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Abstract: In this study, an accurate and computationally efficient model for the heating process of 

thin thermoplastic sheets during thermoforming is developed. This model opens the door to effi-

cient training of model-free control approaches in thermoforming applications, which often require 

extensive training data that would be significantly costly and time-consuming to generate using 

physical setups. This model takes into account heat transfer via radiation between heaters and the 

sheet, heat transfer via conduction through the sheet, and heat transfer via convection between the 

sheet and the ambient. In this paper, rather than using an analytical relationship for the view factor, 

an experiment is designed to determine the exact radiation pattern of the heater on the sheet and 

the fraction of infrared emission absorbed by the sheet. Comparing the output temperature profile 

on the sheet from the designed model to IR images from a laboratory-scale heating system indicates 

that the mean square error is reduced by around four times when compared to traditional models 

with analytical view factors. Moreover, a comparison of the computation time with COMSOL soft-

ware for a scenario with the same configuration of computation hardware reveals that the designed 

model is almost ten times faster. 

Keywords: radiation heat transfer; thermoforming; finite difference analysis; simulation;  

manufacturing; efficient training 

 

1. Introduction 

Composite manufacturing is a clear example of a process that has the potential to be 

impacted by industry 5.0 [1], due to the large number of manufacturing steps that are still 

performed manually or with minimal automation. Any controller design requires an ac-

curate model that describes the system’s behavior. For traditional model-based control, it 

determines the controller structure and allows for optimizing the control system’s perfor-

mance [2]. For model-free controllers, a precise model can be used to replace expensive 

physical experiments during the training phase of the control systems. Many studies have 

been conducted to reduce the infeasible requirement of large data availability for devel-

oping accurate learning models [3,4]. However, since model-free control methods such as 

Reinforcement Learning (RL) require a large number of “trial and error” episodes or in-

teractions within an environment Figure 1, utilizing simulators is a cost-effective and 

time-efficient strategy for achieving results [5–7]. Once the algorithm has been sufficiently 

trained offline through interaction with a simulated environment, offline learning would 

stop, and the trained algorithm would be deployed on the target hardware, similar to a 

control law. At this stage, the need for continued training on target hardware is highly 

dependent on the accuracy of the simulator during the offline training. 
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Figure 1. The general reinforcement learning framework. 

Moreover, a precise model is also necessary for simulating the developed control 

technique to ensure the stability and robustness of the proposed technique prior to its 

implementation in the real world. In this paper we present a refined 2D model for the 

heating phase of thermoforming processes that, for the first time, takes into account the 

geometry of the physical heating elements employed, and we will show that this can re-

markably reduce modelling errors. Thermoforming is the process of heating and deform-

ing a thermoplastic sheet into the desired shape [8,9]. The typical sequence of this process 

as described by Leite et al. [10] is presented in Figure 2. Typically, radiant heaters are 

positioned on one or both sides of the plastic sheet. The length of the heating cycle re-

quired to adequately soften the sheet depends on the physical, chemical, and mechanical 

properties of the polymer, its thickness, and its color. 

 

Figure 2. Schematic of basic vacuum thermoforming. (a) Heating; (b) sealing or pre-stretch; (c) form-

ing and cooling [4]. 

Thickness non-uniformity and webs are common types of defects that can occur dur-

ing the thermoforming process [10]. Traditionally, the thermoforming industry has relied 

on operators manually adjusting heating elements to minimize defects. Clearly, feedback 

control schemes could improve this approach, but they require an accurate and computa-

tionally efficient process model. Obtaining and creating an optimal temperature profile 

on the sheet for a particular mold in order to prevent defects in the final product is a cru-

cial aspect of the thermoforming process. Thermoplastic sheet deformation models during 

the thermoforming process can be used in an optimization algorithm to achieve this opti-

mal temperature profile. In these models, the temperature profile on the sheet impacts the 

physical and thermomechanical properties in different zones, resulting in different sheet 

thicknesses as a final product. Hosseini et al. [11] created a model that describes how a 

pre-stretched sheet deforms during any stage of the vacuum thermoforming process. Ad-

ditionally, they developed a method based on the wall-thickness distribution criterion for 

predicting and improving the quality of the finished products. Wang et al. [12] presented 

a simulation method for multilayer thermoplastic deformation during thermoforming. 

Semi-discrete shell elements were used to model each prepreg layer. Xiong et al. [13] stud-

ied the consolidation behavior of thermoplastic composite prepregs during the ther-

moforming process based on a generalized Maxwell approach. Wang et al. [14] presented 

a fully coupled thermomechanical computational model based on the hot optimal trans-

portation mesh-free method for resin-based friction composites. Wanger et al. [15] devel-

oped a model for thermoforming that includes, approximatively, the effects of the flow 
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field within the pressure box on the plastic sheet that is deforming. Bean et al. [16] devel-

oped a tool that employs the local fiber alignment and thickness predictions from the 

forming simulation to generate a more precise structural model. It is anticipated that this 

will provide a more accurate prediction of the final part’s performance than a structural 

model that utilizes initial ply thicknesses and fiber orientations. Consequently, the utility 

of a forming simulation is increased. 

The present paper focuses on the heating phase of the thermoforming process to de-

velop a 2D model of heat transfer between the thermoplastic sheet, heating elements, and 

environment. To this end, a 2D finite differential analysis is combined with an energy 

balance method in order to model the heating process during the thermoforming of thin 

thermoplastic [17–20]  sheets. This process is most often modelled using 1D, 2D, and 3D 

finite element methods [21], 1D and 2D finite difference methods [22], and 3D control-

volume methods [23]. Duarte and Covas [24,25] investigated the inverse heating problem 

for thermoforming machines that use thin sheet materials. They created a model based on 

an analytical view factor to determine the optimal heating element temperatures that 

would result in a uniform sheet surface temperature. Monteix et al. [26] developed a 

method for determining radiant heat transfer within a plastic sheet using a control-vol-

ume method. They considered the specific heater geometry, taking into account a view 

factor computation. They assumed a constant filament temperature and a uniform source 

temperature to calculate the amount of incident radiation reaching each element of the 

sheet with the contour integration method. In a simulation, larger finite-element models 

of the thermoforming process are applied to predetermine the ideal operating parameters 

for exact sheet thickness distribution during thermoforming. Yousefi et al. [27] improved 

FEM modelling of the reheat phase in thermoforming by treating parameter uncertainty. 

They performed a series of experiments to identify the key parameters through sensitivity 

analysis. Gauthier et al. [28] proposed a number of enhancements to the heating phase of 

a thermoforming machine by taking into account the heat transmission coefficient over 

the plastic surface. He evaluated the portion of heat energy that is transmitted through 

the plastic sheet layer and the portion that is absorbed by the same plastic sheet using the 

Beer-Lambert Law. Chy et al. [29] improved Gauthier‘s model by means of a more accu-

rate evaluation of input parameters for convection heat transfer, investigation of other 

heating sources, and the development of a model for the air temperature inside the oven. 

Erchiqui (in [30]) considered a specific 3D volumetric enthalpy-based finite element 

method. They also used a technique based on the method of contour proposed in [31] to 

calculate the view factor, which avoids the problem of singularity while reducing the 

number of numerical arithmetic operations. These mathematical relationships of the view 

factor treat the heating element as a flat surface with a constant temperature [32], while in 

reality, the heater’s output radiation pattern is quite different. Jhonny et al. [33] examined 

a digital twin model of an automatic tape-laying (ATL) machine. The model considers the 

heat source, the composite material, the compaction roll, and the environment as an en-

closure in order to examine the temperature distribution along the material under differ-

ent process conditions. 

To model the actual radiation pattern of heating elements on the sheet, the precise 

3D geometry of the heating elements must be implemented. Due to the enormous compu-

tational effort required by these 3D models, it is impractical to employ them in data-driven 

control strategies such as reinforcement learning, which requires a large number of “trial 

and error” episodes or interactions with the model to train the algorithm. In this study, a 

2D model of the heating phase of the thermoforming process is developed. Importing the 

actual radiation pattern of the heaters obtained through the experiment suggested in this 

study into the 2D model of heating phase significantly improves the model’s accuracy 

while reducing computation time significantly compared to 3D models. These two fea-

tures of the developed 2D model opens the door to efficient training of data-driven control 

strategies in thermoforming applications. In addition, determining the exact absorptivity 
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of the sheet as a result of the suggested experiment is an essential aspect of this study. 

These are the primary distinctions between the presented model and earlier works. 

The remaining sections of this paper are organized as follows: the theory and gov-

erning equations of the designed 2D model are defined in Section 2. In Section 3, the la-

boratory-scale heating system that is used to collect data for calibrating the model and 

improving its accuracy is described. In Section 4, the results from the designed model and 

the laboratory-scale heating system are compared to validate the designed model’s accu-

racy. 

2. Modeling 

In this section, a model of the heating system with 15 heating elements above a ther-

moplastic sheet is formulated using a finite difference analysis and an energy balance 

method. In this model, radiation heat transfer from heating coils to the thermoplastic sheet 

and from the thermoplastic sheet to the environment, conduction heat transfer inside the 

thermoplastic sheet, and convection heat transfer between the thermoplastic sheet and the 

ambient are considered, as shown in Figure 3a. 

 
 

(a) (b) 

Figure 3. (a) Heat transfer between thermoplastic sheet, radiant heaters, and ambient; (b) elements 

for model. 

Figure 3b depicts a visual representation of the thermoplastic sheet’s elements. Since 

thin sheets are being investigated in this study and the thickness of the sheet is very small 

in comparison to its length and width, just one layer of elements is considered through 

the thickness of the sheet. For heat transfer between elements via conduction, each ele-

ment’s four faces (±x, ±y) are considered. According to Figure 3a, the radiation heat trans-

fer from the heating coils to the sheet occurs through the top face (−z), and every exposed 

face of the element on the sheet undergoes heat transfer via convection. Equation (1) rep-

resents the general heat conduction expression for transient conditions with two-dimen-

sional effects, constant properties, and internal heat generation [34]. 

𝜕2𝑇

𝜕𝑥2
+
𝜕2𝑇

𝜕𝑦2
+
𝑞̇

k
=
1

α

𝜕𝑇

𝜕𝑡
 (1) 

In this equation, α =
k

ρcp
 is the thermal diffusivity of the material, k is the material’s 

conductivity [
W

m.K
], ρ is the material’s density [

kg

m3], cp is the material’s specific heat ca-

pacity, [
J

kg.K
], and 𝑞̇ is the rate at which energy is generated per unit volume of the me-

dium [
W

m3]. The central-difference form of 
𝜕2𝑇

𝜕𝑥2
 and 

𝜕2𝑇

𝜕𝑦2
 according to Equation (2) can be 

used to obtain the finite-difference form of Equation (1). 

𝜕2𝑇

𝜕𝑥2
|
𝑚,𝑛

=
𝑇𝑚+1,𝑛 + 𝑇𝑚−1,𝑛 − 2𝑇𝑚,𝑛

(∆𝑥)2
,
𝜕2𝑇

𝜕𝑦2
|
𝑚,𝑛

=
𝑇𝑚,𝑛+1 + 𝑇𝑚,𝑛−1 − 2𝑇𝑚,𝑛

(∆𝑦)2
 (2) 
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According to Equation (3), we consider the difference between the heat flow received 

by radiation from heating elements and the heat flow rejected by convection and radiation 

to the ambient to determine the generated energy per unit volume of the medium for each 

element. 

𝑞̇ = 𝑞̇conv + 𝑞̇rad (3) 

For surfaces of an element in direct contact with air, convection heat transfer occurs. 

This is most prevalent on the ±z faces of the thermoplastic sheet. Equation (4) represents 

the rate of heat transfer by convection per unit volume of the medium from the element 

(𝑚, 𝑛). 

𝑞̇conv|𝑚,𝑛 =
(ℎt + ℎb)

𝑑
(𝑇ambient − 𝑇𝑚,𝑛) (4) 

where ℎt and ℎb are the top and bottom face convective heat transfer coefficient [
W

m2.K
], 

𝑑 is the thickness of the sheet [m], 𝑇𝑚,𝑛 is the temperature of the element (𝑚, 𝑛) of sheet 

[K], and 𝑇ambient is the temperature of the ambient [K]. The heat transfer coefficient for 

free convection between a cold surrounding and a horizontal hot-plate is different in top 

and bottom faces. This coefficient depends on the plate surface’s temperature and varies 

according to Figure 4. 

 

Figure 4. Heat transfer coefficient for free convection between the cold surrounding and hot plate 

[35]. 

Since the radiation heaters are located above the sheet, according to Figure 3, the 

input energy to the elements will enter from face −z through radiation. Moreover, ther-

moplastic sheets can lose heat to the environment through radiation from both ±z faces. 

The net rate of radiant heat transfer from heaters to element (𝑚, 𝑛) on the plastic sheet 

per unit volume of the medium is expressed in Equation (5) [36,37]. 

𝑞̇rad|𝑚,𝑛 =
𝐴h𝜀eσ

∆𝑥∆𝑦𝑑
[∑𝐹ℎ→𝑚,𝑛(𝜃ℎ

4 − 𝑇𝑚,𝑛
4 )

𝐻

ℎ=1

 ] (5) 

where 𝐴h is the surface area of emitter [m2], 𝜀e is the effective emissivity of the sheet-

heater, σ is the Stefan-Boltzmann constant, 5.67 × 10−8 [
W

m2K4
], 𝐹ℎ→𝑚,𝑛 is the view factor 

between the ℎ𝑡ℎ heater and the element (𝑚, 𝑛) on the sheet, 𝜃ℎ is the absolute tempera-

ture of the ℎ𝑡ℎemitter [K], 𝑇𝑚,𝑛 is the absolute temperature of the element (𝑚, 𝑛) on the 

sheet, [K], and 𝐻  is the total number of heaters. If all of radiation leaving one plane 

reaches the other, the effective emissivity of the sheet-heater system is defined in Equation 

(6) where 𝜀h and 𝜀s are the emissivities for the heater and sheet, respectively [34]. 
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𝜀e = [
1

𝜀h
+
1

𝜀s
− 1]

−1

 (6) 

The relationship between the energy received by the second surface and the energy 

emitted by the first surface is known as the view factor. Mathematical equations for view 

factors are available for the relative positions of the surfaces [31,38]. The analytical view 

factor for two parallel, unequal, and non-coaxial rectangle plates is shown in Figure 5 and 

is given by Equation (7) [32]. In this equation, (𝑥1, 𝑦1), (𝑥1, 𝑦2), (𝑥2, 𝑦1), and (𝑥2, 𝑦2) rep-

resent the coordinates of the vertices of plane 𝐴1  and (𝜉1, 𝜂1), (𝜉1, 𝜂2), (𝜉2, 𝜂1),  and 
(𝜉2, 𝜂2) represent the coordinates of the vertices of plane 𝐴2. These two planes are spaced 

apart by 𝑑. 

 

Figure 5. Plate arrangements (parallel plates) [32]. 

𝐹1→2 =
1

(𝑥2 − 𝑥1)(𝑦2 − 𝑦1)
∑∑∑∑(−1)(𝑖+𝑗+𝑘+𝑙)

2

𝑖=1

𝐺(𝑥𝑖 , 𝑦𝑗 , 𝜂𝑘 , 𝜉𝑙)

2

𝑗=1

2

𝑘=1

2

𝑙=1

 (7) 

Here, 𝐺(𝑥𝑖 , 𝑦𝑗 , 𝜂𝑘, 𝜉𝑙) can be derived from the Equation (8). 

With the element’s heat flow in all directions, it is possible to calculate the net heat 

flow, which is equivalent to the change in the element’s internal energy [18]. We discretize 

in time using the integer 𝑝 as 𝑡 = 𝑝∆𝑡. Hence, the time derivative is in terms of the dif-

ference in temperatures at new time (𝑝 + 1) and previous time (𝑝), separated by the time 

interval ∆𝑡 according to Equation (9). 

𝜕𝑇

𝜕𝑡
|
𝑚,𝑛

=
𝑇𝑚,𝑛
𝑝+1

− 𝑇𝑚,𝑛
𝑝

∆𝑡
 (9) 

By substituting Equation (9) in Equation (1), new nodal temperatures at new time 

step (𝑝 + 1) can be obtained through Equation (10). 

𝐺(𝑥𝑖 , 𝑦𝑗 , 𝜂𝑘, 𝜉𝑙) =
1

2𝜋
{(𝑦𝑗 − 𝜂𝑘)√(𝑥𝑖 − 𝜉𝑙)

2 + 𝑑2 tan−1 (
𝑦𝑗 − 𝜂𝑘

√(𝑥𝑖 − 𝜉𝑙)
2 + 𝑑2

)}  

+
1

2𝜋

{
 

 

(𝑥𝑖 − 𝜉𝑙)√(𝑦𝑗 − 𝜂𝑘)
2
+ 𝑑2 tan−1

(

 
𝑥𝑖 − 𝜉𝑙

√(𝑦𝑗 − 𝜂𝑘)
2
+ 𝑑2)

 

}
 

 

−
𝑑2

4𝜋
ln {(𝑥𝑖 − 𝜉𝑙)

2 + (𝑦𝑗 − 𝜂𝑘)
2
+ 𝑑2} 

(8) 
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Equations are explicit since the unknown nodal temperatures at time (𝑝 + 1) are de-

termined with known temperatures at time (𝑝) in each time step. The initial condition at 

𝑡 = 0 when 𝑝 = 0 for temperature of each node on thermoplastic sheet is equal to ambi-

ent temperature 𝑇(𝑥, 𝑦, 0) = 𝑇ambient. Moreover, since the thermoplastic is being kept in-

side a clamp frame and the thermal conductivity of thermoplastic is very low, the temper-

ature of all elements around the sheet in touch with the clamp were considered constant 

and the boundary condition is 
𝜕𝑇(0,𝑦,𝑡)

𝜕𝑡
=

𝜕𝑇(l,𝑦,𝑡)

𝜕𝑡
=

𝜕𝑇(𝑥,0,𝑡)

𝜕𝑡
=

𝜕𝑇(𝑥,w,𝑡)

𝜕𝑡
= 0 where l and w 

are the length and width of the sheet, respectively. 

3. Laboratory-Scale Setup 

A laboratory-scale thermoforming setup is constructed to collect calibration data and 

validate the developed model. The heat bank consists of fifteen trough ceramic heating 

elements of 500 W and is located on the sheet’s top surface in five rows and three columns 

according to Figure 6. To measure the sheet’s surface temperature distribution, an infrared 

(IR) camera is installed underneath the sheet Figure 6a. 

 
 

(a) (b) 

Figure 6. (a) Laboratory-scale heating system setup; (b) number of heating elements. 

The clamp frame’s distance from the heat bank is movable. Each heating element’s 

electrical power consumption ranges from 0 to 500 W, and depending on the heater’s elec-

trical power consumption, its surface temperature can reach a saturated temperature level 

from ambient temperature to 803 K. The thermoplastic sheet is placed on the mold for 

vacuum processing once the desired temperature profile is created on the sheet. The 

clamp frame is 500 mm by 320 mm in size, and thermoplastic sheets of the same size can 

be placed inside of it. To prevent wasted radiation from behind and to concentrate radia-

tion on the sheet, the heating elements are fitted with reflectors. Figure 6a depicts the main 

axis of the sheet as well as the number and location of the heating elements. To model the 

heating element’s dynamics, we must examine the surface temperature variation of the 

heaters for different power consumptions. In addition, the actual radiation pattern of the 

ceramic heater needs to be determined. The experimental view factor matrix is then incor-

porated into the radiation heat transfer equation to improve the accuracy of the model. 

𝑇𝑚,𝑛
𝑝+1

= 𝑇𝑚,𝑛
𝑝
+ α. ∆𝑡 (

𝑇𝑚+1,𝑛
𝑝

+ 𝑇𝑚−1,𝑛
𝑝

− 2𝑇𝑚,𝑛
𝑝

(∆𝑥)2
+
𝑇𝑚,𝑛+1
𝑝

+ 𝑇𝑚,𝑛−1
𝑝

− 2𝑇𝑚,𝑛
𝑝

(∆𝑦)2

+
1

k
(
(ℎt

𝑝
+ ℎb

𝑝
)

𝑑
(𝑇ambient − 𝑇𝑚,𝑛

𝑝
) +

Ahεeσ

∆𝑥∆𝑦𝑑
[∑𝐹ℎ→𝑚,𝑛( (𝜃ℎ

𝑝
)4 − (𝑇𝑚,𝑛

𝑝
)4)

𝐻

ℎ=1

 ])) 

(10) 
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3.1. Heating Element’s Surface Temperature Variation Modelling 

Obtaining a precise model of the surface temperature variation of heating elements 

in relation to the input electrical power is an essential component of our thermal model. 

The surface temperature variation of the heating element is measured over time using an 

infrared (IR) camera at different power consumption levels. The heating and cooling rates 

of the heater are highly dependent on the ambient temperature and heat transfer via con-

vection. The following test is conducted at a 21-degrees Celsius ambient temperature in a 

laboratory setting with minimal air flow. Figure 7a shows the variation in surface temper-

ature of the trough ceramic heating element (500 W) with nine different power levels over 

time. Each curve displays the characteristics of a first-order transfer function according to 

Equation (11). Any first-order system can be described completely using two parameters: 

the steady-state gain K, and the time constant 𝜏. 

𝜃(𝑠)

𝑢(𝑠)
=

𝐾

𝜏𝑠 + 1
 (11) 

However, the steady-state gain K and time constant 𝜏 for our heating elements de-

pend on the input power. To represent the variation in K and 𝜏 with respect to the duty 

cycle, the best-fit second-order polynomial function was used. The first order model’s out-

put and the actual surface temperature variation of the trough ceramic heating element 

are compared in Figure 7b. The relative average error for the first order heater model is 

approximately 4%, according to its definition in Equation (12) where N is the number of 

samples along a curve. It should be noted that even though the model was developed for 

the heating process, it also performs well for the cooling process. 

    
(a) (b) 

Figure 7. (a) Actual heater surface temperature variation over time for different power levels; (b) 

comparison the simulated and actual surface temperatures variation over time in different power 

consumption. 

𝑒̅r = [
1

𝑁
∑(

|𝜃actual − 𝜃model|

𝜃actual
)
𝑖

𝑁

𝑖=1

] × 100 (12) 

3.2. Experiment to Determine Heating Element’s Radiation Pattern 

The 2D models of the heating phase in the thermoforming process that have been 

developed using analytical equations for the view factor assume that the heating element 

is a flat, temperature-maintaining plate. However, in practice, the radiation pattern varies 

significantly based on the geometry of the heating element. Given the trough ceramic 

heating coil that has been used in the laboratory-scale setup, an experiment is conducted 

to determine the exact view factor matrix between the trough ceramic heating coil and the 

sheet elements. The saturated surface temperature for a trough ceramic heating element 
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at its maximum electrical power level of 500 W is 803 K. Figure 8 depicts the resulting 

temperature distribution variation on a thermoplastic sheet located at a distance of 15 cm 

from heater number 8 (in Figure 6b) over a 60 s interval. 

  

(a) (b) 

  

(c) (d) 

Figure 8. Laboratory-scale setup: temperature distribution on the sheet using a trough ceramic 

heater with 500 W maximum power consumption at (a) t = 15 s; (b) t = 30 s; (c) t = 45 s; (d) t = 60 s. 

Considering the small distance between the sheet and heating element, furthermore, 

because of the use of reflectors behind each heater, we assume that all the radiation from 

the heating coil that is located in the center of the thermoplastic sheet (Heater number 8 

in Figure 6b) strikes the surface of the sheet. Some thermoplastics, such as polycarbonate 

and acrylic, are highly transparent, while PVC and ABS are opaque. Since an opaque 

acrylic thermoplastic sheet loaded with a specific amount of pigment is used in our exper-

iment (Figure 6a), all infrared emissions are considered either reflected (𝜌r), or absorbed 

(𝛼a) by the thermoplastic sheet (Figure 9). There is a straightforward relationship between 

these two variables according to equation 13 that totals 1 or 100 percent. For a black sur-

face, which absorbs all incoming radiation and emits the maximum possible, 𝛼a = 1 and 

𝜌r = 0 [36]. 

𝜌r + 𝛼a = 1 (13) 

 

Figure 9. Reflected and absorbed radiation on opaque surface. 

Taking into account the thermoplastic’s low thermal conductivity and the low ther-

mal loss through convection when the sheet’s temperature is low, by ignoring the conduc-

tion and convection parts in Equation (10) and using only one heater in the center of the 

sheet (heater number 8 in in Figure 6b) the product of the view factor between the ele-

ments of the sheet and the heater and the absorptivity of the sheet can be calculated at the 

initial heating time using Equation (14). The emissivity for the ceramic heater (𝜀h) in the 

setup is 0.92 [39]. 
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αa𝐹ℎ→𝑚,𝑛 =
k∆𝑥∆𝑦𝑑

α𝐴h𝜀e𝜎( (𝜃ℎ
𝑝
)4 − (𝑇𝑚,𝑛

𝑝
)4)

× (
𝑇𝑚,𝑛
𝑝+1

− 𝑇𝑚,𝑛
𝑝

∆𝑡
) (14) 

Figure 10 shows the extracted experimental 𝛼a × 𝐹ℎ−𝑚,𝑛 for each element of the sheet 

using Equation (14) and the thermal and physical properties of thermoplastic shown in 

Table 1. As can be seen, the elements located under the heater receive a larger portion of 

the emitted energy by heater. 

  

(a) (b) 

Figure 10. Extracted experimental αa × 𝐹ℎ→𝑚,𝑛 for each element of the sheet (a) surface graph; (b) 

numerical values of αa × 𝐹ℎ→𝑚,𝑛 in contour graph. 

Table 1. Thermal and physical properties for thermoplastic sheet. 

Direction Symbol Value Unit 

Thermal Conductivity K 0.18 (W/m. K) 

Specific Heat cp 1465 (J/kg K) 

Density Ρ 1380 (kg/m3) 

Emissivity εs 0.95 - 

Considering the summation of view factors rule and the superposition rule, if the 

sheet is divided into 𝑀 ×𝑁 equal elements, the view factor from the heater to the sheet 

is equal to sum of all view factors from the heater to the elements of the sheet. We assumed 

that all radiation of the heating coil strikes the surface of the sheet.  Hence, according to 

Equation (15) the summation of view factors from the heater to the elements of the sheet 

is equal to 1. 

𝐹heater→sheet = ∑∑𝐹heater→𝑚,𝑛

𝑁

𝑛=1

𝑀

𝑚=1

= 1 (15) 

The total αa × 𝐹ℎ→𝑚,𝑛 of all elements in Figure 10 is 0.55. If the absorptivity is as-

sumed the same in all elements on the sheet. According to Equations (15) and (16), the 

total product of view factor between the elements of the sheet and the heater and absorp-

tivity of the sheet will equal to αa, indicating that approximately 45 percent of the emitted 

energy is reflected by the thermoplastic sheet due to the white and smooth surface of it. 

∑∑αa𝐹heater→𝑚,𝑛

𝑁

𝑛=1

𝑀

𝑚=1

= αa ∑∑𝐹heater→𝑚,𝑛

𝑁

𝑛=1

𝑀

𝑚=1

= αa (16) 
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4. Model Verification and Results 

A laboratory-scale setup is used to validate the designed heating phase model. A test 

scenario with the initial condition specified in Table 2 ran for two minutes. As can be seen 

in Figure 11, only heating elements 4 and 8 received 200 W and 500 W of electrical power, 

respectively. 

Table 2. Initial condition of heating elements for test. 

#Heater Power Consumption (W) Heaters’ Surface Temperature (𝐊) 

4 200 603 

8 500 803 

 

Figure 11. Heating elements number 4 and 8 with surface temperature of 603 K and 803 K, respec-

tively. 

Figure 12 compares the actual and predicted temperature distribution on the ther-

moplastic sheet after 120 s. Clearly, the model based on measured view factors (Figure 

12b) provides a better temperature distribution than the traditional analytical model 

based on flat plates (Figure 12c). Three cut-lines are applied in the x and y directions of 

the sheet as shown in Figures 13a and 14a to better compare the temperature variation 

between the actual heated sheet and the model’s output. Figures 13b–d and 14b–d com-

pare the variation in actual and simulated temperatures on the sheet along these cut-lines. 

   

(a) (b) (c) 

Figure 12. Temperature distribution on the sheet (a) laboratory-scale setup; (b) designed model 

based on experimental radiation pattern; (c) designed model based on analytical view factors. 
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(a) (b) 

  

(c) (d) 

Figure 13. Actual and simulated temperature variations along three cut-line in the y direction of the 

thermoplastic sheet, (a) cut-line locations; (b) cut-line 1 temperatures; (c) cut-line 2 temperatures; 

(d) cut-line 3 temperatures. 

 

 
(a) (b) 

  
(c) (d) 

Figure 14. Actual and simulated temperature variations along three cut-line in the x direction of the 

thermoplastic sheet, (a) cut-line locations; (b) cut-line 1 temperatures; (c) cut-line 2 temperatures; 

(d) cut-line 3 temperatures. 
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To assess the accuracy of the designed model along these cut-lines, the Mean Squares 

Error (MSE) and Root Mean Squares Error (RMSE) were calculated using Equations (17) 

and 18. Table 3 lists the MSE and RMSE along six cut-lines in model using two different 

methods. Comparing the proposed method’s performance to that of the same model when 

utilizing the analytical method [32] to calculate the view factors demonstrates that the 

proposed method performs significantly better. 

MSE =
1

𝑁
∑(𝑇actual − 𝑇model)

2
𝑖

𝑁

𝑖=1

 (17) 

RMSE = √MSE = √
1

𝑁
∑(𝑇actual − 𝑇model)

2
𝑖

𝑁

𝑖=1

 (18) 

Table 3. Comparison of mean square errors along six cut-line in two methods. 

 Vertical Cut-Lines Horizontal Cut-Lines 

 
Experimental Radiation 

Pattern 
Analytical View Factors 

Experimental Radiation 

Pattern 

Analytical View Fac-

tors 

 MSE RMSE MSE RMSE MSE RMSE MSE RMSE 

Cut-line 1 4.3 2.07 22.2 4.71 5.5 2.34 16.2 4.02 

Cut-line 2 10.4 3.22 23.7 4.86 3.8 1.94 40.5 6.36 

Cut-line 3 2.4 1.54 5.7 2.38 3.4 1.84 16.8 4.09 

Figure 15 depicts the implementation of the same scenario in the COMSOL software 

[40] to compare the speed of the designed model. Given the configuration of computation 

hardware, it was impractical to implement the actual geometry of heating elements. As a 

result, a flat plate model of heaters equivalent to the analytical view factors was imple-

mented. Despite the implementation of a simple model of heating elements, the scenario 

required 480 s to be computed by the COMSOL software. Comparing the 45 s computation 

time of the designed model for this scenario with the same configuration of computation 

hardware reveals that the designed model is nearly ten times faster. 

 

Figure 15. Temperature distribution on the sheet after 120 s (COMSOL Multiphysics V 5.6 software). 

5. Discussion and Conclusions 

In order to study the temperature distribution on the thermoplastic sheet, a 2D model 

of the heating phase of the thermoforming process is developed in this paper. In 3D mod-

els, it is possible to implement the precise geometry of the heating elements and, as a re-

sult, account for the actual radiation pattern of the heaters on the sheet. Due to the enor-

mous computational effort required by these models, it is impractical to use them in 

model-free control strategies such as reinforcement learning, which requires a large 
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number of “trial and error” episodes or interactions with the model to train the algorithm. 

Although 2D models of the heating phase of the thermoforming process are computation-

ally efficient, they assume the heating element is a flat plate and employ analytical view 

factor relations. This assumption creates a discrepancy between the model and the actual 

output radiation pattern of the heater. The method proposed in this paper for developing 

a 2D model of the thermoforming heating phase demonstrates that the designed model 

reduces the MSE and RMSE by four and two times, respectively, compared to conven-

tional 2D models based on the analytical view factor. Moreover, despite the implementa-

tion of a simple heating element model in the COMSOL software, a comparison of the 

computation times of the designed model and the COMSOL software for this scenario 

with the same configuration of computation hardware reveals that the designed model is 

almost ten times faster. As potential next steps, the presented heat transfer model can be 

integrated to larger process modeling and optimization platforms, e.g. to migrate 

(thermo)forming induced wrinkles [41]. Non-local modeling [42] of the forming sheet may 

also be worthwhile to account for different material scales within the composite structure. 
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