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Abstract: In our study, we revisited a previously reported method for evaluating the mixing intensity
of uniform colloidal spheres in terms of their collision frequency, with the aim of evaluating the
validity of this method in the case of a small stirred vessel equipped with an impeller with four
paddles. The rates of the salt-induced rapid coagulation of polystyrene latex (PSL) particles with five
different diameters were measured as functions of the rotation rate. The ad-hoc assumption of the
linear additivity of the perikinetics and the orthokinetics of the coagulation process was used for the
analysis. Our previously proposed equation for the rate of turbulent coagulation as a function of the
particle diameter, determined for an end-over-end rotation mixing device, was confirmed to be valid.
However, it was found that, for small particles and low-mixing rates, i.e., for low Peclet numbers, the
rate of coagulation becomes larger than that predicted on the basis of linear additivity because of
the coupling effect of Brownian motion and the fluid flow during turbulent mixing. This increase
occurred even though the rate was lowered by the wall effect, which resulted in an inhomogeneous
distribution of the mixing intensity.

Keywords: collision frequency; polystyrene latex particle; coagulation rate; Peclet number; coupling
effect; turbulent flow

1. Introduction

Coagulation is a phenomenon observed in many natural and engineered systems [1–5]. Most
coagulation processes in practical applications occur under turbulent flow. Therefore, colloidal
coagulation in turbulent flow can be regarded as one of the most fundamental and practically important
issues in the domain of colloidal flocculation when one considers the engineering applications of the
phenomenon. Accordingly, there have been numerous studies on this subject. A majority of these
studies can be categorized into two groups. The first group is related to the prediction of the rate of
coagulation in turbulent flow [6–9], while the other is related to the strength of the formed flocs against
breakup under the stress of turbulent flow [10–12]. Since the length scale of interest in both cases is
usually smaller than the Kolmogorov microscale of turbulence [13], most of the analyses involved
have been performed on the basis of the concept of isotropic turbulence, which allow us to determine
the statistical physical properties by the dimensional analysis using the rate of energy dissipation per
unit mass and kinematic viscosity. Then, the mean value of velocity gradient can be derived. The
dimension of this parameter is same as that of the shear rate.

The framework for the rate theory of coagulation was developed by Smoluchowski [14]. He
derived the rate of coagulation in a laminar shear flow field while assuming that the colloid particles
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move along straight streaming lines until they undergo a collision. However, this motion is actually
accompanied by perikinetics motion (i.e., Brownian motion). Using well-defined experiments involving
the rapid coagulation of small latex particles, Swift and Friedlander [15] were able to confirm the
validity of the predictions made on the basis of the Smoluchowski theory. They analyzed and
experimentally determined the rate of coagulation based on the simple additivity of the perikinetics
and orthokinetics motions (i.e., the motion determined by flow field) of the colloidal particles. In this
case, the rate of collision by a reference particle (J) can be written as

J =
(

αs
16
3

+ αB
4π

Pe

)
2N(t)a3

0
.
γ (1)

where the first and second terms represent the collision frequencies due to shear flow and Brownian
motion, respectively. Further, αs and αB are the correction factors for the capture efficiency owing to
the hydrodynamic interactions that occur upon the collision of the colloidal particles in the shear field
and owing to Brownian motion, respectively. Finally, N(t) denotes the total number of flocs per unit
volume; a0 is the radius of a singlet; and Pe is the transitional Peclet number, which is expressed as the
ratio of the strength of the fluid flow and the diffusivity of the particles.

That is to say,

Pe =
.
γa2

0
2D

. (2)

However, this simple treatment has been criticized by several researchers [16–18]. Based on a
more rigorous treatment that takes into account the effect of the hydrodynamic interactions between
two colloidal particles approaching each other along the trajectory determined through hydrodynamic
analysis, Feke and Schowalter performed numerical modeling of the effect of Brownian motion on
the rate of coagulation in a laminar shear flow. They reported that the numerically predicted values
are considerably larger than those predicted based on the simple additivity for the Pe < 50 region.
On the other hand, Van de Ven and Mason [18] investigated the effect of weak orthokinetic motion on
perikinetic coagulation in the region corresponding to very small Peclet numbers, i.e., for Pe < 1, and
concluded that there is no theoretical background for assuming that the principle of simple additivity
is valid. It can be assumed that the effect of the coupling of Brownian motion and the fluid flow on the
increase in the collision frequency is significant in the intermediate region (1 < Pe < 50). However, it
should be noted that there exist neither numerical studies on shear coagulation nor experimental ones
that confirm that the significant increase in the rate of coagulation in the intermediate region due to
the coupling effect.

On the other hand, coagulation in turbulent flow is important from a practical viewpoint. Saffman
and Turner [19] derived the rate theory for coagulation in turbulent flow on the basis of the isotropic
nature of turbulent fluctuations. Higashitani et al. [6] further developed the theory by taking into
account the effect of the hydrodynamic interactions, which essentially reduced the rate of coagulation.
They also confirmed that turbulent flow can basically be treated as a type of shear flow. However,
they did not determine the region corresponding to low Pe values, where a significant degree of
coupling between Brownian motion and the fluid motion can be expected. In a previous work,
Adachi et al. [7,20,21] established a method for characterizing the turbulent flow in terms of the
collision frequency between colloidal particles that is equivalent to the rate of coagulation during rapid
coagulation. They performed measurements under a turbulent flow generated using an end-over-end
mixer, wherein the average mixing intensity was mechanically fixed. A mixing flow was generated in
a forked flask in which a very small amount of the colloidal dispersion (10 mL) was poured from one
side of the forked flask to the other side. During this operation, the colloidal dispersion was mixed
periodically by the rocking motion of the rotating device on which the forked flask was installed.
During these experiments, Pe was varied by changing the diameter of the colloidal particles used.
Although the control of the fluid motion seemed to be crude, their data confirmed the validity of the
assumption of the simple additivity of the perikinetics and the orthokinetics. A minor point of concern
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with respect to their results was that a small quantitative discrepancy was observed in the absolute
value of energy dissipation. That is to say, the rate of energy dissipation as calculated based on the
rate of coagulation was smaller than that predicted from the loss of gravitational energy as estimated
based on the mechanical configuration of the experimental setup used. The former was only 7% of the
latter. Using a vessel equipped with a Rushton stirrer, Kobayashi and Adachi [22] also confirmed that
the assumption of simple additivity is an appropriate one from a practical viewpoint. Their results
also indicated that the rate of energy input as estimated from the measured torque is almost the same
as that obtained from the rate of coagulation. It should be noted that they used a sufficiently large
stirrer vessel for their experiments. However, in the case of small vessels, as will be discussed in the
next section, the amount of energy consumed near the stirrer as well as that used near the wall and
baffles of the vessel can be significantly large, leading to a reduction in the number of collisions. We
term this effect “the wall effect.” The wall effect becomes more pronounced with the increase in the
thickness of the boundary layer in the case of low-mixing intensities. Therefore, one can assume the
following scenario—the coupling effect enhances the rate of collision between the colloidal particles in
the region corresponding to intermediate and low Pe values, while the wall effect reduces the rate of
collision. In order to verify this hypothesis, we systematically measured the rate of coagulation for
different mixing intensities using colloidal particles of different diameters in a small mixing stirrer
vessel while focusing on intermediate and low Pe values. This setup is also relevant for studying
bioreactors [23–25].

2. Rate of Coagulation in Turbulent Flow

2.1. Rate of Coagulation during Turbulent Mixing

The rate of collision of colloidal particles in turbulent flow is reflective of the characteristics of
the flow. Therefore, the measured rate of coagulation can be regarded as an important parameter that
describes the turbulent flow. Saffman and Turner [19] proposed a model for collisions between rain
drops in clouds. They used the results of a statistical analysis of isotropic turbulence performed by
Taylor [26], and assumed that the distribution of the velocity gradient, γ, can be approximated as a
normal distribution [27] with a mean absolute value of

|γ| =
√

4ε

15πν
. (3)

Further, they derived the rate of coagulation as follows:

dN(t)
dt

= −αT

√
128πε

15ν
a3

0 N(t)2 (4)

where ε is the rate of energy dissipation per unit mass and ν is the kinematic viscosity. Further, αT
denotes the correction factor for the collision efficiency and reflects the hydrodynamic interactions
in turbulent flow. The significance of this factor with respect to collisions between colloidal particles
immersed in a viscous fluid was highlighted by Higashitani [6]. The approximate value of this factor
can be estimated using the numerical results reported by van de Ven and Mason [28], who determined
its value for a simple shear field. By replacing the shear rate with its effective value in Equation (3), the
value of the capture efficiency, αT , can be derived as shown below:

αT =

 A

36πµ
√

4ε
15πν a3

0

k

(5)

where A denotes the Hamaker constant and µ is the viscosity of the fluid in question. The reported
values of k for laminar flow are 0.18 for the case where there is no retardation effect of the Van der
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Waals force [28] and 0.25 when there is such an effect [29]. For the initial stage of coagulation, for
which we can assume N(t)2 = N(t) × N(0), Equation (4) can be integrated as follows:

ln
N(t)
N(0)

= −αT

√
128πε

15ν
N(0)a3

0t (6)

Therefore, if we measure the rate of coagulation for the mono-dispersed colloidal particles using
the known value of the Hamaker constant for rapid coagulation, we can estimate the value of ε, which
characterizes the mixing process, from the rate of coagulation.

2.2. Deviations in the Case of the System Corresponding to a Low-Mixing Intensity in a Small Vessel

The above-mentioned rate equation is practically applicable for mixing with a sufficiently high
Reynolds number. However, as noted in the Introduction section, the frequency of collisions between
colloidal particles can be expected to be increased by the effect of Brownian motion. Feke and
Schowalter showed both numerically and experimentally that the rate of coagulation in a laminar
shear flow is enhanced by the effect of Brownian motion to a greater degree than that predicted on
the basis of the simple addition of the contributions of Brownian motion and the fluid flow. Studies
performed over the last two decades have numerically confirmed that a region exists wherein these is
a considerable degree of coupling with Brownian motion, leading to an increase in the rate of collision
that is higher than that expected based on the simple addition of the effects of the Brownian motion and
the extensional fluid flow [30–32]. It has been suggested that the properties of the energy-dissipating
structure of turbulent flow in the ultimate stage of the energy-transfer cascade can be approximated as
a type of extension flow [33]. This is an important scenario based on the fact that the component of the
strain tensor that contributes to energy dissipation is not rotational but extensional.

However, the experimental results of a previous study by Kobayashi and Adachi [22] confirmed
the effectiveness of the simple additivity principle using a mixing vessel equipped with a Rushton-type
stirrer. In order to explain these results, in this study, we introduced the concept of the heterogeneity
of the turbulent flow. It is known that the value of ε near the impeller or the wall of a vessel is much
higher than that for the rest of the space. Let us consider this situation by introducing a scenario
corresponding to two regions as illustrated in Figure 1. The region near the wall is termed the wall
region and has a volume fraction of ∅ and rate of energy dissipation of εw. The rest of the space is
termed as the bulk region and has a volume fraction of (1−∅) and rate of energy dissipation of εb.
The average rate of energy dissipation can be written as

εav = (∅)εw + (1−∅)εb. (7)

If we assume ∅ = 0.1 and εw = 10 εb and use the results of Equations (4) and (5) with k = 0.2, the
rate of coagulation based on εav can be expressed as

dN(t)
dt

∼ (1.9εb)
0.4 ∼ 1.3 (εb)

0.4. (8)

On the other hand, separate estimations for the wall and bulk regions result in(
dN
dt

)
w
+

(
dN
dt

)
b
∼ (0.1× 10εb)

0.4 + (0.9× εb)
0.4, (9)

(
dN
dt

)
w
+

(
dN
dt

)
b
∼ 2.0ε0.4. (10)

That is to say, the estimate made on the basis of the average value is smaller than that when
separate calculations are performed. This deviation becomes larger as ∅ increases. In the case of a
fully-developed turbulent flow, ∅ is expected to be small owing to the decrease in the thickness of
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the boundary layer. However, in the case of a weak turbulence, the effective value of ∅ will increase
because of the effective increase in the thickness of the boundary layer. While we were not able to
quantify the value of ∅, we could predict the reverse effect on the rate of coagulation for low-mixing
intensities. Thus, the increase in the collision frequency due to the effect of the coupling of the fluid
flow and Brownian motion can be considered to have been cancelled. This qualitatively explains
the results of our previous study [22]. In order to confirm the presence of the coupling effect, more
systematic measurements of the rate of coagulation for different mixing intensities and Peclet numbers
are necessary. To this end, we measured the rate of rapid coagulation as a function of the mixing
intensity using colloidal particles of different diameters.
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Figure 1. Schematic showing heterogeneity of ε in a mixing vessel.

3. Materials and Methods

3.1. Mixing Vessel Used

The coagulation experiments were performed in a stirred vessel (30 mL, made by central workshop
of Tsukuba University, Tsukuba, Japan) containing four baffles and equipped with a four-paddle
impeller, as shown in Figure 2. Fluid motion is induced by the rotation of the impeller, which
rotates at a constant angular velocity. If the kinetic energy provided by the rotating impeller is
assumed to be balanced by the energy dissipated in the fluid, the value of ε can be estimated from the
following equation:

ε = εi =
2πNrTr

W
(11)

where εi denotes the rate at which energy is input into the fluid per unit mass, W is the mass of fluid
in the vessel, Nr is the rotational speed of the impeller, and Tr is torque. Under these assumptions, ε

can be determined by measuring Tr against Nr. For measuring Tr, a torque meter equipped with a
rotary viscometer (Model LV, Brookfield) was employed. The obtained results are shown as a line in
Figure 3. The data clearly confirm that ε is proportional to the third power of Nr, as reported previously
for mixers equipped with a paddle-type impeller. Further, the data obtained in the present study
are found to keep with the extrapolated results for a Ruston-type turbine stirrer with a volume of
2.0 × 10−3 m3 [22].
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Figure 3. The value of ε obtained using Equation (11). Its value was calculated based on the measured
torque. A highly sensitive torque meter equipped with a rotary viscometer (Model LV, Brookfield) was
used to measure the torque of the mixing device in Figure 2. Data for Rushton-type stirrer vessel with
a volume of 2 L are plotted for reference [22].

3.2. Materials Used

Mono-dispersed polystyrene latex (PSL) spheres of five different diameters were prepared by the
standard emulsion polymerization of styrene in the absence of a surfactant [34,35]. The PSL particle
diameters and their number concentrations are listed in Table 1. The PSL suspension was sonicated for
20 min to eliminate any aggregate. In this procedure, an ultrasonic cleaner (AS ONE Co. model VS-100
28 kHz 100 W) was employed. Potassium chloride (KCl) was prepared and filtered through cellulose
acetate filter paper prior to use.



Colloids Interfaces 2019, 3, 5 7 of 13

Table 1. Diameters and number concentrations of polystyrene latex particles.

Diameter (µm) Number Concentration × 10−7 (cm−3)

0.740 4.342 ± 0.016
1.040 5.284 ± 0.057
1.356 5.421 ± 0.041
1.520 5.578 ± 0.029
1.956 4.395 ± 0.017

3.3. Procedure

To begin with, the vessel was filled with 15 mL of KCl solution. The impeller was set to rotate
with a constant angular velocity, and 15 mL of the sonicated colloidal dispersion was poured into the
vessel within approximately 1 s. Figure 2 shows the mixing vessel used in this study. After a certain
time, a small volume of the dispersion was sucked up, and N(t) was measured as a function of the
elapsed time using a Coulter counter (Beckman Coulter Inc., Brea, CA, USA).

4. Results and Discussion

4.1. Evaluation of Rate of Coagulation

The measured values of ln (N(t)/N(0)) are plotted against t × N(0) for the different rotational
speeds and particle diameters in Figure 4a–e. As can be seen from these figures, the relation between
ln N(t) and t was linear for each run. Assuming the simple additivity of the perikinetics and the
orthokinetics, we can subtract the contribution of the Brownian flocculation from the slope of the
relation between ln (N(t)/N(0)) and t while assuming its value to be 0.5 × 4kT/3µ and obtain the
rate of orthokinetic coagulation for each condition. The value of 0.5 was taken based on the results of
a previous experimental study [7,20]. The fact that the relation was linear confirmed the suitability
of Equation (6) for evaluating the effect of the turbulent mixing intensity on the coagulation rate.
Further, the obtained results confirmed that a higher rotation speed causes more frequent collisions
between the particles and hence increases the coagulation rate [6,22]. A comparison with the rate of
coagulation in the case of an end-over-end mixing device [7,20,21] indicated that the mixing intensity
for the end-over-end rotation corresponds to the case with a rotation speed of 390 rpm in terms of the
frequency of collisions between the colloidal particles.

The obtained rates of orthokinetics coagulation are plotted as functions of the particle diameter in
Figure 5. As can be seen from the figure, the plots of the coagulation rate against the particle diameter
are parallel for higher mixing intensities. However, at lower mixing intensities, this relation deviates,
suggesting a weaker dependence of the coagulation rate on the particle diameter and implying that the
actual increase in the rate of coagulation is higher than that predicted based on the simple additivity
for small particle diameters. This increase is reflective of the contribution of the coupling effect of
Brownian motion and the shear flow. Further, this tendency can be seen more clearly in Figure 6,
wherein the values of ε obtained based on the rate of coagulation are plotted as functions of the rotation
speed (Nr) for different particle diameters. As can be seen from this figure, the rate of orthokinetic
coagulation converges for higher Nr values and increases for smaller Pe values, thus confirming the
coupling effect.
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Figure 4. Temporal changes in the number concentration of colloidal particles of different diameters
for different mixing intensities.
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4.2. Analyses of Wall and Coupling Effects for Low Peclet Numbers

Assuming a value of 1.0× 10−21 J for the Hamaker constant, ε was calculated from the data shown
in Figure 5 using Equations (5) and (6). The calculation results are plotted in Figure 6 as functions of
the rotation speed (Nr). The calculated data principally lie between the solid and dashed lines. The
solid line represents the values calculated from the measured torque using Equation (11). The result
obtained in our previous experiment using latex particle of 1.0 µm PSL particle and 2L mixing vessel
equipped with four baffles and a Rushton-type impellor exactly corresponds to this line [22]. On the
other hand, the dashed line is drawn assuming 7% of εi is used for collision [7], which is the result
of the rate of coagulation in the end-over-end mixing device [7,35,36]. In the low-mixing-intensity
region, the curve for the plotted data bends upward. This tendency becomes more prominent for
smaller particle diameters and reflects the contribution of the coupling effect, which enhances the rate
of coagulation [16–18,20,30–32]. For higher mixing intensities, the plotted data curves are parallel to
the curve for the energy input determined using the torque meter. The absolute value of the amount of
energy dissipated per unit mass used for coagulation in the case of the higher mixing intensities is
lower than the energy input, but higher than the energy dissipated per unit mass in the case of the
end-over-end mixing device, which is represented by the dashed line. This result implies that, with a
decrease in the diameter of the mixing vessel, the energy dissipated per unit mass, which is obtained
from the rate of coagulation, will decrease. However, to confirm this trend, a more systematic study
using mixing devices with similar geometries but different dimensions is required.

In order to elucidate the contribution of the coupling effect in the case of small Peclet numbers
and the wall effect in the case of intermediate Peclet numbers, we replotted all the data for the rate of
coagulation in Figure 5 as a function of the Peclet number in Figure 7. We theoretically determined
the rate of coagulation as a function of the Peclet number, which is represented by the dashed line,
using Equations (1) and (2). From the figure, one can easily recognize that for the region of higher
Peclet number, c.a. Pe > 50, the slope of the plot converges to the theoretical value of 0.82 (= 1 – 0.18).
However, for smaller Peclet number region, the rate of coagulation is higher than that predicted
theoretically. The upward bending of the curve can be attributed to the contribution of the coupling
effect, which enhances the coagulation rate. On the other hand, for higher Peclet numbers, the rate
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of coagulation decreased, owing to the wall effect. The wall effect ensures that the distribution
of the dissipated energy is uneven in the small stirred vessel for low Reynold numbers [6,36–38].
Consequently, the rate of coagulation decreases owing to the wall effect. The same result was also
obtained in a previous study [39]. However, when high Reynold numbers and a large stirred vessel
were used by Kobayashi et al. [22], the wall effect was not detected. This is the reason they observed
that the energy input and the energy used for coagulation are equal (i.e., εi = εd).
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Currently, we are not able to quantify the contributions of the coupling and wall effects with
respect to the rate of coagulation. However, we would like to mention the following three facts. Firstly,
the upward bending of the curve for low Peclet numbers is indicative of the coupling effect, which
increases the rate of coagulation. Secondly, the wall effect decreases the rate of coagulation. Finally, the
amount of energy dissipated per unit mass depends on the size and shape of the mixing vessel used.
Further studies are needed to quantitatively analyze the contributions of the wall and coupling effects
with respect to shear coagulation, especially for low-mixing intensities. This should be done by using
a systematical flow during the mixing process for which the Kolmogorov’s microscale theory has a
limitation on this region.

5. Conclusions

Mono-dispersed uniform spheres of PSL particles of five different diameters are coagulated in a
small mixing vessel equipped with four baffles and a paddle-type stirrer. The relationship between
ln(N(t)/N(0)) and t × N(0) was always linear, which confirmed that the turbulent mixing intensity can
be evaluated in terms of the coagulation rate. A careful analysis into the additivity of the contribution
of Brownian motion and turbulent flow on the rate of coagulation was performed to reveal the
considerable effect of the coupling of Brownian motion and the shear flow for small Peclet number
region. This result should be further investigated for other systems composed of much smaller particles,
made up of different materials and with varying shapes. On the other hand, the idea of the wall effect
was proposed to explain the effect of nonhomogeneous distribution of the energy dissipation on the
rate of coagulation. The dissipation of the energy input near the wall of the small stirred vessel was
not always negligibly small compared to that for the bulk region. Thus, it contributed to the lowering
of the rate of coagulation. Finally, the amount of energy dissipated per unit mass was found to be
significantly dependent of the size and shape of the mixing vessel used.

Author Contributions: Y.A. conceptualized the study, while O.O. performed the experiments. The original
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