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Abstract: In this paper, several analyses were conducted to investigate the buckling behavior of
Functionally Graded Material (FGM) thin plates with various circular cutout arrangements. The
computer model was simulated using the Finite Element (FE) software ABAQUS. The developed
model was validated by the authors in previous research. A parametric analysis was employed to
investigate the effect of plate thickness and circular cutout diameter on the buckling behavior of
the FGM thin plates. The normalized buckling load was also calculated to compare the buckling
performance of FGM plates with various dimensions. Moreover, von Mises stress analysis was
examined to understand the yield capability of the FGM plates in addition to the buckling modes
that show the stress distribution of the critical buckling stress. Hence, this research provides a
comprehensive analysis to display the relation between the critical buckling load and the arrangement
of the circular cutouts. The results show that the critical buckling load heavily depends on the
dimension of the plate and the cutout size. For instance, an increase in the plate thickness and a
decrease in the cutout diameter increase the critical buckling load. Moreover, the circular cutout in a
horizontal arrangement exhibited the best buckling performance, and as the arrangement shifts to a
vertical arrangement, the buckling performance deteriorates.

Keywords: ABAQUS; buckling; circular cutout; FGM; thin plate

1. Introduction

The utilization of circular openings in plates, beams, and shells is inevitable as it is re-
quired to pass mechanical and electrical systems and reduces the system’s structural weight.
Recently, research has been geared towards the development of lightweight materials with
high tensile strengths, and superior performance [1–4]. In that regard, composite materials
shine as they enhance the properties of several materials combined together [5–8]. Func-
tionally Grade Materials (FGM) have been gaining much attraction over the past decades,
as they provide a new class of improved composites. FGM are multifunctional materials
containing a three-dimensional variation in composition and microstructure in order to
control the variation of thermal, structural, and functional properties. In addition, FGMs
are combined with a rated interference material to avoid distinctive boundary conditions
between the bulk materials. Usually, FGMs consist of a metallic material mixed with a
ceramic material or a mixture of metallic materials. Over the past few years, FGM has been
employed in a multitude of applications such as construction, aerospace, electromagnetism,
and energy [9–12].

The utilization of FGMs significantly improved the mechanical and thermal properties
of structures, and their buckling behavior [13–17]. Generally, buckling analysis is extremely
vital in structures as it studies the unexpected failure under loads and provides information
about the behavior of structures. Hence, extensive research has been conducted on the
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buckling of FGM structures [18–21]. Van Vinh et al. [22] analyzed the static bending and
buckling behaviors of bi-directional functionally graded plates with porosity. The numerical
results showed that the increase in plate thickness decreases the buckling load. Moreover,
the deflection of the plates increases with the increase in thickness. Ali et al. [23] conducted
a buckling analysis of FGM plates subjected to uniaxial compression. The numerical results
showed that the power-law function with index n = 5.0 resulted in the highest critical
buckling load for all plate aspect ratios and boundary conditions. Moreover, the analysis
showed that boundary conditions affect the buckling load, since plates with SSSS (simply
supported on all edges) boundary conditions showed a lower buckling load as compared
to ones with CCCC (clamped on all edges) boundary conditions. Although most of the
numerical analysis was performed through Finite Element Analysis (FEA), numerous
studies utilized Isogeometric Analysis (IGA) to study the buckling and bending of FGM
structures. For instance, Thanh et al. [24] investigated the free vibration and buckling of
porous FGM annular plates and conical and cylindrical shells utilizing a three dimensional
IGA numerical simulation. The solution shows that the 3D-IGA model is capable of
generating complicated geometries and yielding accurate solutions with the help of coarse
mesh level. Khatir et al. [25] carried a two-stage approach employing an Artificial Neural
Network using Arithmetic Optimization Algorithm (IANN-AOA) to study the damage
detection of FGM plate structures. The results show that the improved method accurately
predicts the damaged element, yielding high precision outcomes. Thanh et al. [26] studied
the static bending of porous FGM micro-plates subjected to geometrically nonlinear analysis.
The results show that the presence of porosity decreases the modules of elasticity, in turn,
FGM plates with higher porosity possess a higher deflection.

In most applications, a cutout is desirable, as it facilitates the passage of essential ser-
vices such as mechanical and air conditioning. Therefore, numerous studies investigated the
buckling behavior of structures with circular and triangular cutouts [27–32]. Kumar et al. [33]
conducted a comparative buckling analysis of composite plates with various cutout shapes.
The study showed that plates with a vertical rectangular cutout showed the least value of
normalized buckling load, while horizontal rectangular cutouts showed the highest normal-
ized buckling load. Moreover, it was observed that for a thickness ratio below 30, there is
no significant change in the normalized buckling load. Ansari et al. [34] investigated the
vibration and buckling of functionally graded graphene platelet reinforced composite plates
with various cutout shapes. The numerical results revealed that the rectangular cutouts had
the lowest dimensionless buckling load. Erdem et al. [35] investigated the buckling behavior
of composite plates consisting of woven carbon fiber fabric with a circular hole. The numerical
results demonstrated that the buckling load decreases with the increase in hole diameter.
Vivek et al. [36] analyzed the buckling performance of FGM square plates with triangular
cutouts. The results revealed that the buckling load decreases as the volume fraction and
the cutout size increase. Elkafrawy et al. [37] investigated the linear eigenvalue buckling of
FGM plates subjected to uniaxial loading. The study was conducted to analyze the effect of
cutouts size and geometry on the buckling behavior. The results showed that the increase
in the aspect ratio of the plate decreases the buckling load. Moreover, the increase in the
power law index decreases the buckling load. As for the cutout geometry, it was revealed that
diamond-shaped cutout results in the highest critical buckling load, followed by circular and
square, respectively. Recently, finite element simulation software such as ABAQUS, have been
heavily relied on as they provide a time and cost-effective solution for linear and non-linear
buckling analyses [37].

The literature review shows that the buckling behavior of FGM structures has been
heavily studied. In contrast, the buckling performance of FGM structures with internal
cutouts. This study conducts a linear buckling analysis of FGM plates with circular cutouts.
Contrary to recent research conducted by the authors, this study investigates the buckling
behavior of FGM plates under various arrangements of circular cutouts. Research has been
conducted to study the effect of circular cutouts on the buckling load of FGM plates, but
to the authors’ best knowledge, the effect of the arrangement of multiple circular cutouts
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on the buckling load of FGM plates has not been studied yet. This paper investigates
the variation of the critical buckling load under five different arrangements of circular
cutouts. The variation of the FGM plate’s thickness on the buckling load is also studied
along with the variation in the cutout size. The presence of several cutouts in a structure is
extremely vital as it facilitates the passage of serve pipes. Hence, this research provides a
comprehensive analysis to display the relation between the critical buckling load and the
arrangement of the circular cutouts.

2. Materials and Methods

FGMs are a mixture of two materials (ceramic and metal), achieved by slowly changing
the volume fraction of the constituent material (ceramic). Hence, the properties of the FGMs
are expressed in terms of the volume fraction of the constituent material. The governing
equations of FGMs are as follows [23]:

f =

(
z + t

2
t

)p

(1)

where, f is the volume fraction, z is the position of the material with respect to the thickness
of the plate t, and p is the power index.

The young’s modulus of elasticity (E) of FGMs is calculated by:

E = f Ec − f Em + Em (2)

where, Ec and Em are the elastic modulus of the ceramic and metal, respectively.
As seen from Equation (1), the volume fraction depends on the power index, which in

turn affects the modulus of elasticity. Figure 1 shows the variation of young’s modulus of
elasticity with the power index. It is seen that high and low values of the power index tend
to result in a nonlinear correlation with the young’s modulus of elasticity. Hence, a power
index of 1 is chosen for this study.
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Figure 1. The variation of the power index on the young’s modulus of elasticity.
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The displacement at any arbitrary point in the x, y, and z directions can be calculated
with the assumption that the transverse strains are negligibly small.

u(x, y, z) = u0(x, y) + z
∂w
∂x

(3)

v(x, y, z) = v0(x, y) + z
∂w
∂y

(4)

w(x, y, z) = w0(x, y) (5)

Hence, the strain of the FGM plate can be calculated from the following relations [23]:
εxx
εyy
γzz

 =


ε0

xx
ε0

yy
γ0

zz

+ z


ε1

xx
ε1

yy
γ1

zz

 (6)


ε0

xx
ε0

yy
γ0

xy

 =


∂u0
dx

dv0
dy

∂u0
dx + dv0

dy

 (7)


ε1

xx
ε1

yy
γ1

xy

 =


∂∅x
dx

∂∅y
dy

∂∅x
dx +

∂∅y
dy

 (8)

The stress–strain relation for the FGM plate is calculated using the following equations:

σxx =
E

1 − v2

{
ε0

xx + vε0
yy + z

[
∂∅x

dx
+

∂∅y

dy

]}
(9)

σyy =
E

1 − v2

{
ε0

yy + vε0
xx + z

[
∂∅y

dx
+

∂∅x

dy

]}
(10)

τxy =
E

1 − v2

(
1 − v

2

){
γ0

xy + 2
[

∂∅x

dx
+

∂∅y

dy

]}
(11)

where, v is the Poisson’s ratio.
The Galerkin method is utilized to calculate the critical uniaxial buckling load (Pcr) as

follows [38]:

Pcr =
−π2D∼

b

[(
λxb

a

)2
+ λ2

y

]2

(
λxb

a

)2 (12)

where, a and b are the plate length and width, respectively. λx and λy are the number of
half-waves in the x- and y-direction, respectively. D~ is the flexural rigidity of the FGM
plate expressed as [37]:

D∼ =
I1I3 − I2

2
I1(1 − v2)

(13)

where,

I1 = Emt + (Ec − Em)
t

n + 1
(14)

I2 = (Ec − Em)t2
(

1
n + 2

− 1
2n + 2

)
(15)

I3 = Em
t3

12
+ (Ec − Em)t3

(
1

n + 3
− 1

n + 2
− 1

4n + 4

)
(16)
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However, in the case of an Isotropic and homogenous plate, Em − Ec = 0. Then,
Equation (13) is reduced to the famous flexural rigidity of a plate:

D =
Et3

12(1 − v2)
(17)

The model used for the numerical simulation is built and analyzed using ABAQUS
and is obtained from a previous study by the authors [37]. Figure 2 shows the schematic of
the FGM plate used for the analysis. The boundary conditions and meshing details are also
shown. Further details regarding the modeling process, such as the model development,
material properties, model validation, etc., may be found in the authors’ previous work [37].
A parametric study is carried out to study the effect of the arrangement of circular cutouts
on the critical buckling load of the FGM plate. The arrangements are changed by changing
the angle θ, which is varied between 0◦, 30◦, 45◦, 60◦, and 90◦. The thickness of the plate
is also varied (25 mm, 50 mm, and 75 mm), in addition to the cutout diameter (200 mm,
300 mm, and 400 mm) to investigate the effect of thickness and cutout size on the buckling
behavior of the FGM plate.
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Figure 2. (a) The schematic of the FGM plate; (b) Meshing details.

The input parameters for the numerical analysis are shown in Table 1. The provided
dimensions are based on the schematic shown in Figure 2. The plate thickness t, the circular
cutout diameter D, and the arrangement angle θ are varied for the parametric studies. To
ensure the analysis accuracy and avoid convergence issues, small elements were used with
a size of 20 × 20 mm2. The chosen element type is 3D S4R, which is suitable for such
problems. S4R is a four-sided, doubly curved 3D shell element with reduced integration.
The reduced integration helps in reaching the solution without convergence problems since
it uses the minimum number of Gaussian coordinates to solve the integral. Each node in
ABAQUS includes six degrees of freedom: three translations and three rotations in the x, y,
and z-directions.
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Table 1. Input parameters for the numerical simulation.

Parameter Symbol Value Unit

Plate Width b 2000 mm
Plate Height a 2000 mm

Plate Thickness t 25, 50, 75 mm
Cutout Diameter D 200, 300, 400 mm
Cutout Distance S 600 mm

Arrangement Angle θ 0, 30, 45, 60, 90 Deg ◦

Position of Material z 0 -
Power Index p 1 -

Volume Fraction f 0.5 -
Young Modulus of Ceramic Ec 380 GPa
Young Modulus of Metal Em 203 GPa
Young Modulus of FGM E 292 GPa

Poisson’s Ratio v 0.3 -
Element Type - Shell S4R -

Mesh Size - 20×20 mm2

3. Results

The numerical simulation is conducted using the ABAQUS software and based on the
input parameters shown in Table 1. Table 2 shows the critical buckling load of the FGM
plates for various circular cutout arrangements, plate thickness, and cutout size.

Table 2. The critical buckling load of the FGM plate with various cutout arrangements, plate thickness,
and cutout size.

Thickness (mm) Diameter (mm) Angle (◦) Buckling Load (kN)

25

- - 1972

200

0 1868
30 1852
45 1833
60 1810
90 1783

300

0 1762
30 1727
45 1683
60 1627
90 1561

400

0 1642
30 1578
45 1494
60 1390
90 1265

50

- - 15,737
0 14,894
30 14,768

200 45 14,612
60 14,423
90 14,198
0 14,045
30 13,765

300 45 13,401
60 12,950
90 12,408
0 13,093
30 12,568

400 45 11,885
60 11,037
90 10,030
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Table 2. Cont.

Thickness (mm) Diameter (mm) Angle (◦) Buckling Load (kN)

75

- - 52,950
0 50,074
30 49,638

200 45 49,104
60 48,450
90 47,668
0 47,208
30 46,244

300 45 44,996
60 43,450
90 41,592
0 44,012
30 42,190

400 45 39,846
60 36,962
90 33,556

The buckling behavior of the FGM plates is compared in terms of the normalized
buckling load. The normalized buckling load is acquired by normalizing the critical
buckling load with respect to the buckling load of plates without cutouts. Figure 3 shows
the variation of the plate thickness on the normalized buckling load of the FGM plate with
circular cutouts with different arrangements. While Figure 4 shows the variation of the
cutout diameter on the normalized buckling load of the FGM plate with circular cutouts
with different arrangements.
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Figure 3. The variation of the cutout arrangements on the normalized buckling load for
(a) D = 200 mm, (b) D = 300 mm, and (c) D = 400 mm with various plate thickness.
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Figure 4. The variation of the cutout arrangements on the normalized buckling load for (a) t = 25 mm,
(b) t = 50 mm, and (c) t = 75 mm with various plate thickness.

In order to study the yielding of the FGM plate, the Von Mises stress is calculated
for various cases. The Von Mises stress predicts the yielding of materials under complex
loadings subjected to uniaxial tensile stress. Figure 5 shows the Von Mises stress of FGM
plates with various cutouts arrangements with a plate thickness of 50 mm and a circular
diameter of 200 mm.
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Figure 6 shows the Von Mises stress of FGM plates with various cutouts arrangements
with a plate thickness of 50 mm and a circular diameter of 300 mm. Whereas, Figure 7
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shows the Von Mises stress of FGM plates with various cutouts arrangements with a plate
thickness and circular diameter of 50 mm and 400 mm, respectively.
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In addition to the critical buckling loads and the Von Mises stresses, the analysis provides
the buckling modes of the FGM plate. The buckling mode analysis shows the distribution
of the buckling stress in the FGM thin plate. Generally, the maximum stress should be seen
in the regions surrounding the cutouts. Figure 8 shows the first five buckling modes of
the FGM plate with a thickness of 25 mm and a cutout diameter of 200 mm for various
cutout arrangements. On the other hand, Figure 9 shows the first five buckling modes of the
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FGM plate with a thickness of 25 mm and a cutout diameter of 300 mm for various cutout
arrangements. Finally, Figure 10 shows the first five buckling modes of the FGM plate with a
thickness of 25 mm and a cutout diameter of 400 mm for various cutout arrangements.
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Figure 8. The first five buckling modes of FGM plates with (a) a plate thickness of 25 mm, a cutout
diameter of 200 mm, and an arrangement of (b) 0◦, (c) 30◦, (d) 45◦, (e) 60◦, and (f) 90◦.
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Figure 9. The first five buckling modes of FGM plates with (a) a plate thickness of 25 mm, a cutout
diameter of 300 mm, and an arrangement of (b) 0◦, (c) 30◦, (d) 45◦, (e) 60◦, and (f) 90◦.
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4. Discussion

The numerical analysis revealed that the critical buckling load increases with the
increase in plate thickness. This is attributed to the fact that the moment of inertia increases
as the plate thickness increases, which in turn raises the critical buckling load. For instance,
the critical buckling load for the horizontal arrangement (0◦) with a cutout diameter of
200 mm and a plate thickness of 25 mm, 50 mm, and 75 mm is 1868 kN, 14,894 kN, and
50,074 kN, respectively. Table 2 clearly shows the variation of the plate dimensions and
cutout on the critical buckling load. Moreover, it is displayed that a larger cutout size
will decrease the critical buckling load. For example, the buckling load of an FGM plate
with a thickness of 25 mm and a vertical cutout arrangement (90◦) is 1783 kN, 1561 kN,
and 1265 kN for a cutout diameter of 200 mm, 300 mm, and 400 mm, respectively. The
preceding relations regarding the cutout size and the buckling load have been also seen
in [35,36]. As for the arrangements, it is seen that as the cutout shift from a horizontal
arrangement to a vertical one, the critical buckling load decreases regardless of the plate’s
thickness and cutout size. For instance, for an FGM plate thickness of 75 mm and a cutout
diameter of 300 mm, the critical buckling load decreased from 47,208 kN to 46,244 kN to
44,996 kN to 43,450 kN to 41,592 kN as the arrangement changed from a horizontal one to a
vertical one (0◦, 30◦, 45◦, 60◦, and 90◦), respectively.

As seen in Figure 3, the normalized buckling load reduces as the plate thickness
increases. This phenomenon is established for all cutout sizes and arrangements. Moreover,
it is revealed that the decrease in the normalized buckling load is much more apparent as
the cutout arrangement approaches a vertical position. As an example, for an FGM plate
with a cutout diameter of 200 mm, the normalized buckling load reduces from 0.947 to 0.946
as the plate thickness is varied from 25 mm to 75 mm for the horizontal arrangement. While
on the other hand, for an FGM plate with a cutout diameter of 400 mm, the normalized
buckling load reduces from 0.641 to 0.634 as the plate thickness is varied from 25 mm to
75 mm, in case of a vertical arrangement. Regarding Figure 4, it is seen that the normalized
buckling load decreases with the increase in the cutout size for all arrangements and
regardless of the plate thickness. The same relation is observed with the cutout size, as the
arrangement shift from horizontal to vertical, the decrease in the normalized buckling load
become more dominant. The same phenomenon was observed by the work carried in [37].
For instance, an FGM plate with a thickness of 50 mm availed a normalized buckling load
of 0.946, 0.893, and 0.832 for a horizontal cutout arrangement and cutout diameters of
200 mm, 300 mm, and 400 mm, respectively. While given the same conditions but for a
vertical arrangement, the normalized buckling load is 0.902, 0.788, and 0.637, respectively.
In conclusion, vertical arrangement corresponds to the worst buckling behavior and shows
severe deterioration with the increase in the cutout size.

The von Mises stresses show the yielding of the FGM plate under the uniaxial loading
applied on its sides. Generally, the maximum stress occurs at the region surrounding the
cutouts, which can be clearly seen in Figures 5–7. The maximum stress is only apparent around
the edges of the center cutout in the horizontal arrangement, and the stress continues to spread
to the neighboring cutouts as the arrangement shifts toward a vertical position. The same
relation is presented for various cutout sizes, while the only change is in the rise of the stress
as the cutout size increases. It is apparent from Figures 3–7 and Table 2 that the FGM plates
with large cutouts and vertical arrangements exhibit the highest stress, lowest normalized
buckling load, and lowest critical buckling load. Hence, it shows the worst buckling behavior.
On the other hand, FGM plates with a horizontal arrangement and an arrangement of 30◦

display the best buckling behavior. Similar results are shown in [31].
The buckling mode analysis represents the buckling stress distribution around the

FGM plate. Similar to the von Mises stress, the buckling stress will be maximum sur-
rounding the vicinity close to the cutouts. Evidently, Figures 8–10 show that the maximum
buckling stress is concentrated in the mid-section of the FGM plate, hence cutouts arrange-
ments concentrated in that section (i.e., 60 ◦ and vertical) show the worst buckling behavior.
The second buckling mode shows that the maximum buckling stress is concentrated in the
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upper and lower midsection of the FGM plate. Therefore, only arrangements with large
cutout sizes are affected by the buckling, as shown in Figure 10. The third buckling mode
shows that the maximum buckling stress is situated on the edges of the FGM plate and
only affects the horizontal and vertical arrangements. In the fourth buckling mode, the
maximum buckling stress is revealed in the top and bottom corners of the FGM plate. As
for the fifth buckling mode, the maximum buckling stress is seen at the corners of the FGM
plate in addition to the center. Overall, the buckling mode behavior is similar for different
plate thicknesses and cutout sizes, with the exception that the buckling stress increases
with the decrease in the thickness and increase in the cutout size. A similar correlation
between the buckling stress and the buckling modes can also be found in [31].

5. Conclusions

In this study, computational modeling was utilized to study the effect of circular
cutout arrangements on the buckling behavior of FGM plates. A parametric investigation
is carried out to study the effect of the plate thickness and circular cutout diameter on the
critical buckling load of the FGM thin plates. The following conclusions are made:

• The increase in the plate thickness and decrease in the circular cutout diameter in-
creases the critical buckling load of the FGM thin plate.

• Horizontal arrangements exhibit the highest critical buckling load and best buckling
performance. As the arrangement shifts to a vertical one, the critical buckling value
decreases.

• The normalized buckling load decreases as the plate thickness and cutout size in-
crease. The change in the normalized buckling load is more apparent as the cutout
arrangements approach a vertical position.

• Generally, FGM plates with a horizontal circular cutout arrangement, a smaller cutout
diameter, and a larger thickness provide the highest critical buckling load.

Future work should focus on post-buckling analysis to gain a deeper understanding
of the failure phenomenon of FGM plates in general, and plates with multiple cutouts
in particular. Although FEA provides an accurate depiction of the buckling behavior,
aided with visual representation, an experimental analysis is still required to validate the
calculations and methodology used in the analysis.
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