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Abstract

Educational data mining (EDM) often reports classifiers and feature selectors fitted to 
large-scale assessments without respecting how these surveys are designed. This study 
specifies an evaluation protocol for such data—a published predictor allowlist enforced 
in code, school-grouped nested cross-validation, outcome categories derived from each 
of ten plausible values and combined by Rubin’s rules, and design-based standard errors 
from replicate weights for the fitted prediction rules—and uses it to benchmark variable-
length particle swarm optimisation (VLPSO) against fifteen alternatives on the Spanish 
sample of PISA 2018 (29,786 students, 1087 schools). Mathematics proficiency bands were 
discriminated with an area under the curve of 0.8850 (Low vs. High), 0.7520 (Low vs. 
Medium) and 0.6963 (Medium vs. High); a label-permutation null averaged 0.4989, and 
measurement error contributed about half of the variance. Across 12,000 matched selector 
fits, no method improved on the full predictor set. VLPSO retained four to six of 31 items at 
a cost of 0.0257–0.0368 in AUC, did not differ from binary swarm optimisation, and was less 
stable than most filter and embedded selectors. SHAP rankings were concordant across 
50 models per task, and models transferred to Portugal without loss. VLPSO compresses 
predictors at a measurable cost; it does not improve prediction.

Keywords: educational data mining; feature selection; particle swarm optimisation; data 
leakage; nested cross-validation; plausible values; survey design; explainable machine 
learning; PISA 2018

1. Introduction
Educational data mining (EDM) applies statistical learning to data generated by educa-

tional systems in order to describe, predict, and explain student outcomes [1–3]. Artificial 
intelligence is increasingly being applied to educational measurement [4], which raises 
questions of data privacy, algorithmic bias, and fairness [5]. Large-scale assessments such as 
the Programme for International Student Assessment (PISA) are an attractive source for this 
work: they combine an achievement measure with several hundred questionnaire variables 
on home background, attitudes, and school context for nationally representative samples 
of 15-year-olds [6]. Two methodological threads run through the resulting literature. The 
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first is feature selection, motivated by the dimensionality of the questionnaire and by the 
expectation that a compact predictor set is easier to interpret [7,8]. The second is post hoc 
explanation, principally SHapley Additive exPlanations (SHAP) and Local Interpretable 
Model-agnostic Explanations (LIME), which are used to describe which variables a fitted 
model relies on [9–11].

Both threads presuppose that the predictive estimates they qualify are sound; on 
assessment data, however, three properties of the source make this presupposition fragile. 
First, the achievement scores from which the outcome is derived are stored in the same file 
as the questionnaire responses, so a table of predictors (a design matrix) built by keeping 
every numeric column admits the outcome among the predictors; the resulting estimate is 
then a lookup, not a prediction [12,13]. Second, students are sampled within schools, so 
cross-validation that splits at the level of the student places a test student’s classmates in the 
training data [14]. Third, proficiency is not observed: PISA reports it as ten plausible values 
drawn from a posterior distribution, with sampling uncertainty carried by 80 replicate 
weights; an analysis that averages the plausible values or ignores the weights will report 
intervals that are too narrow [15–17]. A feature selector evaluated without regard to these 
properties may be credited with gains that are actually artefacts of the evaluation rather 
than properties of the selector.

This article is organised around the above dependency. Its primary contribution is 
an evaluation protocol for supervised learning on large-scale assessment data, specified in 
enough detail to be re-executed and checked. This includes a published allowlist of candidate 
predictors enforced by exception, nested cross-validation with schools as the grouping unit, 
outcome categories derived separately from each plausible value and combined by Rubin’s 
rules, design-based standard errors from the Fay balanced repeated replication (BRR) 
weights for the fitted prediction rules, two permutation nulls with distinct purposes, and 
an explanation protocol with attributions replicated across plausible values and folds. Its 
secondary contribution is an evaluation under the above protocol of variable-length particle 
swarm optimisation (VLPSO) [18] for selecting questionnaire predictors. The evaluation is 
performed against fifteen comparators that include filter, wrapper, and embedded selectors, 
the fixed-length binary particle swarm optimiser (BPSO) [19], four VLPSO ablations, 
and the unselected allowlist. The VLPSO variant evaluated here is specified at the level 
of implementation (Section 4.4); the variable-length idea itself is from Tran, Xue, and 
Zhang [18].

This study addresses four research questions on the Spanish cohort of PISA 2018:

RQ1. How well can mathematics proficiency bands be discriminated from allowlisted questionnaire 
items when the evaluation respects the clustering, measurement, and sampling design of the survey?

RQ2. Does VLPSO select subsets that discriminate as well as the full allowlist and as well as 
established selectors, and are its selections stable across folds, plausible values, and random seeds?

RQ3. Are the global and local attributions of the fitted models reproducible across plausible values, 
folds, and explainer seeds?

RQ4. Do the fitted models transfer to a second national sample (Portugal) without re-estimation? 

This study makes the following three contributions:
1. An evaluation protocol for large-scale assessment data. The protocol of Section 4 com-

bines leakage control by allowlist, school-grouped nested resampling, per-plausible-
value outcome derivation with Rubin’s rules, and Fay BRR standard errors. Its com-
ponents are individually established; the contribution is their combination into one 
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executable pipeline in which each safeguard is enforced by code that raises an exception. 
A demonstration (Section 5.1) shows the size of the error that each safeguard prevents 
on these data.

2. A benchmark of VLPSO under the above protocol. VLPSO is compared with fifteen 
alternatives on three binary tasks, ten plausible values, and twenty-five outer folds per 
plausible value, with identical swarm settings for VLPSO and BPSO, wrapper fitness 
evaluated on school-grouped folds, and the subset size of ranking methods tuned on 
inner folds (Section 5.4). The stability of VLPSO is examined across seeds and in a 
one-at-a-time sensitivity analysis of its control parameters (Section 5.5).

3. Replicated explanations and external validation. Global SHAP attributions are com-
puted on 50 fitted models per task (ten plausible values by five folds), and their 
agreement is quantified. LIME stability is reported with statistics that are not dis-
torted by unnamed features, and the Spanish models are applied unchanged to the 
Portuguese sample of the same cycle (Sections 5.6 and 5.7).
The rest of the paper is organised as follows: Section 2 reviews related work; Section 3 

describes the data, the survey design, and an exploratory analysis; Section 4 specifies the pro-
tocol, VLPSO, and comparison design; Section 5 reports the results and Section 6 discusses 
them; Section 7 states the limitations; and Section 8 concludes the paper. Abbreviations are 
listed at the end of the article.

2. Related Work
2.1. Prediction of Student Performance

EDM has moved from descriptive analysis towards prediction of attainment, progres-
sion, and risk [1,2]. Comparative studies of student performance prediction typically fit 
several learners, most often logistic regression, decision trees, random forests, gradient boost-
ing, support vector machines, and neural networks, then report performance results [20,21]. 
Alternatively, some studies first cluster students, then fit a classifier within the selected 
clusters [22]. Large-scale assessments have been used in the same way, with PISA in partic-
ular serving as a source of questionnaire predictors for proficiency outcomes [11,23]. Two 
features of this literature bear on the present study: first, model choice is frequently made 
on the same data used to report performance, which yields optimistic estimates [24,25]; 
second, the survey design of the assessment, namely, the plausible values, sampling weights, 
and clustering of students in schools, is seldom carried into the evaluation.

2.2. Feature Selection and Particle Swarm Optimisation
Feature selection methods are conventionally grouped into filters, which rank variables 

by a criterion computed without a learner; wrappers, which score candidate subsets by the 
performance of a learner; and embedded methods, in which selection is a by-product of 
fitting [7]. Common filters include symmetric uncertainty [26], mutual information [27], 
the chi-squared statistic, and ReliefF [28]. Common wrappers include recursive feature 
elimination (RFE) [29] and sequential forward selection (SFS). Embedded methods include 
the 𝐿1-penalised (lasso) path [30], impurity-based importance from random forests [31], 
and Boruta, which compares each feature’s importance with that of permuted “shadow” 
copies [32]. Selection has also been combined with feature extraction, for example by 
clustering features after a principal component analysis [33].

Evolutionary and swarm methods treat subset selection as a search problem [8]. Parti-
cle swarm optimisation (PSO) [34] moves a population of candidate solutions under the 
attraction of each particle’s best position and the swarm’s best position; its binary variant 
(BPSO) maps velocities to bit-flip probabilities through a sigmoid transfer function [19]. 
In both, every particle has the dimensionality of the full candidate set. Comprehensive 

https://doi.org/10.3390/asi9110228

https://doi.org/10.3390/asi9110228


Appl. Syst. Innov. 2026, 9, 228 4 of 30

learning PSO (CLPSO) [35] lets each dimension of a particle learn from a different exemplar, 
which preserves diversity on multimodal problems. Variable-length PSO (VLPSO) [18] 
combines a ranking of features with particles of different lengths, so that short particles 
search only the highest-ranked features, then adapts particle lengths during the search; 
originally, it was proposed for high-dimensional classification problems with thousands of 
features. To the best of our knowledge, its behaviour on survey questionnaires with tens of 
candidate items, strong redundancy, and clustered observations has not yet been examined.

The stability of a selector, that is, the extent to which it returns the same subset on 
perturbed data, is a property distinct from the accuracy of the resulting model. Nogueira, 
Sechidis, and Brown [36] showed that most stability indices violate desirable properties, 
including Kuncheva’s index [37], which is undefined when the compared subsets differ in 
size. In [36], the authors proposed an estimator defined for subsets of unequal size and 
that has a known asymptotic sampling distribution; the same estimator is used here.

2.3. Explainable Machine Learning in Educational Data Mining
SHAP attributes a prediction to features through Shapley values of a cooperative 

game defined by the model [9]; for tree ensembles, TreeSHAP computes them exactly in 
polynomial time [38]. LIME fits a sparse linear surrogate to the model’s predictions on per-
turbed samples around one instance [10]. Both have been applied to student performance 
in programming courses [39], massive open online courses [40], and PISA mathematics 
literacy [11] as well as to the discovery of student profiles in PISA 2022 [23]. Two properties 
of these methods are rarely examined in previous work: LIME is stochastic, and its expla-
nations can change between runs on the same instance [41]; meanwhile, a global SHAP 
ranking computed from a single fitted model inherits the sampling variability of that model. 
Agreement of rankings across repeated fits can be summarised by Kendall’s coefficient of 
concordance 𝑊 [42].

2.4. Leakage and Validation Failure
Kaufman et al. [12] provided a formal definition and taxonomy of leakage in data 

mining. Two of their categories must be kept apart here, as the diagnostics reported in 
Section 5 test them separately and neither diagnostic tests the other.

Outcome-in-predictors leakage is the presence among features of either the target itself 
or of a deterministic or near-deterministic function of it. It can easily arise when the table of 
predictors given to a model (the design matrix) is built by keeping every numeric column 
of a data file, as a selection rule based on how a value is stored cannot distinguish between 
a questionnaire response and the achievement score that defines the label, so the score is 
kept as a predictor. Kapoor and Narayanan [13] have documented that this class of error 
has produced irreproducible findings across many fields and that it is usually detected by 
outside replication rather than by the original authors.

Protocol leakage is different in kind. The predictors carry no outcome information, 
but information flows from the outer test fold into model construction through a scaler or 
imputer fitted before splitting, features ranked on all rows, hyperparameters tuned on the 
folds used to report performance, or observations split at the level of the student when they 
are clustered within schools [14]. Varma and Simon [24] and Cawley and Talbot [25] have 
shown that selecting models or hyperparameters on the folds used to report performance 
yields optimistically biased estimates, and that nested cross-validation is the remedy.
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The two failure modes require different tests. Permuting labels destroys the association 
between the outcome and every predictor at once, including a leaked copy of the outcome, so 
a pipeline that still contains such a copy returns a chance-level metric just as a clean pipeline 
does. Therefore, a label permutation null is silent on outcome-in-predictors leakage by 
construction; it tests whether the fitting, tuning, and selection machinery can manufacture 
above-chance discrimination when no signal remains.

2.5. Analysis of Large-Scale Assessment Data
Using an item response model conditioned on background variables, PISA estimates 

each student’s proficiency from responses to a subset of the item pool and reports ten 
random draws from each student’s posterior distribution; these draws are the plausible 
values [16,43]. An analysis is run once per plausible value, and the results are combined by 
Rubin’s rules [17]. The point estimate is the mean of the ten estimates, and its variance is the 
mean within-plausible-value sampling variance plus (1 + 1/10) times the between-plausible-
value variance. The fraction of missing information (FMI) is the share of the total variance 
attributable to the between-plausible-value component, that is, to the measurement error in 
proficiency. Sampling variance is estimated by balanced repeated replication with Fay’s 
modification: the statistic is recomputed under each of 80 replicate weights, and the variance 
is 1

𝐺(1−𝑘)2
∑𝐺

𝑔=1( ˆ𝜃𝑔 − ˆ𝜃)2 with 𝐺 = 80 and Fay factor 𝑘 = 0.5 [15,44]. Unequal weights reduce 

precision by the Kish design effect 1 + CV2, where CV is the coefficient of variation of the 
weights [45]. Averaging the plausible values before analysis or analysing only one of them 
will understate the uncertainty of any estimate that depends on proficiency [15,16].

2.6. Research Gaps
Three gaps follow from the above review. First, feature selectors, VLPSO among them, 

have been applied to educational data without an evaluation that respects the clustering, 
measurement, and sampling design of large-scale assessments; thus, it is unknown how 
much of a reported gain survives such an evaluation. Second, selector stability is rarely 
reported, and when it is, the indices are undefined for the subsets of unequal size that 
variable-length methods produce. Third, explanations of models fitted to assessment data 
are typically computed once from a single fitted model, so their reproducibility is unknown. 
The present study addresses each of these gaps within a single protocol.

3. Data
3.1. Source and Analytic Sample

Our analysis uses the student questionnaire file of PISA 2018 [46], downloaded from 
the OECD and read without modification. The school questionnaire file is not used. The 
primary sample is Spain; the Portugal sample from the same file and cycle is held out for 
external validation (Section 4.8), and plays no part in any choice made on the Spanish data.

Table 1 gives the exclusion flow. Records were retained where at most 400 of the 
1119 columns of the student file were missing. The threshold is consequential, as the sample 
halves at 200 and grows by a sixth at 600; both alternatives are reported in Table 1. The 
analytic sample comprises 29,786 students in 1087 schools. Following the same rule, the 
Portuguese sample comprises 4668 students in 272 schools.
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Table 1. Analytic sample flow and survey design of the Spanish sample. Counts of students and 
schools after each step; the design statistics refer to the primary analytic sample. —, not reported.

Step Students Schools

Student file, Spain and Portugal read 41,875 —
Spain 35,943 1089
≤400 of 1119 columns missing (primary) 29,786 1087

≤200 missing (alternative) 14,728 1056
≤600 missing (alternative) 34,953 1089

Portugal, same rule (external validation) 4668 272
Survey design of the primary sample
Students per school, mean (range)         27.4 (1–42) 
Explicit strata 74 
Sum of final weights 344,601 
Final weight, range 1.00–145.62 
Final weight, coefficient of variation 1.065 
Kish design effect (1 + CV2) 2.134 
Kish effective sample size 13,958 
Replicate weights (Fay, 𝑘 = 0.5) 80 

3.2. Survey Design
PISA draws schools with probability proportional to size within explicit strata, then 

samples students within schools [43]. Each student carries a final weight (W_FSTUWT), the 
inverse of the selection probability adjusted for non-response, and 80 replicate weights 
(W_FSTURWT1–W_FSTURWT80) constructed for Fay balanced repeated replication with 𝑘 = 0.5
(Section 2.5). The lower panel of Table 1 summarises the design of the analytic sam-
ple. The Kish design effect of 2.134 is a weighting effect—it equals 1 + CV2 of the final 
weight—and quantifies the precision lost to unequal selection probabilities. It is not a 
measure of clustering. Clustering is handled structurally; schools define the boundaries of 
every cross-validation fold and are the resampling unit of every bootstrap reported here 
(Sections 4.1 and 4.2).

3.3. Outcome and Plausible Values
The outcome is a band of mathematics proficiency. Each student answers a fraction of 

the item pool, so proficiency is reported as ten plausible values (PV1MATH–PV10MATH). For 
each plausible value separately, a student is assigned to Low if the value is below 482.38 
(the lower bound of proficiency Level 3), to High if it is at least 606.99 (the lower bound of 
Level 5), and to Medium otherwise [6]. Three binary tasks are formed: Low versus High, 
Low versus Medium, and Medium versus High; in each, the first-named category is coded 
0 and the second 1, with students in the third category excluded. Every analysis is run once 
per plausible value and the ten results are combined by Rubin’s rules. Averaging the ten 
values and thresholding the average is a different procedure; the mean of posterior draws 
has deflated variance, so the resulting category carries no defensible standard error [16].

3.4. Candidate Predictors and Leakage Guard
Candidate predictors are fixed by an allowlist enforced by an exception: a column enters 

a design matrix only if it appears in the allowlist, which carries one row per variable with 
its PISA item code, official label, response scale, and a stated justification. It is reproduced 
in full as Supplementary Table S1. The allowlist contains 31 student questionnaire items in 
six blocks (Table 2): possessions related to study and culture (ST011, 13 items), household 
possessions (ST012, 8), number of books at home (ST013), a situational judgment task 
on a phishing e-mail (ST166, 5), gender (ST004), and country of birth of the student and 
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their parents (ST019, 3). A denylist of anchored patterns runs as well, so an allowlist 
error is still caught, and the guard is called at every point at which a design matrix is built 
(inside every selector and model); thus, a violation halts the run rather than degrading the 
estimate silently.

Exclusions and the reasons for them are as follows: the mathematically plausible values, 
which define the outcome; the reading and science plausible values, which are generated by 
the same conditioning model and hence are contaminated; the final and replicate weights, 
which are used for weighting and variance estimation and never as features; identifiers; and 
the stratum variable, which is a sampling design variable.

Ordinal items keep their original codes and binary items keep their 1/2 codes, which 
for a two-level item is equivalent to a single indicator column; no one-hot encoding is 
applied. Missing responses are imputed by the median and accompanied by a missingness 
indicator per item with any missing value, giving 61 design columns from the 31 items. All 
columns are standardised. Imputation, indicators, and standardisation are fitted on the 
training partition of each fold only (Section 4.1).

Table 2. The 31 allowlisted items by questionnaire block: number of items, response scale, range 
of item missingness in the analytic sample, and range of survey-weighted item means. Item-level 
statistics for all 31 items can be found in Supplementary Table S2.

Block Content Items Scale Missing (%) Weighted Mean 

ST011 Possessions for study and culture 13 1 yes, 2 no 0.1–1.4 1.02–1.54 
ST012 Household possessions (counts) 8 1 none–4 three or more 0.3–1.9 1.50–3.91 
ST013 Books at home 1 1 (0–10)–6 (>500) 0.3–0.3 3.34–3.34 
ST166 Phishing e-mail: appropriateness of a response 5 1 not at all–6 very 1.6–2.5 2.50–4.30 
ST004 Gender 1 1 female, 2 male 0.0–0.0 1.50–1.50 
ST019 Country of birth (student, mother, father) 3 1 Spain, 2 other 0.7–1.9 1.09–1.16 

3.5. Item Identification
Several items in these blocks are easy to misidentify from their variable names alone; 

therefore, every interpreted variable is resolved against the official instrument (PISA 2018 
Student Questionnaire, computer-based main survey) and the value labels distributed with 
the data file. A guard is raised if a variable would be interpreted without a documented 
source. Four cases matter for the interpretation of the results: ST012Q01TA counts televi-
sions, not books; the number of books is ST013Q01TA. The ST166 items are not measures 
of device access but ratings of the appropriateness of responses to a phishing e-mail, two 
of which (ST166Q01HA and ST166Q03HA) are reverse-scored in the sense that endorsing 
them is the unsafe response. ST004D01T is gender. Finally, the machine-readable codebook 
covering all 31 items is part of the repository (see Data Availability Statement).

3.6. Exploratory Analysis
For each block, Table 2 reports the response scale, range of item-level missingness, 

and survey-weighted mean. Table 3 reports the size of each task and its prevalence. The 
survey-weighted distribution of proficiency, with Fay BRR standard errors, is Low 0.461 
(SE 0.0064), Medium 0.459 (SE 0.0054), and High 0.080 (SE 0.0028). The High category 
holds about one student in twelve, which makes the Medium versus High task the most 
imbalanced (prevalence 0.162 at plausible value 1), while Low versus High, which excludes 
the largest band, is the smallest task. The weighted mean of the ten mathematics plausible 
values ranges from 486.2 to 489.4 across plausible values.
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Table 3. The three binary tasks: 𝑛 and schools at plausible value 1; range of 𝑛 over the ten plausible 
values; prevalence is the share of the second-named category, unweighted and survey-weighted.

Task n (PV1) n, PV Range Schools Prevalence Weighted 

Low vs. High 15,237 15,047–15,419 1084 0.184 0.148 
Low vs. Medium 26,977 26,751–27,133 1087 0.539 0.499 
Medium vs. High 17,358 17,293–17,660 1074 0.162 0.148 

The assignment of a student to a proficiency band is not determined by the data for 
most students. Across the ten plausible values, 69.69% of students (survey-weighted) are 
assigned to more than one band; the mean share of the modal band is 0.819, and only 
30.31% are assigned to the same band by all ten plausible values. This is the source of 
the substantial fraction of missing information reported in Section 5.2, and is why task 
membership (and hence task size) varies across plausible values (Table 3).

4. Methods
Figure 1 summarises the protocol. Its defining property is the order of operations: 

the data are first split into school-disjoint outer folds. Every step that learns from the data 
(imputation, scaling, feature ranking, feature selection, hyperparameter tuning, and choice 
of model family) is fitted on the outer training partition only. The outer test fold is scored 
once, after all decisions have been taken.

PISA 2018 student file
(Spain; Portugal held out)

Allowlist + denylist guard
31 items; raises 

on violation

Outcome per 
plausible value

𝑚 = 1, … , 10; three tasks

Outer split by school
5 folds × 5 repeats

Median imputa-
tion, missingness

indicators, standardisation

Feature ranking / selection
(16 arms; Section 4.5)

Inner school-
grouped 5-fold CV:

family + hyperparameters

Refit on outer training
partition

outer training partition only

Score outer test fold
once (AUC)

Fold-weighted mean;
repeats; Rubin over 𝑚

School bootstrap;
Fay-BRR (80 replicates)

SHAP / LIME on
outer test fold

Figure 1. The evaluation protocol. The outer split by school precedes every step that learns from the 
data; steps inside the dashed box are refitted within each outer training partition, and never see the 
outer test fold. The procedure is repeated for each of the ten plausible values, five repeats, and five 
outer folds; the results are combined as described in Section 4.2.

4.1. Nested School-Grouped Cross-Validation
Let 𝒟(𝑚)

𝑡 = {(𝐱𝑖, 𝑦(𝑚)
𝑖 , 𝑔𝑖)} denote the data for task 𝑡 under plausible value 𝑚 ∈ {1, … , 10}, 

where 𝐱𝑖 is the vector of 31 allowlisted items for student 𝑖, 𝑦(𝑚)
𝑖 ∈ {0, 1} the binary outcome, 

and 𝑔𝑖 the school identifier (CNTSCHID). The outer level partitions the schools into 𝐾 = 5
folds by stratified group 𝐾-fold, with the random seed set to 42 + 𝑟 for repeat 𝑟 ∈ {0, … , 4}; 
the same seeds, and hence the same folds, are used by every analysis in this article. The 
inner level partitions the outer training schools into five folds in the same way. A check is 
raised if any school appears on both sides of any split.

Within each outer training partition, the inner folds are used to choose among three 
model families: gradient boosting [47] (100 or 200 trees, learning rate 0.01 or 0.1, depth 2 
or 3), random forest [31] (100 or 300 trees, maximum depth 5, 10 or unlimited, minimum 
leaf size 1 or 10), and 𝐿2-penalised logistic regression (𝐶 ∈ {0.01, 0.1, 1, 10}), together with 
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their hyperparameters, by mean inner area under the receiver operating characteristic 
curve (AUC). The selected configuration is refitted on the whole outer training partition 
and scored on the outer test fold. Because the family is chosen inside the inner loop, the 
reported figure refers to this selection procedure and not to any single family; no per-family 
comparison on the outer folds is reported here. The implementation uses scikit-learn [48].

The performance estimand is the size-weighted mean of the outer fold AUCs. For 
repeat 𝑟 and plausible value 𝑚,

ˆ𝜃(𝑚)
𝑟 =

∑𝐾
𝑘=1 𝑛𝑟𝑘 AUC(𝐲(𝑚)

𝑟𝑘 , ˆ𝑓(𝑚)
𝑟𝑘 (𝐗𝑟𝑘))

∑𝐾
𝑘=1 𝑛𝑟𝑘

, ˆ𝜃(𝑚) = 1
𝑅

𝑅−1

∑
𝑟=0

ˆ𝜃(𝑚)
𝑟 , (1)

where 𝑛𝑟𝑘 is the size of outer test fold 𝑘 in repeat 𝑟, 𝐗𝑟𝑘 and 𝐲(𝑚)
𝑟𝑘  are its predictors and 

labels, ˆ𝑓(𝑚)
𝑟𝑘  is the model selected and fitted on the complementary training partition, and 

𝑅 = 5. Out-of-fold predictions are not pooled into a single ranking before the AUC is 
computed, as each outer fold selects its own model, so a pooled ranking would compare 
scores produced by different models. On these data, pooling would change the Medium 
versus High estimate by up to 0.073 (Section 5.2).

4.2. Uncertainty: Plausible Values, Schools, and Survey Weights
Two sources of uncertainty are distinguished. The first is the uncertainty in evaluating 

fitted prediction rules: given the models selected and fitted on the outer training partitions, 
the estimate depends on which schools and students form the outer test folds. The second 
is the uncertainty of the model development process as a whole: repeating preprocessing, 
feature selection, the choice of model family, and hyperparameter tuning on another sample 
from the same population would produce different fitted rules. The two interval estimates 
defined below quantify the first source; neither refits the models within its resamples or 
replicates. The second source is reflected only in part: in the between-plausible-value com-
ponent of Rubin’s rules, as every model is refitted under the labels of each plausible value, 
as well as in the spread over the five repeats of the outer partition, which is reported sepa-
rately (Section 5.2). In the selector comparison, the Nadeau–Bengio correction (Section 4.5) 
approximates the variance that arises because the training sets, and hence the selected 
subsets and fitted models, differ between folds.

Resampling interval. For each plausible value, the sampling variance of ˆ𝜃(𝑚) is estimated 
by a bootstrap that resamples schools with replacement (2000 resamples per repeat), with 
each resampled school remaining in its outer fold, then recomputes the fold-weighted statis-
tic [49]. The within-plausible-value variance 𝑈(𝑚) is the mean of the five per-repeat boot-
strap variances. The ten estimates and their variances are combined by Rubin’s rules [17]:

¯𝜃 = 1
𝑀

𝑀
∑
𝑚=1

ˆ𝜃(𝑚), 𝑈̄ = 1
𝑀

𝑀
∑
𝑚=1

𝑈(𝑚),

𝐵 = 1
𝑀 − 1

𝑀
∑
𝑚=1

( ˆ𝜃(𝑚) − ¯𝜃)
2
, 𝑇 = 𝑈̄ + (1 + 1

𝑀 )𝐵

(2)

with 𝑀 = 10, and the interval uses a 𝑡 reference distribution with Rubin’s degrees of freedom 
(𝑀 − 1)[1 + 𝑈̄/{(1 + 1/𝑀)𝐵}]2. The fraction of missing information FMI = (1 + 1/𝑀)𝐵/𝑇 is 
the share of the total variance contributed by measurement error in proficiency. Because 
the outer-fold models and their predictions are held fixed within the bootstrap, this interval 
describes the uncertainty in evaluating the fitted prediction rules on the sampled schools, 
together with the between-plausible-value variation.

Design-based standard error. The population quantity of interest for a fixed prediction rule 
is the survey-weighted AUC, in which each positive–negative pair of students is weighted 
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by the product of their final weights. It is estimated from the outer-test predictions of 
repeat 0 as the fold-weighted mean of the weighted fold AUCs, and its sampling variance is 
estimated by Fay BRR. The same statistic is recomputed with each of the 𝐺 = 80 replicate 
weights in place of the final weight, and

V̂arBRR( ˆ𝜃𝑤) = 1
𝐺(1 − 𝑘)2

𝐺
∑
𝑔=1

( ˆ𝜃𝑤,𝑔 − ˆ𝜃𝑤)
2
, 𝑘 = 0.5. (3)

The fitted models are held fixed across replicates, so this variance reflects the sampling of 
schools and students under the PISA design but not the variability of preprocessing, feature 
selection, model family choice, or hyperparameter tuning; the ten plausible values are again 
combined by Rubin’s rules. The resulting standard error refers to the discrimination, in 
the population represented by the survey weights, of the prediction rules fitted in repeat 0, 
not to the procedure that produced them. The unweighted estimand of Equation (1) is the 
primary one, as in comparable machine learning studies; the weighted estimand and its 
BRR standard error are reported alongside it.

4.3. Leakage Diagnostics and Permutation Nulls
Three diagnostics accompany the estimates: (i) to show what the allowlist prevents, 

every column of the student file is classified against the PISA documentation, and a depth-
one decision tree is fitted to each task with the averaged mathematics score as its only input; 
(ii) for every allowlisted item and task, a single-variable screen computes the AUC of the 
item on its own, with any item above 0.95 referred for review; and (iii) two label permutation 
nulls are computed on Low versus High at plausible value 1 under the specification of 
the main estimate (five outer and five inner school-grouped folds, model family chosen in 
the inner loop, repeat 0). The unrestricted null permutes labels across the whole sample 
(100 draws) and tests whether the fitting machinery manufactures discrimination when 
no signal remains. The within-school null permutes labels only among students of the 
same school (30 draws), thereby preserving each school’s composition; its excess over 
0.5 measures the discrimination recoverable from school membership alone. The two nulls 
use disjoint seed streams. The 𝑝-value is (1 + #{𝑏 ∶ ˆ𝜃𝑏 ≥ ˆ𝜃obs})/(1 + 𝐵).

4.4. Variable-Length Particle Swarm Optimisation
This subsection specifies the VLPSO variant evaluated here exactly as it is implemented; 

Algorithm 1 gives the complete procedure and Table 4 its settings. Throughout, VLPSO 
is applied to the standardised design matrix of the outer training partition, for which the 
𝑝 = 61 columns are indexed by 𝑗.

Ranking and representation. The columns are first ordered by symmetric uncertainty 
with the label [26],

SU(𝑋𝑗 , 𝑌) =
2 𝐼(𝑋𝑗 ; 𝑌)

𝐻(𝑋𝑗) + 𝐻(𝑌)
∈ [0, 1], (4)

computed on the outer training partition after discretising each column with more than ten 
distinct values into ten bins of equal frequency, giving an ordering 𝜋(1), … , 𝜋(𝑝). Particle 
𝑖 carries an integer length 𝐿𝑖 ∈ [𝐿min, 𝑝], position 𝐱𝑖 ∈ [0, 1]𝐿𝑖 , and velocity 𝐯𝑖 ∈ R𝐿𝑖 . The 
dimension 𝑑 of every particle refers to the same column 𝜋(𝑑), so a particle of length 𝐿𝑖
searches the 𝐿𝑖 highest-ranked columns, and two particles of different lengths address the 
same columns over their shared prefix. The subset selected by particle 𝑖 is

𝑆 𝑖 = {𝜋(𝑑) ∶ 𝑑 ≤ 𝐿𝑖, 𝑥𝑖,𝑑 > 𝜏}, 𝜏 = 0.5. (5)
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Objective. The fitness of a subset 𝑆 is maximised:

𝐹(𝑆) = 𝛾 BAccCV(𝑆) − 𝜆
|𝑆|
𝑝 − 𝜇 Red(𝑆), Red(𝑆) = (

|𝑆|
2 )

−1

∑
𝑗<𝑙
𝑗,𝑙∈𝑆

SU(𝑋𝑗 , 𝑋𝑙), (6)

with 𝛾 = 0.8, 𝜆 = 0.15, and 𝜇 = 0.05. BAccCV(𝑆) is the balanced accuracy of a five-nearest-
neighbour classifier on the columns in 𝑆, averaged over three school-grouped folds of a 
stratified subsample of 3000 students drawn from the outer training partition; the folds 
are fixed once per search. The second term is a cardinality penalty: of two subsets with 
equal accuracy and redundancy, the smaller is preferred, and 𝜆 is the accuracy the search 
is willing to give up in order to remove the whole candidate set. The third term penalises 
redundancy among the selected columns, measured by their mean pairwise symmetric 
uncertainty. No term of Equation (6) is evaluated on the outer test fold or by resubstitution.

Velocity and position update. At iteration 𝑡, for each particle 𝑖 and each dimension 𝑑 ≤ 𝐿𝑖,

𝑣𝑖,𝑑 ← 𝜔𝑡 𝑣𝑖,𝑑 + 𝑐1𝑟1(𝑝𝑖,𝑑 − 𝑥𝑖,𝑑) + 𝑐2𝑟2(𝑠𝑖,𝑑 − 𝑥𝑖,𝑑), 𝑣𝑖,𝑑 ∈ [−𝑣max, 𝑣max], (7)
𝑥𝑖,𝑑 ← min{1, max{0, 𝑥𝑖,𝑑 + 𝑣𝑖,𝑑}}, (8)

where 𝑟1, 𝑟2 ∼ 𝑈(0, 1) are drawn independently per dimension, 𝜔𝑡 decreases linearly from 
0.9 to 0.4 over the iteration budget, 𝑐1 = 𝑐2 = 1.49445, 𝑣max = 0.5, and 𝐩𝑖 is the particle’s 
personal best position. The cognitive term is omitted in a dimension that the personal 
best does not span. Positions are continuous propensities and are mapped to a subset only 
through the threshold of Equation (5); no sigmoid transfer is applied.

Interaction between particles of unequal length. The social target 𝑠𝑖,𝑑 is the global best 
position 𝐠 (of length 𝐿𝑔) wherever the two overlap. In a dimension that the global best 
does not span, it is taken from the personal best of the highest-fitness particle for which the 
personal best does span 𝑑; if no particle spans 𝑑, the particle’s own personal best is used, 
and if that does not span 𝑑 either, the social term is omitted:

𝑠𝑖,𝑑 =
{



𝑔𝑑, 𝑑 ≤ 𝐿𝑔,

𝑝𝑞,𝑑, 𝑞 = arg max{𝐹pb
𝑞 ∶ 𝐿pb

𝑞 ≥ 𝑑}, 𝑑 > 𝐿𝑔 and such 𝑞 exists,

𝑝𝑖,𝑑, otherwise, if 𝐿pb
𝑖 ≥ 𝑑.

(9)

In this way, guidance is defined in every dimension that any particle has explored. Unlike 
CLPSO [35], exemplars are not assigned per dimension by tournament; the global best is 
the exemplar wherever it is defined.

Length adaptation. Each particle keeps a counter of iterations without improvement 
of its personal best. When the counter reaches 𝛽 = 9, the particle’s length is changed by 
one and the counter is reset; with probability 0.5, the particle grows, otherwise it shrinks 
within [𝐿min, 𝑝] with 𝐿min = 2. On growth, the new dimension 𝑑 = 𝐿𝑖 + 1 (column 𝜋(𝐿𝑖 + 1)) 
receives the current position of the highest-fitness particle that spans 𝑑, or a uniform draw if 
none does, and receives a velocity of zero, since a velocity accumulated in other dimensions 
carries no information about the new one. On shrinkage, the last dimension is removed 
from the position and velocity. Lengths can both grow and shrink, so a column dropped 
early can re-enter the search. The ablation in which lengths can only shrink isolates this 
mechanism (Section 4.5).

Initialisation and termination. The 𝑃 = 60 particles are spread over 𝐷 = 12 length strata 
between 𝐿min and 𝑝. Under the default ranked initialisation, positions decrease linearly from 
0.85 in the first dimension to 0.35 in the last, plus Gaussian noise with standard deviation 
0.15, so that higher-ranked columns start with higher selection propensity; the random 
initialisation ablation draws positions from 𝑈(0, 1). Velocities are drawn from 𝑁(0, 0.12). 
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The search stops after 𝑇 = 100 iterations or when the global-best fitness has not improved 
by more than 10−6 for 15 consecutive iterations. The returned subset is that of the global 
best. If it contains fewer than 𝐿min columns, the 𝐿min highest-ranked columns are returned 
instead and the event is logged.

Algorithm 1 VLPSO as implemented (one search on a single outer training partition)
Require: training matrix 𝐗 (𝑛 × 𝑝), labels 𝐲, schools 𝐠; settings of Table 4

1: 𝜋 ← columns sorted by decreasing SU(𝑋𝑗, 𝑌) ▷ Equation (4), training partition only
2: draw a stratified subsample of 3000 students; fix 3 school-grouped folds on it
3: for 𝑖 = 1, … , 𝑃 do
4:  𝐿𝑖 ← length from stratum 𝑖 mod 𝐷; initialise 𝐱𝑖, 𝐯𝑖; 𝐩𝑖 ← 𝐱𝑖; 𝐹

pb
𝑖 ← 𝐹(𝑆𝑖)

5: end for
6: 𝐠 ← 𝐩𝑖∗, 𝑖∗ = arg max𝑖 𝐹pb

𝑖 ▷ maximisation
7: for 𝑡 = 1, … , 𝑇 do
8:  for 𝑖 = 1, … , 𝑃 do
9:  update 𝐯𝑖, 𝐱𝑖 by Equations (7) and (8) with 𝑠𝑖,𝑑 from Equation (9)

10:  𝑓 ← 𝐹(𝑆𝑖) ▷ Equation (6), grouped internal CV
11:  if 𝑓 > 𝐹pb

𝑖 + 10−6 then 𝐩𝑖 ← 𝐱𝑖; 𝐹
pb
𝑖 ← 𝑓; 𝑐𝑖 ← 0

12:  else 𝑐𝑖 ← 𝑐𝑖 + 1
13:  end if
14:  if 𝑐𝑖 ≥ 𝛽 then grow (prob. 0.5) or shrink 𝐿𝑖 by one; 𝑐𝑖 ← 0
15:  end if
16:  end for
17:  update 𝐠 if some 𝐹pb

𝑖  exceeds 𝐹(𝐠) by more than 10−6

18:  if 𝐠 unchanged for 15 iterations then break
19:  end if
20: end for
21: return 𝑆𝐠 (at least 𝐿min columns)

Table 4. Settings of the swarm searches in the selector comparison. Settings above the rule are shared 
by VLPSO and BPSO, and are asserted equal in the code base; those below apply to VLPSO only. —, 
no symbol.

Setting Symbol Value

Population size 𝑃 60
Maximum iterations 𝑇 100
Inertia weight (linear decrease) 𝜔𝑡 0.9 → 0.4
Acceleration coefficients 𝑐1, 𝑐2 1.49445, 1.49445
Objective weights (accuracy, cardinality, redundancy) 𝛾, 𝜆, 𝜇 0.8, 0.15, 0.05
Wrapper learner — 5-nearest neighbours, balanced accuracy
Internal folds (school-grouped) — 3, on a stratified subsample of 3000
Minimum subset size 𝐿min 2
Maximum subset size — none (all 𝑝 columns)
Early stopping — no gain > 10−6 in 15 iterations

Length strata at initialisation 𝐷 12
Selection threshold 𝜏 0.5
Velocity bound 𝑣max 0.5
Stagnation threshold for length change 𝛽 9
Growth probability; length step — 0.5; 1
Feature ranking — symmetric uncertainty, 10 bins

4.5. Design of the Selector Comparison
Sixteen arms are compared (Table 5): the unselected allowlist; four filters (symmetric 

uncertainty, mutual information, chi-squared, ReliefF); two wrappers (RFE with logistic 
regression, SFS); three embedded methods (𝐿1 path, random forest impurity importance, 
Boruta); BPSO; VLPSO; and four VLPSO ablations. Each changes one element: no cardi-
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nality penalty (𝜆 = 0), shrink-only length adaptation, random initialisation, and mutual 
information ranking instead of symmetric uncertainty.

Every arm is run on the same outer folds as the headline estimate for all three tasks, 
all ten plausible values, five repeats, and five folds, giving 12,000 selector fits. Within each 
outer training partition, the preprocessing of Section 3.4 is fitted, the selector is fitted on the 
transformed training data, and a single downstream learner (𝐿2-penalised logistic regression 
with balanced class weights) is fitted on the selected columns, with 𝐶 ∈ {0.01, 0.1, 1, 10}
chosen on five school-grouped inner folds. The AUC of that model on the outer test fold is 
the arm’s score. Using one downstream learner for every arm isolates the selector from the 
choice of model; the consequence, that the absolute level of this comparison differs from 
the headline estimate (Section 5.2), which selects among three families, is stated where the 
two are compared.

Three requirements make the comparison fair. First, every wrapper evaluates can-
didate subsets on school-grouped folds of the training partition (stratified group 𝐾-fold 
on CNTSCHID), and the code raises if groups are not supplied. Second, BPSO and VLPSO 
share every setting they have in common—population, iterations, inertia schedule, learning 
coefficients, objective and its weights, wrapper learner, internal folds, subsample, minimum 
subset size and stopping rule—and neither is capped in cardinality; a test in the code base 
asserts this equality. BPSO uses the sigmoid transfer of Kennedy and Eberhart [19] over all 
𝑝 columns. Third, the ranking methods (the four filters, RFE, 𝐿1 path, and tree importance) 
return a ranking, and the number of columns kept is chosen from 𝑘 ∈ {5, 10, 15, 20, 30}
by the inner-fold AUC of the downstream learner, refitting the ranking within each inner 
training partition; SFS stops by its own criterion (at most 30 columns, five steps without 
improvement of the grouped inner AUC) and Boruta by its own statistical test (30 iterations, 
Bonferroni correction at 𝛼 = 0.05). The upper end of the grid, 30 of the 61 design columns, 
and the 30-column limit of SFS are caps on subset size that the two swarm searches do not 
have; in these data, a subset of 30 columns comprises between 13 and 30 items, since an 
item and its missingness indicator count as one item.

Table 5. The sixteen arms of the selector comparison. “Tuned 𝑘”: the number of columns is chosen 
from {5, 10, 15, 20, 30} on school-grouped inner folds, so that at most 30 of the 61 columns are kept.

Family Arm Subset Size and Notes

Reference None all 61 columns
Filter Symmetric uncertainty [26] tuned 𝑘; 10-bin discretisation
Filter Mutual information [27] tuned 𝑘; nearest-neighbour estimator
Filter Chi-squared tuned 𝑘; columns shifted to be non-negative
Filter ReliefF [28] tuned 𝑘; 10 neighbours, 500 sampled instances

Wrapper RFE [29] tuned 𝑘; 𝐿2 logistic regression, one column re-
moved per step

Wrapper SFS own stopping: ≤30 columns, patience 5, grouped 
inner AUC

Embedded 𝐿1 path [30] tuned 𝑘; order of entry along the lasso path

Embedded Tree importance [31] tuned 𝑘; random forest, 200 trees, impurity de-
crease

Embedded Boruta [32] own test: 30 iterations, 100 trees of depth 7, Bonfer-
roni 𝛼 = 0.05

Swarm BPSO [19] own search; Table 4
Swarm VLPSO (Section 4.4) own search; Table 4
Ablation VLPSO, 𝜆 = 0 cardinality penalty removed
Ablation VLPSO, shrink-only lengths can only decrease
Ablation VLPSO, random initialisation positions drawn from 𝑈(0, 1)

Ablation VLPSO, MI ranking mutual information replaces symmetric uncer-
tainty
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Statistical comparison. For each task, plausible value, and arm, the 25 outer-fold AUCs are 
averaged and their variance is estimated with the Nadeau–Bengio correction for overlapping 
training sets [50], ( 1

𝐽
+ 𝑛test

𝑛train
)𝑠2 with 𝐽 = 25. This is because the naive variance of resampled 

estimates is anti-conservative; the correction is intended to approximately account for the 
variability of the training sets between folds, and hence that of the selected subsets and fitted 
models. Estimates are combined over plausible values by Rubin’s rules. Paired contrasts 
are computed on matched folds in the same way, against two references—VLPSO and 
the unselected allowlist—and the 𝑝-values within each task and reference are adjusted by 
Holm’s procedure [51]. The standardised effect 𝑑 is the mean paired difference divided by 
the within-plausible-value standard deviation of the differences, averaged over plausible 
values, and is described as negligible (|𝑑| < 0.2), small (0.2–0.5), medium (0.5–0.8), or large 
(≥0.8). A (task, plausible value) block enters the comparison only if every arm has every 
fold, so all contrasts are on identical folds.

Stability. For each arm, the 25 subsets selected within a plausible value are summarised 
by the stability estimator of Nogueira et al. [36], which equals 1 for identical subsets, has 
expectation 0 under random selection of subsets of the same sizes, and is defined for subsets 
of unequal size. It is computed over items (a column and its missingness indicator count as 
one item) and averaged over plausible values. The mean pairwise Jaccard index is reported 
for comparison with earlier work.

4.6. Stability and Sensitivity of the Swarm Searches
To examine the variability of VLPSO separately from the variability of the data, VLPSO 

and BPSO are each run with ten random seeds on each of the five outer folds of Low versus 
High at plausible value 1 (repeat 0), with all other settings as in Table 4. Variability across 
seeds within a fold is attributable to the search; variability across folds for a fixed seed 
includes the data. A one-at-a-time sensitivity analysis then varies a single setting of VLPSO 
from its comparison value on the same five folds: population 20 or 100; iteration budget 
30 or 200; 𝜆 ∈ {0, 0.05, 0.30}; threshold 𝜏 ∈ {0.40, 0.60}; stagnation threshold 𝛽 ∈ {5, 15}; and 
fitness subsample 1500 or 6000. The global-best fitness at every iteration is recorded for 
every swarm run.

4.7. Explanation Protocol
Explanations are computed for the models of the headline procedure on repeat 0: for 

each task, plausible value, and outer fold, the inner loop of Section 4.1 is rerun on the outer 
training partition, which reproduces the selected model and its outer-fold AUC, and the 
fitted model is explained on its outer test fold. This gives 50 fitted models per task.

Global SHAP. Attributions are computed on the log-odds margin, by TreeSHAP [38] 
for tree ensembles and by the linear explainer for logistic regression, with interventional 
feature perturbation against a background of 200 𝑘-means centroids of the transformed 
outer training partition (the tree explainer of SHAP 0.52 uses a random subsample of 100 of 
them, with which the base value is also computed). They are computed for 2000 outer-test 
students drawn by stratified sampling on the true label. The global importance of a column 
is its mean absolute attribution, with a 1000-resample bootstrap interval over students. 
Across the 50 models of a task, a column’s importance is summarised by its mean, its 
between-plausible-value standard deviation and the median and interquartile range of its 
rank, and the agreement of the 50 rankings by Kendall’s 𝑊  [42], which is 1 for identical 
rankings and 0 for no agreement. The signed mean attribution is not used to infer direction; 
direction is read from the sign of the single-variable association (Section 4.3).

Local SHAP and LIME. For each model at plausible value 1, six students are chosen at 
fixed quantiles (0.05, 0.25, 0.50, 0.75, 0.95, 0.99) of the predicted probability, rather than 
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at its extremes. Each is explained by local SHAP and by LIME [10], the latter 30 times 
with different seeds (5000 perturbation samples, 15 features per explanation, probability 
scale). For each feature and student, the selection frequency is the share of seeds for which 
explanation names the feature; its weight is summarised by the mean, standard deviation, 
and coefficient of variation over the seeds that name it, and its sign consistency is the share 
of those seeds that agree on the sign. A feature that a seed does not name has no weight in 
that seed, and is excluded rather than being counted as zero, since counting it as zero would 
confound how often a feature is named with how variable its weight is. Rank agreement 
between seeds is the mean pairwise Spearman correlation over the features named by 
both seeds.

Every interpreted variable is resolved against the official codebook (Section 3.5). At-
tributions are associational statements about the fitted models, and are not interpreted 
causally (Section 6).

4.8. External Validation Design
For each task and plausible value, the inner procedure (model family and hyperparam-

eters chosen on five school-grouped folds) is applied to the complete Spanish task sample, 
and the selected model without any refitting or recalibration is applied to the Portuguese 
students of the same task and plausible value. The Spanish and Portuguese school sets 
are disjoint by construction. Unweighted and survey-weighted AUCs are computed, their 
variances are estimated by a 2000-resample bootstrap over Portuguese schools, and the ten 
plausible values are combined by Rubin’s rules.

4.9. Software, Determinism, and Reproducibility
All analyses were run in Python 3.12 with scikit-learn 1.6.1, NumPy, pandas, SHAP 

0.52, and LIME 0.2. Every unit of work (one selector on one fold, one explained model, one 
permutation draw) is a “cell” with an identifier from which its random seed is derived, and 
is written atomically together with the configuration fingerprint and software versions; a 
reconciliation step counts completed cells against the configured design, and every table is 
generated from completed cells only. The headline estimate (Section 5.2) was produced in a 
separate run of the same code on the same folds; the explanation cells refit the same models, 
and the agreement of their outer-fold AUCs with the stored headline values is reported in 
Section 5.6 as an end-to-end reproduction check. The allowlist, denylist, codebook, seeds, 
grids, and all configuration files are in the repository (see the Data Availability Statement) 
together with the per-cell outputs of the selector, stability, permutation, explanation, external 
validation and replicate weight analyses, and the commands that reassemble them into the 
corresponding tables. Because cells were distributed over four machines in two data centres, 
1157 selector and stability cells happened to be computed twice on different machines; all 
1157 pairs returned identical AUCs and identical selected subsets.

5. Results
5.1. Leakage Diagnostics

The analysis frame has 1122 columns, consisting of the student file and the columns 
derived from it at ingestion. Classifying them against the PISA documentation gives 936 ad-
missible questionnaire variables, 83 design or weight variables, 80 outcome-derived columns 
(the reading and science plausible values), 12 outcome columns (the mathematics plau-
sible values and the scores derived from them), and 11 identifiers. All 92 outcome and 
outcome-derived columns are numeric and pass a filter keyed on storage type. A depth-one 
decision tree using the averaged mathematics score as its only input reproduces every task 
label exactly (accuracy 1.0000 on all three tasks), as each label is a threshold on that input. 
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A classifier given such a design matrix performs a lookup; its accuracy is at the ceiling, and 
does not change when the model is changed.

Under the allowlist, no such column can enter. The single-variable screen (Table 6) 
found no allowlisted item above the 0.95 ceiling on any task; the largest single-item AUC 
was 0.7472, for the number of books at home (ST013Q01TA). This magnitude is typical of a 
questionnaire item rather than a leaked outcome.

Table 6. Single-variable discrimination screen: the five allowlisted items with the largest AUC on Low 
vs. High, with their values on the other tasks (plausible value 1). The review ceiling was 0.95; no 
item in any task exceeded it. For reverse-scored items, the unsigned AUC is shown.

Item Content Low vs. High Low vs. Med. Med. vs. High

ST013Q01TA books at home 0.7472 0.6540 0.6108
ST166Q03HA phishing: click the link (rev.) 0.7273 0.6211 0.6099
ST166Q05HA phishing: check operator site 0.6730 0.5981 0.5773
ST166Q02HA phishing: check sender 0.6714 0.6081 0.5669
ST012Q06NA computers 0.6419 0.5841 0.5606

Items above 0.95 0 0 0

5.2. Predictive Performance
Table 7 answers RQ1. The AUC was 0.8850 (95% CI 0.874–0.896) for Low versus High, 

0.7520 (0.743–0.761) for Low versus Medium, and 0.6963 (0.679–0.714) for Medium versus 
High. Discrimination falls as the two categories become adjacent, which is the ordering 
a genuine signal would produce; a leaking design matrix returns values at the ceiling for 
all three tasks alike. The inner loop chose gradient boosting in 728 of the 750 outer folds, 
random forest in 22, and logistic regression in 0.

The fraction of missing information lies between 47.0% and 60.0%. Roughly half of 
the variance of each estimate is due to measurement error in proficiency rather than to the 
sampling of schools. An analysis that used a single plausible value or their average would 
report intervals that are too narrow, and would attribute none of their width to this source. 
The repeat-to-repeat spread (0.00059–0.00123) is an order of magnitude smaller than the 
interval widths, so re-partitioning the same schools moves the estimate little.

Had the out-of-fold predictions of a repeat been pooled into a single ranking, the 
Medium versus High estimate would have differed from the fold-weighted value by up to 
0.0730 in a single (plausible value, repeat) cell against at most 0.0010 and 0.0003 for the 
other tasks, since the models selected in different folds produce scores on different scales.

Table 7. Discrimination under the protocol (750 outer folds: 3 tasks × 10 plausible values × 5 repeats
× 5 folds). AUC: fold-weighted mean (Equation (1)), averaged over repeats and combined over 
plausible values by Rubin’s rules, with a 95% interval from the school bootstrap. FMI: fraction of 
missing information. Repeat spread: mean within-plausible-value standard deviation over the five 
repeats. Weighted AUC: survey-weighted AUC of the repeat-0 models with its Fay-BRR standard 
error (80 replicates), combined over plausible values. Both the 95% interval and the Fay-BRR standard 
error hold the fitted outer-fold models fixed (Section 4.2). 𝑛 and schools at plausible value 1.

Task n Schools AUC 95% CI FMI Repeat Spread Weighted AUC (SE) 

Low vs. High 15,237 1084 0.8850 0.8740–0.8960 0.568 0.00087 0.8823 (0.0069) 
Low vs. Medium 26,977 1087 0.7520 0.7432–0.7608 0.470 0.00059 0.7487 (0.0059) 
Medium vs. High 17,358 1074 0.6963 0.6792–0.7135 0.600 0.00123 0.6960 (0.0115) 

Two survey-weighted analyses address the population represented by the weights. 
Applying the final student weight to the metric and the fold weighting gives 0.8824 
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(0.8685–0.8962), 0.7490 (0.7380–0.7599), and 0.6960 (0.6719–0.7201); every weighted es-
timate lies inside the corresponding unweighted interval. The design-based analysis of 
Equation (3) gives weighted AUCs of 0.8823, 0.7487 and 0.6960 with Fay BRR standard 
errors of 0.0069, 0.0059, and 0.0115 (95% intervals 0.869–0.896, 0.737–0.760, and 0.673–0.719, 
combined over plausible values). Both kinds of interval hold the fitted models fixed and de-
scribe the evaluation of the fitted prediction rules (Section 4.2), but differ in their reference 
populations. The bootstrap interval of Table 7 refers to the schools of the cross-validated 
sample, whereas the BRR standard error refers to the population of 15-year-olds in Spanish 
schools represented by the survey weights.

5.3. Permutation Nulls
Table 8 reports both nulls at the configured budgets. The unrestricted null averaged 

0.4989 (SD 0.0068, 100 draws), and no draw exceeded 0.5125. Its mean minus 0.5 is −0.0011, 
with a standard error of 0.0007, so the optimism that the fitting, tuning, and model selec-
tion machinery could contribute is bounded above by about 0.0003 in AUC (mean minus 
0.5 plus two standard errors). The observed value under the same specification was 0.8845, 
exceeding every draw of both nulls, so 𝑝 = 0.0099 and 𝑝 = 0.0323, which are the smallest 
values attainable with 100 and 30 draws.

The within-school null averaged 0.6188 (SD 0.0046), so keeping each school’s composi-
tion while shuffling students within schools leaves a substantial part of the discrimination 
intact. Comparing the two nulls with the observed value decomposes the 0.386 by which the 
observed AUC exceeds the unrestricted null (0.885 − 0.499) into 0.120 (0.619 − 0.499; 31.1%) 
that is recoverable from knowing which school a student attends and 0.266 (0.885 − 0.619; 
68.9%), which requires students within a school to be distinguished. The two nulls were 
drawn from disjoint seed streams, and are independent.

Table 8. Permutation nulls for Low vs. High at plausible value 1, computed under the specification of 
the headline estimate (five outer and five inner school-grouped folds, model family chosen in the inner 
loop, repeat 0). The two nulls use disjoint seed streams. 𝑝 = (1 + #{draws ≥ observed})/(1 + draws). 
—, not applicable (single fit on the observed labels).

Permutation Scheme Draws Mean AUC SD 2.5–97.5% Max p

Unrestricted (fitting machinery test) 100 0.4989 0.0068 0.4850–0.5104 0.5125 0.0099
Within-school (school composition kept) 30 0.6188 0.0046 0.6127–0.6271 0.6278 0.0323
Observed, same specification — 0.8845 

5.4. Comparison of Feature Selectors
All 12,000 selector fits were completed (3 tasks × 10 plausible values × 25 outer folds 

× 16 arms), so every contrast below is on identical folds. Table 9 reports the AUC of 
the downstream logistic regression, the number of items selected, and the stability of the 
selection. Table 10 reports the paired contrasts, and Figure 2 plots discrimination against 
subset size. The absolute level is below that of Table 7 because one regularised linear learner 
is used for every arm, whereas the headline procedure chose gradient boosting in almost 
every fold.

No selector improved on the full allowlist. No arm exceeded the unselected allowlist by a 
Holm-significant margin on any task. Three methods—RFE, SFS, and the 𝐿1 path—matched 
it to within 0.0006 in AUC (all Holm-adjusted 𝑝 ≥ 0.54) while keeping between 17.2 and 
21.6 of the 31 items on average, a number set largely by the maximum subset size (see 
below). The filters and the remaining embedded methods lost at most 0.0122, a loss that 
was Holm-significant for several of them on Low versus Medium, the largest task.
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Table 9. Selector comparison under a common protocol: AUC of the downstream 𝐿2 logistic regression 
on the outer test folds (25 folds per plausible value, combined over plausible values by Rubin’s rules), 
mean number of items selected (of 31), and stability Φ̂ of Nogueira et al. [36] over items (mean over 
plausible values; 1 = identical subsets, 0 = chance). —, not defined, because no selection is made.

Low vs. High Low vs. Medium Medium vs. High

Arm AUC Items 𝚽̂ AUC Items 𝚽̂ AUC Items 𝚽̂

None (full allowlist) 0.8747 31.0 — 0.7410 31.0 — 0.6905 31.0 —

Symmetric uncertainty 0.8732 23.4 0.93 0.7355 22.6 0.92 0.6921 22.5 0.81
Mutual information 0.8691 23.5 0.48 0.7346 21.9 0.35 0.6845 19.1 0.16
Chi-squared 0.8625 20.5 0.91 0.7337 19.1 0.94 0.6865 18.7 0.84
ReliefF 0.8728 27.2 0.72 0.7361 22.5 0.17 0.6914 27.3 0.73

RFE 0.8743 20.8 0.79 0.7405 21.6 0.80 0.6906 17.2 0.70
SFS 0.8741 21.3 0.65 0.7403 21.1 0.72 0.6902 18.9 0.53
𝐿1 path 0.8745 21.6 0.76 0.7403 21.5 0.76 0.6911 17.8 0.75
Tree importance 0.8731 27.9 0.95 0.7377 27.9 0.96 0.6914 27.4 0.86
Boruta 0.8703 22.0 0.98 0.7321 20.3 0.96 0.6892 13.7 0.95

BPSO 0.8541 9.7 0.31 0.7207 9.1 0.23 0.6521 8.6 0.09
VLPSO 0.8414 6.1 0.45 0.7153 5.5 0.49 0.6537 4.4 0.37

VLPSO, 𝜆 = 0 0.8644 16.0 0.34 0.7289 13.3 0.33 0.6760 12.9 0.22
VLPSO, shrink-only 0.8420 6.0 0.46 0.7149 5.5 0.48 0.6523 4.2 0.37
VLPSO, random init. 0.8385 5.6 0.45 0.7123 5.2 0.48 0.6466 4.0 0.30
VLPSO, MI ranking 0.8430 5.6 0.50 0.7144 5.3 0.50 0.6506 3.9 0.34

Table 10. Paired contrasts on matched outer folds (method minus reference, in AUC) against the full 
allowlist and against VLPSO. Nadeau–Bengio corrected variance within plausible values, Rubin’s 
rules across them; * Holm-adjusted 𝑝 < 0.05 within task and reference. Intervals, 𝑝-values, and effect 
sizes are reported in Supplementary Table S3. —, not applicable (VLPSO is the reference).

vs. Full Allowlist vs. VLPSO

Arm L–H L–M M–H L–H L–M M–H

Symmetric uncertainty −0.0015 −0.0054 * +0.0017 +0.0319 +0.0202 * +0.0385 *
Mutual information −0.0056 −0.0064 * −0.0059 +0.0277 +0.0193 * +0.0309
Chi-squared −0.0122 * −0.0072 * −0.0040 +0.0211 +0.0184 * +0.0328
ReliefF −0.0019 −0.0048 * +0.0010 +0.0315 +0.0208 * +0.0378 *
RFE −0.0004 −0.0005 +0.0001 +0.0330 +0.0252 * +0.0369 *
SFS −0.0006 −0.0006 −0.0002 +0.0327 +0.0250 * +0.0366 *
𝐿1 path −0.0002 −0.0006 +0.0006 +0.0332 +0.0250 * +0.0374 *
Tree importance −0.0016 −0.0033 * +0.0009 +0.0318 +0.0224 * +0.0377 *
Boruta −0.0044 −0.0089 * −0.0013 +0.0289 +0.0168 * +0.0355
BPSO −0.0206 * −0.0203 * −0.0383 +0.0127 +0.0054 −0.0016
VLPSO −0.0334 −0.0257 * −0.0368 — — —
VLPSO, 𝜆 = 0 −0.0104 −0.0121 * −0.0144 +0.0230 +0.0136 +0.0224
VLPSO, shrink-only −0.0327 * −0.0260 * −0.0382 +0.0007 −0.0004 −0.0014
VLPSO, random init. −0.0362 * −0.0287 * −0.0438 * −0.0029 −0.0030 −0.0070
VLPSO, MI ranking −0.0317 * −0.0266 * −0.0399 * +0.0017 −0.0009 −0.0031

VLPSO selected the smallest subsets at the largest cost. VLPSO kept between 4.4 and 
6.1 items on average and lost −0.0334, −0.0257, and −0.0368 in AUC relative to the full 
allowlist (95% intervals −0.0566 to −0.0101, −0.0366 to −0.0147, and −0.0617 to −0.0118; 
Holm-adjusted 𝑝 = 0.0500, 0.0001, and 0.0502). It ranked 15th, 13th, and 12th of the 16 arms. 
BPSO, run with identical settings, kept more items (9.7, 9.1, and 8.6) and differed from 
VLPSO by +0.0127, +0.0054, and −0.0016 (Holm-adjusted 𝑝 = 1 in each task): the variable-
length representation neither helped nor hurt discrimination relative to fixed-length search 
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under matched conditions. On Low versus Medium, every non-swarm arm, including the 
full allowlist, exceeded VLPSO after Holm correction (ten arms); on Medium versus High, 
seven did; on Low versus High, none did after correction, although the point differences 
were of similar size (0.0211 to 0.0334) and their intervals were wider. 
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Figure 2. Discrimination against subset size for the 16 arms. AUC of the downstream logistic regression 
(Rubin’s rules over ten plausible values, 25 outer folds each) with 95% intervals, against the mean 
number of items selected.

The ablations locate the cost in the cardinality penalty. Removing the penalty (𝜆 = 0) 
recovered most of the loss; the unpenalised variant kept 16.0, 13.3, and 12.9 items and fell 
0.0104–0.0144 below the full allowlist. The other three ablations (shrink-only length adap-
tation, random initialisation, and a mutual-information ranking) were indistinguishable 
from VLPSO (largest absolute difference 0.0070, all Holm-adjusted 𝑝 = 1.00). Neither 
bidirectional length adaptation nor the symmetric uncertainty ordering made a measurable 
contribution on these data.

Stability. The filters and embedded methods returned largely the same items across the 
25 folds of a plausible value (Φ̂ from 0.70 to 0.98, with the exceptions of mutual information, 
for which the nearest-neighbour estimator is itself stochastic, ReliefF on Low versus Medium, 
and SFS). The swarm methods were among the least stable (Φ̂ from 0.09 to 0.50); among 
them, VLPSO was more stable than BPSO on every task (Φ̂ = 0.45, 0.49, and 0.37 against 
0.31, 0.23, and 0.09). The items selected by either swarm are not interpreted educationally; 
item-level selection frequencies for every arm and task are given in Supplementary Table S4.

Maximum subset size. For the seven ranking methods, the inner loop chose the largest 𝑘
in the grid (30 of 61 columns) in 92% of the 5250 tuned folds (98% on Low versus High, 
99.8% on Low versus Medium, and 78% on Medium versus High), and SFS stopped at its 
30-column limit in 82% of folds. For RFE and the 𝐿1 path, the cap was reached in 94–100% 
of folds on the first two tasks and in 40–46% on Medium versus High. Therefore, the cap 
was binding for most fits of these arms, which has three consequences for the comparison. 
First, the subset sizes reported for the ranking methods and SFS in Table 9, including the 
17.2–21.6 items retained by RFE, SFS, and the 𝐿1 path, are determined largely by the cap and 
are not estimates of an optimal subset size. Second, the finding that no selector improved 
on the full allowlist holds for the configurations evaluated: subsets of 31 to 60 columns were 
not evaluated for these arms, and whether one of them would exceed the full allowlist is 
not established by these data. Third, the contrasts between these arms and VLPSO compare 
capped procedures that retained 17.2 to 27.9 items on average with an uncapped search 
that retained 4.4 to 6.1; they compare the selection procedures as configured, not selectors 
at a common subset size.

Computational cost. A swarm search took 73–137 s per fold on average, against at most 
53 s for any other selector.
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5.5. Stability, Sensitivity, and Convergence of the Swarm Searches
Across ten seeds on a fixed fold (Low versus High, plausible value 1), VLPSO returned 

subsets for which the stability across seeds averaged Φ̂ = 0.50 (range over folds 0.44–0.58), 
against 0.32 (0.27–0.34) for BPSO under identical settings. VLPSO selected fewer items 
(mean 6.9, range 2–12, against 10.5, 7–16) and its downstream AUC varied more across seeds 
(mean within-fold standard deviation 0.0102 against 0.0066). The ranked-prefix encoding 
makes the identity of the selected items more reproducible than in BPSO, since every particle 
searches the same highest-ranked columns; however, the small subsets it converges to make 
the resulting discrimination more sensitive to those few items that are kept.

Table 11 shows that one setting dominates. The cardinality weight 𝜆 moves the mean 
subset size from 17.2 items (𝜆 = 0) through 6.8 (𝜆 = 0.15) to 4.4 (𝜆 = 0.30), and the mean 
AUC from 0.8687 through 0.8521 to 0.8419. No other one-at-a-time change moved the mean 
AUC outside 0.8403–0.8563 or the mean subset size outside 6.0–8.8 items. Doubling the 
iteration budget did not change the result (0.8538, 8.0 items) and the searches ended by 
the stopping rule after a mean of 35 iterations at the comparison setting, so the swarm 
converges well within the budget; enlarging the population to 100 (0.8475) or doubling 
the fitness subsample (0.8563) did not materially improve the downstream AUC. There-
fore, the compactness of VLPSO and the price paid for it are set by 𝜆 rather than by an 
insufficient search.

Table 11. One-at-a-time sensitivity of VLPSO on Low vs. High, plausible value 1, the five outer folds 
of repeat 0 (seed 0). AUC of the downstream logistic regression: mean and SD over folds; items: 
mean (range); Φ̂: stability across the five folds; stop: mean iteration at which the search ended; s: 
mean selector time in seconds.

Setting AUC SD Items 𝚽̂ Stop s 

Comparison setting (Table 4) 0.8521 0.0175 6.8 (3–9) 0.55 35 147 
𝑃 = 20 0.8543 0.0184 8.8 (6–11) 0.44 35 50 
𝑃 = 100 0.8475 0.0222 7.0 (4–11) 0.39 33 214 
𝑇 = 30 0.8524 0.0228 7.2 (3–11) 0.49 23 85 
𝑇 = 200 0.8538 0.0165 8.0 (6–11) 0.49 31 119 
𝜆 = 0 0.8687 0.0133 17.2 (11–20) 0.35 57 176 
𝜆 = 0.05 0.8583 0.0147 10.0 (9–11) 0.54 28 109 
𝜆 = 0.30 0.8419 0.0146 4.4 (3–5) 0.58 20 68 
𝜏 = 0.40 0.8508 0.0196 7.0 (3–11) 0.50 37 175 
𝜏 = 0.60 0.8403 0.0386 6.0 (3–9) 0.38 35 124 
𝛽 = 5 0.8500 0.0184 6.4 (3–9) 0.55 32 134 
𝛽 = 15 0.8554 0.0164 8.6 (7–11) 0.53 25 78 
fitness subsample 1500 0.8536 0.0231 7.6 (5–13) 0.41 38 55 
fitness subsample 6000 0.8563 0.0136 7.0 (6–8) 0.65 30 334 

Convergence. In the comparison runs, half of the VLPSO searches had stopped by 
iteration 23, 23, and 20 on the three tasks and half of the BPSO searches by iteration 36, 35, 
and 35; no search of either kind reached the 100-iteration limit (Figure 3). The global-best 
fitness plateaus early in both, so the lower discrimination of the swarm-selected subsets 
is not a consequence of an exhausted budget. VLPSO also reached a higher final fitness 
than BPSO on every task (median 0.551, 0.495, and 0.427 against 0.519, 0.465, and 0.394). 
Though it is the better optimiser of Equation (6), its subsets discriminate no better on the 
outer folds. What limits discrimination is the objective, consisting of a nearest-neighbour 
wrapper on a subsample traded against a cardinality penalty, rather than the search.
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Figure 3. Convergence of the swarm searches in the selector comparison (250 searches per method 
and task, with 10 plausible values × 25 outer folds). Top: each thin line is the global-best fitness 𝐹
(Equation (6)) of one search, drawn up to the iteration at which that search stopped (dot); the thick 
line is the median over the searches still running, shown while at least 10% of them run, so its late 
fluctuations reflect which searches remain rather than further improvement. Bottom: the iteration at 
which the searches stopped (stopping rule: no improvement for 15 iterations; limit 100).

5.6. Replicated Explanations
Reproduction. The 150 explained models refit the headline inner loop on repeat 0. All 

150 selected the same model family as the headline run (gradient boosting in 147, random 
forest in three), 131 reproduced its outer-fold AUC exactly, and the largest difference was 
4.1 × 10−4, consistent with the change of NumPy version between the two runs. Therefore, 
the models being explained are the models behind Table 7.

Global SHAP. Table 12 and Figure 4 summarise the attributions over the 50 models per 
task. The ranking is highly reproducible across plausible values and folds: Kendall’s 𝑊
over the 61 design columns is 0.779, 0.809, and 0.604 for the three tasks, and 0.910, 0.906, 
and 0.811 over the 31 items alone (missingness indicators rank no higher than 18th in any 
task). The same two items rank first and second on every task: ST166Q03HA (phishing: 
click the link), ranked first in every task with an interquartile range of ranks of at most 
1–2, and the number of books at home (ST013Q01TA). Gender ranks 3, 4, and 3. The 
televisions item (ST012Q01TA), which the variable name invites reading as books, ranks 6, 
7, and 5. No direction is read from the signed mean attribution. Direction is taken from the 
single-variable screen: for ST166Q03HA, the signed AUC on Low versus High is below 0.5, 
consistent with its reverse scoring (endorsing the unsafe response is associated with the 
lower band).

In 141 of the 150 models, the attributions plus the base value reproduced the model’s 
log-odds output to within 10−4 for every explained student. In six gradient-boosting models, 
the largest discrepancy over 2000 students reached 1.513, while in three random forest 
models it reached 0.0025; the number of students affected was not recorded. Excluding 
these models leaves the ten highest-ranked columns of every task identical and the full 
rankings correlated at 𝜌 ≥ 0.997, so the global summaries do not depend on them.
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Table 12. Global SHAP for Low vs. High over 50 fitted models (10 plausible values × 5 outer folds, 
repeat 0): mean absolute attribution on the log-odds margin (2000 stratified test students per model), 
its standard deviation between plausible values, the median rank with interquartile range across 
models, and the percentage of models in which the column ranks in the top five. Kendall’s 𝑊  over 
the 50 rankings is 0.779.

Rank Item Content Mean |SHAP| SD (PV) Rank, Median (IQR) Top 5 (%) 

1 ST166Q03HA phishing: click the link 0.564 0.032 1 (1–2) 100 
2 ST013Q01TA books at home 0.548 0.033 2 (1–2) 100 
3 ST004D01T gender 0.393 0.041 3 (3–3) 100 
4 ST166Q02HA phishing: check sender 0.357 0.031 4 (4–4) 100 

5 ST166Q05HA phishing: check operator 
site 0.289 0.030 5 (5–5) 94 

6 ST012Q01TA televisions 0.200 0.048 6 (6–7) 6 
7 ST012Q08NA e-book readers 0.167 0.034 8 (7–8) 0 
8 ST012Q06NA computers 0.157 0.038 8 (7–9) 0 
9 ST012Q03TA rooms with bath/shower 0.144 0.027 8 (7–10) 0 

10 ST166Q04HA phishing: delete e-mail 0.129 0.020 9 (9–11) 0 
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Figure 4. Global SHAP: the twelve columns with the largest mean absolute attribution per task, 
averaged over the 50 models of each task (10 plausible values × 5 outer folds); bars, mean; whiskers, 
±1 standard deviation across models. Log-odds scale. Books at home (ST013Q01TA) in blue; the 
televisions item (ST012Q01TA), which the code invites reading as books, is in brown.

Local SHAP and LIME. LIME was run 30 times with different seeds on each of 90 students 
(six quantiles of predicted probability, five folds, three tasks, plausible value 1). Each run 
names 15 features, but the 30 runs on one student named between 25 and 39 distinct features 
between them. On average 6.7 features per student were named by all 30 seeds. For these, 
the weight was stable when named (median coefficient of variation 0.065) and its sign never 
changed (mean sign consistency 1.000). For features named by fewer than half of the seeds, 
the median coefficient of variation over the seeds that named them (at least two) was 0.263 
and the mean sign consistency 0.871. Over the features named by both runs of a pair, the 
mean Spearman correlation between runs was 0.840 (range over students 0.619–0.964); 
counting unnamed features as zero lowers it to 0.771. Statistics that count the seeds which 
do not name a feature as zero weights are not used, as they make the standard deviation 
exceed the mean for any feature named by fewer than half of the seeds regardless of LIME’s 
behaviour. A LIME explanation of these models is reproducible in its leading terms; beyond 
them, which features appear varies from seed to seed, but their weights (when they appear) 
are moderately stable (Figure 5).
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Figure 5. LIME stability over 30 seeds and 90 students: the coefficient of variation of a feature’s weight 
over the seeds that name it, against the share of seeds that name it. Points, feature–student pairs 
named by at least two seeds; line, median by decile of selection frequency.

5.7. External Validation
Applied unchanged to the Portuguese sample (Table 13), the Spanish models discrimi-

nated at least as well as in the Spanish cross-validation: 0.9009 (95% CI 0.883–0.919) for 
Low versus High, 0.7678 (0.748–0.787) for Low versus Medium, and 0.7139 (0.679–0.749) 
for Medium versus High, for differences of +0.0159, +0.0158, and +0.0176 from the Spanish 
estimates. The two figures are not strictly comparable; the external models were fitted 
on the complete Spanish sample rather than on four-fifths of it, and the Portuguese tasks 
have their own composition and prevalence. What the comparison does show is that the 
discrimination obtained in Spain is not an artefact of the Spanish folds and carries over to a 
neighbouring education system assessed with the same instrument, with the ordering of 
the three tasks being preserved. Survey weighting changed the Portuguese estimates by at 
most 0.0024.

Table 13. External validation: Models selected and fitted on the complete Spanish task sample, applied 
unchanged to the Portuguese sample of PISA 2018. AUC with 95% interval from a bootstrap over 
Portuguese schools, combined over plausible values; weighted: survey-weighted AUC. Spain: the 
cross-validated estimate of Table 7. 𝑛 and schools: median over plausible values.

Task n Schools AUC 95% CI Weighted Spain (CV) Difference

Low vs. High 2493 270 0.9009 0.8831–0.9188 0.9004 0.8850 +0.0159
Low vs. Medium 4079 272 0.7678 0.7484–0.7872 0.7696 0.7520 +0.0158
Medium vs. High 2769 247 0.7139 0.6789–0.7489 0.7163 0.6963 +0.0176

6. Discussion
6.1. What the Protocol Changes

The evaluation protocol is the part of this study that transfers independently of the 
selector it was built to assess. Three of its findings bear on any classification study of 
large-scale assessment data. First, a design matrix assembled by storage type contains the 
outcome; on these data, a one-split tree reproduces every label exactly (Section 5.1), so a 
published candidate predictor list is what allows a reader rather than only the authors to 
rule this out. Second, roughly half the variance of every estimate (FMI 47.0–60.0%) comes 
from measurement error in proficiency, and 69.69% of students are assigned to more than 
one band across plausible values; dichotomising an averaged score produces labels that 
are less certain than they appear and intervals that are too narrow. Third, the choice of 
estimand is consequential: pooling out-of-fold predictions from folds that each selected 
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their own model changed one estimate by up to 0.0730, an error that is invisible unless the 
fold-weighted quantity is computed alongside it.

The two permutation nulls answer different questions, and both are needed. The 
unrestricted null bounds the optimism contributed by fitting, tuning, and model selection at 
about 0.0003 in AUC. The within-school null shows that about a third of the discrimination 
above chance (31.1%) is recoverable from school membership alone, which is the expected 
consequence of between-school differences in achievement in a stratified clustered sam-
ple, and provides the reason that ungrouped folds would overstate what an individual’s 
responses predict.

The two kinds of interval are also complementary. The school bootstrap of Table 7 
quantifies the uncertainty in evaluating the fitted rules for the sampled schools; the Fay BRR 
standard error quantifies the uncertainty of the fitted rules’ discrimination in the population 
represented by the survey weights. On these data, the weighted estimates differ little from 
the unweighted ones and the BRR standard errors (0.0069, 0.0059 and 0.0115) are somewhat 
larger than the bootstrap standard errors of the unweighted estimates, as the design effect 
of 2.134 leads one to expect; neither changes a conclusion.

6.2. Why VLPSO Underperforms
With the full design and matched settings, VLPSO did not improve on the full allowlist, 

BPSO, or on any filter, wrapper, or embedded selector; it was among the least accurate 
arms on every task while selecting the fewest items. The analyses of Sections 5.4 and 5.5 
locate the cause in the objective rather than in the search. The searches converge well within 
the iteration budget, and doubling it changes nothing; VLPSO attains a higher value of its 
own objective than BPSO does; of the four ablations, only removing the cardinality penalty 
moves discrimination materially, recovering most of the loss. The objective trades a nearest-
neighbour balanced accuracy, estimated on a subsample of the training data against subset 
size. On a candidate set of 31 items where the signal is spread across many weak correlated 
predictors (Table 6), this trade favours subsets of four to six items, which a regularised 
linear model on the full set outperforms. Methods that rank items by their contribution to 
the downstream learner itself (RFE, the 𝐿1 path, SFS) do not face this mismatch, and match 
the full set at subset sizes set mostly by the 30-column cap (Section 5.4).

The variable-length mechanism had no measurable effect on discrimination: shrink-
only adaptation and random initialisation were indistinguishable from the full method, and 
VLPSO and BPSO did not differ significantly on any task. What the ranked-prefix encoding 
changes is stability: VLPSO selected more reproducible subsets than BPSO across folds 
and across seeds, as all particles search the same highest-ranked columns. This stability 
remains below that of most filters and embedded methods and is bought with a smaller less 
discriminating subset. The value of VLPSO on data of this kind is limited to compression, 
(a subset of four to six of 31 items at a loss of 0.0257–0.0368 in AUC), and the size of that 
loss is set by the cardinality weight, which the sensitivity analysis shows to be the single 
setting that matters.

6.3. Explanations
Replicating the explanations over 50 models per task avoids resting the interpretation 

on a single fitted model. The global rankings were highly concordant across plausible values 
and folds (Kendall’s 𝑊  over items 0.811–0.910) and the same two items led on every task: 
the reverse-scored phishing item, and the number of books at home, with gender third or 
fourth. Measurement error in proficiency affects which students are labelled low or high 
far more than it affects which items the fitted models rely on.
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A SHAP or LIME attribution describes how a fitted model uses a variable within a 
particular dataset. It is an associational statement about the model, not evidence that the 
variable causes achievement or evidence about what would follow from intervening on it. 
A SHAP plot orders features by attribution magnitude and has no time axis, so it cannot 
be read as a trajectory, while an attribution does not license a mechanism. The association 
between household resources and measured achievement is long-established [52–54]. That 
the number of books at home is among the strongest predictors here is unsurprising, and on 
its own is uninformative about why. The prominence of the phishing items is less familiar. 
They record judgments about how to respond to a suspicious e-mail, and their association 
with mathematics proficiency may reflect general reading and reasoning ability; however, 
the present design cannot distinguish this from other explanations.

Repeated-seed LIME shows that a single LIME explanation of these models is reliable in 
its leading terms but not beyond them; reporting the selection frequency and the conditional 
dispersion of each weight, as here, separates the two.

6.4. External Validity
The Spanish models transferred to Portugal without loss of discrimination and with 

the ordering of the three tasks preserved. Portugal shares the PISA instrument and cycle, 
so this is evidence of transfer between comparable systems rather than of generalisability to 
education systems in general, and the higher Portuguese AUCs may partly reflect that the 
external models were fitted on the complete Spanish sample.

6.5. Implications for Reporting Practice
Four elements of the protocol are inexpensive and could be adopted generally: pub-

lishing the candidate predictor list; grouping cross-validation folds by school; deriving 
outcome categories per plausible value and combining by Rubin’s rules; and screening every 
admitted predictor on its own against a stated ceiling, which takes seconds and detects an 
outcome among the predictors at the point where it is introduced. For feature selection 
specifically, the results suggest that a selector should be compared with the unselected 
candidate set and with an embedded method under the same downstream learner before 
any benefit is claimed, and that its stability should be reported with an index that is defined 
for subsets of unequal size.

7. Limitations
Two countries, one cycle. The analytic sample is Spain in PISA 2018 and the external 

sample Portugal in the same cycle. Neither the discrimination estimates nor the selector 
comparison is shown to hold for other education systems, cycles, or assessments. Pooling 
student-level data across countries is constrained by the data licence; privacy-preserving 
federated designs, in which only model updates leave each data holder [55], are one route 
to such a comparison.

A small curated candidate set. The allowlist admits 31 items by design, so that every 
predictor is documented and none is outcome-derived. VLPSO was proposed for problems 
with thousands of features [18]; its behaviour on a larger candidate set from the same 
survey, where compression may matter more, was not examined.

One downstream learner in the selector comparison. Every arm was scored with 𝐿2 logistic 
regression, so differences reflect the selector rather than the model. The ranking of selectors 
could differ under a tree ensemble.

Bounded tuning grids. The tuned subset size of the ranking methods was limited to 30 
of 61 columns, and that of SFS to 30 columns by its stopping rule; these limits were reached 
in 92% and 82% of folds, respectively. Subsets of 31 to 60 columns were not evaluated for 
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these arms, and their comparison with the uncapped swarm searches is not a comparison at 
equal subset size. The VLPSO settings were fixed in advance; the sensitivity analysis varied 
one setting at a time on one task and plausible value, and interactions between settings 
were not explored.

Explanations. Explanations were computed for repeat 0 only (50 models per task) and 
LIME at plausible value 1 only. In 9 of 150 models, the SHAP attributions did not sum 
exactly to the model output for some students; the global summaries were unchanged when 
these models were excluded.

Uncertainty of the fitted rules only. The school bootstrap intervals and Fay BRR standard 
errors hold the fitted models fixed; refitting the full nested procedure, including feature 
selection, within each bootstrap resample or under each of the 80 replicate weights was 
not attempted. Both quantify the uncertainty of evaluating the fitted prediction rules and 
understate the uncertainty of the model development process as a whole, which they reflect 
only through the between-plausible-value component; in the selector comparison, it is 
approximated by the Nadeau–Bengio correction.

Cross-sectional design. Nothing reported here supports a claim about what would follow 
from changing any student’s circumstances.

8. Conclusions
This study has specified an evaluation protocol for classification on large-scale assess-

ment data and used it to evaluate variable-length particle swarm optimisation for selecting 
questionnaire predictors of mathematics proficiency in the Spanish sample of PISA 2018.

Under school-grouped nested cross-validation, with outcome categories derived per 
plausible value and combined by Rubin’s rules, the AUC was 0.8850 (95% CI 0.874–0.896) 
for Low versus High, 0.7520 (0.743–0.761) for Low versus Medium, and 0.6963 (0.679–0.714) 
for Medium versus High (RQ1). An unrestricted permutation null averaged 0.4989 over 
100 draws, and measurement error in proficiency contributed 47.0–60.0% of the variance of 
these estimates.

In a comparison of 16 arms over three tasks, ten plausible values, and 25 outer folds 
each, no feature selector improved on the full allowlist. RFE, SFS, and the 𝐿1 path matched 
it with a maximum subset size of 30 of 61 design columns, which was reached in most folds. 
VLPSO selected four to six items and lost 0.0257–0.0368 in AUC; it did not differ significantly 
from fixed-length binary PSO under matched settings, its length-adaptation mechanism and 
ranking had no measurable effect, and its cost was set by the cardinality penalty. VLPSO 
was more stable than binary PSO but less stable than most filter and embedded methods 
(RQ2). On these data, VLPSO is a means of compressing the predictor set at a quantified 
cost, not of improving prediction.

Global SHAP rankings were highly concordant across 50 models per task, and LIME 
explanations were reproducible in their leading terms only (RQ3). The Spanish models 
transferred to Portugal without loss of discrimination (RQ4).

The protocol, the code and the aggregate results are public. Applying the protocol 
to other countries, cycles, and larger candidate sets and comparing selectors under a tree-
ensemble learner are the natural next steps. 
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Abbreviations
The following abbreviations are used in this manuscript:

AUC Area under the receiver operating characteristic curve
BPSO Binary particle swarm optimisation
BRR Balanced repeated replication
CLPSO Comprehensive learning particle swarm optimisation
CV Coefficient of variation (of the survey weights); cross-validation
EDA Exploratory data analysis
EDM Educational data mining
FMI Fraction of missing information
LIME Local Interpretable Model-agnostic Explanations
MI Mutual information
PISA Programme for International Student Assessment
PSO Particle swarm optimisation
PV Plausible value
RFE Recursive feature elimination
SFS Sequential forward selection
SHAP SHapley Additive exPlanations
SU Symmetric uncertainty
VLPSO Variable-length particle swarm optimisation
XAI Explainable artificial intelligence

https://doi.org/10.3390/asi9110228

https://www.oecd.org/en/data/datasets/pisa-2018-database.html
https://github.com/Qussai2026/article-1
https://doi.org/10.5281/zenodo.23181755
https://doi.org/10.3390/asi9110228


Appl. Syst. Innov. 2026, 9, 228 28 of 30

Glossary
Allowlist The list of the 31 questionnaire items admitted as candidate predictors; any 

other column in a design matrix raises an error.

Design matrix The table of predictor values (rows: students; columns: transformed items) 
given to a selector or model.

Fay BRR
Variance estimation that recomputes a statistic under each of 80 replicate 
weights, each perturbing the final weights of half of the sampled schools by 
a factor 1 ± 𝑘 with 𝑘 = 0.5.

Kish design effect 1 + CV2 of the final weights: the variance inflation due to unequal weight-
ing alone.

Plausible values Ten random draws from each student’s posterior distribution of proficiency, 
reported instead of a single score.

Rubin’s rules
The combination of an analysis repeated over plausible values: mean of the 
estimates; variance equal to the mean within-PV variance plus (1 + 1/𝑀)
times the between-PV variance.

School-grouped fold A cross-validation fold in which all students of a school fall on the same 
side of the split.
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