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Abstract: This paper reports analyses of a 5-degrees-of-freedom (5-DOF) carbon fiber-reinforced
polymer (CFRP) robot manipulator, which has been developed for farm applications. The manipulator
was made of aluminum alloy (AA) and steel materials. However, to check the effectiveness of
CFRP materials on the static and free-vibration performance of the manipulator, the AA parts were
replaced with CFRP. For this purpose, the effects of various cross-sections and layups on three design
criteria—deflection, load-carrying capacity, and natural frequency—were investigated. Two types
of thin-walled laminated sections, specifically the I section and rectangular tubular sections, were
used for the composite parts. These parts were made from three hollow square section (“SSS”
section) beams and three I section (“III” section) beams. These multi-cell beams were modeled
using the finite element (FE) method. Three configurations were selected for analysis based on
the manipulator’s most common operating conditions. The results indicated that the use of CFRP
increased the manipulator’s natural frequencies, increased the load-carrying capacity, and decreased
the manipulator’s tip deflection when compared with its AA counterpart. An analysis showed that
using CFRP in the manipulator’s structure could improve static and vibrational performances. It
was observed that the “SSS” section beams were 1.17 times stiffer, could carry a 1.20 times higher
load, and were 1.40 times heavier than the “III” section beams. Also, decreasing the fiber direction
in angle-ply layups from 90◦ to 0◦ and adding 0◦ plies, while keeping the total number of layers
constant, decreased the manipulator’s tip deflection and increased its natural frequencies.

Keywords: composite beams; finite element analysis; free vibration; glass carbon fiber

1. Introduction

Thin-walled structures can be made of steel, aluminum alloy (AA) [1,2], and composites [3–5];
AA and steel beams can also be reinforced by composite materials [6,7]. Among the wide
area of potential applications of thin-walled structures, composite structures are used in the
automotive [8,9], aerospace [10], and robotic industries [11]. Many factors, including the
material properties, the cross-sectional shape, and the loading conditions, could affect the
static and free-vibration performance of these structures [12,13]. Using composite materials
with a lower density, higher specific stiffness, and higher specific strength in a structure over
conventional materials could improve these parameters [14,15]. Samal et al. [16] studied
the effect of fiber orientation on the free-vibration performance of glass fiber-reinforced
polymer (GFRP) beams. The authors showed that, as the fiber orientation increased from 0◦

to 90◦, the natural frequencies decreased while the damping ratios increased. Ding et al. [17]
investigated the effect of a square cross-section and fiber orientation on the load-carrying
capacity of carbon fiber-reinforced polymer (CFRP) beams. The results showed that the
number of 0◦ and +45◦ plies could affect the ultimate load-carrying capacity of CFRP
box girders when the total number of layers was the same. The load-carrying capacity of
composite beams can be determined using two widely accepted failure criteria: Tsai–Wu
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and Tsai–Hill [18]. Gliszczyski et al. [19] used the Tsai–Wu criterion to estimate the load-
carrying capacity of a GFRP beam under pure bending, while considering the effect of
different layups. The results indicated that the ply scheme with 50 percent 0◦ plies (e.g.,
[90/0/90/0]S and [0/90/0/90]S) had the highest failure load values. Debski et al. [20]
experimentally estimated the failure load of CFRP channel columns with different ply
schemes under compression loading. The study showed that columns had a higher failure
load when the 0◦ plies were located in the outer surface of the channel.

In this paper, thin-walled laminated composite beams were used to modify the struc-
ture of a 5-DOF (degrees-of-freedom) robot manipulator [21]. This robot was intended
to be used for a crop-monitoring application (phenotyping) and was made of AA and
steel materials; as a result, it was relatively heavy and required powerful motors for its
operation. In farm applications, the deflection and vibration of a manipulator’s end effector
are very important, as the manipulator carries several sensors that measure important
crop traits. Using lightweight materials such as CFRP could reduce the manipulator’s
mass and possibly increase its overall stiffness; this would increase the manipulator’s
natural frequencies, which is important for its application. Parts made of CFRP could
reduce the structural mass up to 70% compared with steel materials [14]. Prior research by
Wyatt et al. [22] showed that a CFRP robot hand had a lower mass compared with steel and
AA hands by about 71% and 41%, respectively. Hagenah et al. [23] used titanium and AA
for a manipulator structure, which resulted in a balanced mass distribution and a desirable
stiffness. Yin et al. [24] developed a hybrid manipulator structure using CFRP and AA. The
study showed that the hybrid structure had better energy conservation, a better driving
ability, and a higher natural frequency than AA and steel structures. Lee et al. [25] created
a manipulator wrist from composite materials instead of AA to enhance its efficiency. In
addition, several researchers have used CFRP to improve parameters such as deflection [26],
load-carrying capacity, and natural frequencies [27,28] in robot structures.

In Section 2 of this paper, the 5-DOF manipulator is introduced. In Section 3, the
results from [17] are used to evaluate the finite element analysis (FEA). Section 4 examines
the composite’s mechanical properties and defines the composite’s structure using FEA
software. Section 5 provides an analysis of the effects of different layups on the beam’s
deflection. In Section 6, the beam’s load-carrying capacity is analyzed using the Tsai–Wu
(TW) and Tsai–Hill (TH) [18] failure criteria. In Section 7, the effects of different layups on
the composite beam’s natural frequency are investigated. In Sections 8 and 9, the selected
layup is used to model the composite robot parts and the robot’s natural frequencies for
AA and CFRP are compared.

2. Robot Manipulator’s Composite Parts

The robot under consideration was a 5-DOF manipulator that was designed, built,
and tested at the University of Saskatchewan for plant monitoring applications [21]. In
Figure 1c, the robot is shown partially as it is being patented. This manipulator had four
rotational joints and one prismatic joint. The robot’s top part was created from two links
connected with a prismatic joint. Each link was about 1.2 m long and the robot’s fully
extended configuration could reach up to about 3 m. Each of the two top links was made of
three AA beams with a length of 1.2 m and a rectangular cross-section of 40 mm × 60 mm.
The resulting multi-cell beam had dimensions of 60 mm × 120 mm. The robot’s end
effector carried several sensors with a total payload mass capacity of about 20 kg. The
robot’s vibration and tip (end effector) displacement affected the sensors’ measurement
performance in terms of the photo quality and the collected data. To obtain a desired
tip deflection and acceptable natural frequencies for vibration, some of the robot’s AA
parts were replaced with composite parts. Two types of thin-walled laminated composite
beams, specifically an I-beam and a rectangular tube, were used in the model. These parts
were used to form three combined squared tubular sections and three combined I sections,
referred to as “SSS” and “III”, respectively. These multi-cell beams were modeled with FEA
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using eight layups with CFRP materials. Figure 1a,b show the schematics of the “SSS” and
“III” beams.
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Figure 1. Schematic of the 5-DOF robot manipulator and its parts: (a) composite beams with
three squared tubular sections (SSS) for the upper link of the manipulator, (b) composite beams with
three I sections (III) for the upper link of the manipulator, and (c) the 5-DOF robot manipulator.

It should be noted that, while a nuts-and-bolts connection is ideal for connecting AA
beams, for the assembly of composite CFRP beams this type of connection may degrade
the beams’ quality and cause structural damage. Therefore, glue and AA clamps were used
to assemble the CFRP beams. For simplification and modeling, other components such as
motors were not included in the FEA.

3. Verifying the FE Model

The FE model results were verified and compared with the experimental results
reported in [17]. The authors of [17] did a very good job of testing several CFRP beams
and reporting their results. Since we do not currently have the facilities to conduct similar
tests, we decided to rely on the academically reported and peer-reviewed results from [17].
In the near future, we plan to procure experimental facilities and conduct similar static
tests, and add vibrational tests as well. For the vibrational tests, we plan to use several
IMUs (inertia measurement units) to measure the accelerations in different locations of
the manipulator that are induced by an impact or by continuous excitation signals to the
base of the manipulator. Such a vibration test would reveal the natural frequencies and
mode shapes of the manipulator. The experimental results reported in [17] are related to a
three-point bending test on a composite beam. The strain values were measured using a
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strain gauge on a specimen with a symmetric layup created from eight 0◦ plies and two 90◦

plies ([0,0,0,0,90]S). To compare with the experimental results, a hollow square composite
beam with dimensions of 40 × 60 mm and a length of 280 mm was modeled. The beam
was created from ten layers with a total thickness of 2 mm. Figure 2 shows the three-point
bending test schematic setup and the detailed mesh of the CFRP box with its supports.
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Figure 2. Three-point bending test schematic setup and FEA details: (a) the three-point bending test
schematic setup, modeled in FEA, and (b) schematic of the meshed CFRP box beam in FEA.

Numerical modelling of the composite beams was performed using the commercial
finite element analysis software ANSYS (FEA software, Canonsburg, PA, USA) [29]. Solid
elements were used to mesh the composite beams. Specifically, Solid185 was selected for
meshing the CFRP beam. This element is defined by eight nodes with three degrees of
freedom at each node, specifically translations in the nodal x-, y-, and z-directions. The
parts of the beam in contact with the supports were selected as the target surfaces and the
top face of the supports was chosen as the contact surface. Conta174 and Targe170 were
used for meshing the contact and target face. The connections between the supports and
the beam were considered to be frictionless. A mesh convergence study was performed to
verify the accuracy of the FEA, and the results are shown in Table A9. A remote point was
defined at the top support to apply the load. Defining remote points in the selected parts
allowed for the application of loading and displacement. The reference points inside the
two bottom supports were fully constrained to limit their freedom in any direction. The
load values in Table 1 were taken from the literature [17] and the material properties are
given in Table A7. From Table 1, it can be seen that there is a good agreement between the
FEA results and the experimental results from [17].

Table 1. Comparison of the FEA results with the experimental results [17].

Load (N) Experimental Strain
(10−6) (Specimen D) [17] FEA Strain (10−6) Difference (%)

435 15 16 6.25

822 44 46 4.35

1225 74 75 1.33

2430 176 180 2.22

2825 181 188 3.72

3226 220 229 3.93

3625 248 235 −5.53

4024 269 285 5.61
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4. Effect of Layup on Mechanical Properties of Composite Parts

As mentioned in the Introduction, eight layups were selected to evaluate the effec-
tiveness of CFRP beams in terms of the robot static and free-vibration performance. For
this purpose, the effects of the layup on the mechanical properties of the CFRP beams
were investigated by following the approaches of Moazed et al. [11] and Ding et al. [17].
These references investigated the role of the layup in the design of CFRP beams to meet
high bending resistance and lightweight design criteria. In these studies, the effect of
increasing the fiber direction in the angle-ply layups (L1 to L3 layups) [11] and adding
plies with fibers at 45◦ and 90◦ (L4 to L8 layups) on the beam’s static and free-vibration
performance [17] was studied. For the mentioned 5-DOF robot, the top link’s bending
deflection had the greatest effect on the sensors’ stability; thus, calculating the equivalent
Young’s elastic modulus (Ex) in the longitudinal direction was of interest. To perform a
more comprehensive analysis, the equivalent shear modulus (Gxy) was also calculated. To
calculate the elastic and shear moduli, Equations (1)–(3) were used [18].[

a b
bT d

]
=

[
A B
B D

]−1

(1)

Ex =

∣∣∣∣∣∣∣∣∣∣∣∣

A11 A12 A16
A12 A22 A26
A16 A26 A66

B11 B12 B16
B12 B22 B26
B16 B26 B66

B11 B12 B16
B12 B22 B26
B16 B26 B66

D11 D12 D16
D12 D22 D26
D16 D26 D66

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

A22 A26 B12
A26 A66 B16

B22 B26
B26 B66

B12 B16 D11
B22 B26 D12
B26 B66 D16

D12 D16
D22 D26
D26 D66

∣∣∣∣∣∣∣∣∣∣

1
n.t

(2)

Gxy =

∣∣∣∣∣∣∣∣∣∣∣∣

A11 A12 A16
A12 A22 A26
A16 A26 A66

B11 B12 B16
B12 B22 B26
B16 B26 B66

B11 B12 B16
B12 B22 B26
B16 B26 B66

D11 D12 D16
D12 D22 D26
D16 D26 D66

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

A11 A12 B11
A12 A22 B12

B12 B16
B22 B26

B11 B12 D11
B12 B22 D12
B16 B26 D16

D12 D16
D22 D26
D26 D66

∣∣∣∣∣∣∣∣∣∣

1
n.t

(3)

where [A], [B], and [D] are the laminate extensional, coupling, and bending stiffness
matrices, respectively, while [a], [b], and [d] refer to the laminate extensional, coupling,
and bending compliance matrices, respectively. Ex is the laminate equivalent of Young’s
modulus in the longitudinal direction, Gxy is the equivalent shear modulus, n is the number
of layers, and t is the layer thickness. As mentioned in Section 2, square tubular sections
and I sections were used to model the robot’s top links. The beam’s equivalent bending
stiffness EIyy (and torsional stiffnesses, GIt) was calculated using Equations (4) and (5) for
the square beam and I-beam, respectively [14].

EIyy =
b f

(a11) f

d2

2
+

2b f

(d11) f
+

2b3
w

12(a11)w
, GIt =

2d2
f d2

(a66) f d f + (a66)wd
(4)
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EIyy =
b f

(a11) f

d2

2
+

2b f

(d11) f
+

2b3
w

12(a11)w
(5)

where EIyy is the equivalent bending stiffness about the Y-axis, a11 is the laminate exten-
sional compliance, a66 is the laminate shear compliance, and d11 is the laminate bending
compliance, as shown in Equations (4) and (5). Figure 3 shows the geometrical details
for the square and I-beams and a laminate schematic depicting the individual plies for
L8 = [02/±45/90]s.
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Figure 3. Beam sections: (a) square beam, (b) I-beam, and (c) laminate schematic of the plies for
L8 = [02/±45/90]s.

Table 2 displays the Ex, Gxy, and EIyy values for the CFRP beams with various layups,
as well as for an AA beam. As shown in this table, the elastic module was (Ex = 71.0 GPa)
for the AA beam and

(
Gxy = 20.7 GPa

)
for the shear model. The CFRP beams with the L1,

L2, L4, L5, L7, and L8 layups had higher Ex values than the AA beam, and the beams with
the L3 and L6 layups had lower Ex values than the AA beam. The CFRP beams with the L3
and L6 layups had a higher Gxy than the AA beam and the beams with the other layups
had lower shear moduli than the AA beam. Overall, the results indicated that increasing
the fiber direction in an angle-ply layup and adding layers in fiber directions other than
zero decreases the equivalent bending stiffness. Equations (1)–(5) and the parameter values
used here were adopted from references [14,18].

Table 2. Mechanical properties for CFRP and AA beams with square and I-shaped cross-sections.

Layup Ex
(GPa)

Gxy
(GPa)

EISquare
yy

(N m2)
EII−beam

yy

(N m2)

L1 = [0, 0, 0, 0, 0]s 142.0 4.60 27,427.58 23,271.33

L2 = [20,−20]5 90.12 17.43 17,408.40 14,770.42

L3 = [30,−30]5 46.17 27.90 8919.26 7567.68

L4 = [04/± 45/04] 117.7 10.84 22,740.67 19,294.84

L5 = [02/± 45/0]s 92.71 17.37 17,909.04 15,195.38
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Table 2. Cont.

Layup Ex
(GPa)

Gxy
(GPa)

EISquare
yy

(N m2)
EII−beam

yy

(N m2)

L6 = [±45/02/± 45/02/± 45] 67.36 23.42 13,010.45 11,038.71

L7 = [0, 0, 0, 0, 90]s 116.0 4.60 22,391.39 18,998.51

L8 = [02/± 45/90]s 71.60 17.37 13,845.24 11,747.56

AA 71.00 20.69 13,713.13 11,635.69

5. Effect of Layups on Beam Deflection

In this section, the effect of the layups on upper link deflection was determined using
FE modelling. For verification purposes, the results obtained from FEA were compared
with the analytical solution results. The FE model geometry, applied loading, and boundary
conditions are shown in Figure 4. The cantilever beams shown in this figure were 1.2 m
long and had cross-sectional dimensions of 120 mm × 60 mm. A concentrated load of
450 N in the z-direction was applied at the free end of the cantilever. The elements adopted
were Solid185 and Solid186. These elements had three degrees of freedom at each node,
specifically translations in the nodal x-, y-, and z-directions, and were either linear, i.e.,
defined by eight nodes (Solid-185), or were a higher order (i.e., quadratic) defined by twenty
nodes (Solid-186). As a default in FE software, the CFRP beams were meshed with Solid185
elements, while the AA beams were meshed with Solid186 elements. The AA and CFRP
material properties, as defined in Tables A7 and A8, were assigned to these FE models.
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The beam’s maximum deflection was calculated from Equation (6), for which the EIyy
values are given in Table 2.

δb =
PL3

3EIyy
(6)

where δb is the maximum bending deflection in the z-direction, P is the applied force, L is
the beam length, and EIyy is the equivalent bending stiffness. Table 3 shows the beam tip
deflection for the different layups as calculated analytically and using FEA.
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Table 3. Comparison between analytical (Equation (6)) and FEA-calculated tip deflection for the
“SSS” and “III” beam.

Layup
“SSS” Beam “III” Beam

δFEA
b (mm) δ(6)

b (mm) Difference% δFEA
b (mm) δ(6)

b ( mm) Difference%

L1 3.13 3.15 0.63 3.66 3.71 1.36

L2 4.93 4.96 0.60 5.81 5.84 0.51

L3 9.72 9.68 0.41 11.5 11.4 0.86

L4 3.91 3.79 3.06 4.59 4.47 2.61

L5 4.89 4.82 1.43 5.75 5.68 1.21

L6 6.67 6.64 0.44 7.85 7.82 0.38

L7 4.08 3.85 5.63 4.81 4.54 5.61

L8 6.31 6.26 0.79 7.40 7.37 0.40

AA 6.34 6.30 0.63 7.33 7.42 1.22

The AA “SSS” beam had a deflection (δFEA
b ) of 6.34 mm and the CFRP “SSS” beams

with the L1, L2, L4, L5, L7, and L8 layups had deflections lower than the AA beam. These
deflections were 3.13, 4.93, 3.91, 4.89, 4.08, and 6.31 mm, respectively, as shown in Table 3.
The CFRP beams with L3 and L6 layups had higher deflections than the AA beam. More
specifically, the L1 layup, with ten 0◦ plies, as well as the L4 and L7 layups, with eight
0◦ plies, had the lowest deflections. The L3 and L6 layups, with ten 30◦ plies and six 45◦

plies, respectively, had the highest deflections, showing that adding layers with fibers in
directions other than 0◦ will increase beam deflection. Similarly, the same trends were
noted for the CFRP “III” beams. For the AA “III” beam, the tip deflection was 7.33 mm,
versus 3.66, 5.81, 4.59, 5.75, and 4.81 mm for the L1, L2, L4, L5, and L7 layups, respectively,
as shown in Table 3. Equation (7) was used to calculate the differences in Table 3:

Difference% =

∣∣∣∣∣ δFEA
b − δ

(6)
b

δFEA
b

× 100

∣∣∣∣∣ (7)

The values for the difference percentages provided in Table 3 ranged from 0% to 5.63%.
These differences were due to the fact that the analytical solution did not take into account
the effects of shear and warping deformations. As mentioned in Section 4, the square beam
was 1.17 times stiffer than the I-beam, and Equation (8) was used to express the relationship
between the “SSS” and “III” beams. For example, the relationship between the beams in
the L1 layup was as follows:

(
EISSS
EII I I

)
Analytical

= (
δI I I
δSSS

)
FEA
→ 82282.5

69813.9
=

3.66 mm
3.13 mm

≈ 1.17 (8)

where EISSS and δSSS are the equivalent bending stiffness and deflection values for the
“SSS” beam with the L1 layup, respectively, and EII I I and δI I I are the equivalent bending
stiffness and deflection values for the “III” beam with the L1 layup, respectively. In addition
to the comparisons between the deflection of the AA and CFRP beams, the AA “SSS” and
“III” beams had masses of 3.81 kg and 2.73 kg, whereas the CFRP “SSS” and “III” beams
had masses of 2.19 kg and 1.56 kg, respectively. These results show that the “SSS” beams
were 1.17 times stiffer and 1.40 times heavier than the “III” beams. The results presented in
this section indicate that using CFRP beams in a robot’s upper link structure could decrease
the tip deflection and mass of the structure. See the discussions before Equation (7).
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6. Failure Index

The aim here was to determine the first ply failure of the CFRP beams, specifically
under bending. When bending is applied to a CFRP beam, all three stress components
(tensile, compressive, and shear) are induced (see Appendix A.2). The allowable strength
(or failure stress) is the combined effect of these stress components. Therefore, it was
assumed that failure would happen in the CFRP beams when the first ply reached the
allowable strength. Two failure criteria for fiber-reinforced materials, specifically Tsai–Hill
and Tsai–Wu, were used to determine the failure indices [18].

In order to use a failure criterion, it is necessary to calculate the stress components in
the fiber direction or a local coordinate system (1, 2), as shown in Figure 5. For this purpose,
the analytical method from [14] was adopted; the details of the stress analysis are presented
in Appendix A.1. Also, for verification purposes, the results obtained analytically here
were compared with the FEA results. This comparison is reported in Appendix A.2.

J. Compos. Sci. 2022, 6, x FOR PEER REVIEW  9 of 28 
 

 

(or failure stress) is the combined effect of these stress components. Therefore, it was as‐

sumed that failure would happen in the CFRP beams when the first ply reached the al‐

lowable strength. Two failure criteria for fiber‐reinforced materials, specifically Tsai–Hill 

and Tsai–Wu, were used to determine the failure indices [18].   

In order to use a failure criterion, it is necessary to calculate the stress components in 

the fiber direction or a local coordinate system (1, 2), as shown in Figure 5. For this pur‐

pose, the analytical method from [14] was adopted; the details of the stress analysis are 

presented in Appendix A.1. Also, for verification purposes, the results obtained analyti‐

cally here were compared with the FEA results. This comparison is reported in Appendix 

A.2. 

 

Figure 5. Local and global axes of an angle lamina. 

The first failure criterion applied was Tsai–Hill, which was developed based on von 

Mises–Henky’s distortion energy theory. The Tsai–Hill failure criterion for composites is 

as follows [18]: 

𝜎ଵ
ଶ

𝐹ଵ
ଶ ൅

𝜎ଶ
ଶ

𝐹ଶ
ଶ െ

ሺ𝜎ଵ𝜎ଶሻ

𝐹ଵ
ଶ ൅

𝜎ଵଶ
ଶ

𝐹଺
ଶ ൌ 𝐹𝐼  (9)

where FI is the failure index,  𝜎ଵ  is the ply’s longitudinal stress in the fiber direction (1 in 

Figure 5),  𝜎ଶ  is the ply’s transverse stress (2 in Figure 5), and  𝜎ଵଶ  is the ply’s shear stress 

in local coordinates (1, 2) as shown in Figure 5. Here,  𝐹ଵ  and  𝐹ଶ  refer to the tensile yield 

strengths in directions 1 and 2, respectively, and  𝐹଺  is the shear strength. To account for 

the difference between the tensile and compressive strengths, the modified Tsai–Hill ap‐

proach was proposed, where  𝐹ଵ௧,  𝐹ଵ௖,  𝐹ଶ௧, and  𝐹ଶ௖  are the longitudinal tensile and com‐

pressive strengths, respectively: 

𝐹ଵ ൌ ൜
𝐹ଵ௧ 𝑤ℎ𝑒𝑛 𝜎ଵ ൐ 0 
𝐹ଵ௖ 𝑤ℎ𝑒𝑛 𝜎ଵ ൏ 0   (10)

𝐹ଶ ൌ ൜
𝐹ଶ௧ 𝑤ℎ𝑒𝑛 𝜎ଶ ൐ 0 
𝐹ଶ௖ 𝑤ℎ𝑒𝑛 𝜎ଶ ൏ 0   (11)

An alternative approach was to use the Tsai–Wu criterion as expressed below: 

𝑓ଵଵ𝜎ଵ
ଶ ൅ 𝑓ଶଶ𝜎ଶ

ଶ ൅ 2𝑓ଵଶሺ𝜎ଵ𝜎ଶሻ ൅ 𝑓଺଺𝜎ଵଶ
ଶ ൅ 𝑓ଵ𝜎ଵ ൅ 𝑓ଶ𝜎ଶ ൌ 𝐹𝐼  (12)

where  𝑓ଵ=
ଵ

ிభ೟
െ

ଵ

ிభ೎
,  𝑓ଶ ൌ

ଵ

ிమ೟
െ

ଵ

ிమ೎
,  𝑓ଵଵ ൌ

ଵ

ிభ೟ிభ೎
,  𝑓ଶଶ ൌ

ଵ

ிమ೟ிమ೎
, 𝑓ଵଶ ൌ െ0.5ඥ𝑓ଵଵ𝑓ଶଶ , and  𝑓଺଺ ൌ

ଵ

ிల
మ 

are the coefficients obtained from the shearing and uniaxial strength tests [18]. Here,  𝑓ଵଶ 

is a coefficient which represents a biaxial composite beam strength in the longitudinal and 

transverse directions. The main difference between these criteria is that the Tsai–Wu cri‐

terion accounts for the interactions and differences between stresses, but requires biaxial 

testing  to define  𝑓ଵଶ. Using  the  failure  index defined  in Equations  (9) and (12), a safety 
ratio (SR) was defined as shown below:   

𝑆𝑅 ൌ
1

𝐹𝐼
  (13)

Figure 5. Local and global axes of an angle lamina.

The first failure criterion applied was Tsai–Hill, which was developed based on von
Mises–Henky’s distortion energy theory. The Tsai–Hill failure criterion for composites is as
follows [18]:

σ2
1

F2
1
+

σ2
2

F2
2
− (σ1σ2)

F2
1

+
σ2

12
F2

6
= FI (9)

where FI is the failure index, σ1 is the ply’s longitudinal stress in the fiber direction (1 in
Figure 5), σ2 is the ply’s transverse stress (2 in Figure 5), and σ12 is the ply’s shear stress
in local coordinates (1, 2) as shown in Figure 5. Here, F1 and F2 refer to the tensile yield
strengths in directions 1 and 2, respectively, and F6 is the shear strength. To account for the
difference between the tensile and compressive strengths, the modified Tsai–Hill approach
was proposed, where F1t, F1c, F2t, and F2c are the longitudinal tensile and compressive
strengths, respectively:

F1 =

{
F1t when σ1 > 0
F1c when σ1 < 0

(10)

F2 =

{
F2t when σ2 > 0
F2c when σ2 < 0

(11)

An alternative approach was to use the Tsai–Wu criterion as expressed below:

f11σ2
1 + f22σ2

2 + 2 f12(σ1σ2) + f66σ2
12 + f1σ1 + f2σ2 = FI (12)

where f1= 1
F1t
− 1

F1c
, f2 = 1

F2t
− 1

F2c
, f11 = 1

F1t F1c
, f22 = 1

F2t F2c
, f12 = −0.5

√
f11 f22 , and

f66 = 1
F2

6
are the coefficients obtained from the shearing and uniaxial strength tests [18].

Here, f12 is a coefficient which represents a biaxial composite beam strength in the longi-
tudinal and transverse directions. The main difference between these criteria is that the
Tsai–Wu criterion accounts for the interactions and differences between stresses, but re-
quires biaxial testing to define f12. Using the failure index defined in Equations (9) and (12),
a safety ratio (SR) was defined as shown below:

SR =
1
FI

(13)
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The safety ratio is a multiplier that determines when a failure occurs for a given load.
For example, a safety ratio of 1.4 indicates that a failure will occur in a composite structure
if the applied load, or moment, is increased by 40%.

As shown in Figure 6, the “SSS” and “III” beams were modelled using the FEA
software, and a moment (My = 3500 Nm) was applied at the free end of the beams about the
Y-axis to calculate the load-carrying capacity of the manipulator. The moment value was
determined based on the manipulator’s fully extended operational configuration: when
the distance between the manipulator’s end effector and its base was about 3 m in the
x-direction, and the end effector’s mass was about 20 kg. In order for one of the layups to
meet a failure criterion, the moment value employed in the strength analysis was selected
to be nearly six times this magnitude (e.g., the “III” beam with the L3 layup). The FEA
results were reported for a point in the middle of the beam, at a sufficient distance away
from the boundary condition effects.

Tables 4 and 5 compare the plies with the minimum safety ratios in each layup, where
SRana

TW and SRana
TH refer to the analytical Tsai–Wu and Tsai–Hill safety ratios, respectively; the

methods are explained in Appendix A.1. The analytical results obtained were compared
with the FEA results, as presented in Tables A1–A4 in Appendix A.2. For comparison, the
von Mises stress was used in the FEA software to calculate the AA beam’s safety ratio. Also,
since the beam was under moment loading about the Y-axis, the top and bottom flanges
(layers) of the beam were under tension and compression, respectively.

Table 4. Comparison of plies with minimum safety ratios (SRs) for the “SSS” and “III” beams (flange
under tension); see Figure 3c for a laminate stacking sequence sample.

Layup Ply No.
(Angle)

“SSS” (Tension) “III” (Tension)

SRana
TW SRana

TH SRana
TW SRana

TH

L1 Ply 1 (0◦) 11.3 11.3 9.39 9.39

L2 Ply 1 (20◦) 4.51 4.26 3.73 3.53

L3 Ply 1 (30◦) 2.18 1.89 1.80 1.56

L4 Ply 5 (45◦) 6.36 6.39 5.21 5.25

L5 Ply 3 (45◦) 4.82 4.91 3.99 4.06

L6 Ply 1 (45◦) 3.36 3.47 2.85 2.89

L7 Ply 5 (90◦) 3.99 4.10 3.30 3.39

L8 Ply 5 (90◦) 2.35 2.66 1.94 2.20

AA 1.55 1.36
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Table 5. Comparison of plies with minimum safety ratios (SRs) in “SSS” and “III” beams (flange
under compression); see Figure 3c for a laminate stacking sequence sample.

Layup Ply No.
(Angle)

“SSS” “III”

SRana
TW SRana

TH SRana
TW SRana

TH

L1 Ply 1 (0◦) 6.57 6.57 5.43 5.43

L2 Ply 1 (20◦) 2.14 2.62 1.77 2.17

L3 Ply 1 (30◦) 1.23 1.45 1.02 1.20

L4 Ply 1 (0◦) 4.34 5.13 3.59 4.25

L5 Ply 1 (0◦) 3.12 3.83 2.59 3.17

L6 Ply 3 (0◦) 2.20 2.73 1.81 2.26

L7 Ply 1 (0◦) 6.61 5.33 5.48 4.41

L8 Ply 1 (0◦) 3.30 3.32 2.72 2.73

AA 1.55 1.36

From Table 4, the AA “SSS” and “III” beam safety ratios were 1.55 and 1.36, respectively.
For the “SSS” and “III” beams with the L1, L2, L3, and L6 layups, the first ply (or the beams’
outer ply) had the lowest SR; this can be considered failure initiation under tension. In
addition, for the “SSS” and “III” beams with the L4, L7, and L8 layups, the fifth ply (from
the beams’ outer ply) had the lowest SR. In beams with the L5 layup, the third ply (from
the beams’ outer ply) had the lowest SR. Furthermore, as shown in Table 4 for the “SSS”
and “III” beams under tension, the safety ratios for L1 and L3 decreased as the fiber
direction changed from 0◦ to 30◦; also, the layups L1, with ten plies at 0◦, and L3, with ten
plies at 30◦, had the highest and lowest safety ratios among all eight layups, respectively.
The safety ratio dropped incrementally for the L1, L4, L5, and L6 layups, for which the
number of 0◦plies decreased incrementally from ten to four. When comparing L1 and L4
([04/±45/04]), with two 45◦ plies, and L7 ([0, 0, 0, 0, 90]s), with two 90◦ plies, the safety
ratio increased and subsequently decreased. Furthermore, when comparing L7 and L8
layups, both with an equal number of 90◦ plies, but with L8 having additional 45◦ plies, L8
had a decreased safety ratio. Overall, the results indicated that, for the beam under tension,
increasing the fiber direction from 0◦ to 30◦ in angle-ply layups, decreasing the number of
0◦ plies, and adding ±45◦ and 90◦ plies decreased the load-carrying capacity (or SR) for
both the “SSS” and “III” beams.

Table 5 shows a comparison of plies with the minimum safety ratio in “SSS” and “III”
beams when the beam’s flange (layer) is under compression. For the “SSS” and “III” beams
with the L1, L2, L3, L4, L5, L7, and L8 layups, the first ply (or the beams’ outer ply) had the
lowest SR, while in beams with L6 layup, the third ply (from the beams’ outer ply) had the
lowest SR. Comparing Tsai–Wu and Tsai–Hill criteria showed that, for the L1 layup with
all plies at 0◦, both criteria estimated a similar safety ratio; the SR differed for cases where
the stress interactions were higher because of fibers that were oriented in a direction other
than zero.

7. Effect of Layup on Composite Beam’s Natural Frequency

This section investigates the effects of different layups on the natural frequencies of the
AA and CFRP “SSS” and “III” beams. To calculate the natural frequencies in the composite
beams, the two methods reported in [14] were adopted. The first method is based on
classic beam theory (CBT) and the second method is based on first shear deformation
theory (FSDT). To consider the effect of shear deformation, an approximate method was
used to calculate the fundamental natural frequency. Equations (14)–(17) were used to
calculate the fundamental natural frequency for a cantilever beam. As shown in Figure 1,
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the multi-cell-section beams were symmetric about the Z-axis. The beam’s fundamental
natural frequency in the xz-plane, due to lateral vibration, is given by the following [14,28]:

wb =

√√√√EIyy.(1.875)4

ρ.L4 (14)

ws =

√√√√SZZ.(π
2 )

2

ρ.L2 (15)

1
w2

y
=

1
w2

b
+

1
w2

s
(16)

f =
wy

2π
(17)

In Equation (14), wb is the natural frequency of lateral vibration in the xz-plane
for a cantilever beam undergoing bending deformation, EIyy is the equivalent bending
stiffness about the Y-axis, ρ is the mass per unit length, and L is the beam length. In
Equation (15), ws is the natural frequency of the beam due to tortional motion (considering
shear deformation), where SZZ is the equivalent shear stiffness, as defined in Appendix A.3.
In Equation (16), wy is the approximate combined natural frequency of vibration in the
xz-plane. This solution was obtained from Föpplms theorem [14], developed for esti-
mating the buckling load for elastic structures. Table 6 shows the fundamental natural
frequencies for AA and the eight layups discussed earlier for the “SSS” and “III” section
beams. The difference was calculated using Equation (18). Here, f CBT

b was obtained from
Equations (14) and (17), and f FSDT

y was obtained using Equations (16) and (17), respec-
tively. Note that wy gives the frequency in rad/s, while f is the frequency in Hz. Because
the manipulator top links were made out of three beams, the EIyy values in Table 6 are
three times higher than the EIyy values found in Table 2.

Difference =

∣∣∣∣∣ f FEA
b − f FSDT

y

f FEA
b

∣∣∣∣∣× 100 (18)

Table 6. Fundamental natural frequencies of the eight different layups for “SSS” and “III” cantilever
beams (see Table 2 for details of layups).

Layup

“SSS” Beam “III” Beam

EISSS
yy

(N m2)
fCBT
b (Hz) fFSDT

y (Hz) fFEA
b (Hz)

Difference
(%)

EIIII
yy

(N m2)
fCBT
b (Hz) fFSDT

y (Hz) fFEA
b (Hz)

Difference
(%)

L1 82,282.5 82.1 78.4 78.6 0.25 69,813.9 89.9 83.4 83.7 0.36

L2 52,225.2 65.4 64.9 65.9 1.52 44,311.2 71.6 70.7 71.3 0.84

L3 26,757.6 46.8 46.7 47.9 2.51 22,703.0 51.3 51.0 51.6 1.16

L4 68,221.8 74.8 73.5 73.6 0.14 57,884.4 81.9 79.6 79.0 0.76

L5 53,727.1 66.4 65.8 66.0 0.30 45,586.1 72.6 71.6 71.7 0.14

L6 39,031.4 56.6 56.3 56.6 0.53 33,116.1 61.9 61.4 61.5 0.16

L7 67,173.9 74.2 71.4 71.5 0.14 56,995.5 81.2 76.3 76.5 0.26

L8 41,535.7 58.4 58.0 58.0 0.00 35,242.6 63.9 63.2 63.1 0.15

AA 41,139.3 44.1 44.1 44.1 0.00 34,907.1 48.3 48.1 48.1 0.00

From Equation (14), it can be seen that the angular natural frequency is proportional
to the beam’s equivalent bending stiffness and inversely proportional to the beam’s mass,
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as expected. When comparing the natural frequencies of the “III” and “SSS” section beams,
the “III” section beam with the lower mass had a greater natural frequency than the “SSS”
section beam. Also, among L1 to L8, the L1 layup, with ten 0◦ plies, and the L4 and
L7 layups, with eight 0◦ plies, had the highest fundamental natural frequencies. From
Table 6, it can be observed that CFRP beams with all eight layups had higher fundamental
natural frequencies than the AA beam. By comparing the CBT and FSDT results, it can be
observed that the CBT method overestimated the natural frequencies and the FSDT method
underestimated the natural frequencies when compared with the FEA results. The f FSDT

y

and f FEA
b results were in a good agreement, with a maximum difference of less than 3%.

8. Selecting the Best Layup for Composite Parts

The next stage was to select the ideal layup and cross-section for the manipulator’s
composite parts after calculating the deflection, load capacity, and natural frequency. The
“SSS” beam had a lower deflection and a higher safety ratio, whereas the “III” beam had a
higher natural frequency and a lower weight. As demonstrated in [11], the “SSS” beam
had a smaller angle of twist under torsional loading than the “III” beam. Therefore, both
cross-sections were suitable for the manipulator’s top link. In this study, the “SSS” beam
was selected to model the robot’s top link in order to perform a modal analysis on the
5-DOF robot. Also, the L1 ([0, 0, 0, 0, 0]s), L4 [04/±45/04], and L7 ([0, 0, 0, 0, 90]s) layups
were found to have the best values in terms of the minimum deflection, the plies with the
highest minimum safety ratio, and the highest natural frequencies, so these three layups
were selected for this analysis.

Considering the “SSS” section, the L1 layup, with ten 0◦ plies, had the lowest tip
deflection (δb = 3.15 mm), the highest safety ratio (SRTW = 6.57), and the highest funda-
mental natural frequency ( f FSDT

y = 78.4 Hz). Table 7 shows that, in terms of deflection and
natural frequency, L4 and L7 had similar values, but the L7 safety ratio under compression
was 52% greater than the L4 safety ratio. Considering the mentioned specifications, L7,
with two 90◦ plies and eight 0◦ plies, and L1, with ten 0◦ plies, could be ideal layups for
creating the manipulator’s composite parts. In the following section, the CFRP “SSS” beam
with the [0, 0, 0, 0, 90]s layup was used to perform the modal analysis on the CFRP 5-DOF
manipulator in order to estimate possible improvements in terms of the structural mass
and the fundamental natural frequency compared with the AA 5-DOF manipulator.

Table 7. Design criteria values for selected layups with the “SSS” cross-section.

Layups EISSS
yy (N·m2) δb (mm) SRTW (Compression) wFSDT

y (Hz)

L1 = [0, 0, 0, 0, 0]s 82,282 3.15 6.57 78.4

L4 = [04/±45/04] 68,221 3.79 4.34 73.5

L7 = [0, 0, 0, 0, 90]s 67,173 3.85 6.61 71.4

9. Modal Analysis of the Manipulator

In this section, three configurations for the 5-DOF manipulator, which are common
operating conditions, were considered for the modal analysis. Figure 7 shows these
three configurations. The aim here was to determine the natural frequencies and their
corresponding mode shapes. From the three configurations presented, the fully extended
Configuration 3 (Figure 7c) was the most important one, as it was the manipulator’s
working (crop monitoring) pose. Configuration 2 was the manipulator’s transport mode
(Figure 7b) and Configuration 1 (Figure 7a) was the manipulator’s occasional use pose. In
Figure 7, the green parts are AA clamps, and all members are in the xz-plane.
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Figure 7. The 5-DOF robot manipulator’s common operating configurations: (a) Configuration 1,
(b) Configuration 2, and (c) Configuration 3.

The original manipulator [21] base was made out of steel and its top link was created
from AA. The aim here was to investigate the impact of using CFRP for the top links on
the manipulator’s free vibration via modal analysis. For this purpose, the robot’s top links
were replaced with thin-walled laminated CFRP beams. Figure 8a,b depict the top link
models made of AA and CFRP materials, respectively. The Solid186, CONTA174, and
TARGE170 element types were used to mesh the AA model, and the Solid185, CONTA174,
and TARGE170 element types were used to mesh the CFRP model. To mesh the CFRP
“SSS” section top link, 104,912 elements were used, and to mesh the AA “SSS” section
top link, 26,242 elements were used. The difference in the total number of elements was
due to the fact that the composite beam, with a total thickness of 2 mm, was formed by
stacking 10 CFRP layers, each with a thickness of 0.2 mm (Figure 8a). Each layer was
meshed separately with a mesh-seed equal to 0.2 mm. The AA beam was defined with a
thickness of 2 mm and a beam cross-section meshed with a mesh-seed that was equal to
the cross-sectional thickness of close to 2 mm. Comparing the CFRP “SSS” section beam
with the AA beam, the element ratio was 10:1 in the direction of the thickness. In addition,
the joint between the beams was modeled as a fixed joint.
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Figure 8. Mesh details for top link models created from AA and CFRP materials: (a) cross-sections of
CFRP and AA beams, and (b) schematic of the 5-DOF robot manipulator’s top link.

In the final step, the CFRP and AA beams were incorporated into the rest of the
manipulator with a steel body. Table 8 shows the first six natural frequencies of the AA and
composite CFRP manipulators. Figures 9 and 10 show the first mode shape for the three
configurations. Higher mode shapes are given in Appendix C.
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Table 8. Natural frequencies of the AA and CFRP manipulators under three configurations (Hz).

Mode CFRP Robot
1st Config.

AA Robot
1st Config.

1st Config
Difference (%)

CFRP Robot
2nd Config.

AA Robot
2nd Config.

2nd Config
Difference (%)

CFRP Robot
3rd Config.

AA Robot
3rd Config.

3rd Config
Difference (%)

1 5.33 4.46 19.5 14.6 12.4 17.7 10.3 8.63 19.3

2 17.9 16.9 5.92 20.5 19.2 6.77 18.2 17.1 6.43

3 35.2 30.3 16.1 45.0 40.6 10.8 24.8 20.7 19.8

4 55.7 48.7 14.3 64.6 64.1 0.78 63.5 61.3 3.59

5 60.5 60.1 0.67 95.1 94.1 1.06 66.1 63.3 4.42

6 95.5 95.1 0.42 97.3 94.6 2.85 94.3 93.8 0.53
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The difference percentages in Table 8 were computed using Equation (19), where
wCFRP is the natural frequency of the CFRP manipulator and wAA is the natural frequency
of the AA manipulator.

Difference =

∣∣∣∣wAA − wCFRP
wAA

∣∣∣∣× 100 (19)

As mentioned earlier, the third configuration was the most important pose. Looking
at the natural frequencies in Table 8 and their mode shapes, the first natural frequency of
the CFRP robot was the bending vibration around the Z-axis in the xy-plane, in which the
top links had the largest contribution. The second natural frequency was a mixed vibration
mode formed by two vibration types: first, the rotational vibration around the Z-axis; and
second, the bending around the Y-axis. The third and fourth natural frequencies were the
bending vibrations around the Y-axis, with the top links having the largest displacement.
Also, from the mode shapes in Appendix C, it can be seen that the robot’s top links had
the largest contribution among the robot components from the first to the fourth natural
frequencies. Thus, the top links were the parts that were prone to vibration.
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Table 8 shows the improvement in the fundamental natural frequencies achieved by
using CFRP beams in the manipulator’s structure. In the third configuration, the natural
frequencies from the first mode to the third mode increased by 19.3%, 6.43%, and 19.8%,
respectively. Furthermore, the CFRP manipulator’s mass was 51.8 kg, while the AA robot’s
mass was 55.2 kg, indicating a 6.15% difference in the structural mass. Overall, the natural
frequencies and mode shapes depended on the mass and stiffness distributions of the
structure. The structure with the higher stiffness and lower mass had the highest natural
frequency. Therefore, the analysis above indicates that it is critical to decrease the top link
mass as much as possible while meeting the load-carrying capacity requirements.

10. Conclusions

This study investigated the effects of thin-walled laminated CFRP beams on the static
and free-vibration performance of a 5-DOF manipulator. The effects of using composite
materials were considered in terms of the fundamental natural frequency, load-carrying
capacity, and structural mass, and were compared with the 5-DOF aluminum alloy (AA)
manipulator. It was shown how the cross-sections and layups can affect these parameters.
For this purpose, AA and CFRP beams with eight layups were used to determine the
structural efficiency of composite materials for a 5-DOF manipulator.

A beam safety ratio was introduced using the Tsai–Wu and Tsai–Hill failure criteria.
The fundamental natural frequencies were determined using the classical beam and shear
deformation theories. Three-dimensional finite element models using linear and quadratic
solid elements were employed, and results were compared with the analytical results.
Three working configurations of the 5-DOF manipulator were investigated using a modal
analysis, and the results were reported for the CFRP and AA models. Overall, this study
showed that changing the fiber direction from 90◦ to 0◦ in an angle-ply layup and adding
more 0◦ plies while keeping the overall numbers of layers the same decreased the deflection
and increased the natural frequency and load-carrying capacity. Replacing parts of an AA
manipulator with CFRP can increase the fundamental natural frequencies by 19% and can
decrease the structure mass by about 6.15%. See the discussions in Section 5 for details. It
was shown that CFRP can be used to improve the performance of a manipulator made of
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AA, without compromising its performance or structural integrity and while producing
moderate gains in efficiency, i.e., increasing the natural frequency, which was desirable for
this application.
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Appendix A. Detail of Stress Analysis and Verification for Laminated
Composite Beam

Appendices A.1 and A.2 include the details on the stress analysis calculations and
verification for Section 6. The square beam and I-beam equivalent shear stiffness equations,
which were used in Section 7, are presented in Appendices A.3 and A.4, which show the
calculation steps related to the composite beam’s equivalent bending and shear stiffness.

Appendix A.1. Stress Analysis of Laminated Composite Beam Details

To calculate the stress and strain components for the laminated composite beams, the
method in [14] was used, as described below:

Using the classical laminate theory, the laminate stiffness and compliance matrix were
calculated. In Equations (A1) to (A2), Aij is the laminate in-plane stiffness that relates the
in-plane forces Nx, Ny, and Nxy to the in-plane deformations ε0

x, ε0
y, and γ0

xy. Dij is the
bending stiffness that relates the moments Mx, My, and Mxy to the curvatures Kx, Ky, and
Kxy. Bij is the in-plane coupling stiffness.



Nx
Ny
Nxy
Mx
My
Mxy

 =



A11 A12 A16
A12 A22 A26
A16 A26 A66

B11 B12 B16
B12 B22 B26
B16 B26 B66

B11 B12 B16
B12 B22 B26
B16 B26 B66

D11 D12 D16
D12 D22 D26
D16 D26 D66





ε0
x
ε0
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γ0

xy
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kxy


(A1)
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
=



a11 a12 a16
a12 a22 a26
a16 a26 a66

b11 b12 b16
b12 b22 b26
b16 b26 b66

b11 b12 b16
b12 b22 b26
b16 b26 b66

d11 d12 d16
d12 d22 d26
d16 d26 d66





Nx
Ny
Nxy
Mx
My
Mxy

 (A2)
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Thin-walled laminated beams are created from a number of segments. Using the
below equation, the beam’s equivalent stiffness and compliance matrices were calculated.
In Equations (A3) and (A4), Rk and Ok are the stiffness matrix components of each seg-
ment of a thin-walled beam; Rk is the transformation matrix, which transforms the wall
segment geometry to the global coordinate system; Ok is the wall segment stiffness matrix
component; and the index k refers to the wall segment number.

[Rk] =


1
0
0
0

zk
cosαk
sinαk

0

yk
−sinαk
cosαk

0

0
0
0
1

 (A3)

[Ok] =
1
bk


a11
0
0
0

0
d11
0
−d13

2

0
0
12

A11b2
k

0

0
−d13

2
0

d33
4

 (A4)

The total stiffness matrix of the beam [P] is given by Equation (A5):

[P] =
n

∑
K=1

[Rk]
[

Rk]
T [Ok]

−1 (A5)

The compliance matrix of the beam [W] is given by the below equation:

[W] = [P]−1 (A6)

By substituting the obtained compliance matrix into Equation (A7), the beam’s axial
and bending strain components could be calculated as shown below:

ε0
x

ε0
y

γ0
xy

kx
ky
kxy


= W


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 (A7)
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 σx
σy
σxy

 =

Q11 Q12 Q16
Q12 Q22 Q26
Q16 Q26 Q66

  εx
εy

γxy

 (A9)

Appendix A.2. Comparison of Analytical Safety Ratios with FEA Results

The analytically estimated safety ratios were compared to the FEA results in this
appendix (related to Section 6). In Tables A1–A4, σ1, σ2, and σ12 are local stress components
that were determined analytically. It should be noted that the FEA results were reported for
a point in the middle of the beam, at a sufficient distance away from the effects of boundary
conditions. Tables A1 and A3 show the safety ratios and stress components for a flange
under tension for the “SSS” and “III” beams, while Tables A2 and A4 show the safety ratios
and stress components for a flange under compression for the “SSS” and “III” beams. In
the below tables, SRana

TW and SRana
TH refer to the analytical safety ratios calculated using the

Tsai–Wu and Tsai–Hill methods, respectively, while SRFEA
TW and SRFEA

TH are the FEA safety
ratios calculated using the Tsai–Wu and Tsai–Hill methods, respectively.
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Table A1. Comparison of plies with minimum safety ratios (SRs) for the “SSS” beam (flange under
tension; stress values are in MPa); see Figure 3c for a laminate stacking sequence sample.

Layup Ply No. (Angle) σ1 (MPa) σ2 (MPa) σ12(MPa) SRana
TW SRFEA

TW SRana
TH SRFEA

TH

L1 Ply 1 (0◦) 167 0 0 11.3 10.4 11.3 10.4

L2 Ply 1 (20◦) 182 −14.7 −13.0 4.51 4.27 4.26 4.02

L3 Ply 1 (30◦) 190 −23.1 −35.0 2.18 2.06 1.89 1.80

L4 Ply 5 (45◦) 440 3.44 −10.0 6.36 5.85 6.39 5.88

L5 Ply 3 (45◦) 41.8 3.43 −13.7 4.82 4.46 4.91 4.54

L6 Ply 1 (45◦) 41.1 4.23 −19.8 3.36 3.15 3.47 3.22

L7 Ply 5 (90◦) −12.4 12.4 0 3.99 3.68 4.10 3.79

L8 Ply 5 (90◦) −96.2 18.5 0 2.35 2.14 2.66 2.42

Table A2. Comparison of plies with minimum safety ratios (SRs) for the “SSS” beam (flange under
compression; stress values are in MPa); see Figure 3c for a laminate stacking sequence sample.

Layup Ply No. (Angle) σ1 (MPa) σ2 (MPa) σ12(MPa) SRana
TW SRFEA

TW SRana
TH SRFEA

TH

L1 Ply 1 (0◦) −167 0 0 6.57 6.04 6.57 6.04

L2 Ply 1 (20◦) −181 14.6 12.9 2.14 2.01 2.62 2.44

L3 Ply 1 (30◦) −190 23.1 34.9 1.23 1.16 1.45 1.38

L4 Ply 1 (0◦) −200 3.22 −0.46 4.34 4.05 5.13 4.77

L5 Ply 1 (0◦) −254 5.83 0 3.12 2.94 3.83 3.58

L6 Ply 3 (0◦) −345 9.21 0.27 2.20 2.05 2.73 2.54

L7 Ply 1 (0◦) −206 −3.04 0 6.61 6.02 5.33 4.93

L8 Ply 1 (0◦) −331 0.04 0 3.30 3.06 3.32 3.06

Table A3. Comparison of plies with minimum safety ratios (SRs) for the “III” beam (flange under
tension; stress values are in MPa); see Figure 3c for a laminate stacking sequence sample.

Layup Ply No. (Angle) σ1 (MPa) σ2 (MPa) σ12(MPa) SRana
TW SRFEA

TW SRana
TH SRFEA

TH

L1 Ply 1 (0◦) 202 0 0 9.39 8.89 9.39 8.89

L2 Ply 1 (20◦) 219 −17.7 −15.6 3.73 3.32 3.53 3.14

L3 Ply 1 (30◦) 229 −27.8 42.2 1.80 1.63 1.56 1.42

L4 Ply 5 (45◦) 49.7 4.31 12.1 5.21 4.94 5.25 4.97

L5 Ply 3 (45◦) 50.7 4.13 −16.6 3.99 3.75 4.06 3.83

L6 Ply 1 (45◦) 49.7 5.11 23.9 2.85 2.65 2.89 2.71

L7 Ply 5 (90◦) −15 14.9 0 3.30 3.13 3.39 3.19

L8 Ply 5 (90◦) −116 22.3 0 1.94 1.84 2.20 2.07
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Table A4. Comparison of plies with minimum safety ratios (SRs) for the “III” beam (flange under
compression; stress values are in MPa); see Figure 3c for a laminate stacking sequence sample.

Layup Ply No. (Angle) σ1 (MPa) σ2 (MPa) σ12(MPa) SRana
TW SRFEA

TW SRana
TH SRFEA

TH

L1 Ply 1 (0◦) −202 0 0 5.43 5.14 5.43 5.14

L2 Ply 1 (20◦) −219 17.7 15.7 1.77 1.55 2.17 1.88

L3 Ply 1 (30◦) −229 27.8 42.2 1.02 0.91 1.20 1.06

L4 Ply 1 (0◦) −242 3.89 −0.56 3.59 3.21 4.25 3.90

L5 Ply 1 (0◦) −307 7.04 0.02 2.59 2.31 3.17 2.88

L6 Ply 3 (0◦) −417 11.1 0.32 1.81 1.71 2.26 2.13

L7 Ply 1 (0◦) −248 −3.67 0 5.48 5.14 4.41 4.11

L8 Ply 1 (0◦) −400 0.04 0.03 2.72 2.63 2.73 2.59

Appendix A.3. Shear Compliances and Stiffness Equations for Square and I-Beams

Related to Sections 4 and 7, Equations (A10) and (A11) can be used to calculate the
square beam and I-beam equivalent shear compliances (ŝZZ), respectively. In Equation
(A12), SZZ is the beam’s equivalent shear stiffness, which is equal to the inverse of ŝZZ.

ŝZZ =
a66

2d
+

a66.df

6d2(1 + a11d
3a11df

)
2 (A10)

ŝZZ =
a66

d
+

a66.bf

6d2(1 + a11d
6a11bf

)
2 (A11)

SZZ = [ŝZZ]
−1 (A12)

Appendix A.4. Details on Calculating the Equivalent Bending and Shear Stiffness of a
Composite Beam

This section explains the steps for calculating the equivalent bending and shear stiff-
ness of a CFRP square beam, which are related to Sections 4 and 7. The compliance matrix
components for a laminate with a [0/0/0/0/0]s layup are shown in Table A5.

Using the data in Tables A5 and A6 and Equation (4), the equivalent bending stiffness(
EIyy

)
for a square beam is 27,427.58 (N·m2).

Table A5. Laminate with [0/0/0/0/0]s layup compliance components.

a11 ( mm
N ) a66 ( mm

N ) d11 ( 1
N·mm )

3.52 × 10−6 1.08 × 10−4 1.05 × 10−5

Table A6. Square beam geometrical dimensions (mm) (Note: the cross-sectional details are shown in
Figure 3).

Layup d bw bf df

[0/0/0/0/0]s 58 56 40 38

Similarly, the square beam equivalent shear compliance and stiffness can be deter-
mined using Equations (A10) and (A12). The equivalent shear compliance for a square
beam with a [0/0/0/0/0]s layup is 1.02693× 10−6 (1/N), and the equivalent shear stiffness
is 973,778.40 (N).
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Appendix B. Material Properties

Table A7. Material properties, FAW200 prepreg moduli, and strength parameters from [17].

Property Carbon Fiber-Reinforced Epoxy (CFRP)

Longitudinal modulus, E1 [GPa] 142

Transverse modulus, E2 [GPa] 9

Out-of-plane modulus, E3 [GPa] 9

In-plane shear modulus, G12 [GPa] 4.6

Out-of-plane shear modulus, G23 [GPa] 3.08

Out-of-plane shear modulus, G13 [GPa] 4.6

Major in-plane Poisson’s ratio v12 0.32

Out-of-plane Poisson’s ratio v23 0.46

Out-of-plane Poisson’s ratio v13 0.32

Longitudinal tensile strength, F1t [MPa] 1900

Transverse tensile strength, F2t [MPa] 51

Out-of-plane tensile strength, F3t [MPa] 51

Longitudinal compressive strength, F1c [MPa] 1100

Transverse compressive strength, F2c [MPa] 130

Out-of-plane compressive strength, F3c [MPa] 130

In-plane shear strength, F6 [MPa] 72

Out-of-plane shear strength, F4[MPa] 70

Out-of-plane shear strength, F5 [MPa] 72

Table A8. Steel and T 6061-T6 aluminum alloy mechanical properties [18].

Property Steel Aluminum Alloy

E(GPa) 200 71

G (GPa) 76.92 20.69

v 0.3 0.33

Appendix C. CFRP Manipulator Mode Shapes

The natural frequencies and corresponding mode shapes for the 5-DOF manipulator
with the CFRP material top links are given in Figures A1–A3 for the three configurations
discussed in Section 9. The natural frequencies and mode shapes given here are the
eigenvalues and eigenvectors obtained from FEA software for free vibration.
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Figure A1. Natural frequencies and corresponding mode shapes for the CFRP 5-DOF manipulator in
Configuration 1: (a) second frequency, (b) third frequency, (c) fourth frequency, (d) fifth frequency,
and (e) sixth frequency.
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Figure A2. Natural frequencies and corresponding mode shapes for the CFRP 5-DOF manipulator in
Configuration 2: (a) second frequency, (b) third frequency, (c) fourth frequency, (d) fifth frequency,
and (e) sixth frequency.
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Appendix D. Additional Details of the FEA Results

This section includes additional data of the FEA results for the “SSS” and “III” CFRP
beams with the L2 and L8 layups, related to Sections 5 and 7. Figure A4 shows the static
analysis deflection results, and Figure A5 shows the modal analysis results for cantilever
beams. The strain results in the x-direction from the three-point bending test simulation
related to Section 3 are depicted in Figure A6. Table A9 shows the mesh convergence study
related to Section 3.
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Table A9. Mesh convergence study related to Section 3.

Load (N) Mesh Size (mm) Strain in x-Direction CPU Time (s)

435 20 0.130 × 10−4 49.7

435 10 0.160 × 10−4 50.8

435 5.0 0.163 × 10−4 62.4
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“L2” layup, (b) “III” section and “L8” layup, (c) “SSS” section and “L2” layup, and (d) “SSS” section
and “L8” layup.
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Figure A6. Three-point bending test FEA results related to Section 3: (a) strain in the x-direction for
the simulated beam under 435N loading, and (b) strain in the x-direction for the simulated beam
under 4024N loading.

The FEA results for “SSS” CFRP beams with the L2 and L8 layups related to Section 6
are shown in Figures A7 and A8. The normal stress components in the x- and y-directions
and the shear stress in the xy-plane for the square beam with the L2 and L8 layups are
shown in Figures A7a and A8a, respectively. Figures A7b and A8b show the safety ratios
estimated with the FEA software using the Tsai–Wu criteria for the “SSS” beam with the
L2 and L8 layups, respectively. The results are presented for a wall segmented under
compression and can be compared with the results in Table A2.
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Figure A7. Stress components for a CFRP square beam with L2 layup: (a) normal stress components
in the x- and y-directions and shear stress in the xy-plane, and (b) safety ratio.
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