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Abstract: Late detection of cracks can lead to serious failures and damages of drilling components,
especially drill pipes and drill bits. Currently, the widely used method of repairing rotary drilling
systems after a failure is corrective maintenance. Although this strategy has shown its effectiveness
in many cases, waiting for a failure to occur and then performing a repair can be an expensive and
time-consuming operation. Thus, the use of preventive maintenance under the aspect of periodic
inspections can solve this problem and help engineers detect cracks before they reach critical sizes. In
this study, modal analysis and finite element analysis (FEA) combined with artificial neural networks
(ANN) were used to dynamically estimate the depth and location of a circular arc crack in the
drill pipes of rotary drilling systems. To achieve this goal, a detailed analytical approach based on
Euler–Bernoulli beam theory was adopted to validate the first four natural frequencies found by
FEA for an undamaged pipe. Afterwards, an arc crack was assigned to the pipe already created
using Abaqus, and the first four natural frequencies were obtained for each depth and location of the
crack. Simulations with FEA led to the generation of a dataset with two inputs—depth and location
of cracks—and four outputs: natural frequencies. Moreover, a multilayer perceptron (MLP) was
designed and trained by the data collected from simulations. Finally, a comparison between the
results obtained by FEA and ANN was performed, where both approaches showed a good agreement
in predicting the depth and location of cracks.

Keywords: modal analysis; vibration analysis; finite element analysis; crack; drill pipe; rotary drilling
systems; artificial neural network

1. Introduction

To extract oil and gas from sedimentary rocks [1], a deep hole of thousands of meters
must be drilled. To do this, oil companies use rotary drilling technology, a concept based
on rotating steel pipes with a rotary table or a top drive [2], also applying sufficient weight
on the bit (wob) to overcome the different resistance forces [3,4].

However, the complex loading and the non-linear interactions with the borehole
can lead to the appearance of several types of vibrations [5,6]. These vibrations could
significantly accelerate the process of fatigue failure of the drilling system [7,8], especially
if there are already cracks in the structure of the drill pipes [9]. Moreover, fatigue crack
growth is the principal reason for the occurrence of sudden failures in the drilling field.
The two main aspects of these failures are twist-off and wash-out [10]. In fact, toolstring
failure leads to loss of availability of tools and equipment in the field [11,12], loss of money,
an increase in nonproductive time [13], and many other repercussions. For these reasons,
avoiding sudden failures is one of the most interesting topics for researchers and engineers.
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In this context, many studies have been carried out aiming to identify the causes of crack
generation and detect the weakest part of drill pipes. Li et al. [14] conducted an analysis of
the optimized design to avoid stress concentration. Similarly, Lin et al. in [15] simulated
the transition area to define the stress-distribution factors. Contrary to [14], the authors
proposed two new types of transition areas that could distributed stress along the drill pipe.

Despite all the efforts that have been made to identify the weakest parts of struc-
tures [16–19] and propose designs that can resist crack propagation, the problem is persis-
tent. Therefore, new perspectives, such as fail-safe and damage-tolerant design [20], have
to be introduced. The purpose of these methods is to define the allowable crack size below
which the induced damage is not significant and thereafter monitor the range of crack
growth by performing periodic inspections. This is a type of preventive maintenance or,
more precisely, condition-based maintenance [21]. The principle of this strategy is to detect
an eventual failure before its manifestation [22]. Furthermore, periodic inspections can be
achieved using a set of methods called nondestructive testing (NDT) or nondestructive
inspection (NDI). Regardless of the advantages of these techniques in the field of crack
detection and service life prediction, their use faces various obstacles and hurdles, which
are slowing down their implementation in the petroleum industry [23]. For that reason and
with the development of simulation and numerical modelling software, new approaches,
such as finite element analysis and modal analysis, could be elaborated.

Because the natural frequencies of a given structure are defined as eigenvalues [24,25],
any change in the parameters of material and geometry will affect the characteristic vibra-
tion of the structure [26–29], in particular when there is a change in mass or stiffness [30–34].
To this end, the development of cracks automatically leads to material discontinuities and,
consequently, to changes in the material parameters [35–37].

Generally speaking, there have been several methods used to examine the effect in-
duced by the presence of cracks on engineering structures, such as the analytical approach.
In this context, Murigendrappa et al. [38] presented an experimental and theoretical ap-
proach to study the influence of crack location along a pipe filled with fluid. They used a
spring to experimentally analyze free vibrations. By representing the crack with a rotational
spring, pipe stiffness was estimated by two methods: displacement and vibration-based
methods. The accuracy of both methods was very interesting. Additionally, Marwah and
Mohsin [39] developed an analytical approach to evaluate the natural frequencies of a
cracked cylindrical shell structure. Equations of motion were derived, and the effect of
crack length, depth, and location was analyzed. The obtained results were compared with
those reported in the literature, and a good agreement was found.

The natural frequency method with finite element analysis has been of great interest
in the last decade because it overcomes the need to prepare numerous test setups and
samples; hence, it has simplified the task for researchers conducting different studies for
various scenarios. More precisely, Mia et al. [40] performed a simulation with finite element
analysis on a cracked cantilever beam. As a result, they reported some observations relating
to the natural frequencies of the beam and crack opening size. Lohar and Mohanty [41]
investigated the damage undergone by a cracked beam with different crack locations
and severities. Simulations were carried out using Ansys, and the results obtained after
vibration analysis were used as inputs for a system developed to assess the damage.

Moreover, Prathamesh et al. [42] studied the response of a cracked beam under free
vibration; they showed the influence of boundary conditions on natural frequencies. Fur-
thermore, Tufisi et al. [43] analyzed the stress distribution induced by cracks near the fixed
end of a cantilever beam; in conclusion, they found that the Finite Element Method (FEM)
cannot determine the exact frequency of the beam if the crack is too near the fixed end. In
addition, Tamarkar et al. [44] studied the possibility of detecting cracks in rotating shaft
systems. Two approaches were taken: an experimental approach and a finite element
approach. The natural frequencies of the shaft were estimated for different depth values.
In the end, a spectrum set for a healthy and cracked rotating shaft system was established.
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Artificial intelligence methods have also earned a reputation in the field of engineering
system analysis and assessment and have been widely used in all domains of daily life.
As a variety of artificial intelligence technology, artificial neural networks (ANN) have
arisen as one of the methods that can be exploited to make a decision and solve many
problems in a record time. For this reason, several authors have used this technology to
solve various challenges. Combining finite element analysis and artificial neural networks
(ANN), Maurya et al. [45] carried out an analysis to investigate the influence of crack
location on the first three natural frequencies of a cantilever beam; then, they designed
and trained an ANN. The errors in the results obtained by the two methods were not
considerable. Moreover, Thatoi et al. [46] conducted a frequency analysis using Ansys
software to predict the depth and location of a crack on a cantilever beam. To evaluate the
accuracy of the ANN, the authors used and compared three different networks: cascade-
forward back propagation (CFBP), feed-forward back propagation (FFBP), and radial basis
function (RBF). Haeri et al. [47] evaluated the dependence between failure mechanisms
and crack coalescence patterns. In the study, ANNs were used to quantify the impact of
crack parameters on the crack type coalescence. The developed model was validated by an
experimental method.

In the present study, modal analysis of undamaged and cracked drill pipes was
performed on the pipe of a rotary drilling systems. The crack was assumed to be in the
form of a circular arc, with a depth not reaching the inner wall of the pipe. An analytical
approach was used to validate the first four natural frequencies found by finite element
analysis with Abaqus software. The circular arc crack was moved along the drill pipe with
a predefined ratio, where for each move, a set of crack depth ratios was assigned. After that,
the data obtained by simulation were collected and stored in two main vectors: an input
vector and an output vector. This collection was then used to train the designed ANN with
the Levenberg–Marquardt algorithm (LMA) as a learning approach. The main contribution
of this study can be summed up in three points: to create and simulate a special crack
geometry inside a drill pipe, investigate the effect of crack depths and locations on the first
four natural frequencies, and finally, design an ANN that can predict crack positions using
natural frequencies.

2. Theoretical Approach

Euler–Bernoulli beam theory was used to describe the equation of motion of the drill
pipe in the displacement direction, z, as shown in Figure 1. After summation of forces and
moments acting on a beam element, Equation (1) can be obtained.

EI
∂4w
∂x4 + ρA

∂2w
∂t2 = P (x, t) (1)

where E is the elasticity modulus; I is the moment of the cross-sectional area; ρ is the
density; A is the cross-sectional area; w(x, t) is the displacement at x location; t is the time;
and P(x,t) is the external force acting on the pipe.

To deal with free vibrations, P(x,t) is assumed to be equal to zero. Then, Equation (1)
becomes

EI
∂4w
∂x4 + ρA

∂2w
∂t2 = 0 (2)

The solution of Equation (2) is possible by taking a separation of variables [48]:

w(x, t) = XΦ

where X = X(x) and Φ = Φ(t).
The solution to Equation (2) is obtained as given by Equation (3).

X(t) = C1 sin αx + C2 cos αx + C3 sinh αx + C4 cosh αx (3)
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where α2 = ω
√

ρ A
E I ; cosh and sinh are the hyperbolic cosine and sine functions, respectively;

and ω is the natural frequency.

Figure 1. Vibrational motion.

To obtain the values of the constants involved in Equation (3), boundary conditions
were applied. It is assumed that the drill pipe has one end fixed, whereas the other end is
free. Therefore, the following equalities were taken into consideration in this study:

Fixed end : w(x = 0, t)= X(0) = 0,
∂w(x = 0, t)

∂x
=

.
X(0) = 0

Free end :
∂2w (x = l, t)

∂x2 =
..
X(l) = 0,

∂3w (x = l, t)
∂x3 =

...
X (l) = 0

Thus, the boundary conditions were expressed as follows
0 1 0 1
1 0 1 0

−sinβ −cosβ sinhβ coshβ
−cosβ sinβ coshβ sinhβ




C1
C2
C3
C4

 =


0
0
0
0


where β = αl.

To solve the above equations in matrix form, the determinant is supposed to be equal
to zero.

Det

∣∣∣∣∣∣∣∣
0 1 0 1
1 0 1 0

−sinβ −cosβ sinhβ coshβ
−cosβ sinβ coshβ sinhβ

∣∣∣∣∣∣∣∣ = 0

The equation yields to
cosβ × coshβ = −1 (4)

Equation (4) accepts n roots. Because in the present study, the aim was to find the
first four natural frequencies, only the first four roots were selected. The obtained natural
frequencies are shown in Table 1.
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Table 1. The obtained four natural frequencies for the drill pipe.

Roots (β) Natural Frequency (rad/s) Natural Frequency (Hz)

1 1.8751 38.1580 6.07
2 4.6941 239.1341 38.07
3 7.8548 669.5872 106.62
4 10.995 1312 208.91

3. Finite Element Analysis

In this section, Abaqus was used to perform the simulation and analysis of the natural
frequencies of the drill pipe. For this, a 3D element in the form of a hollow tube was created,
as shown in Figure 2. To make the simulation faster, the pipe length was limited to 3 m
instead of 9 m (the nominal length). The drill pipe was made of steel-E75. After the material
was assigned to the chosen section, imposed displacement was applied to one end of the
pipe. Then, a frequency analysis with eight modes was conducted. The pipe meshing
led to the generation of 30,285 elements with 60,128 nodes. Once the dynamic analysis
was conducted, the following results were obtained (Figures 3–6), where the first natural
frequency was 6.0698 Hz, the second natural frequency was 37.922 Hz, the third natural
frequency was 105.66 Hz, and the fourth natural frequency was 205.6 Hz.

Figure 2. Pipe dimensions used in the FEM simulation and analysis.

Figure 3. First natural frequency of an undamaged pipe.
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Figure 4. Second natural frequency of an undamaged pipe.

Figure 5. Third natural frequency of an undamaged pipe.

Figure 6. Fourth natural frequency of an undamaged pipe.

Figure 7 illustrates a visual comparison between the corresponding natural frequencies
for the first four modes determined by the theoretical approach and FEA. As shown in
Figure 7, the results obtained by both methods are very close, which means that FEA is an
effective alternative to the analytical approach for the first four frequencies. Therefore, to
study the response of a cracked pipe and obtain its natural frequencies, FEA was adopted.
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Figure 7. Comparison between FEA and theoretical approach for natural frequency extraction.

4. Crack Attribution

Based on drilling field observations, the crack or defect was assumed to have a circular
arc form with a depth, d, a fixed width of 10 mm, and an angle of 45◦, as shown in Figure 8.
It was also assumed that the axis of the crack and that of the pipe were coincident and that
the outer diameter of the crack and that of the pipe were the same. Therefore, manipulation
of the crack depth was performed by adjusting the inner diameter of the crack.

Figure 8. Assumed crack geometry for the simulation scenarios.
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In the following procedure, the crack was moved along the drill pipe with a specified
location and depth, as demonstrated in Figure 9, setting the two variables as:

Figure 9. Crack location along the drill pipe.

Relative depth: dr = crack depth/thickness of the pipe; dr varied from 0.1 to 0.9 with
an increment of 0.1.

Relative location: lr = distance of the crack from the fixed end/length of the pipe; lr
varied from 0.1 to 0.9 with an increment of 0.1.

The first four natural frequencies of the pipe were estimated for each combination of dr
and lr. During the simulation, the element shape of the mesh was changed to a tetrahedral
element to take into account the crack location and depth.

Effects of Cracks on Natural Frequencies

The surfaces shown in Figure 10 were created based the simulation of crack depths
and locations for different values along the drill pipe. The surfaces represent the natural
frequencies of the drill pipe in the function of crack depth and location. As can be seen,
the crack effect is not the same for all vibration modes. Curves swept by varying the crack
depths and locations are distinct and present characteristic waves for each mode. There is
also an indirect link between crack position (depth and location) and natural frequencies.
For this purpose and in the next section, an effective approach was used to investigate the
vibratory behavior of drill pipes in the presence of cracks.
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Figure 10. Natural frequency variations in function of crack depth and location.

5. Artificial Neural Network

Artificial intelligence or, more precisely, artificial neural networks are one of the newest
technologies that have been integrated into applications to solve various industrial prob-
lems [49,50]. The idea of developing an artificial neural network is derived by comparing
and mimicking the structure and function of human brain neurons. In fact, biological
neural networks include three parts: the cell body, dendrites, and the axon. Based on
this architecture, information is transmitted in the form of a signal from local neurons to
the other neurons. On the other hand, artificial neural networks are formed by a set of
artificial neurons, which use weights as connections between them. Each artificial neuron
contains an input, an output, an activation function, and a weight. The task of supervised
learning is achieved by comparing received data (input) to target data (output) after each
computation; the weights between neurons are adjusted based on the errors of previous
iterations [51]. There are several ANN architectures used for different applications, the
most widely used being multilayer perceptron (MLP), which consists of three layers: an
input layer, several hidden layers, and an output layer. A simple representation of an MLP
is shown in Figure 11.

Figure 11. Schematic of a simple MLP structure.

Where xi is the input vector, wji is the weight matrix, bi is the bias vector, and F is the
activation function. In this research, two activation functions were considered: one for
the hidden layers and one for the output layers. The activation function used in the ANN
model consists of a basic hyperbolic tangent function multiplied by

(
e−x

e−x

)
. It transforms
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the input data into output data according to Equation (5). The given output varies between
−1 and 1.

F(x) = tansig(x) = tanh(x) =
2

1 + e−2x − 1 (5)

5.1. Data Splitting for ANN Training

Data splitting is based on three procedures, as presented in [52]: (i) normalization,
(ii) randomization, and (iii) separation. The normalization process was only applied to
the target data, whereas the input data were taken as-is. Data randomization aimed to
randomly classify the data without any pre-selection. The separation step consisted of
using 80% of the data for training and the remaining 20% as test data.

ANN training is an iterative process that attempts to make the gap between the ANN
outputs and the target data as small as possible based on a fixed threshold error. Once the
training process was achieved, the test data were introduced into the ANN model, and the
accuracy of the model was then examined.

5.2. Input and Output Data

The input and target data used to train the ANN are illustrated in Figures 12 and 13,
respectively. They represent 100% of the data obtained from FEA simulations. The ANN
model was constructed with four inputs: first natural frequency of the cracked pipe (f1),
second natural frequency (f2), third natural frequency (f3), and fourth natural frequency
(f4). Moreover, the relative depth and location of the crack were taken as model outputs.
All four frequency datasets, as well as the targeted outputs, were obtained from simulation
with FEA.

Figure 12. ANN input data for the four frequencies, f1, f2, f3, and f4.
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Figure 13. ANN target data.

5.3. ANN Architecture

To obtain the optimal ANN architecture, the procedures suggested in [52] were used
to find the most appropriate structure of ANN for this study. These procedures consist in
varying the number of hidden layers to obtain the highest value of R2, given by Equation (6).

R2 = 1 − ∑n
1 (yi − ŷi)

2

∑n
1 (yi − y)2 (6)

where R2 is the coefficient of determination, ∑n
1 (yi − ŷi)

2 is the residual sum of squares,
and ∑n

1 (yi − y)2 is the total sum of squares.
Table 2 shows the variation of R2 as a function of the ANN architecture. Based on

these results, the highest value of R2 is obtained for the architecture (04–11–02), as shown
in Figure 14. The training parameters for this architecture are maximum error goal = 10−7

and maximum gradient = 10−7, whereas the learning rate is fixed at 10−4. More precisely,
Matlab neural network toolbox was used to create and train the ANN with the Levenberg–
Marquardt algorithm (LMA).

Table 2. Results of optimal ANN architecture.

Architecture Rd
2 Rl

2 R2

04-07-02 0.993158998 0.768087558 0.76283307
04-08-02 0.995198236 0.90896708 0.90460243
04-09-02 0.994833462 0.928949733 0.92415028
04-10-02 0.996508366 0.905812309 0.90264954
04-11-02 0.996184314 0.932259346 0.92870214
04-12-02 0.996479051 0.894854435 0.8917037
04-13-02 0.99619899 0.8310624 0.82790352
04-14-02 0.991685358 0.834745853 0.82780524
04-15-02 0.99365155 0.766611206 0.76174441
04-16-02 0.991773432 0.544142244 0.53966582
04-17-02 0.994229828 0.75515334 0.75079597
04-18-02 0.996177626 0.839429186 0.83622057
04-19-02 0.997607446 0.927806007 0.92558618
04-20-02 0.995752093 0.77221468 0.76893438
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Figure 14. Diagram of the obtained optimal ANN architecture.

5.4. ANN Validation

The best way to check the accuracy of an ANN is to estimate the errors between the
ANN outputs and the target data. For this purpose, the mean square error (MSE) is plotted
as a function of the number of epochs. As can be noted from Figure 15, the best validation
is MSE = 0.0004657.

Figure 15. ANN best validation.

From Figure 16, it can be observed that the fit lines (colored lines in blue, green, red,
and black) are identical to the dashed lines for all subplots. This means that the ANN
model is well trained and can therefore be used to predict the depth and location of cracks.
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Figure 16. ANN performances during the training based on target data.

5.5. ANN Testing

The ANN testing step aimed to expose 20% of the data set excluded from the training
process to the trained ANN model. This phase is crucial for verifying the accuracy and
performance of the obtained ANN model. The testing process consists of introducing four
input vectors (f1,f2,f3,f4) and then using the trained ANN to estimate the outputs. Once
the outputs were estimated, a comparison with real data was conducted.

The graphs shown in Figure 17 were obtained by testing the ANN model. The
predicted depth and location are very close to the test data, which signifies that the ANN
model is well trained; therefore, the model can be used as an alternative approach to predict
the depth and location of cracks for the pipes of rotary drilling systems.
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Figure 17. ANN testing and prediction results for both crack depths and locations.

6. Discussion

Based on Figure 10, it can be seen that the presence of a crack in the drill pipe leads to
the appearance of particular forms of natural frequencies varying according to crack depth
and location. The effect of crack depth depends on its value. For a value lower than 0.5, the
crack depth has no significant effect on the values of four natural frequencies. However, if
the value is greater than 0.5, a considerable decrease in the values of the natural frequencies
is observed.

Compared to crack depth, the effect of crack location depends on the vibration mode.
For the first mode, a wave is shown on the surface for which the natural frequencies increase
continuously. Similarly, the second mode presents two waves on the surface with two
peaks at locations 0.25 and 1 and one valley at 0.5; for this, the values of natural frequencies
decrease from the peak to the valley and vice versa. For the third mode, three waves are
shown on the surface, with three peaks and two valleys. Natural frequencies decrease from
the peak to the valley and vice versa. The same finding can be obtained for the fourth mode.
Therefore, it can be concluded that variation of the crack with respect to depth and location
leads to the generation of curves in which wave number is equal to the corresponding
vibration mode.

Despite the growth of cracks, natural frequencies of the drill pipe do not vary in
the same way for all the modes. Natural frequencies increase and decrease occasionally
with increasing crack depths and locations; in other words, it is very difficult to relate
the increase in natural frequencies to the increase in crack geometry. In this context, the
only explanation that can be given is derived from the theoretical expression of the natural
frequency. Because the stiffness and effective mass are the two parameters that are affected
by the presence of cracks, any modification in one of them results in an increase or decrease
in the natural frequency.

For the above reasons, an ANN was developed and designed to model the different
relations between crack depth and position on one hand and between the stiffness and
effective mass on the other hand. As can be seen in Figure 17, the developed model
successfully predicted crack depths and locations for the given coordinates with high
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accuracy. Consequently, these results have proven the convenience of localizing cracks
inside the drill pipe using an appropriate ANN model with natural frequencies as inputs.

7. Conclusions

In this paper, a useful approach was proposed to estimate crack depth and location in
pipes of rotary drilling systems. The presence of cracks in any structure can lead to changes
in certain vibratory characteristics. Conventional methods, such as NDT and NDI, are the
widely used techniques in the field of crack detection in engineering structures. However,
in some cases, NDT and NDI cannot predict the exact location of cracks, and as a result,
the latter can grow and reach a critical level for which failure is unavoidable. To anticipate
failure, new approaches that permit the prediction of cracks in the allowed time must be
developed. In this study, one such efficient method was introduced, based on combining
FEA with an ANN. The theoretical approach was used to show that FEA can estimate the
first natural frequencies with good accuracy, but beyond these four frequencies, errors are
found. Cracks affect the vibrational characteristics of the drill pipe, and their effect depends
on their depth and position. Varied crack depths and positions create particular forms of
natural frequencies that depend on the corresponding vibration mode.

To ensure the best combination performance, natural frequencies were chosen as
control parameters to localize the cracks. The necessary data were collected by FEA
simulations. Therefore, a structure in the form of a pipe was created and simulated. The
crack had the form of a circular arc moving along the pipe. For each move, a set of
depths were assigned. For every depth and location, the first four natural frequencies were
calculated. FEA results show that the natural frequencies for all modes depend on the
crack volume. This may be explained by analyzing the relationship between the element
stiffness and effective mass. The developed ANN architecture successfully modelled the
relationships between the pipe stiffness, mass, crack volume, and the corresponding natural
frequencies. In addition, this learning process was expressed by the best prediction of all
target data. To confirm the effective training of the ANN, a set of 16 datapoints was used to
validate the model.

In this work, we demonstrated that the proposed ANN can predict crack depths and
locations with high performance. The technical aspect of the research consists of collecting
the natural frequencies of drill pipes by a set of methods such as hammer impact tests
and then modifying and updating the developed ANN model. In this way, experts in the
field of crack detection can effectively localize cracks inside drill pipes. Therefore, it is
highly recommended to consider the developed model for predictive maintenance of pipes
subjected to vibrations in rotary drilling systems.

Author Contributions: Methodology, I.K. and S.B.; software, I.K. and M.Z.D.; validation, S.B. and
K.F.T.; analysis, I.K.; investigation, M.Z.D. and S.B.; resources, I.K. and K.F.T.; data curation, I.K. and
S.B.; writing—original draft preparation, I.K. and M.Z.D.; writing—review and editing, S.B. and
K.F.T.; visualization, I.K. and M.Z.D.; supervision, S.B. and M.Z.D.; project administration, K.F.T. and
S.B. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Acknowledgments: There are no acknowledgments for this paper.

Conflicts of Interest: The authors declare no conflict of interest.



Vibration 2022, 5 180

Nomenclature

Variable/Parameter Variable/Parameter name Value/Dimension
E Elasticity modulus 200 GPa
I Moment of the cross-sectional area 4.15 × 10−7 m4

ρ density 7500 kg/m3

A Cross-sectional area 1.16 × 10−3 m2

w(x,t) Displacement at x location m
t Time sec
P External force N
l Length 3 m
ω Natural frequency Hz
OD Outer diameter 0.06 m
ID Inner diameter 0.046 m
dr Relative crack depth -
lr Relative crack location -
xi Input vector -
Wji Weight matrix -
bi Bias vector -
F Activation function -
R2 Coefficient of determination -
∑n

1 (yi − ŷi)
2 Residual sum of squares -

n
∑
1
(yi − y)2 Total sum of squares -
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