are used
to compute the meshing stiffness and dynamic reactions of the gear system with coupled
pitting and cracking on the tooth surface. The effects of coupled pitting and cracking on the
tooth surface on mesh stiffness and vibration characteristics are then studied and discussed.

4.1. Experimental Results

The experimental model results on the dynamic properties of pitted and cracked
gears are examined to confirm the simulated results using the proposed method. The
first test bench is used to evaluate the dynamic behavior of a two-stage spur gear with a
moderated crack of 0.5 mm in depth, a moderated pitting gear, and their coexistence in
real-world conditions.

Table 600. rpm, a frequency of 10 Hz, and, subsequently, a gear mesh frequency (fe) of
50.97 Hz make it possible to visualize the evolution of the harmonic amplitude as a function
of frequency. The results of the experiments shown in Figures 14-17 demonstrate the
capability of diagnosing gear failures in real machines using large amplitude fluctuations in
fault frequencies caused by sidebands. The vibration of the healthy gear at rest contains a
noise component due to the impact behavior of the teeth and other mechanical components
such as shafts and bearings, as shown in Figure 14a,b.
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105 I | I | [ | 1 I i i |
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Figure 14. Responses of a healthy gear: (a) Time-domain (b) Spectrum (FFT).
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Figure 15. Responses of faulty gear: (a) Time-domain and (b) Spectrum (FFT).
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Figure 17. Responses of the faulty gear with the pitted—cracked tooth. (a) Time domain and (b) FFT.

The vibration signals measured during the meshing of the pitted spur gear are shown
in Figure 15a. In comparison to a normal state, as shown in Figure 14a, it is observed that
the vibration’s amplitude is higher.
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Figure 15b illustrates the spectra of the measured signals, which show the appearance
of a peak near 588 Hz, which indicates the presence of pitting. As seen in Figure 15b, the
sidebands surrounding the gear meshing frequency (fe) are quite noticeable compared
to the normal state, which implies that a gear tooth has been damaged and helps us to
understand the root cause of the increased vibration.

Figure 16a depicts the vibration signals measured during the meshing of the cracked
spur gear. In comparison to a normal state, as shown in Figure 14a, it is observed that the
vibration’s amplitude is higher.

Figure 16b depicts the spectra of the measured signals, which show the appearance of
a peak near 588 Hz, which indicates the presence of pitting. There is a noticeable increase
in the amplitude of the sidebands surrounding the gear meshing frequency (fe) and along
the frequency range of 100 to 588 Hz compared to the pitting case in Figure 15b.

The result of vibration acceleration measurement for a gear with pitting and cracking
coexistence conditions (Figure 17a) demonstrates a considerable increase in vibration
amplitude compared to the results of Figures 14a—16a independently. The coexistence of
a 0.5-mm crack defect and 13 pits significantly impacts the vibration signal amplitude,
as shown in Figure 17b. However, as shown in Figure 18, the frequency plot of the
experimental results obtained using the 3-D waterfall frequency shows a sample spectral for
50,000 operating speeds, indicating that a wide range of vibration frequencies is generated.

Frequency-RPM of perfect gear Frequency-RPM of pitted gear at 25%

Narrow-bands due to transmission error

40,000 100 «@

Frequency-RPM of cracked gear at 29%
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Frequency-RPM of pitting and crack fault

Narrow-bands due to transmission error

, 005
S 0.04
S

£0.03
£0.02
<o0.01
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Figure 18. Spectrogram of gear: (a) perfect, (b) cracked tooth, (d) pitted tooth, and (c) pitted—
cracked tooth.

Due to the high number of erroneous peaks and signal leaks, spectral and time
analysis of the waveform alone are insufficient for diagnosing the problem. This deficiency
is addressed by extracting non-stationary data from the experimental test using the RPM-
frequency mapping technique.
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4.2. Feature Extraction of Experimental Results

In Figure 18a, the spectrogram shows that the energy bands have a small amplitude,
which indicates that the gear is not broken. In the presence of a crack endangering the tooth
root, Figure 18b shows how the size and shape of the bands alter, and the narrow-band
process begins. Three bands with high amplitudes and frequencies ranging from 0 to
900 Hz are depicted in Figure 18c. In Figure 18d, the RPM range is divided into four
dominant band segments used to monitor the evolution of vibration signal amplitudes,
identify pitting and cracking features, and distinguish the most dominant fault.

In Figure 18d, the RPM range is divided into four dominant band segments that are
used to monitor the evolution of vibration signal amplitudes, identify pitting and cracking
features, and distinguish the most dominant fault.

To further analyze the impact of coexisting pitting and cracking on the dynamic
response of gear systems, the vibration signal of the damaged gear system has been
denoised, as shown in Figure 19.
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Figure 19. Experimental denoised results. (a) Time—domain, (b) FFT and (c) RPM—Frequency.

Figure 19a shows how the gear vibration signals have changed. Because of the simul-
taneous occurrence of the tooth surface pits and root cracks, the three indicated periodic
impulses in the time domain can be identified.

The modulation effect of the fluctuating vibration signal impacted by the coexistence
of pitting and cracking can be noticed from the FFT spectrum in Figure 19b, and it is
observed that the characteristic frequencies (f, and f,) are significantly affected. It has been
observed that the sidebands and harmonic amplitudes of pitted and cracked gears can be
directly identified from the RPM-frequency map, as shown in Figure 19c¢.
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5. Discussion

According to the simulated results, as shown in Figure 6, the gear mesh stiffness from
the simulated results appears as a periodic decrease with a mesh frequency corresponding
to the defective gear rotation.

From the obtained vibration signals of the spur gear system, as shown in Figures 11 and 18,
a cracked tooth has a much higher vibration amplitude than a pitted defect. The impact
characteristics of the vibration signals, such as the gear mesh frequency and the rotation
frequency of the pinion shaft, obtained by the simulation model, as shown in Figures 7-11,
are more obvious than those of the experimental model. Due to the complexity of the ex-
perimental conditions, it is not unavoidable that external interference may alter the results,
such as the noise and other mechanical elements (bearings and shaft) of the gear system,
which scrambled the vibration signal shown in Figures 14-18. As a result, there are some
experimental variations. However, most of the concepts still hold, showing that the crack
characteristics have a greater impact on the vibration signal than the pitting characteristics.

6. Conclusions

In summary, this study proposes a novel model of tooth pitting—crack coexistence
faults in gear transmission systems and a method of calculating the stiffness of a spur gear
with a combined pitting and crack fault. The influence of the crack and pitting parameters
and time-varying mesh stiffness on the vibration characteristics of a gear system is studied.
The coexistence of pitting and cracking faults on a two-stage spur gear system is analyzed.
Both the time domain and frequency domain results and the RPM-frequency map are
obtained for the 10 degrees of freedom gear system with coexistence defects and compared
with experimental results. Based on the operating condition of a 10 Hz input frequency,
several conclusions are obtained:

(1) Cracking predominates in terms of meshing stiffness when the crack is moderate
(29%) and the pitting is moderate (25%).

(2) By observing the vibration mutation in the acceleration time domain, the vibration
peaks can be used to identify a defect; for the acceleration signal in the frequency domain,
the sideband frequency rise can indicate the nature of the defect.

(3) The sideband in the RPM—-frequency map responses is more sensitive to cracking
and pitting coupled faults affecting the gear tooth surface than the time domain and FFT
responses of the dynamics spur gear transmission system. The surface crack fault is easier
to diagnose than the surface pit fault because the side frequencies of the dynamics spur
gear transmission system increase and change more quickly and drastically during the
surface crack propagation.

(4) According to the simulation results for a two-stage spur gear transmission system
with a tooth cracking and pitting couple, complex sidebands form close to the gear mesh
frequency, and their harmonics and amplitudes rise as the severity of the cracking and
pitting couple increases. The experimental results indicate cracking and pitting on the
teeth with detailed defect characteristics which qualitatively assess the accuracy of the
modeling results.
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Abbreviations

The following abbreviations are used in this manuscript:

my Pinion mass at the first stage

my Wheel (gear) mass at the first stage

m3 Pinion mass at the second stage

my Gear mass at the second stage

X1 The linear displacement of the pinion at the first stage

X The linear displacement of the wheel at the second stage

X1 The linear displacement of the pinion at the first stage

X2 The linear displacement of the wheel at the second stage

Y1 The linear displacement of the pinion at the first stage

Y2 The linear displacement of the wheel at the first stage

Y3 The linear displacement of the pinion at the second stage

Ya The linear displacement of the wheel at the second stage

N1 Mass moment of inertia of the pinion at the first stage

P Mass moment of inertia of the gear at the first stage

I3 Mass moment of inertia of the pinion at the second stage

Ja Mass moment of inertia of the gear at the second stage

Jm Mass moment of inertia of the motor

IL Mass moment of inertia of the load

ky, Stiffness of the input bearing in y-direction at the first stage
ky, Stiffness of the input bearing in y-direction at the second stage
ky, Stiffness of the output bearing in y-direction at the first stage
ky, Stiffness of the output bearing in y-direction at the second stage
kp Torsional stiffness of the input shaft coupling

kg Torsional stiffness of the output shaft coupling

k¢ Gear meshing stiffness

Cq Torsional damping of the output shaft coupling

cp Torsional damping of the input shaft coupling

ct Gear meshing damping

61 and 6, The angular displacement of the pinion and gear at the first stage
03 and 64 The angular displacement of the pinion and gear at the second stage

Ry and R, Base circle radius of pinion and wheel at the first stage

Rz and Ry Base circle radius of pinion and wheel at the second stage

Cy, and Cy, Damping of the input bearing and output bearing at the first stage
Cy, and Cy, Damping of the input bearing and output bearing at the second stage
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