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Abstract: This paper is concerned with the switched observer design for a class of systems subject
to locally Lipschitz non-linearities. By performing a suitable description of the estimation error
dynamics into a linear parameter varying (LPV) system representation, sufficient conditions for the
existence of a switching output injection gain are proposed such that the asymptotic stability of
the estimation error is guaranteed. These conditions can be conveniently expressed by means of
linear matrix inequalities (LMIs), which are easily computationally tractable. A numerical example
is provided to show the favorable performance achieved by the proposed observer, which can be
applied to a large class of non-linear systems.

Keywords: non-linear systems; switched systems; observer design; linear matrix inequalities

1. Introduction

State observer design for continuous-time dynamical systems is still a topic of sig-
nificant research interest in control engineering. In several applications, a reliable state
estimation of the unmeasurable state variables is required, particularly, when they are
employed for either monitoring or model-based control design purposes. The state ob-
server design problem is substantially more challenging when dealing with non-linear
dynamical systems, which have attracted a lot of interest in control and systems literature
for several decades. As a result, numerous results addressing the design of state observers
and filters for non-linear systems were proposed, having different levels of conservatism;
see, e.g., [1-5] and the references therein.

Throughout recent decades, significant attention arose for the class of Lipschitz non-
linear control systems that have been extensively studied in the literature. As we know,
most physical systems models satisfy the Lipschitz condition, at least locally. Specifically,
in the context of state estimation, the so-called Lipschitz non-linear observer has been
thoroughly investigated in the literature (see, for instance, [6—10]). The limitation of all
these approaches is that the synthesis conditions usually become unfeasible for systems
with large Lipschitz constants. Some relatively recent results offer a proper reformulation
of non-linear dynamical systems by the application of mathematical principles that, for the
general class of Lipschitz systems, directly lead to the linear parameter varying (LPV)
approach and, hence, to less restrictive synthesis conditions [11,12].

On the other hand, many stabilization techniques on the field of dynamical systems
use the concept of switching structure to compensate for system variations and fluctuations
caused by uncertainties and perturbations. Switching stabilization methods have been
proven to be successful against parameter uncertainties [13-17]. The general approach
consists of constructing a state-dependent switching strategy and adaptive stabilization
control law consisting of a set of feedback gains, each of which is selected at certain
time instants according to the switching strategy, which is derived from the Lyapunov
stability theory.
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Most of the previously published LMI-based observer design methods for non-linear
systems consider a single observer gain matrix, whereas a set of observer gain matrices in a
switched scheme of implementation are also needed in order to achieve and/or increase
the feasibility range of the design parameters as well as to improve the state estimation
performance. A recent result of importance develops a hybrid switched-gain observer for
non-monotonic non-linear systems [18] and whose application has been depicted in [19-22].
Furthermore, the hybrid switched-gain observer design has been extended for systems
with disturbances in both the state dynamics and in the output measurements, and its Heo
performance has been investigated [23]. In regard to non-linear systems with asynchronous
switching, some recent results involve observer-based control for time-delayed non-linear
systems [24] and robust state and sensor fault estimation [25-27].

Although the results from the literature above show a considerable advancement in
the development of workable switched observer design methods, most of them consider
asynchronous switching schemes of implementation for systems that incorporate switching
in their dynamics, which limits their applicability to practical non-linear systems where
switching may be included to take advantage of the previously mentioned benefits of this
scheme. In particular, this study considers an LPV representation of the non-linear state
estimation error dynamics, which is inferred directly from the general Lipschitz condition
and the application of the differential mean value theorem (DMVT), requiring no extra
assumptions on system non-linearities. The convergence and performance analysis is
studied in the framework of a semi-definite programming (SDP) problem in terms of LMI
conditions which contain more degrees of freedom than the classical approach of invariant
structure observer. It is also shown that the proposed method encompasses the switching
strategy design and a set of observer gains, which ensure the local exponential stability of
the estimation error dynamics while estimating a set of admissible initial conditions. Finally,
we extend the observer design methodology to cope with energy bounded exogenous
disturbances into an H, setting. Analytical and simulation comparisons are also provided
to demonstrate the superiority of the new LMI design methodology compared to previous
results. In this context, the contribution of this work can be summarized as follows:

* A non-linear Luenberger-like switched observer with a guaranteed decay rate and
He cost for the estimation of error dynamics is designed in terms of LMI constraints,
considering a class of non-linear systems locally satisfying a Lipschitz condition.

The remainder of this paper is organized as follows. Section 2 describes the system
dynamics along with some preliminary assumptions introduced in order to ensure the
well-posedness of the LPV formulation of the state estimation error dynamics. Section 2.1
proposes LMI design conditions considering the representative LPV system, which guaran-
tees both the local exponential stability of the closed loop system with prescribed decay
rate and an He, guaranteed cost. Section 4 applies the proposed methodology to a repre-
sentative system, and Section 5 draws concluding remarks and points out some possible
research lines.

The following notation and definitions will be used throughout the paper:

e N, R, R" and R™*" represent, respectively, the set of non-negative integer numbers,
real numbers, n-dimensional real vectors, and of n x m real matrices;

e S" C R™" represents the subspace of square symmetric matrices;

e TFor A e R AT denotes the transpose of A;

e ForP € §S", P> 0 (P < 0) means that P is positive definite (negative definite),
and He{P} = P + PT represents the Hermitian operator applied to P;

* ThesetCo(x, %) = {Ax+ (1 —A)%: A €[0,1]} is the convex hull of {x, £};

e ¢(i)=1{0,..,00 1 ,0,.., O}T € R® is a vector of the canonical basis of R?;

s components
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e The set of all vectors A = [Ay,..., An]T, such that A; > 0,i € {1,..,N} and Ay + ... +
AN = 1is designated by Apj;
*  The convex combination of a set of matrices Q1, ..., Qn € R"*™ is denoted by

N
Qr = Z AiQ;,

i=1

where A € Apj;
¢  The subset of Metzler matrices denoted M consists of all matrices IT € R"*" with
elements 77j; such that 77;; > 0 V i # j and
p
Z Tji = 0,i,j¢€ {1,...,np};
j=1

e || is the Euclidean norm in R”, for every n € N ;

»  Thesetof trajectories {(t) € R" with finite energy, i.e, [;~ ¢T(#){(t)dt < oo, is denoted
by £7.

Instrumental Tools.  The following statements are instrumental for deriving the main

theoretical results of this paper.

Lemma 1 (Differential mean value theorem [28]). Let f : R — R"f. Let x, £ € R"x. We
assume that f is a differentiable function on Co(x, ). Then, there are constant vectors %1, ...X, ;€
Co(x, %), % #£x, % #Xfori=1,..., ns such that:

i=n j=n,
I 13,

flx) = f(%) = Z; Z;enf(i)enx(j) == (%) | (x — 2).
i=1 j=

ax]-

Lemma 2 ([11]). Considering the function f(-) : R" — R"f, the two following statements
are equivalent

*  f(:):R™ — R" islocally Lipschitz continuous in x, i.., there exists a constant scalar L¢
such that
1£(x) = ) < Lell(x = 2| ©)
holds for all x, % € X C R"x.
e foralli,j =1, ,n there exist functions
hij R™ - R

and constants Eij and hij, such thatV x, £ € X C R,

i=ny j=nNx
fx) = (&)=Y Y enp(ien, () hij(x — 2)

i=1 j=1

and 7
hi; < hij < hy;.

Lemma 3 ([29]). For a function

V(x(t)) = min xT(t)Px(t), P € S™



Appl. Syst. Innov. 2024, 7,71

40f18

where x(t) € R™ is a generic trajectory of the linear system x(t) = Ax(t), for all t > 0.
For h — 0T, then x(t + h) = x(t) + hx(t) = x(t) + hAx(t) and hence the right-hand Dini
derivative is defined as

DV (x(t), Ax(t)) = hli)% V(x(t) + hAxIEt)) —V(x(t))

and applying Danskin’s Theorem [30], we obtain

D*V(x(t), Ax(t)) = min xT(f) <ATPi + PiA)x(t).
i€l,..,np
2. System and Observer Description

Consider the following class of systems with Lipschitz non-linearity.

2(t) = Ax(t) + By f(x(8)) + +8(y(t), u(t)) + Bad(t)
y(#) = Cx(t)

where x(t) € X C R™, with X being a compact domain, is the state vector, u(t) € R" is
the input vector, y(t) € R" is the output measurement vector, and d € £5? is an exogenous
disturbance vector. The known functions f : R" — R"f, ¢ : R™ x R" — R"* are locally
Lipschitz on the domain of interest. The matrices A € R"*", B € R™ " B, € R4,
and C € R™*"™ are known constant matrices of appropriate dimensions. The initial
condition is x(0) = xp € R™.

()

2.1. Switched Luenberger-Like Observer

The following extended Luenberger-like observer is proposed to estimate the state
vector x(t):

x(t) = A%(t) + Bef(£(1)) + 8 (y(£), u(t)) + Lo (9(t) — y(1)) 3)

where £(f) € R is the estimated state and L, ;) € R™*" is a switched output injection
gain with ¢ : R™ — N as a switching rule to be designed. Now, let

x(t) = x(t) — £(t) 4)
be the state estimation error and X be the set induced by
X={xecR™:g=x—-% x, £€ X}
Then, the estimation error dynamics is given by
£(t) = A%(8) + Bp(F(x(5)) — F(2(8)) + Loy (9(8) — y(8)) + Bad (1 ©)

where ¥ € X. The switched observation problem consists in finding a gain Ly and
the corresponding switching rule o(y(t)) to ensure the stability of the estimation error
dynamics (5).

2.2. LPV Formulation
Notice from the DMVT, there exists an ¥ € Co(x, %) such that:

(R af .
f) = (@)= X Y enp(ien, () 5-(%) | (x = %)

i=1 j=1 0x;
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Hence, using the notations

P
h(6) = 525 o

B(E) = (B0 () o i (1)

we may define
gy

AG(E) = A+ T hi(DBen (en, ()" @)
i,j=

which casts the observer error dynamics in (5) as follows:
2(t) = (A(h(t)) + Ly C)%(t) + Bad(t). (®)

Indeed, this representation allows us to have a more appropriate and flexible handling
of the non-linearities in consideration while still making use of all of its time-varying
properties according to the so called LPV formulation [31]. In light of this, and using the
results presented in Lemma 2 for locally Lipschitz non-linear functions, the functions h;; in
(7) are bounded according to

Ei]' < ]’li]'(t) < hij' Vi>0

suggesting that the parameter /() evolves in a bounded domain , of which its n, < 2"+"'f
vertices are defined by:

Yy = {(hn,---, hngn,) = hij € {hijrﬁij}}- )

At this stage, we may even describe the estimation error dynamics in (8) as an
uncertain-switched polytopic linear system

x(t) = (Aa(h(t)) + Lo C)(F) + Byd (1) (10)
with
p
Ala(h(t)) = ) aj(H)A; (11)
j=1
and the matrices A;, j = 1,..,n, are constructed by taking all elements of the set Vy
defined in (9) and
a(t) e A=
Z 12
{[al,...,zxnp]Te]R"P : Zajzl, oc]-EO}. (12)
j=1

This description is the foundation of the switching design approach put forward in
this work, which aims to improve the estimation performance in addition to reducing the
conservatism of the stabilizing conditions, particularly in cases when the range of the time
variant parameters is large [32].

2.3. Minimum-Type Switching Rule
Based on the results of [29], the minimum-type switching strategy is proposed

o(t) = argmin 7" (£)Qi¥i(t), (13)

ie{l,...np}
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with 7(t) = y(t) — 9(t) and Q; € S™ as a stabilizing rule for the switched observation
scheme. Furthermore, the set of optimal indexes

Zy)={iel,.. np: ie{rlnir}l }gTQi]? _ ?TQi]?} (14)
..... »

and at t € R™, the switching rule is given by o ((t)) = i for some i € Z(§(t)).
Considering a matrix dependent on the unknown parameter a defined in (12) [33],
thatis, IT(a) : A — R""*"» whose entries are defined by

() — )P j#i

with p > 0, we can verify that they constitute entries of a Metzler matrix IT(x) € M for all
« defined in (12). Indeed, based on definition (15), all elements outside the main diagonal
are non-negative and the identities

n

Zji1 7Tji("‘) = Z;ljgizl paj + pla;—1)
= (I e —1) (16)
=0

are verified for all i € {1,...,n, }. Furthermore, using I1(x) € M defined in (15), the follow-
ing statements are verified

Z;L mi(w)Q; = VZ;;Z:l 0jQj+ p(a; —1)Q;
n
= Ll Q) — nQ; (17)
= VZ]‘£1 @j(Qj — Qi)
Furthermore, for i € Z(§) and I1(ax) € M

JI mi(@)Q)T = ma(a)gT Qi + L, ()T Q%

> ()7 Qi + X ()T Qi s
> (Z;Zl ﬂji(“))?TQi? (18)
> 0, VjeRm.

These instrumental statements provide the foundation of the switched observer design
that follows.

3. Switched Observer Design

In this paper, our main goal is to determine a set of observer gains {Ll, .y an} to
compose the switched output injection term in (3)

Loy (9(8) = y(1)) (19)

along with a closed-loop switching strategy o(-) : R"™ — {1,..,n,} in order to make
the origin ¥ = 0 of the polytopic switched linear system (10) an exponentially stable
equilibrium point when d(t) = 0, V% € X C R"™, where X is a set to be determined.
Moreover, the observer design must also take into account an He, performance when
d(t) # 0. Both problems will be formulated in the sequel so that we can use the block
diagram in Figure 1 to illustrate the switched observer implementation approach.
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d(t)
u(t) | &) = Az(t) + Bsf(2) + 9(y,u)
y(t) = Cz(t) +
: y(?)
Z(t) = AZ(t) + Bsf(z) + g(y, u) v T
. +Lo(r (y(t) — 4(t)) —()
3(t) = O3 (1) 7

A A

a(+) <

Figure 1. Switched observer implementation scheme.

3.1. Guaranteed Decay Rate

The state estimation convergence is evaluated within a Lyapunov framework, con-
sidering a minimum-type piecewise quadratic Lyapunov function [29]. The analysis of
the corresponding dissipation mechanism leads to a set of LMI conditions for the purpose
of the switched observer design. To this end, let V : R"* — R be the (positive definite)
weight functional candidate as defined below:

V(E(H) = ie{t{ﬁr}q . T ()P (t)

= min Z/\x Tpx(t))

AeA

(20)

where P; > 0 € " Vi € {1,..,n,}. In order to ensure the convergence of the estimated
states, consider the following dissipation inequality:

DHV(t) 429V (t) <0, (1)

where 7 is a positive scalar and D"V (¢) denotes the Dini time derivative [34] of the
piecewise Lyapunov function in (20). If (21) is satisfied along the trajectories of (10), the
estimation error dynamics are exponentially stable with a guaranteed decay rate -y, since it
can be readily shown that the following holds

1Z(8)]| < M| %(0)[le™* (22)
for every £(0) € X C R,

)

Problem 1. Determine a switching strategy o(-) : R™ — {1,..., ns} such that: o(-) = ¢(y(t
vV, t > 0, which makes the origin & = 0 of the error system (10), supposing that d(t) = 0 for t >
an exponentially stable equilibrium point.

),
0,

A solution for Problem 1 is presented in the following theorem.
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Theorem 1. Consider the error dynamics defined in (10). Let y and -y be given positive scalars,
Suppose there exist P; € S", Q; € S", M; € R™*™ i =1,...,ny, such that

P;>0, i=1,...,n (23)
He{PAj + M;C} + u CT(Q; — Q)C+2yP; <0, i,j=1,...,m (24)

Then, the estimation error dynamics are locally exponentially stable with a guaranteed decay
rate <y, with the switching strategy as defined in (13) and the following observer gains:

Li=P'M;, i=1,.,n,. (25)
Proof. Multiplying (23) by a;, summing up all terms for all j € {1,...,n,}, and consider-
ing (16), yields
p
(A(a) +L;C)TP; + Pi(A(a) + L;C) +29yP; + CT (Z ﬂji(D()Q]) c<o. (26)
j=1
Pre- and post-multiplying (26) by the vector xT(t) and its transpose, respectively,
yields
p
(1) ((A@) + LO)TP + P(A() + LC) +29P ) (1) <~ (#) (2 n]-i(oc)Q]-) i(t) 27)
j=1

Considering that i € Z(jj(t)), we obtain
Ty
7' (t) (Z ﬂji(“)Qj)?(f) >0 (28)
=1
and then, from (27), the following sufficient conditions are true

(1) ((A@) + LO)TP + P(A(a) + LiC) +27P ) () < 0 (29)

On the other hand, for the quadratic Lyapunov candidate function defined in (20),
the RHS of the dissipation inequality (21) satisfies

DYV(t) +29V(t) = lgrlr(ljicr(lt)) (1) [ (A(w) + L,C)TP + Py(A(a) + L;C) + 27191»] %(t)

< #1 (1) ((A(®) + LiO)TP, + P Alw) + LiC) +27P, ) (2). (30)
It follows that (29) implies
DTV (t)+29V(t) <0 (31)
and hence (22) is fulfilled and the proof is completed. O

3.2. He Guaranteed Cost

Next, we address the non-linear Ho, switched observer design problem when d(t) # 0
by defining an output performance vector z(t) = E%(t), with z € R"z and E € R"=*"x,
which, along with the error dynamics, yields

x(t) = g‘}(ﬂé(f)) + Loty C)X(£) + Bad(t) 32)

(£)-
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Then, the £5-gain of the non-linear error dynamics (often referred as the He, cost) can
be defined as follows:

2
z
o sup L2

: (33)
2
0de, [ld]f;

which allows us to formulate the following problem.
Problem 2. Determine a switching strategy o(-) : R" — {1,..,n,}, with o(-) = ¢(y(t)),

which guarantees that the origin of the unforced estimation error dynamics, i.e., the system defined
in (10) with d(t) = 0, is locally exponentially stable while ensuring that

2
su LZH% <p (34)
e, 14|13

for a given p > 0.
A solution for Problem 2 is proposed in the following theorem
Theorem 2. Consider the error dynamics in (32). Let y and <y be given positive scalars. Suppose

there exists P; € S™, Q; € S™, M; € R i =1,...,np, and p € R such that the following
is satisfied:

P;>0, i=1,...,m (35)
1,; PB; ET
BIP —pI 0| <0, ij=1,...,mp (36)
E 0 -I

where
I1;; = He{P;Aj + M;C} + u CT(Q; — Qi)C.

Then, the switching strategy defined in (13) with L; = PflMi, i=1,...,ny, guarantees that the
origin of the estimation error dynamics defined in (8) with d(t) = 0 is locally exponentially stable
and Jeo < p.

Proof. Multiplying (35) by &;, summing up all terms for all j € {1, ..., n,}, yields

II(x);; PB; ET
BIP  —pI 0| <0 (37)
E 0 —I
with .
14
H(Dé)i,]' = He{PA(DC) + M,’C} + CT (Z ﬂ]l(lX)Q]> C.
j=1

Performing the Schur complement in (37) and rearranging the terms, we obtain

I1(a);; PB ET
[ éﬁﬂ _pﬂ + {0}[15 0] <o. (38)
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Pre- and post-multiplying (38) by the vector [x(¢)” d(t)T] and its transpose, respec-
tively, yields

0 [ (A(a) + LiC)TP, + Pi(A(a) + LiC) + ETE) (t) + %7 () PByd(t)

+d" (t)ByPE(t) —pd” (H)d(t) < =7 (1) (Zp: ffﬁ(w)Qj>y7(t)- (39)
j=1

According to the definition in i € Z(j(t)), from (39), the following condition is true
DYV (t) 428 (t)z(t) — pdT (t)d(t) < 0. (40)

Rearranging and integrating each element in the inequality above from t = 0 to t — oo
yields
Iz(B)[1* = plld(D)]] < V(0) = V(e0) (41)

and under zero initial conditions V(0) = 0, one has

[0l
. (42)
)z ~°

Hence, the proof is concluded. O

Remark 1. Notice that the term p CT(Q]- — Q;)C included in the conditions (23) and (35) of
the previous theorems may be cast as BMIs since Q; and y are decision variables. However, if the
parameter y > 0 is set to be known, those conditions become standard LMIs. Further, a proposed
algorithm will exploit the optimisation of the parameters y in order to achieve suboptimal values for
the guaranteed Heo cost.

3.3. Stability Regions

A practical way of determining regions of stability comes from Lyapunov Theory [35].
It is well known that if V(%()) is a Lyapunov function, such that V(%(t)) < 0,VZ € X C
R" along the trajectories of the system, and X is a set containing the origin in its interior.
In addition, to derive computationally tractable solutions, the state error domain X may be
constrained to be a given polytopic set as defined below

X={rern:r<1, k=11 (43)

where cq, ..., Cng € R"* define the nq faces of X.
To apply the result presented in [35], we have to determine the largest contour curve
of the Lyapunov function

V(x(t) = min £T(HPE(Y) (1)

Hence, the following developments are instrumental for the derivation of results to deter-
mine estimates of the basin of attraction, using ellipsoidal domains contained in the set X.
With this aim, we can normalize the associated level sets [35]

X ={x eR™:V(x) <y}, withy >0, (45)
to be given by ellipsoidal domains X; defined as follows:

X = {x cR™ TP < 1} (46)
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and seek an LMI formulation for the inclusion problem X; C X. This inclusion relationship
may be rewritten as

2 — c{x — xTck >0, k=1,..,ng

(47)
Vi ¥ PE-1<0, i=1,..,n,

then, applying the S-procedure [36] to the last set of inequalities, we obtain

11771 M1
[—x} [ck 151} {—x} =0 (48)

i=1,.,np k=1,.,ng
The above condition is satisfied if there is a solution feasible for the following LMI:

1—cfPc >0, @9)
i=1,.,np, k=1,.,ng.

3.4. Limited Observer Gain Norm

In actual applications, it is frequently undesirable for the LMI-based observer design
to yield high observer gains. Since L is not a decision variable, we are unable to directly
restrict it; instead, we must limit its norm. Specifically, let x be the highest permitted norm
for the observer gain L,. Thus, the following inequality holds

LTL; = M P72M; < xI

From the Schur complement, we obtain

xI M
[Mi p? > 0. (50)

As the matrix inequality in (50) quadratically depends on the decision variable P, we
propose the following relaxation

T
P—el>0 [ﬁ ]:211] >0 51)
that has to be jointly solved along with the above LMIs in order to confine the norm of L;,
with € > 0 denoting a given small positive scalar that the designer will assign.

On the other hand, an optimization problem may be used to find a solution to the
stabilization problem that maximizes the estimation X of the stability region. Since 2‘:’> isan
ellipse, we can maximize the volume of X’ by formulating an convex optimization problem.
An algorithm for the switched observer design with an estimate stability region is provided
below, based on the preceding developments.

Remark 2. Notice that Algorithm 1 sets noteworthy improved features on a flexible design frame-
work in terms of LMIs by ensuring not only exponential stability and guaranteed Ho, cost for the
estimation error dynamics, but also optimum guaranteed stability regions of convergence.



Appl. Syst. Innov. 2024, 7,71 12 of 18

Algorithm 1: Switched Observer Design with Guaranteed Stability Region

1. Build vectors ¢, ..., &y, that characterize the polytopic set X as given by (43).

2. Build the matrices Ay, ..., Ay pr which define the polytopic matrix in (11).

3. For the purpose of obtaining an optimized estimate of the stability region, we
consider the following convex optimization problem

min max log det(P; 52
jefin | maxlog (P) (52)

subject to

(@) (23), (48), about the setting in which Theorem 1 is applied, and (51)
for the state estimation with prescribed decay rate y and an upper
bound x for the switched observer gain matrices norm.

(b) (35), (48), about the setting in which Theorem 2 is applied, and (51) for
the state estimation with upper bounds p and x for the He cost and the
switched observer gain matrices norm, respectively.

4. Simulation Results

In this section, we illustrate the proposed observer design procedure through a nu-
merical example. Consider a one link manipulator with revolute joints actuated by a DC
motor. The elasticity of the joint may be well-modeled by a linear tensional spring. The elas-
tic coupling of the motor shaft to the link introduces an additional degree of freedom.
The states of this system are motor position and velocity, and the link position and velocity.
The corresponding state-space model is

k B K
Wy = —(01 — Gm) - — Wy + T
I T " T )
91 = w1
k

(0 - 6) — "Esin(ey)
1
where 0, wy, 0; and wj are the motor and link position and velocities, respectively. [,
and ] are the inertia of the motor and link, respectively, &, and M represent the length and
mass of the link, b is the viscous friction, and K is the amplifier gain. The torque due to
the stiffening spring is 7.

The system modeled by (53) takes the form of (3) by considering

x(t) = [Bu(t) wult) 6() wi(t)]

o 1 o o]
k B

A= |7 "I T O
% 0 2 1 (54)
A

T r T
— _mgh _ K
Bf - |:O 0 O h :| 7 Bll - _0 ]m 0 0:|

f(x(t)) = sin(x3(t)).
The adopted numerical values for the process parameters are taken from Table 1.
Applying our approach, we obtain

hj=0,j=123

(55)
h1/3 = —-3.33 COS(fg(t))
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then
h13 = —333
hl,?) - 333
which defines the set of matrix vertices of the uncertain polytopic matrix A(a) in (11)
as follows
0 1.0 0 0
A —-2703 —-1243 2703 0
o 0 0 0 10
—107.5 0 2181 O
0 1.0 0 0
A, — -270.3 —-1243 2703 O
2 0 0 0 10
—107.5 0 -3.008 0

On the other side, X defined in (43) is normalized considering the following polytopic set
X = {x ERY: 71| <05, |%2] < 0.25,|%5] < 0.5, |%4] < 0.5}.

The procedure defined in Algorithm 1 is used to determine the appropriate selection
of the design parameters. Thus, Figure 2 shows the feasibility region of the optimiza-
tion problem (52) subject to the LMI conditions in (23), (48), and (51) with respect to u
and the upper bound of the decay rate -y, considering the cases given by x = 1.0 x 10°,
x = 5.0 x 109, x = 1.0 x 10%, and € = 0.01 as parameters of design which allow the
numerical implementability of the state observer.

»x10°
10 -

Figure 2. Feasibility region for guaranteed decay rate v with e = 0.01.

Table 1. Parameter values.

Parameters Numerical Values
T 3.7 x 1073 kg m?
Ti 9.3 x 1073 kg m?

h 15%x 1071 m
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Table 1. Cont.

Parameters Numerical Values
m 0.21 kg

B 46x102m

K+ 8 x 1072 Nm/V

k 1 Nm/rad

g 9.8 m/s?

Similarly, Figure 3 shows the feasibility region of the optimization problem (52) subject
to the LMI conditions in (35), (48), and (51) under the same selection of design parameters.

*10°
10 .,

o 0 o

i

Figure 3. Feasibility region for guaranteed He, cost p with € = 0.01.

As expected, Figures 2 and 3 show that whenever the upper bound of the prescribed
decay rate v and the guaranteed Hy cost are set to be higher, respectively, the feasibility
region associated with the solution of the corresponding convex optimization problem
decreases for required low upper bound of the observer gain norm . Moreover, no
feasible region is obtained for x = 1.0 x 10° when the equivalent procedure with identical
values of design parameters is applied in a non-switched implementation scheme of the
observer design.

4.1. Optimized Initial Conditions

It is clear from this that the observer designer has two independent means for enhanc-
ing the condition that ||%(¢)|| in (22) promptly converges. First, the set of gain matrices L,
can be designed to make 1 as large as possible. Secondly, the value of £(0) can be designed
to minimize the ‘start-up error norm’

12(0) ]| = [[x(0) — 2(0)]- (56)

In particular, given that x(0) is often unknown and by the virtue of the triangular
inequality [|x(0) — £(0)|| < ||x(0)]| + ||£(0)||, we have that our objective implies the min-
imization of ||£(0)||. Then, the physically realizable design is related to meet the initial
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measurements y(0), which are assumed to be known. Thus, the solution of the following
semi-definite programming (SDP) problem

min |[£(0)]|

subject to
{cz(0) = y(0) (57)

Thus, the solution of (57) may be addressed by using conventional quadratic program-
ming tools providing a local optimal selection for £(0).

4.2. Observer Tests

The observer and system responses are generated via numerical simulation with initial
profilesxo = [1 0 1 0] and %, obtained from the optimization problem (57).

Figure 4 shows the evolution of the estimation error norm for both estimation schemes:
guaranteed Ho cost (with d(t) selected as a unitary pulse in t = 0.05), p, and upper
bound decay rate v (d(t) = 0) for the design parameters x = 5.0 x 10° and € = 0.01.
Furthermore, plots that result from the implementation of observers with constant injection
gains are shown for comparison purposes. We can observe that the error evolution is indeed
bounded and exponentially convergent in both cases, but with an enhanced performance
when switching gains are implemented. Since the initial estimation profiles are already
a good approximation of the actual variable states, the estimation error norm converges
quickly, and hence, provides very satisfactory estimates.

2.5

= 600 (L,)
N ————p =600 (L constant)
2.25 + I~y v =15 (L,)

\ e Ymax = 10 (L constant)

1.75

1.5

1.25

[0l

0.75

0.5

0.25

~—_ - — — ——

0.5

Figure 4. Time evolution of the estimation error norm.

Furthermore, Figure 5 depicts the switching among the available output injection
gains, which triggers an enhanced performance of the estimates.
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1 A L T 1 L nil
5 0.1 0.2 0.3 0.4 0.5

t t

-
e
°

<
-
S
2
g
-

(a) Guaranteed decay rate y = 15 (b) Guaranteed He, cost p = 600

Figure 5. Time evolution of the swiching rule o(¢).

5. Concluding Remarks

In this work, we have proposed an switched observer design for semi-linear systems.
Specifically, an uncertain polytopic linear equivalent model for the semi-linear estimate
error dynamics equations has been derived using the LPV formulation method. Then,
an LMI-based condition was proposed for designing a non-linear Luenberger observer
considering a switching rule that selects the adequate observer gain along the course of
system operation. In addition, a stability region estimation algorithm (embedded into the
observer design) was also proposed to properly select the initial condition of the estimation
error. The proposed results were illustrated and numerically tested with a representative
case example. It has been clearly noted that the proposed observer provides accurate
estimation of the states via the computationally tractable state observer design based on
convex optimization tools, such as LMIs. The switched observer design from the LPV
formulation for the non-linear estimation error dynamics as presented in [11] allow us to
increase the feasibility regions for the design parameters associated to the LMI conditions,
which increases the flexibility of the design. These design features provide meaningful
improvements when compared to similar approaches taken from specialized literature [37]
in which the LPV formulations with constant observer gains are approached, yielding
conservative designs in a smaller feasibility region of the design parameters.
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Abbreviations

The following abbreviations are used in this manuscript:

LPV Linear parameter varying

TS Takagi-Sugeno

DMVT Differential mean value theorem
SDP Semi-definite programming

LMlIs Linear matrix inequalities
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SOSs Sum of squares
LM Lyapunov-Metzler
BMIs Bilinear matrix inequalities
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