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Abstract: This investigation compares the dynamic simulation results of perfect, elastically-
supported, axially-functionally-graded (AFG) beams between viscoelastic and elastic models. 
When modeling and simulating the dynamics of AFG beams, the elastic model is commonly 
assumed so as to simplify calculations. This investigation shows how the dynamics varies if 
viscosity is present. The nonlinear continuous/discretized, axial/transverse motion derivation 
procedure is explained briefly based on Hamilton’s principle for energy/energy-loss, Kelvin–Voigt 
viscosity, elastic foundation assumption, and exponential functions for material and geometric 
variations along the axial axis. A comparison between elastic and Kelvin–Voigt viscoelastic AFG 
beams on an elastic foundation shows that the viscosity influences the asymmetric dynamics of 
AFG beams; the viscosity effects become more dominant for larger motion amplitudes, for 
example. 

Keywords: viscosity; elastically supported; asymmetric; axially functionally graded; nonuniform 
cross-section 

 

1. Introduction 

Structures such as the plates and beams [1,2] of the functionally graded (FG) type are able to 
resist both mechanical and thermal stresses simultaneously [3–5]. Moreover, they require fairly low 
maintenance for such a high strength to weight ratio. They are made using powder metallurgy, and 
hence there are no discrete layers (as opposed to conventional composite plates and beams), which 
fact prevents large stress concentrations and residual stresses, hence a stronger bonding. The class 
of FG beams with x-axis-varying properties is called axially-functionally-graded (AFG). 

Viscosity (internal friction) in structural elements, such as plates and beams, can be dominant, 
especially when the dynamics is in a nonlinear regime. There are different theoretical schemes 
proposed to incorporate viscosity; the famous ones are linear standard, Maxwell, and Kelvin–Voigt 
[6]; the last one is employed in this investigation. In addition to viscosity, nonlinearities play an 
important role in structural dynamics [7–14]. As opposed to micro/nano structures [15–24], macro 
structures display size-independent behaviour. 

The cost and weight optimization of AFG beams necessitates the use of nonuniform cross-
sections (or varying cross-sections in the axial direction) in many civil and mechanical applications. 
A tapered shape, via an exponential distribution for the beams’ width, is considered in this paper.  

There are papers on the dynamical behavior of AFG beams [25–27] based on linear theories. 
Calim [28] examined the oscillatory response of AFG Timoshenko beams additionally supported by 
a viscoelastic bed. Sarkar and Ganguli [29] considered fixed-fixed AFG Timoshenko beams and 
developed a closed-form-solution for oscillations.  
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Simsek [30] examined the under-force vibrations of an AFG beam excited by a traveling force 
by obtaining the vibration amplitude as a function of the frequency of the moving force. Hein and 
Feklistor [31], via analyzing the free vibrations, determined natural frequencies via Haar wavelets. 
Rajasekaran [32], via the differential quadrature method, calculated the natural frequencies of AFG 
beams. Huang et al. [33] used the Timoshenko theory and obtained the natural frequencies for 
different boundary conditions. Extensions to incorporate nonlinearities involve a study by Shaba et 
al. [34], who investigated the vibrations and buckling instability of AFG beams using the 
Timoshenko theory; an investigation by Kein [35], who analyzed the bending phenomenon of AFG 
beams.  

This investigation compares the asymmetric dynamic simulation results of elastically-
supported AFG beams between viscoelastic and elastic models. Based upon both asymmetric and 
symmetric modes, the Kelvin–Voigt scheme is used for viscosity. A nonuniform cross-section is 
considered for the Euler–Bernoulli type beam. The model of the viscoelastic system is nonlinear, 
and there are axial/transverse couplings. Numerical simulations are conducted based on a 
continuation-time-integration method. 

2. Mathematical Model of Elastically Supported AFG Viscoelastic Beam 

The mathematical model of the perfect viscoelastic, elastically-supported AFG beam used in 
this paper is presented graphically in Figure 1. The displacement has two components of transverse 
w(x,t) and axial u(x,t). The length, thickness and width are respectively shown by L, h and b; b = b(x) 
is a function of the axial coordinate to form the tapered shape. An external force F(x)cos(ωt) excites 
the elastically-supported AFG beam in the transverse direction. The derivation procedures for 
continuous and discretized equations of motion are briefly explained in Sections 2 and 3; more-
detailed procedures are available in [36] for not additionally supported system in the absence of 
imperfection for more information. 

 
Figure 1. Schematic of a perfect, elastically-supported, axially-functionally-graded (AFG) 
viscoelastic beam. 

Mechanical properties and the cross-sectional area vary using the following,  

( ) ( ) [ ]Π = Π − Π + Π/ ,n
R L Lx x L  (1) 

where Π is the representative of the viscosity coefficient (η), mass density (ρ), width (b) and 
Young’s modulus (E) (where all are x-dependent functions), with L and R being the left-end and 
right-end of the AFG viscoelastic beam, respectively. The elastic foundation has linear/nonlinear 
stiffness coefficients as KLin and KNon. 

Employing the Euler–Bernoulli AFG viscoelastic, elastically-supported beam, the elastic 
component of the stress forms the following potential energy   
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The contribution of the Kelvin–Voigt viscous stress is incorporated via its work as  
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Using Hamilton’s principle for energy/energy-loss, considering Equations (2)–(5), for F(x) = f1,  
and using 
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leads to  
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where the asterisk notation has been dropped for notation simplicity.  

3. Perfect Elastically Supported AFG Viscoelastic Beam in a Discretized Form 

A weighted residual technique [37,38] is used for the discretization of Equations (5) and (6), 
using the basis functions of a clamped-clamped linear homogenous beam and the generalized 
coordinates to be determined numerically. As such 

( ) ( ){ } ( ){ }
( ) ( ){ } ( ){ }

λ λ

λ λ

ϕ λ

ξ λ

 = 
 

=  

,  with summation on  from 1 to 
,

,  with summation on  from 1 to 

w x t q t x M

u x t r t x Q
 (7) 

inserting Equation (7) into Equations (5) and (6) and application of Galerkin’s method [39–42] gives 
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Retaining both the symmetric as well as asymmetric modes in Equations (8) and (9), in total 20 
modes (10 for each motion type), is considered, and a combination of the pseudo-arclength 
continuation-time-integration method and eigenvalue technique is used for numerical integrations.  

4. Numerical Results for Asymmetric Elastic versus Viscoelastic Dynamics including Foundation 
Effects 

The axial nonuniform distribution of the material-properties/cross-section make the dynamical 
behavior asymmetric. An AFG viscoelastic beam is made by mixing Steel of [νL] equals to 0.29, [ρL] 
equals to 7800 kg/m3, [EL] equals to 210 GPa and the alumina of [νR] equals to 0.25, [ρR] equals to 
3960 kg/m3, [ER] equals to 390 GPa; [L/h] equals to 180, [hR =hL =h] equals to 0.11 m and [bL/h] equals 
to 2. The properties of the foundation are given separately for each figure. 

Figure 2 shows that how the vibration amplitude changes with the excitation frequency for 
[(ηs)L] = 0.00036, n = 1.5, [(ηs)R] = 0.00130, f1 = 40.0, kLin = 50.0, KNon = 20.0, and bR = 2.5bL. As seen, even 
though that the boundary conditions are the same at the left and right ends of the beam, the 
vibration behavior is asymmetric; the peak value of the q2 motion is about 11% q1 motion, 
highlighting a fairly large contribution. This again emphasizes that a large number of mode basis to 
be considered to capture these effects; in this study, a 20-mode approximation is considered. As 
seen, there are two bifurcations at Ω/ω1= 1.3913 and 1.0956 for all the asymmetric and symmetric 
motions. 
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Figure 2. Frequency responses of perfect elastically supported AFG system based on viscoelasticity; 
(a) 1r ; (b) 1q ; (c) 2q . 

Figure 3 illustrates the relation between different modes of vibrations and the excitation-force 
amplitude for [(ηs)L] = 0.00036, n = 1.5, [(ηs)R] = 0.00130, kLin = 50.0, kNon = 20.0, [bR] = 2.5bL, and Ω/ω1 = 
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1.2000. There are two jumps at f1 = 129.5 and 18.1 corresponding to saddle bifurcations.  Again, the 
asymmetric modes display a fairly significant contribution. 
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Figure 3. Force responses of perfect elastically supported AFG system based on viscoelasticity. (a) 1r

; (b) 1q ; (c) 2q . 

Figure 4 reveals the effect of viscosity on the nonlinear vibrations of the elastically-supported 
AFG beam by plotting the frequency diagrams for a system with full linear and nonlinear damping 

f1

m
ax

[r
1]

0 30 60 90 120 150
0

0.0004

0.0008

0.0012

A

B

f1

m
ax

[q
1]

0 30 60 90 120 150
0

0.15

0.3

0.45

0.6

0.75

A

B

f1

m
ax

[q
2]

0 30 60 90 120 150
0

0.02

0.04

0.06

0.08

A

B



Vibration 2019, 2  10 

 

(the system of this paper), with those of a system with just a simple linear viscous damping (with a 
model damping ratio equals to 0.005). For a complete damping system, [(ηs)L] = 0.00036 and [(ηs)R] = 
0.00130 are chosen. For both the systems n = 1.5, bR = 2.5bL, kLin = 50.0, kNon = 20.0 and f1 = 40.0 are 
selected. For small-amplitude forces, the discrepancy in the vibration amplitude of both cases is 
fairly small; however, for large enough forcing amplitudes the discrepancy is more visible. It can be 
concluded that, for both the transverse and axial vibrations, Kelvin–Voigt type viscosity is more 
important in larger vibration amplitudes. 
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(c) 

Figure 4. Frequency responses of perfect elastically supported AFG system based on viscoelasticity. 
[(ηs)L] = 0.00036 and [(ηs)R] = 0.00130 and linear viscous model (ζ = 0.005). (a) 1r ; (b) 1q ; (c) 2q . 

The influences of the gradient index of the material on the frequency curves of the viscoelastic 
system on an elastic foundation are highlighted in Figure 5 for [(ηs)L] = 0.00036, [(ηs)R] = 0.00130, [bR] 
= 2.5bL, kLin = 50.0, kNon = 20.0 and f1 = 40.0. As seen, the larger the index is, the smaller the resonant 
frequency becomes. This is accompanied by an amplitude increase for the first-mode transverse 
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Figure 5. Frequency responses of a perfect elastically supported AFG system based on 
viscoelasticity for various n. (a) 1r ; (b) 1q ; (c) 2q . 

Illustrated in Figure 6 is the influences of the taper ratio (bR/bL) for n = 1.5, [(ηs)L] = 0.00036, 
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asymmetric transverse amplitude. Moreover, for larger taper ratios, the resonance domain shifts to 
the left, implying a smaller value for the natural frequency of the transverse motions. 

Ω

m
ax

[q
1]

25 30 35 40 45
0

0.25

0.5

0.75

1

n = 8.5
n = 4.5
n = 2.5
n = 0.5

Ω

m
ax

[q
2]

25 30 35 40 45
0

0.025

0.05

0.075

0.1
n = 8.5
n = 4.5
n = 2.5
n = 0.5



Vibration 2019, 2  13 

 

 
(a) 

 
(b) 

 
(c) 

Figure 6. Frequency responses of perfect elastically supported AFG system based on viscoelasticity 
for various taper ratios. (a) 1r ; (b) 1q ; (c) 2q . 
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elastically-supported AFG beam with different kNon values; n = 1.5, [(ηs)L] = 0.00036, [(ηs)R] = 0.00130, 
bR = 2.5bL, kLin = 50.0, and f1 = 40.0. As seen, the hardening behavior of the viscoelastic beam tends to 
become stronger as nonlinear stiffness of the elastic support increases. The maximum peak 
amplitude of the resonant domain also belongs to larger, nonlinear stiffness for all modes.  
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(c) 

Figure 7. Frequency responses of a perfect, elastically-supported AFG system based on 
viscoelasticity for various kNon. (a) 1r ; (b) 1q ; (c) 2q . 

5. Conclusions 

The viscosity impact on the asymmetric, nonlinear dynamics of perfect, elastically-supported 
beams of AFG nature with nonuniform cross-sections have been investigated by comparing 
elasticity versus viscoelasticity. The AFG nature of the structure, as well as the nonuniformity in the 
width, gave rise to asymmetric coupled nonlinear vibrations for both viscoelastic and elastic AFG 
(elastically supported) systems, where, in some cases, asymmetric components on the dynamics 
becomes significant. The necessity of hiring large dimensions, due to asymmetry, was satisfied 
using a high-dimensional method of solution. It was found that: (i) Even though asymmetric modes 
are present, the frequency diagrams are hardening for both the translational motions regardless of 
elasticity or viscoelasticity; (ii) asymmetry in geometry and material distribution causes asymmetric 
modes to get excited; (iii) the viscosity effects are more dominant at larger forces, highlighting the 
importance of incorporating a full viscous model using the Kelvin–Voigt scheme; (iv) the gradient 
index effect is that in increasing, it shifts the resonance regime to the left; (v) for larger values of the 
taper ratio, the peak amplitude is larger in the fundamental transverse mode; (vi) larger nonlinear 
elastic foundation stiffness shows stronger hardening behavior and smaller peak amplitudes in all 
symmetric/asymmetric modes. 
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Appendix 

Validation of the current study has been obtained by comparing first dimensionless transverse 
frequency parameter λ = ω0.5 of a pinned-pinned AFG linear elastic beam (simplified model of the 
current study). As seen in Table 1, frequency parameters for different gradient index (n) and 
Young’s modulus ratio (Eratio = Eleft/Eright) are in good agreement with [43]. 

Table 1. Comparison between simplified model of current study (axially-functionally-graded (AFG) 
elastic pinned-pinned beam) and [43] for linear regime: first transverse dimensionless frequency 
parameter (λ=ω0.5) for different gradient indices (n), Young’s modulus ratio (Eleft/Eright), and L/h=100. 

Eleft/Eright  n = 0 n = 0.5 n = 1 n = 2 n = 5 

0.25 Present study 2.2214 2.5834 2.7547 2.9293 3.0850 

 [43] 2.2214 2.5834 2.7546 2.9293 3.0849 

1.0 Present study 3.1415 3.1415 3.1415 3.1415 3.1415 

 [43] 3.1415 3.1415 3.1415 3.1415 3.1415 

4.0 Present study 4.4428 4.1408 3.8957 3.5812 3.2683 

 [43] 4.4428 4.1408 3.8957 3.5812 3.2684 
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