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Abstract

Novel techniques in evolutionary optimization, simulation, and machine learning enable a
broad analysis of domains like fluid dynamics, in which computation is expensive and flow
behavior is complex. This paper introduces the concept of full domain analysis, defined
as the ability to efficiently determine the full space of solutions in a problem domain and
analyze the behavior of those solutions in an accessible and interactive manner. The goal
of full domain analysis is to deepen our understanding of domains by generating many
examples of flow, their diversification, optimization, and analysis. We define a formal
model for full domain analysis, its current state of the art, and the requirements of its
sub-components. Finally, an example is given to show what can be learned by using full
domain analysis. Full domain analysis, rooted in optimization and machine learning, can
be a valuable tool in understanding complex systems in computational physics and beyond.

Keywords: domain analysis; encodings; quality—diversity optimization; surrogate models;
generative artificial intelligence

1. Introduction

Problem-solving in fluid dynamics is a major research and development field with a
large impact on our energy usage as well as a significant potential to make our society more
sustainable. Due to the complexity of the field, creativity and innovation can be highly
challenging. Only by increasing our understanding of entire problem domains can we
systematically discover innovative solutions and reduce the risk involved in early decision-
making. Algorithms must therefore address this need for innovation and risk reduction.

This work, therefore, introduces full domain analysis (FDA): the ability to efficiently
understand the full space of solutions (e.g., shape designs) in a problem domain and analyze
the behavior of those solutions in an accessible and interactive manner. FDA does not
refer to a specific method but rather to a methodological framework that specifies which
components are required when analyzing expensive domains in a structured fashion. The
term “full” refers to the goal of achieving a comprehensive understanding of the solution
space, rather than a claim of exhaustive enumeration, which is often computationally
intractable. Applying FDA to problem domains in fluid dynamics requires taking into
account the particularities of flow behavior and inefficiencies of fluid simulations. Small
changes in flow environments can have significant and non-local effects on the airflow. If
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we want to understand these effects, we need efficient methods and frameworks to predict
relevant flow features in a large diversity of settings (e.g., shapes). We also need to be
able to represent this understanding in a concise manner, to reduce the cognitive load on
engineers analyzing such complex domains.

Assuming engineers are only interested in solutions that are optimal w.r.t., some
measure, the following questions must be answered to realize this goal:

1. How should designs be encoded to allow for efficiency in both determining solution
quality and diversity of solutions?

2.  How can a large, diverse set of solutions be created efficiently?

3. How do we incorporate and/or discover characteristics that produce well-performing
designs of shapes?

4. How can users understand and navigate large design spaces?

In the field of artificial intelligence, specifically optimization and machine learning,
anew body of work has emerged that enables the automation of creative processes that were
classically only possible within the capabilities of the human mind. This trend reflects the
growing consensus on the potential for machine learning to fundamentally enhance fluid
mechanics research [1], creating new opportunities for design and analysis that frameworks
like FDA aim to structure.

Methods like deep generative models (see [2]) and divergent optimization (see [3]) now
exist that enable generating large sets of innovative solutions. The ability to generate many
different, high-quality solutions to a problem domain in an efficient manner represents
a significant step towards FDA and improving our ability to understand and reduce the
unwanted consequences of design decisions.

In this work we explore synergistic effects of state-of-the-art evolutionary optimization,
surrogate modeling techniques, and deep learning applied to the automated design of
structures in the domain of fluid dynamics. We present an FDA framework and tool set that
allows us to better explore and understand fluid dynamics design and develop automated
design methods.

Figure 1 shows the FDA framework from the perspective of the user process. The goal
of FDA is to get a representative set of flow features and flow manifestations around a
large number of possible shapes in a predefined environment. It is defined as an iterative
process that is started by the user defining parameters, constraints, and objectives that
define the problem domain (1). Based on this, an efficient generative algorithm then
creates a large variety of designs (2). The user then examines the design performance and
characteristics (3) and can decide to select promising design regions, or design classes (4).
Based on this selection, which can be modeled to understand user preferences (see [4]),
parameters, constraints, and objectives can be adapted, after which the FDA process starts
its next iteration. This allows a user to quickly get an overview of what designs perform
well and zoom in on or recombine design regions.

Machine-learning techniques are used to guide iterative experimentation with novel
designs. The major contribution of this work is to provide a framework that describes the
goal and requirement set of FDA and its components: encodings (the manner in which we
encode, or parameterize, the configuration of a flow domain), search, CFD, efficiency, and
visualization. We provide examples of state-of-the-art methods that are able to fulfill these
requirements. The following FDA components are discussed in this work:

. Encoding of solutions;

¢  Effective and efficient divergent search;

¢  Fast CFD solver that supports accurate flow for diverse shapes;

e  Gtatistical learning methods to efficiently sample and predict characteristics of solutions;
*  Machine learning methods that learn characteristics and representations of solution sets.
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Figure 1. User process perspective on FDA. After the user defines the domain through available
initial parameters, constraints, and objectives, the prior (1), a large variety of designs is automatically
generated (2). The user examines what makes designs perform well (3). They then select promising
design regions (green checkmark), which allows FDA to update the initial domain definition (4).
The next iteration of the FDA process zooms in on the user’s region of interest.

The examples of FDA components can be used independently but all belong to an
ecosystem of FDA methods. Most of this article gives examples of components and their
application to the domain of shape optimization in fluid dynamics. We also elaborate on
their shortfalls and future work arising from the requirements of FDA. The next sections
discuss novel methods that, together, solve the problems mentioned here. Section 2.1
specifies free-form as well as data-driven shape encodings that provide the search space.
The encodings are used to find diverse solution sets, described in Section 2.2. Section 2.3
describes the requirements of simulation environments when evaluating diverse shape sets.
The matter of algorithmic efficiency, a key element of FDA, is considered in Section 2.4. A
fully implemented example of what can be achieved with FDA is given in Section 3. Finally,
we provide recommendations about future work involving FDA methods in Section 4.

2. Materials and Methods
2.1. Encodings

A generative design system requires an in silico representation of the design problem
and its prospective solutions. In the context of the work herein, this requires encoding
shapes. Several intuitive encodings exist, all with their own benefits and problems. It
is tempting to encode the coordinates of such a free shape directly into the search space,
as this can result in all possible shapes. However, this approach would require a large
number of parameters, increasing the dimensionality of the search space, and producing
many invalid shapes due to intersecting outlines. These problems can be circumvented by
parameterizing certain characteristics of a basic shape, which was derived, for instance, in
the design optimization of airfoils (see [5]). However, such basic shapes might not exist
for many areas of design where components are customized to create mechanisms that
meet specific path and force characteristics. Therefore, there are several factors to consider
when choosing a shape representation. This research emphasizes search space dimension,
coverage, validity, and navigation of encodings. In what follows, we define requirements
of encodings and discuss whether and how common encodings fulfill these requirements.

2.1.1. Requirements

In optimization, solutions are usually encoded by a number of real-valued parameters,
i.e., parameter space X (see Figure 2). x € X is a vector that is transformed into the final
shape s by some expression method e, which we will discuss hereafter. The full solution
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space S represents the vector space containing all possible solutions. This separation
between X, therein called a genetic space, and a phenotypic space S, is a common and
explicit practice in evolutionary computation (see [6]). By independently treating these
spaces, we can investigate more readily the various encodings, the translation between X
and S, and the encodings’ constraints. For fluid flow around obstacles or shapes, these
shapes are elements taken from the solution space S, subject to high spatial (and possibly
temporal) resolution. Therefore, S is usually of much higher dimensionality than the
parameter space X. Encodings aim to reduce this dimensionality with a function that maps
a low-dimensional search space X to a reachable manifold R in S with dim(R) < dim(S).
Only points on R can be reached by points in X.
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Figure 2. While search and optimization take place in what we call the parameter space X, through
the encoding’s expression and its in situ simulation, only a part of the solution space S can be reached,
the reachable manifold R. This manifold might include invalid solutions (necessitating constraints on
the parameter space). The goal is to maximize R w.r.t. the valid subspace V.

In the following, we define requirements for and examples of encodings, describe their
strengths and weaknesses, and make recommendations for further research.

Reachability

Create a wide variety of designs, maximizing the reachable region, or its coverage of
the valid solution space V. The quality of an FDA method relies on the ability to reach as
many solutions as possible. The reachable solution space R contains all reachable in situ
solutions. S contains all possible valid solutions and invalid solutions. The goal is to
maximize R, w.r.t. the solution space S. If the encoding itself cannot produce certain
solutions that are valid and desirable, due to a misalignment between user intent and the
formal encoding, FDA will systematically miss those desirable solutions. The requirement
on reachability or completeness (see [7]) aims for the encoding to guarantee a maximal
degree of freedom in order to avoid unnecessary constraints on the phenotype space.

Validity

Minimize the number of invalid solutions on R. Often, a number of reachable and/or
unreachable solutions are also invalid, e.g., when these shapes can or should not be
manufactured due to limitations in machining or design. Although we want to understand
invalid solutions as well, we mostly want to be able to avoid reaching them. The number
of invalid solutions in S can be much greater than V. It is not possible to evaluate invalid
solutions, and so we cannot calculate their fitness value. Hence, the navigation through
the search space X would be impossible or at least ineffective (see [8]). In FDA, a primary
goal of an encoding is to maximize the reachable manifold R w.r.t. the valid subspace V,
which can contain multiple unconnected regions. To ensure that the reachable manifold R
does not contain any invalid solutions, constraints can be applied to X. Adding constraints
can be tedious and usually needs multiple iterations, depending on the complexity of the
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encoding’s mapping. It is preferred that the encoding find a manifold that contains as many
valid and as few invalid solutions as possible, without the need for constraints.

Searchability

Minimize dimensionality ambiguous w.r.t. sensitivity. The encoding provides the
search space X for optimization. The solution space S suffers from the curse of dimension-
ality, a term coined by Bellman [9]. It dictates that the relative difference of the distances of
the closest and farthest data points goes to zero as the dimensionality increases. This phe-
nomenon already occurs at low numbers of dimensions, which was shown by Beyer [10].
We therefore prefer compactness (see [7]) of X to minimize its dimensionality and increase
search performance.

According to authors like Olhofer [7], small steps in X should lead to small steps in S.
Encodings that disobey this rule are coined sensitive (see [11]). However, the sensitivity of
an encoding can help find diverse shapes by allowing a search algorithm to jump around
in S and find disconnected high-fitness regions. Making use of lower-performing solutions
as stepping stones towards better solutions, some evolutionary optimization algorithms
are able to produce high-diversity solution sets (see [12]). So while the dimensionality
of X should be kept low, it remains an open question whether sensitivity is preferable in
divergent search. Some evidence exists that it might be beneficial in the context of FDA.

Predictability

Allow for efficient search using predictive models. Efficient search in the fluid dynam-
ics domain usually encompasses predictive models that allow us to replace some expensive
evaluations, i.e., the use of a CFD solver. The encoding itself needs to be suitable for use
with predictive (machine learning) models. This is done by learning to predict a function
x — f(x), where f is a fitness function that determines the quality of a solution based
on its parameters x. Sensitive encodings (i.e., small steps in X produce large steps in S)
are usually harder to predict accurately, as large steps in S can entail large qualitative
changes. However, in this case, large steps might still be easy to model for monotonous
transformations, e.g., when a large step just means that the shape is increased in size. Espe-
cially when the air flow changes in a qualitative manner, the modeling problem becomes
more difficult, requiring more samples from simulation, more complex models, or slower
model conversion. Local models, e.g., those that are commonly used in optimization, might
become too complex if used in FDA. Hence, it might be more beneficial to use models that
approximate the entire design space.

Human Understanding and Effort

Allow engineers to understand the domain and the implications of their definition.
Minimize effort to define the domain. Minimize effort to use the results in production.
Domains in fluid dynamics require significant effort to formally define and code. In classical
optimization, e.g., airfoil or wing design, the variety of possible shapes is often confined by
a priori design decisions. These design decisions are part of the encoding formalization
process. In FDA for fluid dynamics, we aim to enhance the engineer’s intuition, i.e.,
maximize the diversity of solutions and enhance the engineer’s understanding of how
morphological and flow features are correlated. We therefore might prefer encodings
that have more degrees of freedom and a larger range of possible solutions s € S than
what is common in fluid dynamics optimization. Identifying theoretical solutions is only
the initial step towards realizing them in the real world. Solutions that are defined in
industry-compatibly formats could be preferred. The encodings should allow engineers to
understand, fine-tune, and realize in the real world.
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Prior Examples

Support learning from prior examples. In large and complex domains, we might want
to be able to insert prior knowledge about known working solutions to initiate FDA.

2.1.2. State of the Art

We now discuss various encodings (see Figure 3), their qualities w.r.t. the requirements
from Section 2.1.1, and the implications for FDA.

encoding type decoder solutions € S
direct/parameterized s__ 1€ X TT 111
- Search in parameter space 7IA *\lz ->| ————— |
- Decoder is fixed and predefined 61 3

NN
indirect/developmental/generative ®\ TTTT1
- Search in decoder space X @ .
- Decoder determines shapes y \/,O fil?
by filling in pixels/voxels \A@ § g

connections X —>

& weights non-linearities

prior examples

L

latent/data-driven/generative NN

latent space E
- Search in latent space T i
- Decoder based on prior examples ﬁ

Figure 3. Three main categories of shape encodings to produce solutions in S. Direct, parameterized

TTITT INENI

TTTTT
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encodings use a manually defined decoder that determines spline shapes. Indirect encodings search
the shapes indirectly by performing a search on the functional structure of the decoder. The decoder
determines which pixel or voxel in a discretized solution is filled. Data-driven latent-generative
approaches use pre-trained generative models that compress a set of prior examples to a low-
dimensional latent space, which serves as a search space X.

Direct/Parameterized

Direct, or parameterized, encodings are the most common approach, defining a solu-
tion s based on a vector of parameters that is decoded into a shape. The parameter space
X, shown in green in Figure 3 (top), usually consists of the coordinates and/or weights of
deformation nodes around a base shape. A naive approach is to directly control the shape’s
nodes. Other examples are airfoils (see [13]), splines (see [14]), or FFD of a base shape
(see [15]). Sarakinos [16] showed that FFD can better compress X in fewer dimensions than
spline representations. Reachability in S is limited by the hand-designed decoding, apply-
ing a parameter tuple to the user-selected base shape. Limited preliminary understanding
of the domain can make it hard to define a decoder in the first place. In contrast, a high
degree of experience might lead to a more conservative stance, using well-understood
decoders even when innovation is sought after. The validity of shapes can be influenced by
putting constraints on the parameters. Constraints can be easy to implement, but a large
effort might be required to understand how constraints affect the reachable region R. In
FDA, we want to avoid constraints initially. If X contains large regions of invalid solutions,
constraints might be necessary to allow FDA to be useful. However, careful consideration
is necessary to avoid excluding desirable solutions. Searchability of direct encodings is
given by the simple tuple structure of their parameters. The low dimensionality of X
makes the search problem easier. Predicting a parameterized solution’s quality is well
understood. The encodings can be used in efficient optimization schemes like Bayesian
optimization, which will be explained in Section 2.4. For complex solution structures,
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a higher-dimensional X is necessary, which can render the necessary effort to design a
proper encoding prohibitive. It is easy to understand the solutions in S that will be reached,
but hard to understand what regions are missed and whether they contain interesting solu-
tions. However, once artifacts that solve the problem are found, transferring them to the
real world is easier. The engineer can control transferability through the decoder directly.
Translating prior examples into the encoding is usually done through shape matching.
Shape matching is a research area that focuses on matching a prior shape using an encoding
with an optimization algorithm (see [17]).

Indirect, Developmental, and Generative Encodings

Indirect (also called developmental or generative) encodings (Figure 3, center) per-
form search in the decoder space. Both the structure and weights of a neural graph,
a common representation of a decoder called CPPN (see [18]), can be changed. A solution
in S is created by the CPPN by receiving the locations of pixels or voxels and returning
whether that location is part of the solution or not. Gaier [19] showed that CPPNs can be
used to express NURBS, which makes indirect encodings more suitable for engineering
applications. A single change in a search dimension may lead to multiple qualitative
changes of the solution (see [8]). An indirect approach can be used to reduce the number
of search dimensions necessary to describe a wide variety of shapes. Indirect encodings
can outperform direct encodings due to the reduction of the dimensionality of X (see [20]).
Kicinger [21] and Clune [22] showed that indirect encodings work especially well when
problem regularity increases, as regularity can be modeled by simple activation functions
in the neural representation. Other interpretations include the use of a Fourier series to
encode the genes of a closed curve. Yannou [23] used this method to create car silhouettes
with a fixed-dimensionality X. The decoder can generate shapes in any resolution, helping
to overcome the problem of maximizing the reachable solution region R while using a
low-dimensional X. By combining only a few elements of the decoder, a wide variety
of shapes can be reached, as was shown in Clune [24]. CPPNs are difficult to constrain
due to the complex expression function, but efforts have been made by including a post-
processing step for CPPN results (see [25]). Regularities, like symmetry, can be injected by
adding Gaussian building block functions into the CPPN. CPPNs are usually optimized
using non-gradient-based evolutionary algorithms that are able to handle the fact that
they can change structure and the unavailability of gradients (see [26,27]). Successful steps
have been taken to connect graph structures like CPPNs to efficient predictive models
(see [28-31]). CPPNs, which can change their internal structure and require a forward pass
of pixel or voxel coordinates through the graph network, complicate the understanding of
their expression, and researchers typically have to rely on post-hoc analysis of the resulting
solutions. Again, similar to direct encodings, we need to use search algorithms to match
prior examples using the encoding. Clune [24] showed that CPPN representations can be
matched to shapes.

Latent-Generative

More complex search spaces can make FDA an inefficient or even infeasible task.
Indirect encodings are a very flexible method for the problem of defining decoders
(see [26,27]). However, S might be simply too vast and complex and contain too many
locally optimal solutions for non-data-driven techniques to be efficient and effective. Al-
though shape matching is a viable method to find prior examples with indirect encodings
(see [24]), the encodings themselves are not trained in a data-driven manner. The advent
of GMs circumvents the step of evolving an encoding and uses highly efficient machine
learning techniques to represent large numbers of prior examples, instead, a topic reviewed
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by Regenwetter [32]. Figure 3 (bottom) shows an example of such a GM, a VAE that
consists of two neural networks [33]. The first, the encoder, compresses high-dimensional
shape sets to a low-dimensional (latent) representation. The second network, the decoder,
decompresses the latent space back into the original high-dimensional shape. Training
is performed using a loss function on the decoder’s output shape, comparing it with the
training input. Regularization terms can be added to increase the regularity of the latent
space. Alternative interpretations of GM are GANSs, which use similar networks but train
them in an adversarial manner. Here, the decoder, called the generator, attempts to gen-
erate realistic examples that are not contained in the training set. The encoder is changed
into a classifier called the discriminator, which is responsible for distinguishing real from
generated examples.

The compact design space provides an excellent search space in FDA. The decoder has
the potential to capture more relevant design characteristics than those human designers
would suggest (see [34]). The authors showed that GM can even allow local geometry
modification in a 3D car design problem. GMs can interpolate between training shapes or
find new combinations of those shapes to produce innovative, novel solutions. In another
example, GANs have been used to synthesize aerofoils as well (see [2]).

Reachability with GMs is an incredibly hard problem to analyze, depending on the
dimensionality of the latent space, which is directly connected to the accuracy of the
reproduced training shapes. While the state-of-the-art in image generation produces a very
realistic diversity of images, it is not easy to determine the exact structure of R, except by
trial-and-error or search in the latent space. The GM is constrained to produce interpolations
or new combinations of training shapes. At the same time, these constraints create blind
spots in areas the data set does not cover. However, GM might reach human blind spots,
finding more innovative solutions through data-driven discovery. Hagg [35] showed
that in some cases, direct encodings might outperform GM in an FDA setting, where the
dimensionality of the parameterized and latent encodings was the same. Especially, the
diversity of output in a multisolution context was shown to be higher for direct encodings.

Constraints are not easy to implement, as GM will just learn a representation based on
the data it is presented with. Validity has to be injected by using a data set consisting of
valid shapes. Bentley [36] shows that constraints on the training data can enable learning
latent representations that produce mostly valid shapes. They use a GA to create a valid
data set, which shows that an initial data set is necessary, which can be intractable to create
for expensive optimization problems. Without a data set, a GM cannot be trained, but in
order to efficiently create the data set, expensive computational effort is needed to optimize
the problem in order to find valid data points. A posterior inclusion of constraints usually
has to be accomplished through post-processing or by retraining or adjusting the model by
example. An example of such a retraining was shown by Hagg [11], where the user was
able to deselect solutions offered by the GM.

The latent space provides a dimensionality reduction that makes search more feasible.
The space itself, if trained in a regularized manner, can be continuous and smooth by adding
priors on the latent distribution. Examples have appeared in the very recent past that show
we can predict the performance of points in the latent space of a GM with efficient models,
either neural networks (see [37]) or GPs (see [38]). The technique is quite new, and its
effectiveness probably depends on the smoothness of the latent space. The ability to
understand the decoder in latent encodings is part of the bigger question of understanding
neural network models. Explainability has become its own subfield and does not limit itself
to “analysis-by-example”. Disentangling the latent dimensions of a VAE makes it easier to
understand the latent space for humans (see [39]). Some work has been done on GMs that
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produce simulation-ready meshes Rios [40]. This decreases the effort of integrating a GM
into real-world design and production processes.

Inserting prior knowledge about solutions is the entire idea of GM. By learning rep-
resentations from data, algorithms are fed with known good solutions, including prior
knowledge of good and acceptable solutions, into the model, automatically. The usu-
ally large data sets of known prior solutions have to be transformed into a digital form
that serves as training input to GMs. Examples of such transformations are scans of ana-
log objects or technical drawings that are translated into a discretized bitmap or voxel
representation. These representations can be presented to the GM during training.

2.1.3. Discussion

An overview of this section is presented in Table 1.

Table 1. Overview of encoding types and requirements. The symbols denote the following: (+)
Positive/ Advantageous, (+/—) Neutral/Context-Dependent, (—) Negative/Hard. A significant
challenge requiring considerable effort.

Direct Indirect Latent
Reachability — Limited, hand-coded =~ + High +/— Can be limited by training data
Validity + Controllable — Hard to constrain — Hard to constrain
Searchability + Low-dimensional — No gradients + Potentially lower dimensionality
Predictability + Well-understood +/— Context-dependent  +/— Possible, active research
Understanding + Interpretable — Black-box nature — Needs disentangling
Prior Knowledge +/— Manual design +/— Via structure + Data-driven by design

Direct encodings are well-understood but have the potential to limit the reachability
of solutions. Indirect encodings, although having the potential to create more innovative
shapes, are hard to predict and therefore can make them less efficient in the engineering
context. Latent encodings have a large potential and are efficient, but their performance
is constrained by the number of data points available a priori. Simultaneously, being
able to derive an encoding only based on data can help us circumvent the problem of
having to manually design an encoding and extract it from the data directly. Recent work
leverages diffusion-based generative models to sample aerodynamic shapes directly in
latent space. DiffAirfoil employs a latent-space denoising diffusion model that produces
realistic, constraint-aware airfoils from only ~2000 training examples [41]. Airfoil Diffusion
extends this idea to conditional generation on target lift and drag coefficients [42]. For 3D
structures, VehicleSDF combines DeepSDF with a surrogate-aided optimization loop to
generate drag-aware car geometries [43].

Implicit Neural Representations (INRs) have matured into powerful shape priors.
StEik [44] stabilizes SDF training for high-detail objects, while NeuVAS [45] adds vari-
ational editing under sparse curve constraints. INR-based topology optimization frame-
works such as TOINR [46] now rival classical level-set methods.

Finally, disentangled latent learning has become a key tool for explainable encodings.
Isometric diffusion enforces an isometry between latent and solution spaces, leading to
controllable semantic axes [47]. NashAE shows that adversarial covariance minimization
disentangles latent factors without prior knowledge of factor count [48].

Please refer to [49] for an insightful comparison of various encodings in the context of
multisolution search algorithms.
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2.2. Search

We now discuss the question of how to use encodings to create diverse solution sets.
In FDA, the goal is not so much to come up with a valid, global optimum but to understand
the diversity of solutions and provide a more exploratory framework. This can lead to
efficiency problems, because a large part of X might be less interesting to the user. The
search might spend too much time producing invalid solutions or even never reach valid
regions. On the other hand, invalid solutions can be accepted as stepping stones to valid
regions (see [12,50]). To create these solutions, we can employ optimization algorithms.
In fluid dynamics and efficient FDA, although we might indeed want to understand as
much about the domain as possible, we usually observe domains under the light of some
definition of optimality. Optimality is defined as the objective to minimize a function f on
a solution, which determines the quality of a solution.

Common objectives in fluid dynamics are to minimize the drag force or the amount of
turbulence in a flow caused by a shape. In these cases, we are not interested in all shapes
that we can produce in a domain but at least those that perform well according to the fitness
function. A performance function f(x) that formalizes the optimization goal is defined
based on the objective. The (unconstrained) optimization problem is therefore defined
as follows:

Xmin = argmin(f(x)) )

X

where X,,;, is the global minimizer (or location of the minimum) of the function f(x). f(x)
is the fitness value at x. A parameter tuple x is mapped to a solution s via a commonly
user-defined encoding function or method e. The encoding e usually entails computer code
that determines the output format of a solution.

The goal of most classical optimization algorithms is to find a single, optimal solution.
This objective is incongruent with the goal of FDA, which is to understand as much about a
domain as possible. To determine how different solutions actually solve a problem requires
generating a large variety of designs. We therefore adapt Equation (1) to output a set of
locally optimal solutions X,,;;, j,., Which can contain the global optimum x,,;,.

In order to produce X,,;, o, We cannot merely define the fitness function and search for
a minimizing (or maximizing) parameter tuple. We need to introduce a way to determine
when we add a solution to the solution set. If we cannot make such a determination,
the problem is malformed, as we could produce any number of randomly selected solutions.
Commonly, for solution selection, a criterion is used that takes the form of a threshold
function, which would allow any solution below the threshold to be added to the solution
set. The multisolution optimization problem is defined as follows:

Xinin,loc = arg min(f(x)), |x; —x| < e )
x

where Xy 10c is the set of solutions that minimizes f(x) in a local neighborhood, a niche. A
niche is defined by a distance-based metric € on the parameters. € is a domain-dependent
parameter and might not be constant within the same domain, which can be observed in
the heterogeneous fitness landscape in Figure 4. In Equation (2), € also serves as a proxy
for a value that may be determined explicitly, implicitly, or dynamically.

What follows are the requirements for optimization algorithms used in FDA.
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Fitness

Figure 4. Heterogeneous fitness landscapes often contain clusters of varying sizes, making the

0

definition of “local optimum” in terms of a threshold distance value € indeterminable. €] and €; vary.

2.2.1. Requirements

In the following, we define requirements to optimization algorithms and examples
of methods, describe their strengths and weaknesses, and make recommendations for
further research.

Multiple Solutions

The search should return multiple solutions. To analyze an entire domain, optimization
algorithms should only be considered if they return multiple solutions. Single-solution
algorithms do not provide an overview of the solution space S. The search algorithm
should fulfill Equation (2).

Coverage

Search should maximize solution diversity. As we are interested in finding “all”
solutions in a domain, the search method used in FDA should cover as much of the solution
space S as possible. As the search algorithm can only reach those points in S that are
reachable by the encoding, we can simplify the requirement for search to maximize the
coverage in X.

Diversity

Diversity of the solution set should be high. In FDA, we are not only interested
in finding as many solutions as possible or maximizing the spread in the search space.
Much more appropriately, we want to create a diverse set of solutions that maximizes
the knowledge gain of the user and is a good representation of the variety of solutions.
Two aspects are of importance here: how we compare solutions and how well the space
containing those solutions is sampled. Hagg [51] discussed two aspects of diversity: the
uniformity of the distribution of solutions (discrepancy) spread (see last section) or a
combination of the discrepancy and spread (coverage). Comparing solutions in S rather
than X prevents genetic neutrality. Neutrality is the phenomenon where multiple solutions
in X are mapped to the same solution in S. Neutrality degrades diversity and diversity
metrics (see [51]). Within the space covered by the search, solution diversity might be
equally important to the user. For a review of diversity metrics, see [52].

2.2.2. State of the Art

In multisolution optimization, we distinguish three candidate paradigms for FDA,
MOO, MMO, and QD, each having a different idea behind the selection criterion.

Multiobjective Optimization

MOQO (see Figure 5a) aims to produce different trade-offs between multiple optimiza-
tion criteria. The selection criterion selects a solution when it performs better w.r.t. one of
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the optimization criteria. The resulting Pareto front of solutions represents the trade-offs
between multiple objectives. Solutions are diverse w.r.t. this trade-off, yet not to their
behavior or morphology. The most successful methods to date are the NSGA-II (see [53]),
the strength-Pareto evolutionary algorithm (SPEA) (see [54]), and the s-metric selection
evolutionary multiobjective optimization algorithm (SMS-EMOA) (see [55]).

(a) Multi-objective . (b) Multimodal . (¢) Quality Diversity criterion ¢:
H , morpholog; cgnr:pct(]:
riterion c: ' . ' ;i in loca
cmermtn :; : criterion ¢: ' ue;)v f:andldate « iche
. comg)c c. y» H - compete ' - solution g X
o R4 domination in : in local : / \ B
2 SO ! — - pwmea— 1
3 L poat l.cas.t one | N niche H | N expression  behavior features/ e -
%- objective : \ o\ / : \ o I/ characteristics
T = ' = = -
1 1 /\ﬁ
objective 1 H : Lo
L ! ' objective
Objective space ! Search space S ! Search space S Archive

Figure 5. Multisolution optimization. Multiobjective optimization (a) finds a Pareto front of trade-off
solutions. Solutions are added to the front if they dominate neighboring solutions in at least one
objective. In multimodal optimization (b), solutions are selected through local competition in the
parameter space. Quality—diversity (c) searches in parameter space, but local competition takes place
in a low-dimensional archive defined by characteristics of their morphology or behavior.

Multimodal Optimization

Niching, a concept from evolutionary optimization that protects solutions if they
outperform close-by alternatives, is a concept that goes back to the 70s (see [56,57]). The
idea was used to increase the performance of single-objective evolutionary optimization
first. Multisolution optimization came along almost two decades later. The use of niching
was now used to increase the number of output solutions of evolutionary algorithms.
Various algorithms have been introduced, like basin hopping (see [58]), nearest-better
clustering (see [59]), and restarted local search (RLS) (see [60]).

In MMO (see Figure 5b), sets of solutions are created that spread out over the search
(parameter) space and find as many (local) optima as possible. Here, the selection criterion
selects a solution when its location in X is far enough away from other known locations or
its quality is higher than that of a close solution.

Quality-Diversity

QD optimization solves the problem
Xinin = arg min(f (x)), [p(x;) = p(x)| < € 3)
X

where X, is the set of solutions that minimizes f(x) in a local neighborhood, a niche,
defined by € on the phenotypic characteristics considered by the function p(x).

Finally, QD (see Figure 5c) is a novel paradigm that aims to find a large diversity of
high-performing solutions (see [61]). In QD, diversity is defined in terms of the behavior
or morphology of solutions, ignoring the diversity in parameter space altogether. In
QD, the selection criterion is similar to that of MMO, except that locality is determined
based on behavior or morphology, in S, not in X. QD was originally created to generate
many walking gait strategies for a hexapod robot, allowing for quick restrategizing when
the robot was damaged. The behavioral characteristics describing the niche space were
manually defined and well-suited for the purpose of generating strategies that used the
robot’s six legs in varying degrees. Instead of manually defining features, which can be
an intricate task, QD has been combined with latent-generative models (see [11,35,62,63]).
The generative models can either be used as a latent-generative search space (see Section
“Latent-Generative”) or as a feature/characteristic space, driving diversity of solutions
and enabling the discovery of representative prototypes (see [64]). The resulting feature
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models encode characteristics that can be used to define QD’s archive dimensions. The
drawback of such a purely data-driven approach is the lack of control over what solutions
are found and how they are laid out to be compared with each other. A combination of
data-driven and manually defined characteristics has not been researched in any work, to
the knowledge of the authors of this work.

Recently, several algorithmic advances have closed the efficiency gap between QD and
classical optimization. Differentiable QD (DQD) exploits objective and descriptor gradients;
MEGA and CMA-MEGA achieve order-of-magnitude speed-ups on continuous tasks [65].
In latent spaces, latent-consistent Bayesian optimization (LCA-LSBO [66] and CoBO [67])
increases sample efficiency by regularizing VAE embeddings. Bayesian QD variants such
as BOP-Elites combine BO acquisition functions with MAP-Elites archives [68]. These
contributions demonstrate that QD can scale to 10-100x higher-dimensional problems
than the 2018 state of the art, surpassing many conventional Representation-Surrogation-
Optimization loops.

2.2.3. Comparison of Paradigms

The three paradigms were analyzed and compared by Hagg [51]. The analysis showed
that the diversity of solution sets produced by the three paradigms differs greatly. QD
results in the highest diversity of solutions, making it an appropriate optimization method
for FDA. Although MOO has been widely used to create multiple solutions in one go,
solution diversity is only defined based on the trade-off between objectives. This trade-off
does not address diversity in terms of how a solution solves a problem, making it less
appropriate for FDA in early design phases. While QD’s resulting diversity is highest
among the paradigms, MMO does find a less diverse but higher-performing set and thus
can be a viable alternative. QD is more effective at protecting solutions that are novel
but possibly less well-performing. The trade-off between performance and diversity of a
solution set is something to bear in mind when constructing an FDA system.

Table 2 summarizes this section.

Table 2. Overview of multisolution paradigms and their requirements.

Paradigm Coverage Diversity Applicability
MOO No, Pareto front objectives, low competing features
MMO Yes (par.) parameters, higher fitness no features

QD Yes features, higher diversity behavioral features

When competing features and objectives exist, MOO is a fitting paradigm. However,
since in FDA we are more interested in solution diversity, either MMO or QD is a better
paradigm. QD produces the highest diversity, with the trade-off of including lower-
performing individuals.

2.3. Computational Fluid Dynamics

Computational Fluid Dynamics is a challenging field in its own right; coupling it with
FDA further increases complexity. Diverse shape sets produce qualitatively different flow
conditions and requirements. On the one hand, the simulations must be accurate enough
to capture the influence of tiny geometry changes on the optimized metrics. On the other
hand, hundreds or thousands of unsupervised simulations need to be performed, i.e., the
algorithm must be highly stable.
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2.3.1. Level of Detail

The majority of realistic and engineering flows are subject to high Reynolds numbers
and, therefore, turbulence. There are many different approaches when simulating turbulent
flows, with implications for the full domain analysis framework, which is discussed in
this paper. Due to the large number of simulations required, direct numerical simulations
(DNS), resolving all relevant length and time scales, are too expensive for more realistic
applications (see [69]), especially in three dimensions. This observation also largely applies
to the use of large-eddy simulation (LES), where low-pass filtering of the Navier-Stokes
equations results in equations for the filtered large-scale quantities with unresolved sub-
grid terms, requiring modeling (see [70]). This greatly reduces the simulation time and
makes LES oftentimes feasible even for industrial applications (see [71]). Nevertheless,
complex three-dimensional LES simulations are still too expensive to be used with FDA in
all but a limited selection of cases. Statistical modeling, i.e., using the Reynolds-averaged
Navier-Stokes equations (RANS) (see [69]), is still the most feasible approach for most opti-
mization problems, especially when considering three-dimensional realistic applications,
though machine learning is increasingly explored for developing improved closure models
(see [72]).

Hybrid RANS-LES approaches such as delayed detached-eddy simulation have be-
come routine in industry-level FDA studies, demonstrating scalability to high-Reynolds
flows. A recent turbomachinery benchmark reports that hybrid models achieve DNS-
equivalent mean loads at ~1% of the cost [73]. Data-driven turbulence closures are
also gaining traction. Deep eddy-viscosity models trained on LES snapshots improve
separated-flow pressure predictions by up to 25 % over k—w SST, with negligible addi-
tional runtime [74]. These methods show promise for making FDA practical for complex,
industrial-scale problems.

2.3.2. Stability vs. Accuracy

For standard CFD applications, only a limited number of simulations is required for a
given problem, contrary to FDA, where the number of simulations is orders of magnitude
larger. Special care needs to be taken regarding stability vs. accuracy. Practically, robust
numerical algorithms and methods are preferable over less robust ones, even if those would
provide higher accuracy. In FDA, a vast number of unsupervised simulations with different
shapes need to be performed; therefore, robustness is paramount. Otherwise, it is possible
that interesting shapes are discarded because of instabilities.

Another example where reliability and accuracy must be weighed is meshing opera-
tions. The advantage of unstructured meshes is that the mesh can accurately capture the
surface of the simulated object. On the flip side, meshing operations can easily consume
more computational resources than the actual CFD simulation (see [75]). In addition, low-
quality meshes can degrade the solution (see [76]). This can be an issue since the mesh
generation in FDA is usually unsupervised. To counteract, mesh metrics can help identify
and correct problematic mesh locations (see [77]). A viable, fast alternative for FDA are
also Cartesian grids with possible local grid refinements combined with cut-cell methods
to account for complex boundaries (see [75]).

2.4. On the Matter of Efficiency

With appropriate encodings, we hope to reach a large or at least representative subset
of S. multisolution search methods introduced in Section 2.2 are capable of producing it.
However, promising approaches like MMO and QD require many, at least 100 s or even
1000 s, of simulations. CFD methods introduced in Section 2.3 often need many hours in
expensive 3D domains. Efficiency is therefore critical for FDA to succeed. In this section,
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we discuss the state of the art in efficiency enhancements for the FDA is methods. Two
strategies are distinguished: the first is to reduce the number of necessary simulations by
using clever sampling strategies and predicting flow behavior with cheaper models; the
second is to replace simulations with a cheaper model altogether.

2.4.1. Reduction

This section has an overlap with SAO (see [78]), where surrogate models serve as
a cheap alternative to replace some of the real evaluations of individual solutions in
simulation. In most cases, SAO is used for single- or multiobjective cases. However, due to
the large expected diversity in FDA, surrogate models now have to predict characteristics
and quality of a much more diverse solution set. Wessing [79] suggests that some SAO
“instead has its strength in a setting where multiple optima are to be identified”.

Using surrogate models, BO can efficiently be used to discover diverse sets of optimal
regions in expensive fitness domains (see [3,80]). The two methods introduced there, SAIL
and SPHEN, use the support of statistical models to efficiently predict what sampling
locations are most effective at increasing information gain for the QD optimization method.
Evidence was given that surrogate models are able to learn to predict flow characteristics
simultaneously with predicting fitness. The number of necessary real simulations was
reduced by three orders of magnitude to 1000, which started to make QD methods feasible
in expensive fluid dynamics domains. Surrogate assistance can be applied in conjunction
with indirect encodings (see [31]).

2.4.2. Replacement

In shape optimization, the characteristics that are used to determine similarity and
diversity of solution sets might be less easy to determine than in the original robotics cases
of QD literature [61]. Instead of relying on the prior knowledge (and biases) of engineers,
data-driven techniques can be used for the discovery of appropriate characteristics. Deep
generative models such as variational autoencoders (VAEs) by Kingma [33] can extract
patterns from raw data and learn meaningful representations for the data set. In combining
QD with latent-generative models (see [11,35,62,63]), representations can be developed
that only produce high-performing solutions. The disadvantage of these representations
often is that the latent spaces are hard to interpret. To alleviate this problem, disentangled
representation learning can equip a model’s latent space with separated factors of variation,
revealing the underlying characteristics (see [81]). The combination of disentangled repre-
sentations and QD seems to be a natural pairing, especially when one wants to understand
correlations between aspects of morphology and flow without prior assumptions. In order
to use GM in BO settings, Antonova [82] showed that the latent space of the GM models
can be used as a basis for surrogate assistance.

A fundamentally different approach avoids modifying the encoding and instead
predicts the flow field directly using a deep neural network (see [83-85]), a field with
rapidly emerging methods (see [86]). Attempts are even made to train deep neural networks
without any sampling data by constraining networks with prior knowledge from physics
Sun [87]. Al-based predictive modelling is increasingly used to accelerate CFD in various
contexts, including industrial applications (see [88]).

Other surrogate-assisted techniques use predictive models to connect coarse to fine
models, e.g., multi-fidelity optimization [89] and space mapping [90]. Multi-fidelity sur-
rogate frameworks now routinely combine POD, graph neural networks, and Bayesian
optimization. MF-POD neural surrogates achieve HF accuracy for Navier-Stokes parameter
studies using only 5% HF data [91]. Recent reviews [92] outline transferable priors for
MEF-BO and MF-UQ pipelines.
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2.4.3. Generative Surrogates for CFD

Score-based and diffusion models have emerged as competitive high-fidelity surro-
gates. These models can address reliability issues seen in simpler surrogates, such as
the prediction error in Figure 9, by generating more accurate and physically consistent
reconstructions. PG-Diff couples a physics-guided diffusion prior with a residual correction
to super-resolve turbulent snapshots generated on coarse meshes [93]. CoNFiLD intro-
duces conditional neural-field latent diffusion for 4D (3D + time) turbulence generation
in irregular domains, outperforming convolutional autoencoders on both fidelity and
diversity [94]. These models reduce wall-clock cost by 10>~10% for LES-grade data, while
retaining physical consistency via divergence or residual penalties.

3. Results

The encodings and algorithms (especially QD) presented in the last sections together
are able to generate large solution sets in an efficient manner. This section discusses how we
present these results to the user, how FDA can help the user to learn from data, how they
can influence QD by selecting shapes, and how this leads to a hierarchical decomposition
of a domain. The user has to be able to explore a domain without being overwhelmed
by the large amount of solution data. The following requirements are necessary to allow
in-depth analysis of such data sets:

1.  Concise representation of diverse results.
2. Compact comparison.

3. Constrain by selection.

4. Change perspective.

An example of an expensive domain is given where we efficiently create a large set
of high-performing solutions, analyze their features, have a user zoom into a region of
interesting solutions, and study morphological features’ correlation to flow features.

3.1. Example Domain

To demonstrate the capabilities FDA gives the user, a simple 2D flow problem around
spline shapes is constructed. The domain, flow around 2D building footprints, approxi-
mates real-world problems in fluid dynamics for the built environment, in which building
norms put restrictions on the wind nuisance around buildings (see [80,95]). Wind nuisance
is determined based on the maximum flow velocity around a building in typical wind
conditions. Flow around 2D shapes requires relatively low computational cost to simulate
and is well understood. Taking the role of the designing engineer during the computer-
aided design phase, we answer questions like what shapes lead to high levels of turbulence,
whether it is possible to relate turbulence intensities and maximum flow velocity, and what
morphological features cause high maximum velocity.

A 2D flow problem is constructed, with shapes inserted into that flow. The shapes are
to induce a low (maximum) flow velocity, u,4y, in the flow field. The shapes are encoded as
natural cubic splines, defined by eight control points, and then transformed into a 64 x 64
bitmap for evaluation (see Figure 6). The bitmaps are used in the LBM solver Lettuce [96]
to calculate 2D flow around it. A Mach number of 0.075 and a Reynolds number of 3900
were used in the simulation. Two-dimensional footprints of high-rise building designs
have evolved w.r.t. the same fitness function. By minimizing ux, high-rise buildings
can be compliant with building regulations that prohibit strong gusts of wind around
buildings in the built environment. We are interested in two features of solutions. The
area A of the footprint serves as a user-defined morphological feature of the domain along
which solutions are varied. The second feature, the enstrophy &, serves as a metric for the
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turbulence in the flow. As we would expect, lower £ should lead to lower u,y, but this
allows us to investigate whether we can learn this correlation from the (optimization) data.

0.5

=0.5
=0.5 0 0.5

Figure 6. Encoding of 2D shapes: eight control points’ polar coordinates.

3.2. Search

A diverse set of footprints is generated using SPHEN. Diverse niches of solutions are
created around the features area A of the footprint and enstrophy &, turbulence. SPHEN
generates a Voronoi archive of 1000 solutions efficiently, using only 1000 Lettuce samples.
The number of samples can be reduced, of course, as can the archive size, for more expensive
simulations. By using parallel evaluation processes, we can evaluate multiple Lettuce
instances at a time.

An initial sampling set of 100 2D shapes is generated by a pseudo-random sampling
using a Sobol sequence (see [97]) to generate 16-dimensional parameter tuples that describe
those shapes. We evaluate the shapes in Lettuce to obtain u,,,y and £. The features have
to be modeled in order to efficiently generate large solution sets with QD. Internal GP
surrogate models are trained to predict these flow features based on the shapes’ parameters.
The GP models use the isotropic squared exponential covariance function, as described in
Equation (4), to estimate the influence of samples on locations requested for prediction

k(x,x') = o?- exp(bcglfl)z) 4)

The covariance function’s hyperparameters, length scale / and signal variance o, are
determined by minimizing the log-likelihood using the exact inference method of the
GPML library [98].

SPHEN uses the GP models as surrogates for the expensive features and fitness
evaluation to efficiently discover a diverse set of shapes with low u;,;x. The solutions are
saved in a two-dimensional archive. The archive is defined by the area A of the shape and
&. Newly generated solutions are assigned to the archive if the archive is not full or if they
outperform the nearest neighbor in the archive.

During surrogate training, u,;.x is not used directly to assign or replace solutions
in the archive. Instead, an acquisition function is used that uses the surrogate’s pre-
diction and confidence interval to determine the surrogate’s upper confidence bound,
UCB(x) = prediction(x) + x - model uncertainty(x). During the initial resampling and
surrogate training phase, we optimize to reduce u;x and model uncertainty simultane-
ously. x allows us to (de-)emphasize exploration.

The archive’s maximum size is set to 1000 solutions. On every archive update, 25 new
solutions are created. New solutions are created by perturbing randomly selected solutions
with a tuple pulled from a normal distribution with o = 0.1. After training the surrogates
1000 times, having created and compared 25,000 new solutions in total, QD is rerun one
last time, setting x to zero. An archive of 1000 (predicted) high-performing solutions is
produced. Ten new samples are then selected, again using a Sobol sequence to ensure
they are spread out in the archive. These samples are now evaluated in Lettuce to obtain
new data for the GP models, which are retrained after every round of the internal QD
search. This process is continued until we have obtained 1000 shape samples with the
accompanying features, as determined by Lettuce.
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Although we used 1000 expensive simulations, we were able to evaluate, in a surrogate-
assisted manner, 2,250,000 proposed solutions. After producing 1000 samples, the GP
models can predict u,qx, A, and £ for a diverse set of solutions. Figure 7 shows the archive
produced with SPHEN.

(a) Archive produced with SPHEN (b) Reduce number of solutions to high-fitness representatives
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Figure 7. After efficiently training surrogate models for the features (area and enstrophy/turbulence)
and fitness of a diverse solution set, we can easily produce an archive of 4000 solutions (a) and reduce
the solution set size to its best 100 representatives (b).

3.3. QD Analysis Step

The user can now analyze the shapes, their features, and their correlations to fitness.
Users can select high-fitness representative shape examples (Figure 7b), effectively discover-
ing prototypes from the diverse set (see [64]). SPHEN does not have to be fully reevaluated
to achieve this, except for rebuilding the archive with a smaller size. As we can already
see from this archive, the lowest u;;4y is reached when the area A and enstrophy & are
small. However, a trade-off appears: as the larger A becomes, the higher u;;,x. A positive
correlation between &€ and w4y is visible as well, as we expected.

3.4. Generation Step

Although we used a fixed encoding to generate the shape archive, we now have GP
models that allow us to create larger archives. A new archive with 4000 solutions is trained
and a VAE is trained, based on this data set. A larger data set can be created with ease,
but not necessarily in this use case. The VAE will allow us to generate new solutions,
interpolate between solutions, and find disentangled morphological features that help us
understand the correlations between shape and flow features.

Figure 8 shows the architecture used for the convolutional VAE. The filters, with size
3 x 3 and stride 2, reduce the resolution of the input image by a factor of 2. Every
convolutional layer contains more filters to hierarchically decompose (bitmaps of) the
shape set into ever smaller, more low-level, morphological features. This encodes the shape
into a five-dimensional space of latent variables that describe core morphological aspects
of the shape set. Latent variables are comparable to principal components, except that they
are non-linear. To decode the latent variables back into a shape, deconvolutions are used in
the exact yet mirrored order as in the encoder.
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Figure 8. Architecture of the convolutional VAE generative model.

3.5. VAE Analysis Step

The VAE’s smooth latent space offers a new morphological search space that produces
only shapes with relatively low uy,,x. Flow values can be predicted using GP models on
the basis of latent coordinates of shapes. The VAE allows the user to vary morphological
features around a selected shape.

Figure 9 shows what happens when each of the five latent variables is varied (rows).
The color indicates the value of the predicted u,,,x, A, and enstrophy £. The user can
analyze how morphological changes influence predefined morphological features, like A
or flow features. As can be seen from the figure, £ and u,x are positively related. A higher
€ leads to a higher u;4y, as expected.
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Figure 9. The three features are shown for a shape and its variants when varying five latent di-
mensions in a VAE model. Please note that the color schemes used for £ and u;4x are flipped. The
red box marks a similar shape with a higher u;y than the originally selected one (center column).
The overall positive correlation between enstrophy £ and w4y is visible in the color patterns across
the generated shapes.

The user might now select a shape generated by the VAE for further study. The shape
selected, marked in red in Figure 9, has a higher predicted uy,,x than the original shape.
Now, the user chooses to run an actual simulation to validate the predicted flow features
and understand why the shape has a higher uy;;x. Figure 10 shows six consecutive time
stamps of the flow produced with Lettuce. Vortices appear at the bottom and top sides of
the view successively, shown in white and black outlines. The actual value of w4 = 2.49
is higher than predicted. This discrepancy highlights a known challenge with simpler
surrogate models when exploring novel regions of the design space, a topic we address
with state-of-the-art methods in Section 2.4.2. As presented, this use case study merely
shows what we can do with FDA.
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Figure 10. Flow around selected shape. The top row shows the appearance of a strong vortex (white
outline) caused by the bottom of the shape. The bottom row shows a weak vortex (black outline)
caused by the top of the shape, appearing after the strong vortex.

3.6. Very Large Solution Sets

To demonstrate the scalability of FDA to its extremes, we generated 1,000,000 solutions,
shown in Figure 11. It can be clearly seen that £ and u;,,y have an almost linear relationship
(Figure 11a). However, the relationship is not purely linear, as can be seen from the
minimum, mean, and maximum fitness isolines (Figure 11c).

(a) 1,000,000 solutions generated by VAE (b) Visualization of 10,000 of those solutions
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Figure 11. 1,000,000 solutions generated by VAE (a), subselection of 10,000 shapes (b), isolines of min,
mean and max fitness (c), and zoomed in shape regions (d).

The user can zoom in on specific regions of interest to perform a more in-depth analysis
of local morphological effects (Figure 11d).

Finally, the entire example FDA system is shown in Figure 12. By using a classical
encoding to bootstrap a quality—diversity algorithm, which efficiently samples a fast CFD
simulation, it is possible to produce a large, diverse set of instances or shapes. A data-driven
encoding is then developed to generate even more shapes, allowing the user to analyze
morphological dimensions in the latent space as well as perform other in-depth analyzes.
The following forms of interaction between the user and the system can be distinguished:
analysis of morphological space, morphological and flow features, generating variations of
shapes, selecting shapes and constraining the QD process in further iterations.
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Figure 12. FDA implementation example. First, the QD process is bootstrapped with a predefined
spline encoding. Using surrogate models to assist with predicting and sampling examples based on
their quality and diversity, QD produces an archive of the solution space that is presented to the user.
A data-driven encoding can be trained based on the shapes from the QD archive. Using this encoding
and the archive, the user can analyze the solution space. They can then zoom in on a region of that
space, analyze data-driven morphological features, their correlation to flow features and interact with
the system. The data-driven encoding both compresses the search space and can serve for further
investigation and search and provide new diversity metrics to be fed back into the QD process.

4. Discussion and Conclusions
4.1. Discussion

The ability to efficiently understand and analyze the full space of solutions and their
behavior provides a powerful support tool for engineers. Possible answers to the questions
asked in the introduction (Section 1) were given in this article, but we also outlined avenues
for future research. We showed that direct encodings can provide us with a bootstrapping
mechanism for FDA in fluid mechanics. FDA efficiency is increased using statistical models
that are able to predict both the quality of solutions as well as their similarity. The models
are used to guide the sampling method towards a diverse set of optima. Surrogate-assisted
QD provides an efficient sampling method to find high-performing solutions based on
either a manually defined encoding, for bootstrapping, or a data-driven encoding. A
GPU-based LBM solver was used to determine the quality and diversity/similarity of
solutions. Although other CFD solvers may also be suited, this particular LBM solver is
tuned towards automated flow simulations around diverse shape sets. The results can be
returned to the user, who can analyze the results efficiently and influence the sampling.
This interactive analysis, supported by visualization tools that allow users to “zoom in” on
regions of interest (as demonstrated in Section 3.3 and Figure 11), is a core component of
the FDA framework and relies on the methods discussed in our prior work [4,11]. A latent
model can be trained on the resulting set, providing a bootstrapped generator of high-
quality solutions and a means to visualize and understand how morphological features are
correlated to flow features.

Improvements of the presented ingredients of FDA are many, since the respective
fields are developing quickly. Novel QD methods might improve the efficiency of the
search even more. Examples of these methods are the integration of a faster derivative-
free optimizer [99], adding differentiability when it is available [100], exchanging the
sampling function [101], integrating reinforcement learning concepts (see [102]), exploring
co-evolutionary approaches within QD (see [103]), or further integration of deep learning
methods [104]. They are examples of how the search itself can be made more efficient and
effective. The GM can be improved further by keeping track of research on disentangling
the latent dimensions, making them more interpretable for humans.

New insights often lead to new focuses in the analysis of complex domains. The
current development in evolutionary algorithms and machine learning enables us to more
deeply understand problem domains, even when they are as expensive as fluid dynamics.
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4.2. Conclusions

This paper introduced Full Domain Analysis (FDA), a methodological framework
designed to synthesize evolutionary computation, machine learning, and simulation
for the comprehensive exploration of complex engineering design spaces. We estab-
lished the core components of FDA—(1) Encodings, (2) Search, (3) CFD, (4) Efficiency,
and (5) Visualization—and reviewed the state of the art for each, integrating recent ad-
vances to demonstrate the framework’s relevance and power. The primary contribution of
this work is not a single new algorithm, but the formalization of this synergistic approach
and the demonstration of its utility through an illustrative 2D fluid dynamics example.
We showed how surrogate-assisted quality—diversity search, combined with generative
models, enables the efficient generation and interactive analysis of vast and diverse solution
sets. While our illustrative example was intentionally limited in scope, we have outlined
how emerging techniques like hybrid RANS-LES, diffusion models, and differentiable
QD position the FDA framework to scale to more complex, real-world 3D turbulent flow
problems. Ultimately, FDA provides a structured pathway for engineers to move beyond
single-point optimization, fostering deeper domain understanding and accelerating the
discovery of innovative and robust designs.
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Abbreviations

The following abbreviations are used in this manuscript:
FDA full domain analysis

QD quality—diversity

MMO multimodal optimization

MOO multiobjective optimization

BO Bayesian optimization

GP Gaussian process model

FFD free form deformation

CPPN compositional pattern producing networks
SAO surrogate-assisted optimization

NSGA-II non-dominated sorting genetic algorithm

GM generative model
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VAE variational autoencoder

GAN generative adversarial network

GA genetic algorithm

NURBS non-uniform rational b-splines

CFD computational fluid dynamics
SPHEN surrogate-assisted phenotypic niching
LBM lattice Boltzmann method
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