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Abstract

Generative-Al systems are increasingly trained on datasets containing Al-generated con-
tent, creating recursive feedback that may cause progressive losses of tail mass, diversity,
and effective variance in learned distributions—a phenomenon commonly associated with
model collapse. Existing analyses are primarily empirical or based on discrete-generation
mixture models, motivating the development of a continuous-time dynamical framework.
We develop a SIRS-type compartmental model, in which a normalized training-data pool is
divided into clean, Al-polluted, and flagged /recovered fractions, with synthetic seeding
(0) and real-data preservation (o). We establish well-posedness, positivity, boundedness,
and positive invariance; derive the equilibria and an explicit contamination threshold
governing the clean equilibrium in the unseeded system; and analyze local stability and
global convergence using planar dynamical-systems methods. Numerical simulations and
parameter sweeps illustrate the resulting dynamics. In addition, a proof-of-concept fit of
the reduced contamination-seeding subsystem to independently reported web-content
prevalence data reproduces the observed post-2022 growth trend (R? = 0.977). Contamina-
tion (B) and synthetic seeding () increase equilibrium pollution, whereas detection (y) and
real-data preservation (p) reduce it. Within the parameter ranges investigated, increasing
the cleaning rate («) can indirectly increase equilibrium pollution by returning more data to
the clean compartment, where it is again exposed to contamination. These results identify
continuous real-data preservation and effective detection as key mechanisms for limiting
synthetic-data pollution in generative-Al training ecosystems.

Keywords: model collapse; generative Al; synthetic data; SIRS compartmental model; data
pollution; global stability; Bendixson-Dulac criterion; dynamical systems

1. Introduction

Beginning with the emergence of generative artificial intelligence (Al), the generation
of digital content has rapidly changed. Large language models (LLMs), diffusion-based
image generators, and other modern generative-Al models are increasingly being trained
and retrained on data ecosystems containing growing amounts of Al-generated content. As
synthetic output is reused in later training cycles, learned distributions can progressively
lose low-probability modes, diversity, or effective variance and become increasingly concen-
trated relative to the original real-data distribution. This phenomenon, commonly described
as model collapse or Al autophagy, has been documented empirically and theoretically.
Shumailov et al. [1] demonstrated that recursively trained generative models can degrade
when synthetic data are repeatedly fed back into training, while Alemohammad et al. [2]
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analyzed self-consuming generative loops and discussed mitigation through retention of
real data and curation of synthetic content. At the ecosystem level, Pan et al. [3] considered
the risk that large volumes of machine-generated text may pollute online information envi-
ronments. Recent work has further characterized distinct aspects of recursive synthetic-data
training: linguistic diversity can decline across successive synthetic-text generations [4];
mixed real-synthetic training can be studied through distributional error bounds [5]; correc-
tive procedures can stabilize self-consuming loops [6]; and collapse rates can be quantified
for basic distribution families [7]. Experimental results also show that outcomes depend
strongly on the training workflow and, in particular, on whether real data are retained or
progressively replaced [8]. Machine-generated-text detection and resampling therefore offer
one possible curation mechanism [9].

Two related developments make the composition of future training corpora especially
important. First, high-quality human-generated text is a finite resource. Based on projected
training demand and estimates of the public human-text stock, Villalobos et al. [10] argued
that frontier language-model training could reach data availability constraints between
2026 and 2032 if prevailing scaling trends continue. Second, synthetic text is already
measurable in web corpora that are commonly used in language-model development. A
Pew Research Center analysis of 490,000 Common Crawl webpages reported that 9.35%
of sampled .com pages in January 2026 showed significant signs of Al authorship or
editing [11]. Independently, Russell et al. [12] analyzed FineWeb-filtered Common Crawl
data and reported that 27.5% of tokens in June 2026 and 31.1% in August 2026 were
labelled as Al-generated. These quantities should not be interpreted as directly comparable
estimates of a single web-wide contamination rate because they use different units of
analysis, sampling frames, filters, and detection procedures. Taken together, however,
they provide independent evidence that machine-generated material is becoming a non-
negligible component of web-scale text corpora.

The measurement problem itself is nontrivial because synthetic-content detection is
imperfect. In a comparative evaluation of 14 detection systems, Weber-Wulff et al. [13]
found substantial false-positive and false-negative behavior and concluded that available
tools were not uniformly reliable. At a more fundamental level, Sadasivan et al. [14]
showed that paraphrasing and spoofing attacks can sharply reduce the effectiveness of
several classes of Al-text detectors and reduce detector performance to the statistical
distinguishability of human and machine-generated text. Consequently, the detection
parameter 7 in the present model should be interpreted as an effective detection-and-
removal rate for a curation pipeline, not as the accuracy of a particular classifier. For the
same reason, the external web-prevalence series used later in this paper is treated as a
detector-dependent proxy rather than ground-truth labelling of all online content.

At a high level, the training data at each generation can be considered a blend of
(i) original or verified human-generated content and (ii) synthetic content generated by
models, introduced either deliberately to reduce labelling costs or supplement incom-
plete datasets, or unintentionally as Al-generated content accumulates on the open web.
Most existing analyses of recursive training are discrete-generation models that trace mix-
ture proportions or distributional changes across successive training rounds. In contrast,
continuous-time compartmental models such as the Susceptible-Infected—Recovered (SIR)
family and its extensions are well established in epidemiology and have also been adapted
to rumor and misinformation propagation [15-18]. Importantly for the present formula-
tion, epidemic models with persistent importation or immigration of infective individuals
provide a classical analogue of exogenous seeding: Brauer and van den Driessche [19]
showed that sustained external influx can remove the disease-free equilibrium and force
persistence. Although the interpretation here is data pollution rather than infection, the
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structural analogy motivates distinguishing endogenous contamination from an external
synthetic-seeding mechanism. Compartmental models then provide explicit thresholds,
equilibria, and stability results using standard nonlinear dynamical-systems tools [20,21].

The central contribution of this paper is a SIRS-type compartmental model of
generative-Al data pollution applied to the composition of a training-data pool rather
than to a population of individual agents. We split a normalized data pool into three
compartments: clean or human-generated data S(t), polluted Al-generated data I(t), and
flagged or recovering data R(t) that is undergoing cleaning or verification. Two mecha-
nisms specific to generative-Al pipelines which are absent from classical epidemic and
rumor-spreading models are introduced:

*  asynthetic seeding rate o, representing the deliberate or incidental injection of model-
generated content into the data pool, even when very little pollution is currently
present; and

* a real-data preservation or injection rate p, representing the continuous effort to
preserve or re-introduce verified real data into the training mixture, with proportional
replacement of existing content.

The novelty lies in the continuous-time data-ecosystem formulation and its Al-specific
flow structure rather than in the stability tools themselves, which are standard dynamical-
systems methods. In particular, the model (i) introduces external synthetic seeding that
removes the clean equilibrium whenever ¢ > 0, (ii) places real-data preservation and
detection together in the unseeded pollution threshold, (iii) yields a closed-form positive-
pollution equilibrium for the seeded system, and (iv) shows that faster recovery can
increase equilibrium pollution over the investigated parameter range because recovered
data re-enters the clean compartment and is again exposed to contamination.

Importantly, I(t) represents the fraction of the training-data pool that is Al-polluted; it
is not itself a direct metric of model collapse. The model therefore addresses the dynamics
of synthetic-data pollution as a mechanism that may contribute to collapse. Direct collapse
outcomes such as loss of tail coverage, reduced variance, distributional drift, or downstream
performance degradation are outside the present state space and require additional state
variables and task-specific empirical calibration. To provide an independent empirical
check of the core pollution-seeding mechanism without conflating it with full pipeline
calibration, we additionally fit a reduced two-parameter subsystem to published Common
Crawl-derived estimates of Al-authored web content.

The resulting continuous-time SIRS-type system permits rigorous analysis of positivity,
invariance, equilibria, and stability. When ¢ = 0, the model has a clean equilibrium and
an interpretable threshold governing pollution elimination or persistence. When o > 0,
synthetic seeding eliminates the clean equilibrium and produces a unique positive-pollution
equilibrium. We derive this equilibrium in closed form and investigate its dependence on
contamination, seeding, detection, cleaning, and preservation.

The remainder of the paper is structured as follows. Section 2 develops the model:
formulation, behavioral assumptions, well-posedness, positivity and boundedness, equilib-
rium analysis and local and global stability, followed by the numerical methodology and a
reduced external calibration procedure. Section 3 presents the results: baseline time-domain
simulation, numerical decay of a Volterra-type functional, single- and two-parameter sen-
sitivity sweeps, heatmap /contour analyses of the steady-state polluted fraction, and the
proof-of-concept external calibration result. Section 4 discusses the implications of these
results for the design of generative-Al data pipelines and places them in context with the
epidemiology and misinformation-modeling literature. Section 5 presents the conclusion
and outlines directions for future work, including explicit diversity and variance metrics,
and global sensitivity analysis.
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2. Materials and Methods
2.1. Model Formulation

Motivated by empirical evidence of model collapse due to recursive training on syn-
thetic data [1,2], we modify the classic SIRS compartmental model with two mechanisms
tailored to generative-Al data ecosystems: a synthetic seeding term o, which allows direct
influx of Al-generated content without requiring interaction with existing polluted material,
and a real-data preservation term p, representing continuous proportional replacement of
polluted or recovering material by verified real data. The interpretation is Al-specific, but
the mathematical role of persistent external seeding has a precedent in epidemic models
with importation of infectives, where sustained influx can eliminate the disease-free equilib-
rium [19]. Analogously, when ¢ > 0 in the present system, a perfectly clean equilibrium is
no longer available, and the long-run state necessarily contains positive pollution.

We consider a normalized training data pool partitioned into three time-dependent
fractions:

S(t) (clean/humandata), I(t) (Al-polluteddata), R(t) (flagged/recovering data),
subject to S(t) + I(t) + R(t) = 1. The proposed model is,

S=p(1-S)—pBSI—0S+aR,
[=BSI+0S—(7+p), 1)
R=vI—(a+p)R,

where f3, v, &, and p are the contamination rate, detection rate, cleaning rate, and preser-
vation rate, respectively (full interpretations are given in Table 1), and ¢ is the rate of
synthetic seeding. In the present data-ecosystem interpretation, the term BSI does not
represent literal contact between data items. It is a coarse-grained mixing/exposure term:
when both clean material and Al-polluted or synthetic material are present, repeated web
collection, dataset assembly, augmentation, and retraining create opportunities for clean
portions of the future training pool to be replaced or combined with polluted content. The
bilinear form assumes that the frequency of such opportunities scales with both fractions,
so 3 should be interpreted as an effective mixing/contamination coefficient rather than an
empirically calibrated infection rate. By contrast, oS represents direct synthetic seeding
that can occur even when the current polluted fraction is negligible. This distinction is
consistent with recent work emphasizing data curation and detection as mechanisms for
controlling synthetic-content exposure [8,9].

Table 1. Parameter values and interpretations used in the model.

Parameter Values Considered Interpretation

Contamination intensity; higher values increase Al-

p 08t012 contaminated data spread

v 0.001 to 0.693 izl;tehztli;giz ;iggcg)li ;Ialte; higher values indicate
0.105 to 0.693 Detection efficiency of contaminated data

« 0.5t0 1.0 Recovery rate through cleaning mechanisms

0 0.05t0 0.5 Preservation rate of authentic human-generated data

Qualitatively, R behaves as a holding stage between I and S such that polluted content
can only be returned to the clean pool after passing through the detection process, while p
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operates on all three simultaneously, continuously replacing polluted or recovering material
with verified real data and thereby shifting the system toward the clean compartment.
Table 1 gives the parameter ranges considered in the full SIRS simulations. The full
five-parameter set was not calibrated from an operating generative-Al training pipeline;
these ranges were selected to cover light-to-heavy contamination and seeding, detection,
cleaning, and preservation regimes rather than a single calibrated scenario. A separate
proof-of-concept fit of the reduced pollution—seeding mechanism is described in Section 2.7.

2.1.1. Well-Posedness

We first examine the well-posedness before studying the equilibrium and stability
properties. Each right-hand side of system (1) is a polynomial in S, I and R. Hence, the
vector field is continuously differentiable and therefore locally Lipschitz in R3. By the
Picard-Lindelsf theorem, every initial condition in R® generates a unique local solution.
The positivity and boundedness results established below imply that solutions starting in
the feasible region remain in a bounded positively invariant set and therefore extend to all
t > 0. Thus, for every feasible initial condition, system (1) has a unique solution defined
forallt > 0.

2.1.2. Positivity

Proposition 1 (Positivity). IfS(0) > 0, I(0) > 0, and R(0) > 0, then S(t) > 0, I(t) > 0, and
R(t) > 0forallt > 0.

Proof. We examine the vector field on each coordinate boundary.

ds
AtS =0, It = p+aR >0, so S(t) cannot become negative.
5=0
dl )
AtI =0, T =05 > 0, so I(t) cannot become negative.
=0
dR .
AtR =0, T = I > 0, so R(t) cannot become negative.

Since the vector field points inward on each of the coordinate hyperplanes that bound
the non-negative orthant, R3 ; is positively invariant. []

Proposition 2 (Invariance of the simplex). If S(0) + I(0) + R(0) = 1, then S(t) + I(t) +
R(t) =1forallt > 0.

Proof. Let N(t) = S(t) + I(t) + R(¥).
Differentiate N(t) = S+ 1+ R
Summing the three equations of system (1), all bilinear and linear cross-terms cancel:

N=p(1-S5)—pl—pR=p(1-N).

This linear ODE has the explicit solution: N(t) = 1+ (N(0) — 1)e~%.

Since N(0) =1, N(t) =1, t>0.

Therefore, S(t) + I(t) + R(t) =1, Vt>0.

Hence, the normalized simplex A = {(S,LR) € Ry, : S+ I+ R = 1} is
positively invariant. [ -

2.2. Boundedness and Feasible Region

From Proposition 2, N(t) — 1 as t — oo for any initial N(0), and in particular
0 < N(t) < max{N(0),1}. Combined with Proposition 1, trajectories with initial condi-
tions in the operationally meaningful region remain in the closed, bounded, positively
invariant region
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Q={(S,LR)eRy :S+I+R <1}

The normalized training-data model is restricted to the invariant simplex A =
S+ 1+ R =1, and all subsequent equilibrium and stability analysis is carried out on A.

In the present application, positivity means that the clean, polluted, and recovering
fractions remain physically meaningful and cannot become negative. Boundedness and
invariance mean that the training-data composition remains within a normalized feasible
pool, so no compartment fraction can leave the admissible range or create data mass outside
the modeled pool.

2.3. Equilibrium Points

The proposed SIRS model has equilibrium points that describe long-term states of the
data ecosystem with a stable ratio of clean, Al-polluted, and recovering data over time.
These equilibria are used to gain insight into the possible asymptotic behavior of the system
and are used as the basis for the stability analysis that follows.

Equilibria are obtained by setting S = [ = R = 0.

(i) Pollution-free (clean) equilibrium (¢ = 0); Setting I = R = 0 satisfies [ = R = 0
identically. Substituting into S gives p(1 — S) = 0,s0 S = 1. Thus, when o = 0,

Eo = (1,0,0).

This is the pollution-free equilibrium. Note that when ¢ > 0, Eg is not an equilibrium,
since j|s:1, 1o = 0 # 0: synthetic seeding rules out a perfectly clean steady state whenever
it is active.

(ii) Positive equilibrium for ¢ > 0; From R = 0,

a+p

From [ =0,

I*
BS'I* +0S* —(y+p) " =0=S5" = (glj:?a .
Substituting S* and R* into S = 0 and using the invariance relation $* + I* + R* =1
(Proposition 2) yields a quadratic equation in I*.

p(l N (7+p)1*) By +pI? ol(y+p)lf | ayl*

(BI* +0) (BI*+o)  (BI*+0)  (a+p)
Equivalently,
al** 4 bI* + ¢ =0,
with
I*_—b+\/b2—4uc
N 2a ’
where
a—ﬁ(1+a+p)>0, b ’y+p+a+w+p B, c o <0.

Since a > 0 and ¢ < 0, this quadratic has exactly one positive root I* > 0 for any o > 0,

.. . PR} a1 . _ _ ’y _

giving a unique positive equilibrium, E* = (5§*,I*, R*), where §* =1 — (1 + W) I*,R* =
I

atp
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When ¢ = 0 and Rg > 1, the positive equilibrium is,

_atp
g_rte L _177p P
p 1+ 5 a+p

(iii) Threshold condition; For ¢ = 0, linearizing the infected equation at the clean
equilibrium Ey = (1,0,0) gives I = (B — (7 + p))I giving the threshold,

B

Ro— P
T 1o

When ¢ = 0, if Ry < 1, polluted data are asymptotically eliminated, and Ej is stable.
If Rp > 1, Ep is unstable and a positive equilibrium exists. When o > 0, Ej is not an
equilibrium. Therefore, Rg is not an extinction threshold for the seeded system, although it
remains the threshold inherited from the corresponding unseeded model. This is similar to
the traditional reproduction number threshold of epidemic theory [15-17], where persistent
pollution is suppressed by both preservation (p) and detection ().

2.4. Local Stability

We use the standard linearization criterion for autonomous ordinary differential
equations: local stability is determined from the eigenvalues of the Jacobian evaluated at
an equilibrium [20,21]. Writing, f; =S, fo =1, f3 =R, the Jacobian of system (1) is,

—po—Bl—0 —BS «
J(SLR)=| PBI+c  BS—(v+p) 0
0 Y —(x+p)

Since the clean equilibrium Ey = (1,0,0) exists only when ¢ = 0, its Jacobian is,

—p —B e
J(Eo)= |0 B—(y+p) 0 :
0 v —(a+p)

Its characteristic polynomial is,
A+p)A+a+p)(A=B+7+p) =0,
so the eigenvalues are
M=—p Aa=—(+p) As=p—(r+p)

Thus, Ej is locally asymptotically stable when Ry < 1 and unstable when Ry > 1.

Proposition 3. When o = 0, the clean equilibrium Eg = (1,0,0) is locally asymptotically stable if

Ro = %ip < 1, and unstable if Ry > 1.

For the positive equilibrium, use the invariant relation R = 1 — S — I, to obtain the
reduced planar system,

S=(p+a)—(p+0c+a)S—al —BSI,
[=BSI+0S—(y+p)L

oS*
I*

At E* = (S*,I*), the equilibrium relation [ = 0 gives BS* — (y +p) = —
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Its Jacobian is,

—(p+o+ua)—BI* —a—BS*

Jr(E*) = *
' IBI*+U _UIS*

Therefore,
oS*

tr(J;(E*)) = —(p+0+a) —BI" — Iz

<0,

and
oS*

I*

Hence, the positive equilibrium is locally asymptotically stable on the invariant sim-

det(J;(E*)) = (o + o +a+ BI")

+ (o +BS*)(BI* +0) > 0.

plex whenever it exists. In the full three-dimensional system, the transverse variable
N = S+ I + R satisfies N = p(1 — N), giving the additional transverse eigenvalue —p < 0.

2.5. Global Stability
The global arguments below use standard Lyapunov monotonicity and planar
dynamical-systems results, including the Bendixson-Dulac criterion and the Poincaré—
Bendixson theorem [20,21].
Global stability of the clean equilibrium: For ¢ = 0 and Ry < 1, define Vy(I) = I.
Since0 < S<1onA,
Vo=[BS—(v+p)]I< [B—(v+p)]I<0

for I > 0, I(t) decays to zero. Moreover, R + (a +p)R = I, so R(t) — 0, and the
invariance relation S+ I + R = 1 then gives S(t) — 1. Thus, Ey = (1,0,0) is globally
asymptotically stable on A.

Proposition 4. If o = 0and Ry < 1, the clean equilibrium Eq = (1,0,0) is globally asymptoti-
cally stable on A.

Global convergence to the positive equilibrium: Because A is invariant and
S+I1+R=1,

we eliminate R by setting,
R=1-S5-1.

The dynamics on A are therefore equivalent to the planar system

S=(p+a)—(p+0+a)sS—al—BSI,
[=BSI+0S—(y+p)L

Consider the open, simply connected region
D°={(51):$>0,1>0,S+1<1}.

For ¢ > 0, Section 2.3 establishes a unique equilibrium (5%, I*) in D°, and Section 2.4
establishes its local asymptotic stability.
Choose the Dulac function

B(S,I) = % (S,1) € D°. 3)

https://doi.org/10.3390/asi9110234
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Writing
f(§,I)=(p+a)—(p+oc+a)S—al —BSI,
and
8(8,1) = pSI+0S — (v +p)I,
we obtain ota ptota w o ytp
Bf=Y%r~——71 ~sF B=Pr7-5
Hence,
8(Bf)__p+a+£
oS 8?2 527
and
JoBg) o
ol 1%
Consequently,
d(Bf) 9(By) al —(p+a) o
. fr = _—— 4
V - (Bf, Bg) 55+ o 5, 7 4)

For every (S,1) € D°, wehave0 < I < 1.
Sincep >0anda >0, «al <a < p+w,and therefore al — (p+a) < 0.
Together with o > 0, Equation (4) gives

V- (Bf,Bg) <0, V(S1I)eD°. )

Thus, by the Bendixson-Dulac criterion, system (2) admits no periodic orbit entirely
contained in D°.
It remains to consider the boundary of the feasible region. On I = 0,

so no trajectory with S > 0 can remain on the boundary I = 0. On S =0,
S=p+a(l—1)>0,

because 0 < I < 1. Hence trajectories cannot remain on S = 0. Finally, on S 4 I = 1, which
is equivalent to R = 0,
d .

%(S+I):—R:—’yl<0, I>0.

Therefore, the boundary S + I = 11is also not positively invariant except at the limiting
boundary point corresponding to the clean state, which is not an equilibrium when ¢ > 0.

Hence, for o > 0, every trajectory starting in D remains in the interior and its w-limit
set cannot contain a boundary orbit or a periodic orbit. Since the system has a unique
equilibrium E* in the interior, the Poincaré—Bendixson theorem implies

(S(1), I(t)) —> (S%,I*),  t— oo,

Since R(t) =1 — S(t) — I(t), it follows that R(t) — R*.
Therefore,
(S(t),I(t),R(t)) — (S*,I",R"), t — oo.

Thus, the unique positive equilibrium E* is globally asymptotically stable in the
relative interior of the invariant simplex A.
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Proposition 5. The unique positive equilibrium is globally asymptotically stable in the relative
interior of the invariant simplex A when ¢ > 0. When o = 0 and Ry > 1, the same Dulac
function gives
ol — «
V. (Bf,Bg) = % <0

throughout D°. Moreover, I = 0 is invariant, while trajectories with 1(0) > 0 remain in the
interior. At Ey, the stable eigendirection is tangent to the invariant boundary I = 0; hence, the
local stable manifold of Ey is contained in this boundary. Therefore, no trajectory with 1(0) > 0
can converge to Ey. Hence, by the Poincaré—Bendixson theorem, every trajectory with I1(0) > 0
converges to the unique positive equilibrium E*.

2.6. Numerical Methods

No closed-form time-domain solution is used in the numerical analysis. Transient
trajectories were obtained using ode45, whereas the closed-form equilibrium expressions
were used for the steady-state parameter sweeps. The system was integrated numerically
using MATLAB’s ode45 solver over 0 < t < T, with output recorded at intervals of
At = 0.01. The initial condition was (5(0), 1(0), R(0)) = (0.7, 0.2, 0.1), with RelTol = 1078,
and AbsTol = 10710, This initial condition was chosen solely as an illustrative mixed state
with nonzero mass in all three compartments and was not inferred from an operating
generative-Al pipeline. The terminal time increased when necessary until |[x(T)| < e,
where ¢ = 1078, The steady-state fractions in the sweeps below are just the values that each
trajectory will eventually reach once this transient is over.

The full five-parameter baseline was not calibrated from an operating generative-Al
training pipeline. Therefore, the ranges in Table 1 were selected to represent qualitatively
different dynamical regimes rather than to reproduce a particular calibrated scenario.
The separate external calibration below is deliberately restricted to the two parameters
identifiable in a reduced pollution-seeding subsystem and does not convert the baseline
SIRS parameter set into an empirically calibrated pipeline model. The baseline parameter
set used throughout the numerical study is,

B =08, o =0.001, v = 0.105, a =05, o = 0.105. (6)

Single-parameter sweeps were performed by varying one parameter from the set
{a,B,7,0,p} at a time, while keeping all remaining parameters fixed at their nominal
values. The closed-form equilibrium expressions were used to compute steady-state values
in the parameter sweeps. Time integration with ode45 was used to verify representative
parameter combinations. This procedure was repeated for the grids in (B, p), (7, p), (&, p),
and (1, p) to create heatmaps and contour plots of I'*, classifying parameter combinations
as low-, moderate-, or high-pollution regimes. A near-clean state was defined numerically
as [* < 1073.

2.7. External Proof-of-Concept Calibration of the Reduced Pollution—Seeding Mechanism

To provide an independent empirical check of the contamination-seeding mechanism,
we considered public estimates of Al-authored or substantially Al-edited web content
reported by the Pew Research Center from English-language webpages sampled from the
Common Crawl] archive [11]. The study analyzed approximately 490,000 webpages and
reports six-month averages by top-level domain. We used the .com observations from
January 2023 to January 2026: 1.63, 2.76, 3.76, 4.70, 5.48, 6.64, and 9.35 percent. These data
are used only as an external environmental proxy for the prevalence of synthetic content
and are not treated as direct observations of the three compartments of an operating
training pipeline. Because Al-text classifiers can exhibit false positives, false negatives, and
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sensitivity to rewriting or paraphrasing [13,14], the reported percentages are treated as
detector-dependent prevalence estimates rather than ground-truth labels.

To isolate the two mechanisms that can be identified from this single prevalence series,
we considered the reduced case R =0,y =a = p =0,and S = 1 — I. System (1) then
reduces to Al

E:,Bl(l—l)—l—a(l—l), (7)
where I(t) is interpreted, for this calibration exercise only, as the observed fraction of
webpages exhibiting substantial Al authorship or editing. The parameters § and o were
estimated by nonlinear least squares,

(B,0) = arg 5}5}5}3]2[1 (t:8,0) ~ 1], ®
using MATLAB R2019a (MathWorks, Natick, MA, USA) with ode45 for time integration
and fminsearch with a logarithmic parameter transformation to enforce positivity. The
first observation, January 2023, was used as the initial condition. This exercise is a proof-of-
concept calibration of the reduced contamination-seeding mechanism, not a calibration of
7, &, or p and not a validation of the full five-parameter SIRS model.

3. Results
3.1. Baseline Time Evolution

With the baseline parameters (6), the system (1) was integrated from the initial condi-
tion (5(0),1(0),R(0)) = (0.7,0.2,0.1). The resulting trajectories of S(t), I(t) and R(t) are
shown in Figure 1. If the pool is contaminated and seeded, the clean-data fraction decreases,
the polluted-data fraction increases, and the recovering fraction undergoes a short transient
before all three variables approach their equilibrium values. All three compartments con-
verge smoothly without oscillation to steady values within about ten time units, consistent
with the analytically predicted steady endemic state (S*, I*, R*) ~ (0.26, 0.63, 0.11), and
with the stability results for the baseline parameters, obtained in Sections 2.4 and 2.5.

o State Trajectories of the SIRS Model

0.6 - 4

o
I3
T
~
—
~~
=
1

<
=~
T
1

Pt
o
1

State Variable

F
o
1

e
—
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0 1 1 1 1 1 1 1 1 1
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Figure 1. Time evolution of the SIRS model representing clean data S(¢), Al-polluted data I(t), and
recovered data R(t).
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3.2. Numerical Behavior of the Volterra-Type Functional

For an additional numerical illustration of convergence toward the positive equilib-
rium, we define the standard Volterra-type functional

V(S,IR) = <S—S* —S*lnss*> + <I—I* - I*lnII*> + <R—R* —R*lnéi). )
which is commonly used in the stability analysis of compartmental models [22,23]. Since
z—1—Inz > 0 forz > 0, we have V > 0, with V = 0 only at E*. In this study, V is
used only as a numerical diagnostic; the analytical global-convergence result is established
independently in Section 2.5 using the Bendixson-Dulac criterion. The resulting numerical
evolution is shown in Figure 2.

Volterra-Type Functional
T T T T T
0.45F =

0.35 B
031 4
= 025 B

02 4

0.1 4

0.05 1

0 L | 1 1 1 L L 1 1
0 10 20 30 40 50 60 70 80 90 100

Time ¢

Figure 2. Numerical evolution of the Volterra-type functional V(¢) along the baseline trajectory.

The Volterra-type functional V defined in (9) was evaluated along the baseline numer-
ical trajectory. For the baseline simulation, V(¢) decreases toward zero as the trajectory
approaches the positive equilibrium. This observed decay is consistent with the global-
convergence result in Proposition 5 but is not used as an independent Lyapunov proof.

3.3. Single-Parameter Sensitivity Analysis

The steady-state values (S*, I*, R*) from sweeping each of the parameters alone
around the baseline (6) are reported in Figures 3 and 4. For ¢ > 0, the equilibrium
satisfies I* > 0. We therefore classify I* < 1073 as near-clean and larger values as
persistent pollution.

Increasing f causes a gradual decrease in S* while a gradual increase in I* occurs,
corresponding to a greater influx of new polluted data into the compartment being recov-
ered; R* is increasing with [* as more data enters the recovered compartment. Under
the pattern is reversed: S* rises about linearly with 7 as more and more polluted data
enters the recovering compartment, [* falls steeply, nearly monotonically, with v, and R* is
non-monotonic, increasing with vy until it becomes sufficiently large that recovered data are
purged back to S faster than they enter from I.

For «, 5* only increases slightly for the swept range and R* decreases steadily as
expected to drain the recovering compartment into S. Within the parameter range examined,
I* increases with «. In this model, increasing « transfers data more rapidly from R to S,
thereby enlarging the fraction exposed to the contamination term BSI.
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Figure 3. Single-parameter equilibrium sweeps: (a—c) S* versus «, §, and «; (d—f) I* versus «, B, and

v; and (g—-i) R* versus «, B, and v, respectively.
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Figure 4. Single-parameter equilibrium sweeps: (a,b) S* versus ¢ and p; (c,d) I* versus o and p; and

(e,f) R* versus o and p, respectively.

This distinguishes a sharply from < and p, both of which act on I in a way that nets

out to reducing I* and it is consistent with the threshold Ry = %jrp, derived in Section 2.3,

which likewise contains no dependence on «.

All three steady states shift slightly over the range of parameters considered under ¢

S* decreases marginally, I* and R* increase marginally, showing that the effect of synthetic

seeding is rather small compared to the rest of the parameter range under consideration.

In contrast, under p, the response is pronounced: S* increases quickly and almost linearly

with increasing p; whereas I* decreases accordingly, and R* again exhibits a non-monotonic
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response, a rise followed by a fall, as more and more data are recovered back to S through
R, and p appears in the outflow term (a + p)R as well as the inflow to S.

In all sweeps, § and ¢ raise the steady-state fraction of the polluted population I*,
while v and p lower it. The data returned by &, which we consider a “recovery” mechanism,
increases the steady-state fraction of the polluted population I* indirectly, since the data
it brings back to S is now available for contamination. S* and R* mirror this behavior in
each case, as required by S* + I* + R* = 1. For the ranges examined with ¢ > 0, the model
always possesses a positive-pollution equilibrium. Moreover, increasing « alone is not a
mitigating mechanism over the investigated parameter range; effective pollution reduction
instead requires sufficiently strong detection, preservation, or reductions in contamination
and seeding.

3.4. Two-Parameter Analysis (Heatmaps and Contours)

Two-parameter sweeps were conducted to investigate the interaction between the pa-
rameters (B, p), (¢, p), (¢, p), and (1, p) while keeping all other parameters at their standard
values. For each pair, the heatmap displays the entire intensity of I* over the parameter
space and the contour plots display specified levels of I*, allowing low-, moderate-, and
high-pollution regions to be compared.

Figure 5 shows the overall impact of the contamination rate 8, synthetic seeding rate
o, and real-data preservation rate p on I*.

(a) Heatmap of I* (8, p) (b) Contour of I* (8, p)

0.5 0.7
0.7
0.4 0.6 10.6
0.3 05 0.5
U
0.2 04 04
0.1 0.3 0.3
0.8 0.9 1 1.1 1.2
B
(c) Heatmap of I* (o, p) (d) Contour of I* (o, p)
07 0.7
06 0.6
0.5 0.5
0.4 0.4
0.3 0.3
0 0.2 0.4 0.6 01 02 03 04 05 06
o o

Figure 5. Two-parameter equilibrium pollution: (a) heatmap and (b) contour plot of I* for (8, p);
(c) heatmap and (d) contour plot of I* for (o, p).

In Figure 5a,b, a high p and a low p produce the highest steady-state pollution, while
the contour lines illustrate a clear trade-off: in order to compensate for a high B, the
pollution can be reduced by increasing the value of p, and thereby moving the system
from the region of high pollution to the low-pollution or near-clean region, according to
the criterion I* < 1073. Figure 5¢,d indicates that, for the ranges of interest, the effect
of the seeding rate o is relatively small compared to the effect of the preservation rate p:
the steady-state pollution level is strongly dominated by the preservation rate and higher
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values of p for the preservation rate result in uniformly lower levels of pollution in the
system states.

Figure 6 shows how the steady-state level of Al-polluted data changes with the
cleaning rate «, the detection rate 7, and the preservation rate p.

(a) Heatmap of I* (a, p) (b) Contour of I'* («, p)

0.5 07 0.7
0.4 06 0.6
0.3 0.5
N 0.5
0.2 0.4 0.4
0.1 ‘ ! 03 0.3
0.5 0.6 0.7 0.8 0.9 1
a
0.5 (c) Heatmap of I* (v, p)
' 06 0.6
0.4 05 0.5
0.3 0.4 0.4
h 03 03
0.2 02 0.2
0.1 0.1 0.1
0.1 0.2 0.3 0.4 0.5 0.6
v Y

Figure 6. Two-parameter equilibrium pollution: (a) heatmap and (b) contour plot of I* for («, p);
(c) heatmap and (d) contour plot of I* for (vy, p).

Figure 6a,b shows the (&, p) interaction. Increasing p moves the heatmap toward lower
I* across the entire a range, whereas increasing « at fixed p produces a modest increase
in I*. The nearly horizontal contour structure confirms that preservation dominates the
variation in this panel and that faster recovery alone does not mitigate pollution. Figure 6¢,d
shows the (v, p) interaction. Here both increasing detection and increasing preservation
reduce I*, with the lowest-pollution region occurring when both are large. The downward
trend across both axes demonstrates that oy and p act cooperatively, unlike the («, p) case.
Thus, over the parameter region shown, preservation is the strongest common mitigating
direction, while the effect of « reflects redistribution from R back to S and renewed exposure
to the contamination pathway.

3.5. State Trajectory Analysis

To further illustrate the global dynamics of the model, the baseline simulation was
performed again with a number of different initial conditions, keeping the baseline param-
eter values unchanged. This analysis shows that the convergence presented in Section 3.1
is not only applicable to a specific initial condition, but that the temporal evolution of each
compartment can be analyzed individually without having to look at a single overlaid
trajectory.

Figure 7 shows that, despite different initial distributions of clean, Al-polluted, and
recovering data, all trajectories converge to the same positive equilibrium. Although
the transient dynamics vary with the initial condition, the long-term behavior remains
unchanged. This provides numerical evidence of convergence from the selected initial
conditions and is consistent with the global-convergence result in Proposition 5.
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Figure 7. Time evolution for several initial conditions under the baseline parameter values: (a) clean-
data fraction S(t), (b) Al-polluted fraction I(¢), and (c) recovering/flagged fraction R(¢).

3.6. Phase Portrait Analysis

In order to gain further insight into the dynamical behavior of the system, the qualita-
tive relationships between the state variables were investigated using phase portraits.

Figure 8 illustrates the convergence of the selected trajectory toward the positive
equilibrium. The projections show no oscillation or closed orbit along this trajectory. Global
convergence follows from the analytical results, not from the phase portrait alone.

(a) Three-Dimensional Phase Portrait

0.1
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Figure 8. Phase portraits for the baseline trajectory: (a) three-dimensional (S, I, R) trajectory; (b) S—I
projection; (c) S—R projection; and (d) I-R projection.
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3.7. External Proof-of-Concept Calibration Result

Fitting the reduced model (7) to the seven . com observations from January 2023 to
January 2026 yielded

B=03394yr~!,  G=000962yr .

The fitted trajectory reproduced the observed increase in the prevalence proxy with
R? = 0.977 and a root-mean-square error of 0.359 percentage points (Figure 9). The
agreement provides an external check that the reduced contamination-seeding mechanism
can reproduce the observed growth trend with only two fitted parameters. It does not
establish that the full SIRS parameter values are empirically calibrated, because the external
series does not separately observe detection, recovery, or deliberate real-data preservation.

Proof-of-concept calibration of the reduced pollution-seeding model

o] B=0.339yr1,6=0.0096 yr! hi
R?=0.977, RMSE=0.359 percentage points
wn
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o
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3
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Years since January 2023

Figure 9. Proof-of-concept calibration of the reduced pollution-seeding subsystem against the
percentage of .com webpages showing significant signs of Al editing or authorship in the Pew
Research Center Common Crawl analysis, January 2023-January 2026 [11]. Points represent the
reported six-month averages and the curve represents the fitted reduced model.

3.8. Summary of Findings

Over the parameter ranges investigated, p produces the largest reduction in the
equilibrium polluted fraction, with the contamination rate, §, and synthetic seeding rate,
o, being the main contributors to pollution. Detection () offers complementary and
cooperative mitigation in addition to preservation. By contrast, recovery rate («) does not
act as a mitigating factor: it works as expected to reduce R*, but it also increases I* because
the data it returns to the susceptible pool is now available for contamination, pointing out
again that rapid recovery is not, on its own, equivalent to reducing pollution, and that this
E_ which depends on 7y and p but

T+
not on «. The numerical trajectories are consistent with convergence toward the analytically

asymmetry is already reflected in the threshold Rg =

derived equilibrium. The threshold R applies to the unseeded system, whereas the seeded
system has a positive equilibrium for every o > 0. Thus, while preservation and detection
can substantially reduce equilibrium pollution, a perfectly clean equilibrium is impossible
as long as synthetic seeding remains active.

4. Discussion

The proposed continuous-time SIRS-type model provides an analytically tractable
framework for studying generative-Al data pollution, a mechanism that may contribute to
model collapse. Recent work measures collapse more directly through quantities such as
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linguistic diversity, distributional distance, variance contraction, or downstream perfor-
mance [4,5,7,8]. In contrast, I(t) in the present model is a pollution-burden variable rather
than a direct predictor of those collapse outcomes. The reduced external calibration in
Section 3.7 provides a limited empirical check of the contamination-seeding growth mech-
anism: two fitted parameters reproduce an independently observed rise in Al-authored
web content with R?> = 0.977. The wider literature supports the relevance of both sides
of this mechanism: human-generated text may become a binding training resource under
continued scaling [10], while independent Common Crawl analyses report substantial
and increasing machine-generated content in web-scale corpora [11,12]. At the same time,
detector reliability remains imperfect [13,14], so these prevalence estimates should be in-
terpreted as method-dependent indicators rather than exact measurements of a universal
contamination fraction. Because the calibration observations describe the wider web rather
than an instrumented training pipeline, the result supports the plausibility of the reduced
mechanism but does not validate the complete SIRS model. Accordingly, the analytical
results establish conditions for persistence or suppression of synthetic-data pollution, while
a quantitative map from I(#) to tail coverage, variance, or model quality requires additional
state variables and empirical calibration. The threshold quantity Ry = 775 Plays arole
analogous to the basic reproduction number in classical epidemic theory [15-17,22,23]:
for the unseeded system (o = 0), if Rg < 1 then polluted content is eliminated and the
clean equilibrium is globally stable, whereas if Ry > 1 pollution persists at a computable
positive equilibrium. Notably, Ry depends on 7y and p but not on «, a structural feature that
anticipates the counterintuitive equilibrium finding discussed below. The seeding term
also has a close mathematical analogue in epidemic models with importation: sustained
external influx can remove the disease-free equilibrium [19]. In the present Al setting,
this means that when synthetic seeding remains active, policy design should target an
acceptably low long-run pollution level rather than exact elimination.

The two-parameter analysis sets the relative importance of policy levers, and also
reveals one that behaves differently than its label suggests. The parameters that are most
difficult to control directly are contamination (8) and seeding (¢), as these parameters
depend on the wider data ecosystem, e.g., the amount of Al-generated content on the open
web. The two mechanisms that are directly under the control of an organization running a
training pipeline, and which, in our numerical study, are the first two that are effective in
suppressing pollution, are detection () and real-data preservation (p). The recovery rate («)
is likewise under an organization’s control, but the model shows it should not be treated as
interchangeable with 7 and p: because a governs the rate at which recovering data re-enters
the clean data pool rather than removing polluted data outright, increasing « enlarges the
pool available for renewed contamination through the fSI and ¢S terms and, over the
parameter ranges investigated here, increases the equilibrium polluted fraction rather than
reducing it (Sections 3.3 and 3.4). The dependence on « is indirect rather than explicit, since
the I-equation contains no a term; changes in I* therefore occur through the effect of
on S*. Practically, it implies that fast recovery of flagged data is not, by itself, a safeguard
against long-run contamination: recovered data that re-enters circulation without adequate
detection or preservation capacity in place becomes available to be polluted again. This
dominance of p in the two-parameter heatmaps thus suggests that, in this continuous-time
compartmental scenario, the most effective mitigation strategy is continuous reinjection
of verified real data, not just recovery rate alone, as was qualitatively recommended by
the model-collapse literature [1,2,8,9] and quantified within the proposed model, with
the identification of the recovery rate as a lever that must be paired with detection or
preservation to be net beneficial.
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There is a need to be clear about what this type of model can and cannot tell us. In
exchange for the analytical tractability that made the equilibrium and stability results of
Section 2 possible, one has to make certain compromises in collapsing the entire, highly
heterogeneous data ecosystem into three aggregate compartments, such as what sources
or platforms might be contributing polluted content, how exposure rates across different
sources or platforms vary, and any network effects that govern how synthetic material
might propagate. This is the cost of closed-form thresholds rather than simulation-only
conclusions, and is the same trade-off made by analogous low-dimensional treatments of
misinformation spread [18]. The full five-parameter SIRS baseline should therefore not be
interpreted as a calibrated operational model. The proof-of-concept external fit estimates
only B and ¢ in a deliberately reduced two-state setting; the available external series cannot
identify v, a, or p, nor does it observe clean, polluted, and recovering fractions inside an
actual training pipeline. Accordingly, the full-model sweeps in Section 3 still represent
qualitative scenarios rather than a fitted operating point, including the direction of the
effect. Within the investigated parameter range, the direction of the a-effect follows from
the model structure, although its practical magnitude has not been empirically validated.
The sweeps presented here also do not sample all five parameters together, and a complete
global sweep remains to be carried out, which would be valuable to see how the effect of &
on pollution affects the entire parameter space, as opposed to only the region of parameter
space used in the baseline sweep presented here.

5. Conclusions

We have developed a three-compartment SIRS-type dynamical model of generative-Al
data pollution, which decomposes a normalized training data pool into clean, Al-polluted,
and flagged /recovering parts, and adds two generative-Al pipeline-specific mechanisms:
synthetic seeding (¢) and real-data preservation (p). We have established well-posedness,
positivity, and invariance of the feasible simplex. We derived the clean equilibrium for the
unseeded system and closed-form expressions for the positive equilibrium. The threshold
Ro = %ip determines the stability of the clean equilibrium when ¢ = 0. Local stability and
global convergence of the positive equilibrium were established using planar dynamical-
systems analysis. Numerical simulations illustrated the analytical results. A separate
proof-of-concept fit of the reduced contamination-seeding subsystem to independently
reported web-content prevalence data yielded B = 0.3394 yr~! and 7 = 0.00962 yr—!
with R? = 0.977; this provides an external check of the reduced mechanism rather than
calibration of the full SIRS system. Under the illustrative baseline parameter set, the positive
equilibrium is approximately (S*,I*,R*) = (0.262,0.629,0.109). Holding the remaining
baseline parameters fixed, increasing p from 0.05 to 0.50 reduces I* from approximately
0.677 to 0.224, while increasing y from 0.105 to 0.693 reduces [* from approximately 0.629
to 0.024. These values are model-based scenario results rather than calibrated predictions.
Over the parameter ranges investigated, detection and real-data preservation reduced
equilibrium pollution, whereas contamination and synthetic seeding increased it.

This separation between truly mitigating parameters and « implies that, for pipeline
design, curators of generative-Al training datasets can use the framework as a scenario-
screening tool to compare the relative effects of stronger provenance/detection filters,
greater retention of verified real data, and tighter synthetic-data controls. It should not be
interpreted as prescribing calibrated operational rates. The results also show that speeding
up the recovery of flagged data is not, by itself, sufficient to reduce long-run pollution.
The model translates qualitative recommendations concerning real-data preservation and
synthetic-data control into explicit equilibrium relationships and a threshold condition for
the unseeded system.
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The model invites three natural extensions. First, coupling the polluted compartment
I to auxiliary state variables tracking tail-mass, diversity, variance, or downstream per-
formance would allow the framework to model-collapse outcomes directly rather than
using pollution as a precursor mechanism. Second, sampling the five parameters j, o, -,
«, and p simultaneously, instead of sequentially, would determine if a’s effect on pollu-
tion is only found in the parameter regimes used here, or if it is found throughout the
entire parameter space. Third, relaxing the well-mixed, deterministic structure (by adding
stochastic noise, or using a network structure, as in related extensions to rumor-spreading
models [18]) would enable the framework to reflect the fact that different data sources are
also heterogeneous, which the present aggregate compartments ignore.
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