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Abstract: Numerical calculations were carried out to simulate, under conditions of close spark plasma
sintering (SPS), the temperature distribution during the passage of current in dense cylindrical
samples of two materials: aluminum oxide and copper located in graphite forms and clamped
between cylindrical graphite punches. The investigated materials differ greatly in their electrical
conductivity and other physicochemical properties. Calculations were carried out for various
geometric parameters of the samples, as well as graphite molds and punches at varying heating rates
from the passing current.
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1. Introduction

In recent years, more attention has been paid to spark plasma sintering (SPS), as an
alternative to classical sintering methods [1,2].

Spark plasma sintering is determined by complex fast interdependent mechanical,
electrical and thermal processes occurring in materials at the micro- meso- and macrolevels;
therefore, computer modeling is used in most works. In our work, processes at the
macrolevel are considered and numerical calculations begin with the temperature distri-
bution during the passage of current in the cylindrical samples under study and in the
graphite surrounding them.

The numerical calculation of the thermal problem was carried out for compact cylin-
drical samples of materials with electrical insulating and conductive properties in the initial
state: aluminum oxide and copper, respectively. By the measured value of the temperature
at a point on the surface of the graphite form, solving the equation of thermal conductivity,
we determine the temperature field in the sample and graphite at different rates of heating
by electric current. Initially, the radial temperature distribution in thin samples of copper
and aluminum oxide, the height h of which (h << 2r) of the sample radius, and then the
radial and axial temperature distribution in the same materials, the height of which is
comparable to the radius (h = 2r; h = 4r).

Since, in experiments, temperature measurements are made not in the sample itself,
but on a graphite mold, numerical simulation makes it possible to find out how large
the deviations of the values of real temperatures from those measured in conducting and
insulating materials are and how they depend on the values of heating rates.

2. Description of the Model

In our model, the following simplifications are applied: instead of a powder, a dense
and homogeneous material is considered [1–3], and the current is considered constant and
the pulses supplied by a special current generator are not taken into account.

Ceramics 2021, 4, 437–446. https://doi.org/10.3390/ceramics4030032 https://www.mdpi.com/journal/ceramics

https://www.mdpi.com/journal/ceramics
https://www.mdpi.com
https://orcid.org/0000-0002-8092-6166
https://orcid.org/0000-0001-9347-6638
https://doi.org/10.3390/ceramics4030032
https://doi.org/10.3390/ceramics4030032
https://doi.org/10.3390/ceramics4030032
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/ceramics4030032
https://www.mdpi.com/journal/ceramics
https://www.mdpi.com/article/10.3390/ceramics4030032?type=check_update&version=1


Ceramics 2021, 4 438

The model is described by the system of differential Equations (1) and (2):

∇
→
J = 0. (1)

∇→q + ρcp
∂T
∂t

= h. (2)

Here
→
J = σ

→
E is the current density; σ is conductivity;

→
E is electric field strength;

→
q = −λ∇T is the heat flux; h =

→
J
→
E = |

→
J ||
→
E |; λ is the thermal conductivity, ρ is the

density, and cp is the heat capacity.
The above equations were solved with the following initial and boundary conditions.

The initial temperature was 300 K, and the process occurred in vacuum, so that heat loss by
conduction or convection in the gas was not taken into account. The heat loss through all
side surfaces due to radiation is given by f = νε

(
T4

w − T4
0
)
, where ν is the emissivity, ε is the

Stefan–Boltzmann constant, Tw is the die surface temperature, and T0 is room temperature.
The program for the calculation was written in C/C++. Taking into account that

→
E = −∇ϕ, where ϕ is the electric potential, we rewrite Equation (1) as

∇(σ∇ϕ) = 0 (3)

Equation (3) is an elliptic equation. We discretize it in the two-dimensional case
for simplicity:

ϕi,j

(
σi+1/2 + σi−1/2

δx2 +
σj+1/2 + σj−1/2

δy2

)
=

(
σi+1/2 ϕi+1,j + σi−1/2 ϕi−1,j

δx2 +
σj+1/2 ϕi,j+1 + σj−1/2 ϕi,j−1

δy2

)
(4)

where σk±1/2 =
σk±1σk

σk±1+σk
ϕ and σk±1/2 were equal to 0 abroad.

Taking into account the relation for the heat vector
→
q according to the Fourier equation

→
q = −λ∇T, from the heat conduction Equation (2), we obtain:

cPρ
∂T
∂t

= ∇(λ∇T) + h (5)

Equation (5) is a parabolic equation. We write its discrete analogue in the one-
dimensional case for simplicity:

: cpρ
T̂i − Ti

δt
= f

[
λi+1/2(T̂i+1 − T̂i)− λi−1/2(T̂i − T̂i−1)

δx2

]
+ (1− f )

[
λi+1/2(Ti+1 − Ti)− λi−1/2(Ti − Ti−1)

δx2

]
+ h (6)

where λk±1/2 =
λk±1λk

λk±1+λk
and f is a parameter; for f = 0, the scheme is absolutely explicit;

for f = 1, it is absolutely explicit; for f = 0.5, it reduces to the Crank–Nicolson scheme; T̂ is
the temperature on a new time layer, and T is the temperature on the current time layer.

The boundary conditions are:
d
→
q

d
→
n

= 0 (7)

The computational domain consists of punches (graphite), a die (graphite), and a
sample. First, the geometry of the computational domain, the initial temperature T0, and
the type of material are specified. The initial fixed approximation of the electric potential
is considered to be uniformly distributed from the value of U at the top of the punch to a
fixed value of 0 at the bottom of the punch. The initial voltage U is determined based on
the heating rate (linear gradient in the direction of the axis).

On the die surface, we select a point that will correspond to the measurement of
temperature, which is measured by a pyrometer in experiments. If, for a given period of
time, the temperature has changed so that it corresponds to the heating rate or lies near
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it within 5–8%, then the voltage U does not change. If the temperature change gives a
different value of the heating rate, then the voltage U is increased or decreased.

We set the geometry of the sample, the parameters of the selected material, the
initial temperature T0, and the heating rate used to determine the voltage U and the
initial potential.

One discrete time step includes:

(1) calculation of the electric field using Equation (4);
(2) calculation of the thermal field using Equation (6);
(3) comparison of the temperature at the selected point with the specified end tempera-

ture Tend to which the calculation should go.

If the obtained temperature is lower than Tend, we perform the next step until the
temperature values coincide with the specified accuracy.

3. Thin Disc Model

The following parameters of the model are adopted: (1) two values of the outer
radius of the die R1 = 20 mm and R2 = 40 m; (2) two values of the sample height r1 = 10
mm and r2 = 20 mm; (3) sample height h = 2 mm; (4) die height H = 40 mm; (5) initial
temperature T0 = 300 K; (6) graphite die and graphite punch; (7) alumina and copper
samples; (8) heating rates of 15, 10, 8, 5, 2, and 1 K/s; (9) the values for heat capacity, thermal
conductivity, and resistance were taken from [4] and [2]; (10) the electrical resistance of
alumina is temperature-independent (constant). A schematic diagram of the setup for
numerical calculation is shown in Figure 1.
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The calculation results are shown in the form of graphs in Figures 2 and 3. The
calculation of the sample temperature distribution for particular die heating conditions is
shown below in Figure 4.
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Figure 2. Radial temperature distribution from the center of an alumina sample to the periphery of
the die. The black solid line shows the temperature to which heating is carried out. The black vertical
line shows the interface between the material and the die.
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Alumina samples were heated in dies with outer radii of 20 and 40 mm. Since alumina
is a dielectric, it was heated by heat transfer from the graphite die and punches. A similar
calculation was made in [3], where the effect of die parameters on the sample temperature
distribution was investigated.

The calculated radial temperature profiles are shown in Figure 2. Heating was carried
out to an end temperature of 1675 K, which corresponds to the temperature on the outer
surface of the graphite die measured by a pyrometer. It can be seen from Figure 2 that at
high heating rates of 15 and 10 K/s, alumina will have a temperature below the temperature
of graphite on the outer surface of the die. On the contact surface between the sample and
the walls of the die, there is a temperature jump caused by the contact electrical resistance.
The entire current flow is concentrated in the graphite die since graphite is a conductive
material, in contrast to alumina. For heating rates of 8, 5, 2, and 1 K/s, the temperature
in the central part of the sample with a large radius (20 mm) will be higher than the
temperature of graphite on the outer surface of the die. This temperature difference can
reach 250–300 K for low heating rates of 1 and 2 K/s.

Large temperature jumps were observed in the region of transition from alumina to
graphite at high heating rates, but as the latter decreased to 5 K/s and 2 K/s, the jumps
also decreased and disappeared altogether at a heating rate of 1 K/s.

For a sample radius of 10 mm, the temperature jumps at the interface between the
sample and graphite are much smaller than the corresponding temperature jumps for a
sample with a radius of 20 mm. In Figure 2, the behavior of the curves for a sample radius
of 10 mm is almost identical to the behavior of the curves of the current distribution as a
function of the sample radius in [5].

Figure 3 shows a photograph of an alumina sample obtained by SPS. The dark spot in
the central part of the sample is due to temperature inhomogeneity and the local conditions
of interaction with the surrounding graphite due to slow heating rate.

Figure 4 show the calculated temperature distribution in the graphite die and alumina
sample under the same conditions as in the experiment in Figure 3. The experimentally
observed inhomogeneity in the form of a dark spot at the center of the sample correlates
with the appearance of the sample in our calculation in Figure 4B, which shows the
calculated temperature distribution in alumina (at the center).

We obtained results for copper samples sintered in dies with radii of 20 and 40 mm.
Since copper is known to be a very good electrical conductor, it was expected that copper
samples will heat more strongly than the die walls.
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Figure 5 shows the radial temperature profiles versus dimensionless radius. The
radial temperature distribution in the sample is considered for the moment when the
temperature on the outer surface of the graphite die reaches 1175 K, i.e., the temperature
to which heating is carried out. It can be seen that for all heating rates, the temperature
of copper is higher than the temperature of the outer surface of graphite. Starting at a
heating rate of 8 K/s and higher, the temperature in the sample with a radius of 20 mm is
about 250 K higher than the temperature measured on the graphite surface. This difference
in temperature inside the sample and at the periphery of graphite is due to the fact that
copper has better thermal and electrical conductivity than graphite.
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Figure 5. Radial temperature distribution from the center of a copper sample to the periphery of the
die. The black solid line shows the temperature to which heating is carried out. The black vertical
line shows the interface between the material and the die.

It can be noted that the temperature of small (10 mm) copper samples heated at rates
of 1 to 5 K/s differs only slightly from the temperature on the outer surface of graphite
(solid black line), in contrast to the behavior of the corresponding temperatures during
heating of large (20 mm) samples.

Figure 6 shows the current density distribution in two samples of alumina and copper.
Current density plays a major role in heating. It can be seen that the electric current in the
die flows around the alumina sample so that the highest current densities are observed at
the contact boundary. The alumina sample is in a hot graphite “coat,” which heats it due to
heat transfer. If we consider a sample of alumina surrounded by graphite as a defect, then
the “coat” around alumina can be explained as pinning a charge on the defect. For copper,
the situation is different. The highest current density is observed in the central part of the
sample, due to which the copper is directly heated. The current concentration at the edges
of the copper can be explained by the skin effect.
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Figure 6. Current density distribution. The black vertical line separates two samples: the copper sample on the left and the
alumina sample on the right.

As can be seen, for sintering of these two materials with different electrical conductivi-
ties, there may be significant inaccuracies in evaluating the temperature of samples from
measured temperatures on the graphite die surface.

4. Thick Specimen Model

Prior to this, the results obtained for thin samples were considered, when the thickness
of the sample is many times smaller than its diameter. Most often, samples of much larger
sizes are required, that is, when the thickness of the sample is comparable to its diameter
or larger. Consider the following parameters of the model: (1) outer radius of the die
R = 20 mm; (2) sample radius r = 10 mm; (3) two values of the sample height h = 20 and
h = 40 mm; (4) die height H = 80 mm; (5) initial temperature T0 = 300 K; (6) graphite die and
graphite punch; (7) alumina and copper samples; (8) heating rates of 8, 5, 2, 1, and 0.5 K/s;
(9) the values for heat capacity, thermal conductivity, and resistance are taken from [2]
and [4]; (10) the electrical resistance of alumina is temperature-independent (constant).

The results of computer simulation for copper samples are presented below.
It can be seen from Figure 7 that all temperature distribution curves for samples with a

height greater than the diameter are below the temperature distribution curves for samples
with a height equal to the diameter. This is natural since samples of greater heights are
more difficult to heat. A significant difference between the temperature distribution curves
of the samples is observed for a heating rate of 5 K/s. The radial temperature distribution
curve at a heating rate of 1 K/s for a sample with a height equal to its diameter coincides
with the similar curve at a heating rate of 2 K/s for a sample with a height greater than its
diameter. For all curves, the temperature in the central part of the sample is higher than
the temperature at the periphery, where there is contact with the graphite die. As in the
case of thin disk samples, the following trend is observed: the higher the heating rate, the
higher the temperature difference at the center and at the periphery of the sample.
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Figure 7. Radial temperature distribution for copper samples at different heating rates. The solid
curves correspond to samples with a height twice the diameter, and the dotted curves to samples
with a height equal to the diameter; the black vertical line separates the copper sample on the left
and the graphite die on the right.

Figure 8 shows the temperature distribution in samples along the Z axis. It can be
noted that at a high heating rate, the temperature of the samples in contact with the punches
is lower than the temperature in the central part. As expected, low heating rates of 0.5 to
2 K/s promote uniform heating of the samples.
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Figure 8. Temperature distribution along the height of copper samples at different heating rates.
The solid curves correspond to samples with a height twice the diameter, and the dotted curves to
samples with a height equal to the diameter. Two black vertical lines separate the copper sample and
the graphite punches for the case (H = 4r). Two gray vertical lines separate the copper sample and
the graphite punches for the case (H = 2r).

The results of computer simulation for alumina samples are presented below.
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The radial temperature distribution curves in Figure 9 show that at high heating rates
for alumina samples with a height greater than the diameter, the sample temperature is
always lower than the temperature of the graphite die.
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Figure 9. Radial temperature distribution for alumina samples at different heating rates. The solid
curves correspond to samples with a height twice the diameter, and the dotted curves to samples
with a height equal to the diameter. The black vertical line separates the copper sample on the left
and the graphite die on the right.

Figure 10 shows the results of calculating the change in the temperature of an alumina
sample along the Z axis. At high heating rates in a sample with H = 4r, there is a strong
“dip”—a decrease in temperature in the central part, which is clearly visible at a heating
rate of 8 K/s. The central part of all samples in Figure 10 remains unheated even at low
heating rates.
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Figure 10. Temperature distribution along the height for alumina samples at different heating rates.
The solid curves correspond to samples with a height H = 4r, and the dotted curves to samples with
H = 2r. Two black vertical lines separate an alumina sample with H = 4r from graphite punches, and
two dark gray vertical lines separate a sample with H = 2r from graphite punches.
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The calculations obtained for Figures 9 and 10 made it possible to create a method for
the manufacture of large-size materials under SPS conditions [6].

5. Conclusions

A computer program has been created for calculating the thermal fields in dense
samples of copper and aluminum oxide surrounded by graphite, and at various rates of
heating by an electric current.

It was found in the calculations that significant temperature gradients are observed
at the boundaries of a thin sample of aluminum oxide and graphite, which are especially
noticeable at large sample radii. The dependence of the temperature of the alumina sample
on the value of the radius and heating rate is found. The heating rates are found at which
the temperature values at the center of the samples and at the periphery of the graphite
practically coincide.

Calculations have shown that for an electrically conductive material, copper, the
sample temperature is always higher than the mold wall temperature. This difference
becomes greater the higher the heating rate, and significantly depends on the size of
the radius.

A slight drop in temperature is observed only at the boundaries of copper with
graphite punsons. This makes it possible to predict the possibility of obtaining large-sized
workpieces from conductive materials.

In aluminum oxide, the calculated radial temperature decreases with increasing
sample height and has dips in the center, which strongly depend on the heating rate.

Since in experiments the temperature is measured not in the sample itself, but on a
graphite mold, in order not to deteriorate the quality of the products obtained, it is very
important to know how large the deviations of real temperatures from the measured ones
are. Calculations have shown that temperatures on the surface of graphite molds differ
significantly from the temperatures of sintered samples, both for conductive and insulating
materials and depend on the heating rate.
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