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Abstract

In this research, surface Au concentration measurements are considered as a spatially cor-
related geochemical field associated with deep occurrences of disturbing masses using real
geological exploration data from the Novo-Khairuzovsky gold deposit in East Kazakhstan.
The approach is based on the relationship between potential-field continuation problems and
reconstruction of subsurface geological anomalies from surface observations. The considered
approaches include Tikhonov and Lavrentiev regularization, SVD, and TSVD. Special attention
is given to regularization parameter selection using the L-curve method, Morozov discrep-
ancy principle, and GCV. Comparative computational analysis is performed to evaluate
the accuracy, stability, and efficiency of these methods in solving first-kind Fredholm in-
tegral equations. Results are assessed using error metrics and spatial visualization of re-
constructed fields within a Geographic Information System (ArcGIS), enabling consistent
geospatial interpretation. Results show that Lavrentiev regularization with L-curve crite-
rion provides the most stable and reliable reconstruction across all depths, achieving high
correlations (R = 0.8876 at 100 m and R = 0.8049 at 200 m) with low reconstruction errors.
Tikhonov regularization performs acceptably at 100 m but becomes less stable at greater depths.
Among spectral methods, TSVD improves stability compared with classical SVD, while stan-
dard SVD shows weak correlations and larger reconstruction errors due to high noise sensitivity.

Keywords: potential field continuation; real geological data; Fredholm integral equation of
the first kind; Tikhonov regularization; Lavrentiev method; SVD; TSVD

1. Introduction
There are many mathematical and geophysical methods for predicting mineral de-

posits in the bowels of the Earth based on the analysis of gravitational, magnetic, seismic
and geochemical data. Numerical methods, methods for solving inverse problems, as well
as modern machine learning and artificial intelligence technologies are widely used to
improve the accuracy of forecasting [1–3].

One of the key tasks of gravimetric and magnetic exploration is to continue potential
fields in the direction of sources of disturbances. The process of extending the potential to
the region of occurrence of disturbing masses plays an important role in the interpretation of
anomalies, in particular in the framework of parametric selection methods. This approach is
particularly effective when identifying individual geological features in complex vertically
layered environments. In some cases, the limiting depth H, to which a stable continuation
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of a potential function is possible, can serve as an informative characteristic of the depth of
occurrence of disturbing sources [4–7].

It should be noted that the task of extending potential fields belongs to the class of
ill-posed problems in the sense of Jacques Hadamard [8,9]. This means that small errors
in the initial data can lead to significant deviations of the approximate solution from the
exact one at any depth level z. Given that the initial information is formed on the basis of
geophysical or geochemical measurements, which inevitably contain experimental errors,
this property significantly complicates the task of numerical interpretation.

In the mathematical formulation, the problem of extending potential functions, as a
rule, is reduced to solving the Fredholm integral equation of the first kind, which confirms
its ill-posed nature and requires the use of special methods and numerical analysis.

In the review paper [10], the key areas of modern research are systematized, including
methods of regularization, wavelet analysis and iterative approaches, as well as an analysis
of the existence and convergence of solutions. The fundamental aspects of the theory of ill-
posed and inverse problems are described in detail in [11–14], which substantiates the need
for an integrated approach combining rigorous theoretical analysis with effective numerical
methods, and emphasizes the importance of an adequate choice of basic functions to ensure
stability and accuracy of the solution.

Regularization methods occupy a central place in solving integral equations of the
first kind. The classical Tikhonov approach is used to stabilize solutions after discretiza-
tion of the problem [15,16], as well as in combination with other numerical methods.
The Lavrentiev method is considered as an alternative that allows obtaining closed-form
solutions for some classes of problems [17]. Modern research is aimed at developing nonlin-
ear and adaptive regularization methods [18–21], including their application to nonlinear
and noisy problems. In [22], an improved regularization method was proposed that takes
into account the structure of the problem and ensures high stability and accuracy, while
in [23,24] extensions of classical approaches to fuzzy and discrete models are considered.

Among the approximation methods, considerable attention is paid to methods based
on singular value decomposition. In [25,26], SVD is used to analyze and stabilize solu-
tions, and truncating small singular values reduces the effect of noise. Randomized SVD
algorithms have been proposed for high-dimensional problems [27,28], which significantly
reduce computational costs while maintaining accuracy.

The analysis of the works shows that modern methods for solving Fredholm integral
equations of the first kind are developing towards a combination of regularization, spectral
methods and efficient sampling algorithms.

In this research, surface Au concentration measurements are considered as a spa-
tially correlated geochemical field associated with deep occurrences of disturbing masses.
The corresponding mathematical formulation is described by a two-dimensional Fredholm
integral equation of the first kind with a Poisson-type kernel. The Poisson-type kernel
performs the function of a continuation and smoothing operator, providing analysis of the
spatial structure of anomalies and reconstruction of deep distributions [29].

The approach is based on the relationship between potential-field continuation prob-
lems and reconstruction of spatially distributed subsurface geological anomalies from
surface observations. The developed model represents a computational inversion frame-
work for reconstructing the deep structure of anomalous zones [30,31].

The study is based on real gold exploration data from the Novo-Khairuzovsky site in
East Kazakhstan at depths of 100 m and 200 m, which makes it possible to investigate the
stability of the reconstruction procedure under noisy geological data conditions.

The effectiveness of various numerical methods for approximating the two-dimensional
problem of extending potential fields based on real geological data was studied, including
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Tikhonov regularization method, Lavrentiev regularization method, as well as singular
value decomposition (SVD) and its truncated modification (TSVD). To determine the opti-
mal value of the regularization parameter in the Tikhonov and Lavrentiev methods, various
selection strategies are considered, in particular, the L-curve method, the Morozov residual
principle, and the generalized cross-validation (GCV) method.

A computational comparison of these approaches is carried out in order to evaluate
their accuracy, stability, and computational efficiency in the numerical solution of the
integral equation.

The novelty of the present work can be summarized as follows:
The study is focused on the reconstruction of deep anomalous distributions using real

gold exploration data from the Novo-Khairuzovsky site in East Kazakhstan. All numerical
experiments, comparative analyses, and reconstruction procedures are performed on real
noisy geological exploration data obtained at depths of 100 m and 200 m.

Within a unified computational framework, Tikhonov regularization, Lavrentiev
regularization, singular value decomposition (SVD), and truncated singular value decom-
position (TSVD) are implemented and compared under identical conditions on real field
measurements. Different parameter choice strategies, including the L-curve method, the
Morozov discrepancy principle, and generalized cross-validation (GCV), are also systemat-
ically analyzed using the same real geochemical dataset.

An additional numerical experiment on sequential reconstruction from 100 m to 200 m is
presented to investigate the accumulation and propagation of errors in multistage continuation
procedures for ill-posed inverse problems under realistic geological conditions.

The proposed computational approach is integrated with GIS-based spatial analysis
and visualization tools using ArcGIS Pro 3.5 (Esri, Redlands, CA, USA). Integration with
ArcGIS enables processing of geological exploration data, construction of two-dimensional
maps of anomalous distributions, and expands the capabilities of spatial interpretation,
visual analysis, and practical applicability of the obtained reconstruction results.

2. Materials and Methods
2.1. Problem Formulation

In the gravitational field continuation problem for flat two-dimensional anomalies, the
potential satisfying the Laplace equation in the region z > −H is determined from known
surface data (z is vertical axis, and H is depth). Using the integral representation of the
solution makes it possible to reduce the Dirichlet boundary value problem to the Fredholm
integral equation of the first kind with respect to an unknown potential distribution at
depth. The resulting problem of extending the field in the range −H < z < 0 is ill-posed,
since the solution is highly sensitive to errors in the initial data [7].

In the present study, the approach is based on the relationship between potential-field
continuation problems and the reconstruction of spatially distributed subsurface geological
anomalies from surface observations [30,31]. This mathematical framework is adapted
for reconstructing deep anomalous distributions from surface measurements of gold (Au)
concentration. The corresponding model is formulated as a two-dimensional Fredholm
integral equation of the first kind: [4,7]:

(Aq)(x, y) =
x

Ω

K(x, y, s, t)q(s, t)dsdt = u(x, y), (1)

where K(x, y, s, t) ∈ L2

(
Ω2

)
is a real and symmetric kernel, q(s, t) ∈ L2(Ω) is the de-

sired concentration distribution in the deep region z > 0, u(x, y) ∈ L2(Ω) is a surface
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information function measured values on the surface z = 0, H is a depth of the source,
Ω = ((a, b)× (a, b)) ⊂ R2 is a limited area of integration.

The research uses a two-dimensional Poisson kernel for a half-space of the form

K(x, y, s, t) =
1

2π

H

((x − s)2 + (y − t)2 + H2 )
3/2 , (2)

where |H| > 0 is the depth of the productive horizon. This kernel describes the smoothing
of the signal as it is transferred from depth to surface and corresponds to the fundamental
solution of the problem of continuing the harmonic function at z < H.

In fact, on the surface of z = 0, some approximation of uδ(s, t) to the function u(s, t) is
known. Accordingly [6], there are many functions q(s, t) satisfying Equation (1) within a
given accuracy x

Ω

[(Aq)(x, y)− uδ(s, t)]2dsdt ≤ δ2,

among them, there are functions that differ arbitrarily from q(s, t)—solutions of Equation (1)
corresponding to the exact assignment u(s, t).

The main requirement for any algorithm for the approximate solution of Equation (1)
is that, as δ → 0 , the obtained approximate solution converges to the exact solution of
Equation (1).

The choice of the applied numerical methods is determined by the specific properties
of the considered inverse problem. The reconstruction of subsurface gold distribution from
geochemical measurements is characterized by strong ill-posedness due to the smoothing
nature of the Poisson kernel operator, as well as by the presence of noise and measurement
uncertainties in real geological data. In this regard, the Tikhonov, Lavrentiev, SVD, and
TSVD methods are employed as specialized stabilization approaches that are consistent
with the spectral properties of the problem and provide stable and physically meaningful
reconstructions of deep anomalies.

2.2. Data Information and Preparation

The research utilized geological data from the Novo-Khairuzovsky site in Southern Altai,
including 24,014 samples. Based on the geological data, where a relatively large but
non-commercial mineralization zone with low concentrations of Cu, Zn, and Au was identified,
cross-sectional and horizontal models of geological parameter distribution were constructed.

Although the spatial coordinates contain nx = 71 and ny = 91 unique values, the
observations do not form a complete Cartesian product. As a result, the expected number
of grid nodes is

Nexpected = nx · ny = 6461,

whereas the actual number of available measurement points is

Nactual = 6331.

This discrepancy arises from the scattered nature of real geophysical observations,
missing measurements, and preprocessing steps including the removal of incomplete or
unreliable data. Consequently, the dataset represents irregularly distributed (scattered)
observations rather than values defined on a structured grid.

All spatial coordinates (x, y) are given in a rectangular coordinate system and subse-
quently normalized to the computational domain [0, 1]× [0, 1 ].

The coordinate data and Au (gold) concentration values were scaled for numeri-
cal implementation and visualization. The horizontal coordinates have a large range
(≈308,000–310,950), and the gold values in the control data are small (≈0.0301–0.0306).
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Scaling provides convenience for working with matrices and vectors in numerical methods,
prevents numerical errors during multiplications and inversions, and simplifies comparison
and visual comparison of reconstructed and reference values.

The coordinates are transformed as follows

xs =
x − xmin

xmax − xmin
, ys =

y − ymin
ymax − ymin

.

After scaling, we have points that lies in the area (xs, ys) ∈ [0, 1]× [0, 1]. The depth is
determined as follows:

Hs =
H
L

, L = max(xmax − xmin, ymax − ymin ).

The surface data is defined as

us =
u(x, y)
max(u)

.

After scaling, the integral equation takes the form:

us(xi, yi) =
x

[0,1]2

1
2π

Hs((
xi − s)2 +

(
yi − t)2 + Hs

2
) 3

2
q(s, t)dsdt. (3)

2.3. Discretization of the Integral Model and Numerical Grid Formulation

For the numerical solution of the two-dimensional Fredholm integral equation, the
computational domain Ω = [0, 1]× [0, 1] is discretized into a uniform grid. Let the grid
nodes be defined as

xi = i∆x, yj = j∆y,

where i = 1, . . . , N and j = 1, . . . , M, and

∆x =
1

nx
, ∆y =

1
ny

, ∆S = ∆x∆y,

where nx, ny are the numbers of subdivisions of the domain Ω.
The considered two-dimensional Fredholm integral equation of the first kind is ap-

proximated numerically using the rectangular quadrature rule (Riemann sum approxima-
tion). This allows the transformation of the continuous integral operator into a discrete
summation form:

ui ≈
N

∑
j=1

1
2π

Hs((
xi − xj)2 +

(
yi − yj)2 + Hs

2
)3/2 qj∆S,

where NH = nx · ny denotes the total number of nodes at a given depth level H and
∆S = ∆x · ∆y is the effective area element in the normalized coordinate system.

It should be emphasized that the number of available observation points is depth-
dependent due to the structure of the real geochemical dataset: NH = 6331 for the surface
dataset (0 m), NH = 6037 for the 100 m dataset, NH = 5392 for the 200 m dataset.

This notation is introduced to emphasize that each depth level corresponds to a distinct
discrete realization of the same spatial sampling process.

The discretization leads to the following linear system:

KHqH = uH ,
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where KH ∈ RNH×NH is the discretized integral operator at depth H, qH ∈ RNH is the un-
known subsurface distribution, and uH ∈ RNH is the measured surface or depth-dependent
data vector.

This formulation naturally reflects the structure of the original physical problem while
avoiding artificial interpolation or grid reconstruction, which is particularly important for
preserving the integrity of irregular geophysical observations.

The elements of the matrix KH are defined as

K(H)
ij =

1
2π

Hs((
xi − xj)2 +

(
yi − yj)2 + Hs

2
)3/2 ∆S. (4)

Thus, the original continuous inverse problem is reduced to a discrete ill-posed linear
system of the first kind, which forms the basis for applying regularization and spectral
stabilization methods in the subsequent sections. For each depth level H, two discrete point
sets are introduced

Dm
H =

{
xm

i }
Nm

H
i=1, xm

i ∈ R2, Dr
H =

{
xr

j}N
j=1, xr

j ∈ R2,

where Dm
H denotes the measurement locations and Dr

H represents the reconstruction
grid nodes.

2.4. Data Comparison and KDTree-Based Matching

To evaluate the accuracy of the reconstructed solution obtained from the discrete
system Kq = u, a consistent and reproducible mapping between values computed on the
regular grid and experimental measurements defined at irregular locations is required.

In general, the measured data form a set of points Dm
H = {xm

i }
Nm

H
i=1., where xm

i ∈ R2, while
the reconstructed solution is defined on the uniform computational grid Dr

H = {xr
j}N

j=1.,
where N = nx · ny. Since the measurement locations generally do not coincide with grid
nodes, a mapping between these two sets must be established.

The comparison is formulated as a nearest-neighbor problem in the Euclidean space.
For each measurement point xm

i , the index of the closest grid node xr
j is determined by

minimizing the Euclidean distance

j∗(i) = arg min
j∈{1,...,N}

∥ xm
i − xr

j ∥2 .

The reconstructed value at the measurement location is then defined as û
(
xm

i
)
= qj∗(i).

This procedure establishes a mapping from irregular measurement locations to the discrete
computational grid, enabling direct comparison between observed and reconstructed fields.

A direct implementation of this approach requires computation of all pairwise dis-
tances between measurement points and grid nodes, resulting in a computational complex-
ity of O

(
Nm

H · N
)
.

For large-scale discretizations, this becomes computationally inefficient, particularly
in geospatial inverse problems involving high-resolution grids.

To overcome this limitation, a KDTree (k-dimensional tree) data structure is em-
ployed, constructed on the set of grid nodes Dr

H . The KDTree is a hierarchical partitioning
structure of the space R2, obtained by recursive subdivision along coordinate axes using
median-based splitting. Each node of the tree corresponds to a bounded region Rk ⊂ R2

containing a subset of points.
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Nearest-neighbor search in the KDTree (Pittsburgh, PA, USA) is based on a pruning
strategy that eliminates regions that cannot contain a point closer than the current best
candidate. Specifically, a region Rk is discarded if

d(xm
i , Rk) > dmin,

and
d(xm

i , Rk) = min
x∈Rk

∥ xm
i − x ∥2,

where dmin denotes the current best (smallest) distance found during the search. If this
condition is satisfied, the region Rk is excluded from further exploration, significantly
reducing the number of distance evaluations.

Due to this hierarchical structure, the average computational complexity of nearest-
neighbor search is reduced to O(logN), leading to an overall complexity of O

(
Nm

H ·logN
)

for the full matching procedure.
Formally, the KDTree construction is based on recursive partitioning of the point

set along alternating coordinate axes (x and y) using median splitting, which ensures a
balanced tree structure. The nearest-neighbor search proceeds by descending the tree to an
initial candidate and then performing backtracking steps to verify whether other branches
may contain closer points, based on the distance criterion.

In this study, no interpolation between grid nodes is applied. The reconstructed value
at each measurement location is assigned strictly from the nearest grid node, i.e.,

û(xm
i ) = qj∗(i).

This ensures a deterministic and fully reproducible comparison procedure, eliminating
additional approximation errors introduced by interpolation schemes.

Thus, the KDTree provides an efficient and robust mechanism for metric match-
ing between a structured computational grid and irregular measurement data, enabling
stable and reproducible evaluation of reconstructed and observed fields in the inverse
problem framework [32].

After performing the KDTree nearest-neighbor matching procedure with a prescribed
spatial tolerance criterion, the final numbers of matched points used for quantitative
reconstruction assessment were: 5930 points for the surface to 100 m reconstruction experi-
ment; 5310 points for the surface to 200 m reconstruction experiment; 5392 points for the
sequential 100 to 200 m reconstruction experiment.

The reduction in the number of matched points relative to the original observation
counts is caused by the irregular spatial distribution of real geochemical measurements
and the exclusion of points that did not satisfy the prescribed spatial consistency crite-
rion. Consequently, the error and correlation analyses were performed only for spatially
consistent matched observations.

2.5. Quantitative Analysis of KDTree-Based Matching Distances

To quantitatively assess the geometric accuracy of the correspondence between mea-
surement locations and nodes of the computational grid, the Euclidean distances in-
duced by the nearest-neighbor matching procedure based on the KDTree structure were
additionally analyzed.

For each measurement point xm
i , the Euclidean distance to its nearest grid node was

computed as
di =∥ xm

i − xr
j∗(i) ∥2,

where xr
j∗(i) denotes the closest node in the reconstruction grid.
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Based on these distances, statistical measures were evaluated, including the mean
distance d, the maximum distance dmax, and the standard deviation σd.

The computed statistical values are summarized as follows:
For reconstruction from surface to 100 m

d100 = 5.38 × 10−4, d100
max = 8.78 × 10−2, σ100 = 4.74 × 10−3.

For reconstruction from surface to 200 m

d200 = 4.81 × 10−4, d200
max = 7.02 × 10−2, σ200 = 4.40 × 10−3.

For sequential reconstruction from 100 m to 200 m

d100−200 = 0.0, d100−200
max = 0.0, σ100−200 = 0.0.

In all cases, the obtained distances remain significantly smaller than the characteristic
spatial discretization step of the computational grid h, i.e.,

d, dmax ≪ h.

This confirms that the geometric discrepancy introduced by replacing irregular mea-
surement locations with their nearest grid nodes is negligible compared to the reconstruc-
tion error.

Therefore, the KDTree-based nearest-neighbor matching provides not only compu-
tational efficiency but also preserves the metric consistency of the comparison procedure
between measured and reconstructed fields.

The threshold value used for spatial consistency filtering was applied solely as a
preprocessing step to exclude geometrically inconsistent matches and does not affect the
computation of KDTree-based distance statistics.

2.6. Lavrentiev’s Regularization Method

After discretization of the two-dimensional integral model, we obtain the system

Kq = uδ,

where K is the matrix of the discrete operator, q is the vector of the desired depth distribu-
tion, and uδ is the vector of noisy data.

Lavrentiev’s method is based on solving a regularized system [17]

(K + αI)qα = uδ, (5)

where α > 0 is the regularization parameter. The α parameter controls the trade-off between
the stability of the solution and the accuracy of matching with the data.

In practical applications, the Lavrentiev regularization method is widely used for
stabilizing ill-posed inverse problems arising in geophysical and geochemical modeling,
particularly in problems related to potential field continuation and subsurface reconstruc-
tion. One of the main advantages of the method is the direct stabilization of the operator
through the regularization parameter α, which reduces the amplification of noise and
computational errors without requiring explicit construction of normal equations.

In the present study, the Lavrentiev method is especially suitable because the dis-
cretized Poisson kernel operator is strongly smoothing and leads to a rapid decay of
singular values, making the direct inversion procedure unstable even for small perturba-
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tions in the measured data. The regularization scheme improves the conditioning of the
problem and provides stable approximations of the deep distribution of gold concentration.

From a computational perspective, the method is effective for processing large geo-
chemical datasets and ensures stable reconstruction of subsurface anomalies while preserv-
ing the main spatial features of the mineralization distribution.

2.7. Choosing the Optimal Regularization Parameter α

Since the resulting system is strongly ill-posed, regularization techniques are required
to obtain stable solutions. In this work, both Tikhonov and Lavrentiev regularization
methods are employed. The corresponding regularized solutions depend on a parameter α,
which controls the balance between data fidelity and stability.

To ensure consistency and robustness of the numerical experiments, the regularization
parameter was searched over the logarithmically distributed interval

α ∈
[
10−6, 101

]
,

using 60 logarithmically spaced candidate values. The same search interval and discretiza-
tion strategy were applied consistently for all regularization methods and all depth levels
to ensure comparability of the obtained results.

Three independent strategies were applied for parameter selection: the L-curve method,
generalized cross-validation (GCV), and the Morozov discrepancy principle. This combination
allows assessment of solution stability under different assumptions regarding the noise
structure and spectral properties of the discretized operator.

If regularization parameter α is too small, the solution becomes unstable and highly
sensitive to noise, whereas excessively large values lead to over-smoothing and loss of
important information. Therefore, choosing an optimal regularization parameter is a critical
step in solving ill-posed inverse problems.

An ill-posed problem is being considered

Aq = uδ,

where uδ is the noisy observational data. The application of the Lavrentiev regularization
method leads to the equation

(A + αI)qα = uδ, qα =
(

A + αI)−1uδ. (6)

Residual functionals and solution norms are introduced [6]:

ρ(α) =
∥∥∥Aqα − uδ

∥∥∥, η(α) = ∥qα∥. (7)

2.7.1. The L-Curve Method

The L-curve method is based on a geometric analysis of the compromise between
the norm of the solution and the magnitude of the discrepancy [33]. For a set of values of
the parameter α, regularized solutions are calculated, after which a parametric curve is
constructed in logarithmic coordinates:

x(α) = logρ(α) = log
∥∥∥Aqα − uδ

∥∥∥,

y(α) = logη(α) = log∥qα∥.

The optimal parameter value is selected at the point of maximum curvature of the
parametric curve: Numerical experiments show that such a curve usually has a character-
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istic shape resembling the letter L. The range of small values of α corresponds to a small
discrepancy and a large solution norm, which indicates overfitting and amplification of the
noise component. The region of large values of α is characterized by a strong smoothing of
the solution and an increase in the discrepancy

κ(α) =
| x′(α)y′′ (α)− y′(α)x′′ (α) |

(x′(α)2 + y′(α)2 )
3/2 . (8)

The selection criterion has the form:

α∗ = argmaxκ(α)
α

,

where α is the regularization parameter controlling the balance between solution stabil-
ity and approximation accuracy, and α∗ denotes the optimal regularization parameter
corresponding to the maximum curvature of the L-curve.

2.7.2. The Morozov Discrepancy Principle

The Morozov discrepancy principle is a theoretically rigorous method for selecting the
regularization parameter [34,35]. It assumes that there is an a priori estimate of the noise
level in the data. If the following condition is met∥∥∥uδ − u

∥∥∥ ≤ δ,

there is no reason to fit the model to the data with an accuracy higher than the noise
level. Here uδ denotes the observed noisy data, u represents the exact data, and δ is the
noise level.

The regularization parameter is selected from the condition

∥ Aqα − uδ ∥= τδ, τ ≥ 1,

where τ is the discrepancy coefficient controlling the admissible deviation between the
residual norm and the noise level.

The equivalent entry is presented as

ρ(α) =
∥∥∥A

(
A + αI)−1uδ − uδ

∥∥∥ = τδ,

when the smoothness conditions of the exact solution are met, it is proved that when
the noise level tends to zero, the regularized solution converges to the exact one.
The asymptotic rule of order for smoothness of degree p has the form:

α ∼ δ
1

p+1 ,

when the smoothness conditions of the exact solution are met, it is proved that when the
noise level tends to zero, the regularized solution converges to the exact one.

2.7.3. Generalized Cross-Validation Method

The generalized cross-validation (GCV) method is based on statistical estimation
theory and is used to minimize prediction error. It evaluates the quality of the solution
without explicitly splitting the data into training and validation sets, making it effective for
inverse and ill-posed problems [36].
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When using this method, a regularizing operator is introduced

Rα =
(

A + αI)−1, qα = Rαuδ,

and the resolving operator is represented as

Hα = ARα = A
(

A + αI)−1.

GCV functionality G(α) is defined by the expression

G(α) =
∥ Aqα − uδ ∥2

(trace(I − Hα))
2 =

∥ (I − Hα)uδ ∥2

(trace(I − Hα))
2 .

The optimal parameter value is selected from the condition

α∗ = argmin
α

G(α).

The GCV method is fully automated and does not require prior information about the
noise level. However, the method may be computationally expensive and can underesti-
mate the regularization parameter in the presence of high noise levels.

2.8. Tikhonov Regularization Method

Tikhonov regularization was applied to stabilize the solution of the ill-conditioned
Kq = u system that occurs when restoring the deep distribution of gold concentration [15,16].
The method is to solve a modified system(

K⊤K + αI
)

qα = K⊤u,

where α > 0 is the regularization parameter, I is the identity matrix, and qα is the regular-
ized solution. The choice of α provides a balance between approximation accuracy and
suppression of measurement noise.

Analogously to the Lavrentiev regularization method, the regularization parameter for
the Tikhonov method was selected using standard parameter-choice strategies, including the
L-curve criterion, Morozov discrepancy principle, and generalized cross-validation (GCV).
Numerical experiments showed that the optimal parameter depends on data scaling and
discretization properties. In the considered experiments, stable reconstructions were obtained
for values of α of order 10−1–100, with the optimal value approximately equal to α ≈ 0.86.

To verify the accuracy of the solution, a comparative assessment was performed at a
depth of 100 m. Common points between the reconstructed field and the reference data were
identified using KDTree matching, and the reconstruction error was computed as the differ-
ence between normalized Au values. The results were visualized using two-dimensional
maps demonstrating the spatial distribution of reconstructed concentrations and their
agreement with real measurements.

Tikhonov regularization effectively stabilizes the inversion process, reduces the influ-
ence of noise, and provides physically meaningful reconstructions of mineral concentration
distributions [15]. The method is especially effective for integral kernels associated with
diffusion and filtration processes, including the Poisson kernel.

2.9. Singular Value Decomposition (SVD) Method

SVD method is based on the singular value decomposition of the discretized
matrix K [26,27],

K = UΣV⊤,
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where U ∈ Rm×m и V ∈ Rn×n are orthonormal matrices, Σ ∈ Rm×n is a diagonal matrix
containing singular values σ1 ≥ σ2 ≥ . . . ≥ σr ≥ 0, r = rank(K)—the rank of the matrix K.

The formal solution has the form

q =
r

∑
i=1

u⊤
i u
σi

vi,

where σi, i = 1, . . . , r are singular values.

2.10. Truncated Singular Value Decomposition (TSVD) Method

Due to the rapid decay of the singular values σi, the components corresponding to small
singular values become highly sensitive to noise and computational errors. Therefore, along
with the classical SVD approach, the truncated singular value decomposition (TSVD) method
is also considered to improve the stability of the obtained solution [28]

qk =
k

∑
i=1

u⊤
i u
σi

vi, k < r.

Here, the truncation parameter k plays the role of a regularization parameter, control-
ling the trade-off between stability and approximation accuracy.

TSVD method is well suited for the considered inverse problem of geological data con-
tinuation, since the measured data contain noise and the corresponding matrix K is severely
ill-conditioned due to the rapid decay of singular values. In such cases, the classical SVD
solution becomes unstable, while TSVD improves stability by truncating small singular
components associated with noise amplification. In addition, the truncation parameter
k provides control over the degree of regularization, allowing a balance between recon-
struction accuracy and stability. By preserving only the dominant singular components,
TSVD retains the main structural features of the spatial distribution of mineralization,
which is important for reliable reconstruction of subsurface anomalies.

Energy Criterion for Choosing the Parameter k

The truncation parameter k in the TSVD method is selected using a 99% cumulative
energy criterion, ensuring that the dominant part of the singular-value spectrum is preserved.

The key task in applying the truncated singular value decomposition (TSVD) is the
selection of the truncation parameter k, which determines the number of singular com-
ponents retained in the solution. An inappropriate choice of k may lead either to loss of
relevant information (for small k) or to amplification of noise (for large k).

To address this issue, an energy-based criterion is employed, defined through the
cumulative contribution of the singular values

E(k) =
∑k

i=1 σ
2
i

∑r
i=1 σ

2
i

.

Here, E(k) represents the fraction of the total spectral energy of the operator matrix
K captured by the first k singular values, where σi are the singular values and r is the full
rank of the system. The optimal truncation level is selected such that a prescribed energy
threshold is satisfied, i.e.,

E(k) ≥ 0.99.

This ensures that the dominant spectral content of the system is preserved while sup-
pressing components associated with small singular values, which are typically dominated
by noise.
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To further justify the robustness of this selection strategy, a sensitivity analysis with
respect to the truncation parameter k was performed. Reconstructions were computed for
small, intermediate, and large values of k, including the value determined by the energy
criterion. The results demonstrate that small values of k lead to excessive smoothing and
loss of local anomalies, whereas large values of k amplify the influence of small singular
values, resulting in increased noise in the reconstructed solution. In contrast, the value of
k selected via the energy criterion provides a stable compromise between noise suppression
and preservation of the essential structural features of the reconstructed field.

3. Results and Discussion
3.1. Numerical Experiments and Validation of Reconstruction Methods

To ensure stable and accurate reconstruction, the regularization parameters for the
depth levels of 100 m and 200 m were determined using several parameter selection
strategies, including the L-curve criterion, generalized cross-validation (GCV), and the
Morozov discrepancy principle (Figures 1a–c and 2a–c). The obtained estimates were
subsequently used in the implementation of the Tikhonov and Lavrentiev regularization
methods. Comparative analysis demonstrated that the parameters selected by the L-curve
method provided the most stable reconstructions for both considered depth levels and
were therefore chosen as optimal for the numerical experiments.

Figure 1. Choosing the optimal regularizing parameter (100 m): (a) L-curve method; (b) GCV method;
(c) Morozov discrepancy principle.

The reconstruction of gold concentration at a depth of 100 m was performed using the
Lavrentiev, Tikhonov, SVD, and TSVD methods, and the obtained results were compared
with the available real measurement data at the corresponding depth level (Figure 3a–e).

The results in Table 1 show that at a depth of 100 m, Lavrentiev with L-curve provides
the best accuracy, achieving the lowest MAE (0.0428) and RMSE (0.0582), as well as the
highest correlation (R = 0.8876). Tikhonov and TSVD demonstrate similar error levels
(MAE ≈ 0.0517 and 0.0516), but Tikhonov yields higher correlation than SVD, indicating
better spatial consistency. SVD shows the weakest correlation (R = 0.5982), despite com-
parable error magnitudes. In terms of computational cost, SVD and TSVD are the fastest
(0.000762 and 0.001999), while regularization-based methods are slightly more expensive.
Overall, Lavrentiev (L-curve) provides the most balanced performance in terms of accuracy
and spatial reliability at this depth.
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Figure 2. Choosing the optimal regularizing parameter (200 m): (a) L-curve method; (b) GCV method;
(c) Morozov discrepancy principle.

Figure 3. Gold concentration reconstruction at 100 m depth and comparison with measured data: (a) Real
measured data at a depth of 100 m; (b) Reconstruction using the Lavrentiev method; (c) Reconstruction
using the Tikhonov method; (d) Reconstruction using the SVD method; (e) Reconstruction using the
TSVD method.
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Table 1. Quantitative comparison of reconstruction methods at the 100 m level.

Method MAE RMSE Relative L2 Error Max Absolute Error Correlation R Execution Time

Lavrentiev (L-curve) 0.042818 0.058156 0.672758 0.467702 0.8876 0.687356
Lavrentiev (GCV) 0.179331 0.317727 3.675500 3.549315 0.5983 0.712175
Lavrentiev (Morozov) 0.153566 0.250372 2.896327 2.540127 0.7259 0.720994
Tikhonov (L-curve) 0.051652 0.073145 0.846151 0.896006 0.772638 0.003000
SVD 0.051739 0.073584 0.851225 0.842670 0.598247 0.000762
TSVD 0.051623 0.073191 0.846680 0.888198 0.709220 0.001999

The reconstruction of the gold distribution at a depth of 200 m was performed similarly
to the 100 m case using the Lavrentiev, Tikhonov, SVD, and TSVD methods (Figure 4a–e).
The availability of measured data at the corresponding depth made it possible to directly
compare the reconstructed distributions with real observations and evaluate the accuracy
and stability of the applied approaches. The obtained results indicate that reconstruction
at greater depths becomes more challenging due to the increasing ill-posedness of the
inverse problem and stronger amplification of errors and noise. Therefore, appropriate
selection of the regularization parameter plays a crucial role in ensuring stable and accurate
reconstruction results.

Figure 4. Gold concentration reconstruction at 200 m depth and comparison with measured
data: (a) Real measured data at a depth of 200 m; (b) Reconstruction using the Lavrentiev method;
(c) Reconstruction using the Tikhonov method; (d) Reconstruction using the SVD method; (e) Recon-
struction using the TSVD method.
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Table 2 shows that at a depth of 200 m, the results indicate a clear degradation in
performance for several methods. Lavrentiev with L-curve remains the most accurate
and stable approach, achieving the lowest errors (MAE = 0.0507, RMSE = 0.0848) and the
highest correlation (R = 0.8049). In contrast, Lavrentiev with GCV and Morozov exhibits
strong instability with extremely large errors and very low correlation (R = 0.0117 and
R = 0.2626), indicating poor parameter selection in the ill-posed regime. Tikhonov and
TSVD show moderate performance, with TSVD yielding better correlation (R = 0.5170) than
Tikhonov (R = 0.1938), while SVD remains the least stable method (R = 0.0077). In terms
of computational cost, SVD and TSVD are the fastest (0.001393 and 0.001610), whereas
regularization-based methods are slightly more expensive. Overall, Lavrentiev (L-curve)
provides the most reliable performance at this depth.

Table 2. Quantitative comparison of reconstruction methods at the 200 m level.

Method MAE RMSE Relative L2 Error Max Absolute Error Correlation R Execution Time

Lavrentiev (L-curve) 0.050729 0.084846 0.771803 0.723308 0.8049 0.670695
Lavrentiev (GCV) 8.749765 28.313830 257.555954 771.838944 0.0117 0.703176
Lavrentiev (Morozov) 0.411020 0.993349 9.035975 12.810308 0.2626 0.681862
Tikhonov 0.080034 0.106958 0.972940 1.017832 0.193844 0.001711
SVD 0.202807 0.558635 5.081604 13.514551 0.007732 0.001393
TSVD 0.079863 0.105854 0.962894 0.973888 0.517006 0.001610

As an additional experiment, sequential depth reconstruction was considered. In this
case, data at the level of 100 m were used as input (surface) observations, and the depth
parameter in the Poisson kernel was assumed to be H = 100 m. Thus, the gold distribution
was restored at a depth of 200 m.

The obtained results were compared with direct measurements at 200 m, as well as
with the reconstruction performed directly from the initial surface data (from 0 m to 200 m).
Such a comparison makes it possible to assess the stability of the methods during the
sequential transfer of information deep, as well as to identify the possible accumulation of
errors during multistep recovery (Figures 5a–c and 6a–e).

Figure 5. Choosing the optimal regularizing parameter (sequential depth reconstruction from 100 m
to 200 m): (a) L-curve method; (b) GCV method; (c) Morozov discrepancy principle.

The results presented in Table 3 confirm that the inverse problem becomes increas-
ingly ill-posed over the combined 100–200 m interval. Lavrentiev regularization with
the L-curve criterion demonstrates the best overall performance, achieving the lowest
errors (MAE = 0.0381, RMSE = 0.0538) and the highest correlation (R = 0.8511), indicating
high stability and robustness under depth continuation. In contrast, Tikhonov regular-
ization shows limited performance, with MAE = 0.0962, RMSE = 0.2109, and a very low
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correlation (R = 0.0373), suggesting a loss of spatial consistency despite numerical stabil-
ity. The classical SVD method exhibits strong instability, with high reconstruction errors
(MAE = 0.1881, RMSE = 0.8763) and an extremely low correlation (R = 0.0080), confirming
its sensitivity to noise amplification in ill-posed sequential reconstruction. TSVD improves
stability compared to SVD, achieving MAE = 0.0808, RMSE = 0.1069, and R = 0.4916, but
remains less accurate than regularization-based methods. In terms of computational cost,
SVD and TSVD are the fastest (0.001002 and 0.001001), while regularization-based methods
are slightly more expensive. Overall, Lavrentiev (L-curve) clearly outperforms all other
approaches in terms of accuracy, correlation, and stability in sequential reconstruction.

Figure 6. Reconstruction of gold mineralization at 200 m depth based on 100 m depth measurements:
(a) Real measured data at a depth of 200 m; (b) Reconstruction using the Lavrentiev method; (c) Recon-
struction using the Tikhonov method; (d) Reconstruction using the SVD method; (e) Reconstruction
using the TSVD method.

Table 3. Quantitative comparison of reconstruction methods for the 100–200 m interval.

Method MAE RMSE Relative L2 Error Max Absolute Error Correlation R Execution Time

Lavrentiev (L-curve) 0.038117 0.053762 0.492434 0.487148 0.8511 0.593778
Lavrentiev (GCV) 5.619334 33.855920 310.104306 1284.780974 0.0163 0.656647
Lavrentiev (Morozov) 0.431252 2.457549 22.509990 78.423032 0.1449 0.628003
Tikhonov 0.096211 0.210850 1.931284 5.649013 0.037268 0.001995
SVD 0.188090 0.876316 8.026641 26.262669 0.008020 0.001002
TSVD 0.080751 0.106913 0.979271 0.970066 0.491575 0.001001

Table 4 summarizes the optimal regularization parameters obtained for all considered
inversion methods at different depth levels. The results show that the L-curve criterion pro-
vided relatively stable regularization parameters for both Lavrentiev and Tikhonov methods
across all investigated depths. In contrast, the GCV criterion consistently selected extremely
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small regularization parameters, indicating a tendency toward under-regularization and
potential instability of the inverse solution. The Morozov discrepancy principle produced
intermediate parameter values that varied significantly with depth, reflecting the sensitivity
of the method to noise level estimation. For the TSVD approach, the selected truncation
level k decreased substantially for deeper intervals, which indicates increasing ill-posedness
of the inverse problem and the necessity of stronger spectral filtering.

Table 4. Summary of the selected regularization parameters for different inversion methods and
depth levels.

Depth Method Parameter Selection Optimal Parameter

100 m

Lavrentiev L-curve 0.855467
Lavrentiev GCV 1 × 10−6

Lavrentiev Morozov 0.018672
Tikhonov L-curve 0.855467
TSVD Energy criterion 1901

200 m

Lavrentiev L-curve 0.650968
Lavrentiev GCV 1 × 10−6

Lavrentiev Morozov 0.006261
Tikhonov L-curve 0.650968
TSVD Energy criterion 464

100–200 m

Lavrentiev L-curve 0.855467
Lavrentiev GCV 1.726983 × 10−6

Lavrentiev Morozov 0.001215
Tikhonov L-curve 0.855467
TSVD Energy criterion 443

The conducted numerical experiments demonstrate that the stability and reliability
of the obtained results strongly depend on the type of method used and the parameter
selection strategy. The differences between the methods become especially pronounced
with increasing depth, confirming the inherently ill-posed nature of the inverse problem.

Lavrentiev regularization combined with the L-curve criterion produces relatively
stable results across all depths and preserves the structure of the reconstructed field effec-
tively. This indicates its ability to suppress noise while maintaining the dominant signal
components. In contrast, the Tikhonov method shows a gradual loss of stability with
increasing depth, becoming more sensitive to data perturbations.

The instability observed for the GCV and Morozov-based parameter selection strate-
gies is mainly caused by the strongly ill-posed nature of the discretized inverse problem
and the rapid decay of the singular-value spectrum, leading to severe ill-conditioning of
the system matrix. Under such conditions, the GCV criterion tends to select excessively
small regularization parameters, resulting in under-regularization, noise amplification, and
unstable reconstructions, especially at larger continuation depths.

For the Morozov discrepancy principle, the noise level was estimated heuristically as
3% of the L2 norm of the normalized data, i.e., δ = 0.03∥u∥, which is a common assumption
in numerical inverse problems.

To ensure fair comparison, the same L2- based normalization procedure was applied
to all datasets and all depth levels. Therefore, the observed instability is not related to
within the bounded logarithmic interval 10−6 ≤ α ≤ 101 using 60 discrete values for all
parameter-choice strategies.

Among spectral approaches, TSVD improves stability by filtering out small singular
values and preserves structural information better than classical SVD. However, its accuracy
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still becomes limited at greater depths. Classical SVD, on the other hand, is highly sensitive
to noise due to the rapid decay of singular values, which leads to unstable reconstructions.

The additional sequential reconstruction experiment reveals the accumulation of errors
during step-by-step continuation in depth. This behavior indicates that small perturba-
tions in the initial data propagate into deeper layers, affecting the overall quality of the
solution. Therefore, the use of stable regularization strategies is crucial for reliable deep
geological interpretation [37–40].

3.2. Stability and Sensitivity Analysis of the Inverse Problem
3.2.1. Conditioning Analysis

To evaluate the numerical stability of the discretized inverse problem, we computed
the condition number of the system matrix K. The obtained value

cond(K) ≈ 6.6 × 102

indicates that the problem is moderately ill-conditioned in the discrete sense. This implies
that the inverse problem is sensitive to small perturbations in the input data, which is a
characteristic feature of discretized Fredholm integral equations of the first kind.

3.2.2. Singular Value Spectrum

The singular value decomposition of the operator K reveals a smooth and rapid decay of
singular values (see Figure 7). Such behavior confirms the ill-posed nature of the inverse problem
and indicates strong attenuation of high-frequency components by the forward operator.

Figure 7. Singular value decomposition of the operator K.

This spectral decay leads to a loss of information in the small singular value regime,
which in turn causes instability in direct inversion and amplifies the effect of noise.
These properties justify the necessity of regularization techniques.

3.2.3. α

-Sensitivity Analysis
To further investigate the stability of the regularized solution, a sensitivity analysis

with respect to the regularization parameter α was performed. The relative error was
computed using a reference solution obtained at the optimal L-curve parameter.

The results (Figure 8) demonstrate a highly nonlinear dependence of the reconstruction
error on α, characterized by a narrow region of optimal regularization. In particular, the
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error exhibits a sharp minimum, while rapidly increasing for both under-regularization
(small α) and over-regularization (large α).

Figure 8. Sensitivity of solution to regularization parameter α

This behavior indicates that the inverse problem is not only ill-posed but also highly
sensitive to the choice of regularization parameter. As a result, small deviations from the
optimal α lead to significant degradation of the reconstruction quality.

The analysis demonstrates that the instability of regularization parameter selection
methods (GCV and Morozov’s discrepancy principle) is driven by the intrinsic ill-posedness
of the problem and its high sensitivity to the regularization parameter α. The moderately
high condition number, rapid decay of singular values, and pronounced α-sensitivity lead
to a narrow region of optimal regularization, where even small deviations significantly
degrade reconstruction quality. As a result, the GCV method tends to select underesti-
mated values of α, leading to under-regularized and noise-amplifying solutions, whereas
Morozov’s principle is sensitive to noise level estimation, resulting in unstable parame-
ter selection. Therefore, the observed instability reflects the properties of the underlying
ill-posed operator rather than deficiencies of the methods themselves.

3.3. Computational Environment

All numerical computations were performed using Python 3.13.7. The implementation
relied on the NumPy 2.2.6, SciPy 1.16.3, Pandas 2.3.3, and Matplotlib 3.10.7 libraries for
numerical linear algebra, data processing, and visualization.

The experiments were conducted on a standard desktop workstation with a multi-core
CPU. No GPU acceleration was used, and all reported execution times correspond to
single-thread CPU computations.

3.4. GIS-Based Spatial Interpretation of Reconstructed Results

To ensure physically meaningful interpretation of the reconstructed subsurface dis-
tributions, the numerical results were integrated into a Geographic Information System
(ArcGIS Enterprise) as part of the post-processing and spatial analysis pipeline [41].

The discrete reconstructed solutions obtained on the computational grid were exported
as georeferenced point datasets, where each grid node was associated with its spatial
coordinates and the corresponding estimated gold concentration.

Within the GIS environment, the reconstructed point fields were used to gener-
ate continuous spatial representations for different depth levels (100 m and 200 m).
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This transformation enables a unified spatial comparison of the inversion results obtained
by different regularization and spectral methods under identical georeferencing conditions.

The GIS-based representation enables spatial analysis of reconstructed anomalies,
localization of high-concentration zones, and comparative evaluation of the stability and
physical consistency of the obtained solutions at different depths.

All visualizations were performed within a consistent spatial reference framework,
ensuring that comparisons across depth levels and reconstruction methods remain
strictly comparable [42].

The integration of numerical reconstruction with GIS-based spatial analysis signifi-
cantly enhances the interpretability, comparability, and geophysical relevance of the ob-
tained results, bridging the gap between mathematical inversion and practical geological
decision-making (Figure 9a,b).

Figure 9. GIS-based spatial visualization and interpretation of reconstructed subsurface gold dis-
tributions in ArcGIS Enterprise: (a) Reconstructed results using Lavrentiev (L-curve) method;
(b) Visualization in ArcGIS Enterprise.

3.5. Validation Protocol and Limitations

The geochemical datasets at depths of 100 m and 200 m, derived from real gold (Au)
concentration measurements, were used as reference fields for the quantitative evaluation
of reconstruction accuracy. Due to the limited availability of independent in situ subsurface
geochemical measurements, a separate external validation dataset was not available in
this study.

Therefore, the evaluation procedure is based on an internal consistency validation
framework, where the same observational datasets are used in a controlled manner for
both parameter selection and reconstruction assessment.

Specifically, the reference fields are partially involved in the parameter selection stage
(including the L-curve method, generalized cross-validation (GCV), and the Morozov
discrepancy principle), while the reconstruction accuracy is evaluated through direct
comparison between reconstructed and observed fields at different depth levels.

To mitigate potential bias associated with the absence of independent test data, multiple
regularization parameter selection strategies are employed and cross-compared, including
Tikhonov-based approaches and spectral decomposition methods. In addition, validation
is performed across multiple spatial configurations (surface-to-100 m, surface-to-200 m, and
sequential 100–200 m experiments), which provides a form of cross-scenario consistency check.
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Although this approach does not correspond to an external statistical validation in
the strict machine learning sense, it is appropriate for deterministic inverse problems,
where the primary objective is stable and physically consistent reconstruction of subsurface
geochemical fields rather than predictive generalization to unseen data.

4. Conclusions
The article considers the problem of reconstructing the deep distribution of gold

concentration from geological measurements within the framework of a two-dimensional
integral model with a Poisson-type kernel. The considered inverse problem was reduced to
a Fredholm integral equation of the first kind and solved using the Lavrentiev, Tikhonov,
SVD, and TSVD methods. In addition, several approaches for selecting the regularization
parameter, including the generalized cross-validation (GCV) method, were analyzed.

Numerical experiments were carried out using real geological data from the
Novo-Khairuzovsky site in Southern Altai. The research considered surface measurements,
as well as data at depths of 100 m and 200 m. Based on the initial data, cross-sectional and hor-
izontal models of gold distribution were constructed on a regular grid. Direct comparisons
between reconstructed and measured distributions at different depth levels allowed the re-
construction accuracy and stability of the considered methods to be quantitatively evaluated.

The obtained results demonstrate that the most stable and accurate reconstructions
across all considered depths are achieved by Lavrentiev regularization with the L-curve
criterion, showing high correlation values at 100 m, at 200 m, and in the sequential recon-
struction. Tikhonov regularization provides acceptable accuracy only at shallow depth
(100 m); however, a significant decrease in correlation and stability is observed with increas-
ing depth and in sequential reconstruction. Among spectral methods, TSVD yields more
stable results compared to classical SVD due to the suppression of small singular values,
although it remains less accurate than the Lavrentiev method. Classical SVD is the most
sensitive to noise and depth increase, resulting in low correlation values and degraded
reconstruction quality.

An additional numerical experiment involving sequential reconstruction from
100 m to 200 m demonstrated the accumulation of reconstruction errors during step-by-step
continuation, emphasizing the importance of stable regularization procedures for deep
geological interpretation.

The proposed computational methodology can be applied to the analysis of geochem-
ical and geological data for various deposits and geological structures. The developed
approach may be useful for the interpretation of subsurface anomalies, forecasting promis-
ing mineralization zones, and solving inverse problems arising in mineral exploration and
geological modeling.
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SVD Singular value decomposition
TSVD Truncated singular value decomposition
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