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Abstract: This article elucidates the characteristics of machining forces (an important phenomenon
by which machining is studied) using three sets of bimetallic specimens made of aluminum–titanium,
aluminum–cast iron, and stainless steel–mild steel. The cutting, feed, and thrust forces were recorded
for different cutting conditions (i.e., different cutting speeds, feeds, and cutting directions). Possibility
distributions were used to quantify the uncertainty associated with machining forces, which were
helpful in identifying the optimal machining direction. In synopsis, it was found that while machining
the steel-based bimetallic specimens, keeping a low feed and high cutting speed is the better option,
and the machining operation can be performed in both the hard-to-soft and soft-to-hard material
directions, but machining in the soft-to-hard material direction is the better option. On the other hand,
very soft materials should not be used in fabricating a bimetallic part because it creates machining
problems. Cutting power was estimated using the cutting and feed force signals. Manufacturers
who support sustainable product development (including design, manufacturing, and assembly)
can benefit from the outcomes of this study because parts/products made of dissimilar materials
(or multi-material objects) are better than their mono-material counterparts in terms of sustainability
(cost, weight, and CO2 footprint).
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1. Introduction

The research on machining is mostly concerned with the machining of objects made of mono-material
and special alloys. On the other hand, research on the machining of objects made of multiple materials
cannot be ignored, mainly because of the rising concerns for sustainability. The explanation is
given below.

In general, sustainability means fulfilling the present generation’s needs without compromising
the ability to fulfill the future generations’ needs [1]. In more specific terms, sustainability means
ensuring material efficiency, energy efficiency, and component efficiency, preferably simultaneously,
for all products that inhabit the artificial world [2]. Here, material efficiency is with respect to the
usages of materials and takes into account the issues regarding energy consumption and resource
depletion while producing the primary materials; it also considers issues like the cost and weight
reduction of a product [2–5]. Energy efficiency takes into account the energy consumption during the
manufacturing activities (e.g., machining and assembly) of a product [2,5]. Component efficiency takes
into account the degree of fulfillment of the intended functionality, quality, and reliability requirements
of the components used in a product [2]. The interplay of these efficiencies is presented in detail
in [2], where it is concluded that material efficiency is more effective than the other two efficiencies
in enhancing the sustainability of a product. For example, a multi-material object is better than its
monometallic counterpart (e.g., an object made of aluminum–titanium is better than its monometallic
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counterpart made of Titanium only, in terms of cost, weight, and CO2 footprint) [2]. Increasing
the material efficiency might affect the energy and component efficiencies, which is not desirable.
Therefore, optimization is needed to obtain the best that a multi-material object can offer.

Nevertheless, the usages of multi-material products are expected to increase in the years to come
due to the fact mentioned above (i.e., enhancing the sustainability of a product from the viewpoint
of material efficiency). Nowadays, both physical joining processes (e.g., friction welding) [6–9] and
additive manufacturing processes (e.g., selective laser sintering) [10–13] are used to manufacture
objects made of dissimilar metals. The advent of such manufacturing processes will also accelerate
the usages of multi-material products since these processes help manufacture different parts made
of different types of dissimilar metals. It is worth mentioning that additive manufacturing processes
that add materials layer by layer based on the solid model of an object have been found suitable
for manufacturing very complex and highly customized objects using multiple materials [10–13].
As such, additive manufacturing processes (selective laser sintering) can easily fabricate an object
made of multiple materials, which is often difficult to achieve by conventional manufacturing processes
(e.g., machining, casting, forming, and welding).

The above explanation refers to the fact that more and more objects made of multiple materials
will inhabit our surroundings in the years to come. However, a multi-material object manufactured
either by additive manufacturing or by other manufacturing processes (e.g., friction welding) must be
machined so that it achieves the required dimensional accuracy and surface finish. This necessitates
machining knowledge regarding multi-material objects. In the literature, a relatively limited number
of studies are found regarding the machining of objects made of dissimilar materials. In particular, the
studies reported in [14–21] are noted. These studies show that the machining of a multi-material object
entails some unique properties. For example, a monometallic workpiece can be machined from any
sides, whereas while machining a workpiece made of two different materials, the machining direction
must be optimized (e.g., machining from the softer material side to the harder material side or vice
versa) [20]. The surface roughness quantification process of an object made of two different metals
needs some unconventional parameters (e.g., entropy, possibility distribution, and the like) [19,21].
The main issue of such uniqueness is the existence of the joint area or heat-affected zone, where
the material compositions and properties (particularly hardness) exhibit a great deal of variability
compared to the constituent materials. The authors in [6–9,22] have described this issue elaborately.
Depending on whether a cutting tool passes the joint area from the softer material side to the harder
material side, or vice versa, the machining characteristics might differ. As a result, the machining
forces (cutting force, feed force, and so on) might exhibit a different kind of character when the
cutting tool passes the joint area either from the softer material side to the harder material side or vice
versa. Since machining forces provide valuable insights into machining phenomena [23], it is worth
investigating the nature of the machining forces that arise when a cutting tool passes the joint area from
both sides of a bimetallic specimen. From this contemplation, this article reports the characteristics
of machining forces that occur when turning three sets of dissimilar metallic specimens made of
aluminum–titanium, aluminum–cast iron, and stainless steel–mild steel. Accordingly, the remainder
of this article is organized as follows. Section 2 describes the bimetallic specimens, experimental
setup, and data acquisition technique. Section 3 presents the characteristics of the machining forces
underlying the stainless steel–mild steel in terms of time series data and uncertainty. Section 4 presents
the characteristics of the machining forces underlying the aluminum–titanium in terms of time series
data and uncertainty. Section 5 presents the characteristics of the machining forces underlying the
aluminum–cast iron in terms of time series data and uncertainty. Section 6 discusses the implication of
the results. Section 7 provides the concluding remarks of this study.

2. Machining Experiments and Data Acquisition

This section describes the bimetallic specimens, experimental setup, and data acquisition technique
used while turning the bimetallic specimens.
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Three different sets of bimetallic specimens were fabricated using friction welding [6,7].
The description of the welding conditions can be found in [2]. Table 1 lists the materials used to
prepare the specimens. The tensile strength, percent elongation, and hardness of each material are also
listed in Table 1.

Table 1. Materials used for fabricating the dissimilar metallic specimens.

Bimetallic
Specimens Materials

Tensile Strength Elongation Hardness

(MPa) (%) (Scale)

SU–SC

Stainless Steel
663 55

182
(JIS: SUS304) (HV)

Mild Steel
439 38

132
(JIS: S15CK) (HV)

Al–Ti

Aluminum
120 27

41
(JIS: A1070) (HV)

Commercial Pure
(CP) Titanium 401 35

146
(HV)

Al–CI

Aluminum
265 17.4

86
(JIS: A5052) (HV)

Ductile Cast Iron 442 18.6
79.2

(HRB)

The first set of specimens, defined as SU–SC, was prepared by joining two different materials,
namely, stainless steel (JIS: SUS304) and mild steel (JIS: S15CK). The chemical composition (wt%) of
the stainless steel was as follows: 0.052 C, 0.416 Si, 1.529 Mn, 0.0319 P, 0.0186 S, 8.057 Ni, 18.293 Cr,
0.185 Mo, 0.483 Cu, and 70.9345 Fe. The chemical composition (wt%) of the mild steel was as follows:
0.15 C, 0.20 Si, 0.40 Mn, 0.19 P, 0.022 S, 0.03 Ni, 0.14 Cr, 0.02 Cu, and 98.848 Fe. The tensile strength
(i.e., ultimate strength), elongation, and hardness of the stainless steel were 663 MPa, 55%, and 182 HV,
respectively. The tensile strength (i.e., ultimate strength), elongation, and hardness of the Mild Steel
were 439 MPa, 38%, and 132 HV, respectively. The second set of specimens, defined as Al–Ti, was
prepared by joining two different materials, namely, aluminum (JIS: A1070) and commercial pure
(CP) titanium. The chemical composition (wt%) of the aluminum (JIS: A1070) were as follows: 0.03 Si,
0.10 Fe, 0.01 Cu, 0.02 Mg, 0.01 V, 0.01 Ti, others ≤ 0.03 others, and 99.82 Al. The chemical composition
(wt%) of the CP titanium was as follows: 0.0011 H, 0.089 O, 0.006 N, 0.038 Fe, 0.005 C, and 99.8609 Ti.
The tensile strength (i.e., ultimate strength), elongation, and hardness of the aluminum (JIS: A1070)
were 120 MPa, 27%, and 41 HV, respectively. The tensile strength (i.e., ultimate strength), elongation,
and hardness of the CP titanium were 401 MPa, 35%, and 146 HV, respectively. The other set of
specimens, defined as Al–CI, was prepared by joining two different materials, namely, aluminum
(JIS: A5052) and ductile cast iron. The chemical composition (wt%) of the aluminum (JIS: A5052) was
as follows: 0.09 Si, 0.16 Fe, 0.02 Cu, 0.03 Mn, 2.6 Mg, 0.25 Cr, 0.01 Zn, ≤0.15 others, and 96.69 Al.
The chemical composition (wt%) of the ductile cast iron was as follows: 3.76 C, 2.91 Si, 0.49 P, 0.011 S,
0.029 Mg, and 92.8 Fe. The tensile strength (i.e., ultimate strength), elongation, and hardness of the
aluminum (JIS: A5052) were 265 MPa, 17.4%, and 86 HV, respectively. The tensile strength (i.e., ultimate
strength), elongation, and hardness of the ductile cast iron were 442 MPa, 18.7%, 79.2 HRB, respectively.

Note that the tensile strength, percent elongation, and hardness of one of the constituent materials
are greater than those of the other for each set of specimens. This ensures machining of soft-to-hard
material or vice versa at the joint area. Figure 1 shows the pictures of the specimens, one from
each set of specimens. The flash generated in the joint area (see Figure 1) was removed by using a
turning operation before conducting the machining experiments for obtaining the machining force
data. The friction welding conditions used to prepare the bimetallic specimens (Figure 2) are listed in
Table 2. As seen in Table 2, for the specimens called SU-SC, the rotating material was S15CK (i.e., mild
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steel). For the specimens called Al-Ti, the rotating material was A1070 (i.e., aluminum). For the other
specimens, the rotating material was A5052 (aluminum). The diameters of rotating material (while
performing friction welding) for all specimens were 12 mm. The friction speed, friction pressure,
and upset time were 27.5 s−1 (1650 rpm), 30 MPa, and 6 s, respectively, for all specimens. Whereas,
the friction times for the specimens namely SU-SC, Al-Ti, and Al-CI were 2 s, 1 s, and 3 s, respectively.
The upset pressures for the specimens, namely SU-SC, Al-Ti, and Al-CI were 270 MPa, 90 MPa, and
200 MPa, respectively.
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Figure 1. The pictures of the bimetallic specimens.
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Figure 2. Experimental setup.

On the other hand, the cutting conditions for the machining experiments are summarized in
Table 3. Carbide inserts (TNMG160404-MF) supplied by SandvikTM were used as cutting tools for the
machining experiments. Two cutting speeds (vc), 25 m/min and 50 m/min, were used here. The reason
for using such cutting velocities is that most job-shop type workshops, where machining is carried
out in real-life settings, are often forced to use very low cutting velocities due to resource constraints:
see [24] for a detailed description on the choice of cutting speed based on real-life constraints. However,
the rotational speed of the chuck was adjusted in every machining run, ensuring the above cutting
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velocities. The cutting speeds also ensure no or less tool wear during each machining run. Similar to
cutting speed, two values of feed (f ), 0.1 mm/rev and 0.2 mm/rev, were used, whereas the depth of
cut (ap) was kept constant (1 mm) for all machining runs. The machining experiments were conducted
at three different zones of each specimen: the zones of the constituent materials and the joint area.
In Figure 2, one of the constituent materials is denoted as Material A and the other is denoted as
Material B. According to Table 1, Material A means stainless steel (JIS: SUS304), aluminum (JIS: A1070),
or aluminum (JIS: A5052), for the specimen SU–SC, Al–Ti, or Al–CI, respectively. Similarly, Material B
means mild steel (JIS: S15CK), commercial pure (CP) titanium, or ductile cast iron, for the specimen
SU–SC, Al–Ti, or Al–CI, respectively.

Table 2. Friction welding conditions for fabricating the dissimilar metallic specimens.

Friction Welding Conditions
Specimens

SU-SC Al-Ti Al-CI

Rotating material S15CK A1070 A5052
Diameter of the rotating material (mm) 12

Friction speed (s−1) 27.5 (1650 rpm)
Friction pressure (MPa) 30

Friction time (s) 2 1 3
Upset pressure (MPa) 270 90 200

Upset time (s) 6

Table 3. Cutting conditions for machining experiments.

Items Descriptions

Machine Tool
Lathe Machine
Make: WASHINO
Model: LEO-80A

Cutting Tool
Carbide CVD Coated Insert
Make: Sandvik™
Code: TNMG160404-MF

Cutting Speed (vc) (m/min) 25, 50

Rotational Speeds of the Chuck (rpm) 1377

Feed (f ) (mm/rev) 0.1, 0.2

Depth of Cut (ap) (mm) 1

Cutting Direction A to B, B to A (for the joint area)

The joint area was machined from both directions—the hard-to-soft material direction and vice
versa (i.e., from the Material A to Material B directions, and vice versa)—for each specimen. To do
this, the machining force signals for a machining length of about 4 mm were recorded using a strain
gage-based data acquisition system, as schematically illustrated in Figure 2. As seen in Figure 2,
the system outputs the machining forces from three different channels. One of the channels records
the forces in the direction of the cutting speed. The force signals recorded from this channel are called
cutting force signals. Another channel records the forces in the direction of the feed. The force signals
recorded from this channel are called feed force signals. The other channel records the forces in the
direction of the tool post. The force signals recorded from this channel are called thrust force signals.
The signals were recorded after every 0.2 ms for the three channels. It is worth mentioning that the
cutting and feed force signals were used to calculate the cutting power and thereby to determine
the specific cutting energy/pressure. The thrust force signals were not used in the calculations but
recorded for the sake of having a complete picture of the machining phenomena.

However, for the sake of analysis, the raw signals require sampling. Figure 3 schematically
illustrates the sampling technique. The description is as follows. The time series of the force signals
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consists of the signals produced when the cutting tool approaches the cutting zone, when the cutting
tool is removing materials, and when the cutting tool moves away from the cutting zone. Therefore,
the raw signals, as shown in Figure 3a, require sampling. To do the sampling, a sampling span,
i.e., a time interval, was chosen in such a way that the signals in the sampling span consist of
cutting/feed/thrust force signals only when the cutting tool removes the materials either in the
constituent material zone (i.e., in the zone of Material A and Material B) or in the joint area (i.e., the
segment where Material A and B are physically connected). The case shown in Figure 3 corresponds to
the sampling of the machining force signals in the joint area. The force signals after sampling were reset
to a time equal to zero. Thus, the following relationships hold between the raw and sampled signals.
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Let FRX(t), t = 0, ∆, . . . , T1, T1 + ∆, . . . , T2, . . . be the raw signals of X, ∀X ∈ {C, F, T}. Here,
C, F, and T mean cutting, feed, and thrust force signals, respectively. The interval [T1, T2] is the
sampling span. The symbol ∆ is the sampling interval of the raw signals FRX(t). As mentioned before,
here ∆ = 0.2 ms. The segment of signals FRX(t = T1), . . . , FRX(t = T2) is used to get the sampled
signals. However, the time interval in the sampled signal can be increased for the sake of analysis.
Let FSX(τ) be the sampled signals. Thus, FSX(τ = 0) = FRX(t = T1), FSX(τ = λ∆) = FRX(t = T1 + λ∆),
. . . , FSX(τ = nλ∆) = FRX(t = T2). This means that the sampled signal consists of n + 1 data points, and
the data points are collected using a time interval λ∆. If λ = 5, and ∆ = 0.2 ms, then λ∆ = 1 ms, i.e.,
the time interval of the sampled signal is 1 ms. Therefore, FSX(τ) means cutting, feed, or thrust force
signals at a time interval of 1 ms where X = C, F, or T, respectively. This convention is used throughout
this article. The pictures of the specimens taken after machining are shown in Appendix A.

3. Analyzing Machining Forces Underlying SU–SC

This section describes the machining forces underlying the bimetallic specimens denoted as SU–SC.
Figure 4 shows the machining forces (thrust, feed, and cutting forces) in the time domain. The plots

in Figure 4a,d,g,j show the expected machining forces of the constituent materials (S15CK + SUS304),
neglecting the joint area. The plots in Figure 4b,e,h,k show the machining forces manifested in the joint
area while machining from the S15CK direction to the SUS304 direction. The plots in Figure 4c,f,i,l
show the machining forces manifested in the joint area while machining from the SUS304 direction to
the S15CK direction. As seen in Figure 4, if a low feed (0.1 mm/rev) and low cutting speed (25 m/min)
are used and machining is done from the hard material (SUS304) direction to the soft material (S15CK)
direction, then the machining forces can be reduced. When a high feed is preferred, then the choice is
to machine from the opposite direction—from the soft material (S15CK) direction to the hard material
(SUS304) direction. For a high cutting speed (50 m/min), this argument is still valid for both low and
high feeds, but a low feed is perhaps a better option.
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To be more specific, the uncertainty in the cutting forces was studied by constructing the possibility
distributions [25,26] (probability-distribution-neutral representation of uncertainty) for the cutting
forces, as shown in Figure 4. Appendix B shows the mathematical settings for inducing a possibility
distribution from a set of numerical data. The results are shown in Figure 5. In the plots in Figure 5,
the phrase “DoB” means the degree of belief (or membership value, see Appendix B), which is a
value in the interval [0, 1]. The possibility distributions also support the abovementioned conclusions
regarding the relationships between cutting conditions and cutting forces. In particular, the possibility
distributions show that the use of a low feed and low cutting speed and the cutting direction
hard-to-soft is a better option for reducing the cutting force and its uncertainty.
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4. Analyzing Machining Forces Underlying Al–Ti

This section describes the machining forces underlying the bimetallic specimens denoted as Al–Ti.
It is worth mentioning that this is a uniform combination similar to SU–SC because the tensile strength,
hardness, and percent elongation of CP titanium are greater than those of aluminum (A1070), as listed
in Table 1. As such, it will help validate the conclusion made in the previous section.

Figure 6 shows the machining forces (thrust, feed, and cutting forces) in the time domain for the
dissimilar metallic specimens denoted as Al–Ti for the cutting conditions listed in Table 1. The plots in
Figure 6a,d,g,j show the expected machining forces of the constituent materials (Al + Ti), neglecting
the joint area. The plots in Figure 6b,e,h,k show the machining forces manifested in the joint area while
machining from the Al direction to the Ti direction. The plots in Figure 6c,f,i,l show the machining
forces manifested in the joint area while machining from the Ti direction to the Al direction. As seen in
Figure 6, if a low feed (0.1 mm/rev) and low cutting speed (25 m/min) are used and the machining
is done from the soft material (Al) direction to the hard material (Ti) direction, then the machining
forces can be reduced. The same conclusion regarding the feed is valid for a high cutting speed. This is
somewhat an opposing conclusion compared to that of the previous case. The reason for this somewhat
dissimilar result is perhaps the hardness of the materials. Here, Al is too soft compared to the other
material. This means that when a very soft metal is used in a dissimilar metallic object, it is better to
start the machining operation from the soft material side using a low feed and low cutting speed.
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To be more specific, the uncertainty in the cutting forces shown in Figure 6 was further studied by
constructing possibility distributions similar to the previous case. The results are shown in Figure 7.
The possibility distributions also support the abovementioned conclusions regarding the relationships
between cutting conditions and cutting forces. In particular, the possibility distribution shows that the
use of a low feed and low cutting speed and employing the cutting direction soft-to-hard is the right
approach for reducing the cutting force and its uncertainty.
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5. Analyzing Machining Forces Underlying Al–CI

This section describes the machining forces underlying the bimetallic specimens denoted as Al–CI.
It is worth mentioning that this is a uniform combination similar to the previous two cases, because
the tensile strength, hardness, and percent elongation of cast iron are greater than those of aluminum
(A5052), as listed in Table 1 (note that the hardness equal to 79.2 HRB is about 142 HV.) Compared to
the previous case, the Al alloy used here is much harder. As such, it will help validate the conclusions
made in the previous two sections.

Figure 8 shows the machining forces (thrust, feed, and cutting forces) in the time domain
for the dissimilar metallic specimens denoted as Al–CI for the cutting conditions listed in Table 1.
The plots in Figure 8a,d,g,j show the expected machining forces of the constituent materials (Al + CI),
neglecting the joint area. The plots in Figure 8b,e,h,k show the machining forces manifested in the
joint area while machining from the Al direction to the CI direction. The plots in Figure 8c,f,i,l show
the machining forces manifested in the joint area while machining from the CI direction to the Al
direction. As seen in Figure 8, if a low feed (0.1 mm/rev) and low cutting speed (25 m/min) are used,
both machining directions provide similar cutting forces. For the high cutting speed, the machining
direction soft-to-hard provides a better result only for the low feed. To be more specific, the uncertainty
in the cutting forces shown in Figure 8 was further studied by constructing the possibility distributions
similar to the previous two cases. The results are shown in Figure 9. The possibility distributions
also support the abovementioned conclusions regarding the relationships between cutting conditions
and cutting forces. In particular, the possibility distributions show that the use of a low feed and low
cutting speed and using the cutting direction soft-to-hard is the best procedure for reducing the cutting
force and its uncertainty.
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6. Discussions

Manufacturers who support sustainable product development (including design, manufacturing,
and assembly) can benefit from the outcomes of this study because parts/products made of dissimilar
materials (or multi-material objects) are better than their mono-material counterparts in terms of
sustainability (cost, weight, and CO2 footprint). Particularly, this kind of study will help them by
supplying the knowledge of material wastages and energy conceptions during the manufacturing
processes. Regarding the material wastage calculation, the methodology described in [2] can be used.
As far as the energy consumption is concerned, the machining force signals shown in Figures 4–9
can be used. For example, the machining power (PM) (kW) can be estimated using the cutting and
feed force signals, which is a useful piece of information for determining the energy efficiency of
a manufacturing process [2]. The machining power, denoted as PM, has two components, namely,
Cutting power (Pc) and Feed power (Pf) components. As such, the following formulation holds:

PM(i) = Pc(i) + Pf (i) =
1

60× 103

[
FSC(i)vc +

FSF(i) f N
103

]
(1)

Figure 10 shows, for example, the PM of the bimetallic specimen called SU–SC for the cutting conditions
vc = 25 m/min and f = 0.2 mm/rev. As seen in Figure 10, PM varies in the range of [0.2, 0.45] kW. The
variability in the cutting power for the four possibilities are illustrated in Figure 10a–d that correspond
to the segments S15CK, SUS304, S15CK to SUS304, and SUS304 to S15CK, respectively. When the
cutting tool passes the joint area, a gradual decrease/increase in the cutting power is observed, which
is similar to that of the machining forces. This means that when the force sensors are not available, a
power measurement instrument can be used to monitor the machining behavior of a bimetallic object.
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7. Concluding Remarks

This study reports the cutting/feed/thrust forces exhibited by three sets of bimetallic specimens.
It was found that an entirely different machining force behavior arises due to the presence of
two different materials, as well as the joint area.

The results shown in Figures 4–9 lead to the following conclusions:
Referring to the results in Figures 4 and 5, while machining steel-based bimetallic objects, keeping

a low feed and high cutting speed is the better option, and the machining operation can be performed
in both hard-to-soft and soft-to-hard material directions, but machining in the soft-to-hard material
direction is the better option.

It is not recommended to create a bimetallic object using very soft material. Otherwise, it creates a
machining problem (e.g., the case shown in Figures 6 and 7).

If an aluminum-based bimetallic part is preferred, then it is better to use a relatively harder alloy
(e.g., compare the results shown in Figures 6 and 7 with those of shown in Figures 8 and 9). For the
aluminum-based bimetallic objects, it is better to machine at a low cutting speed and low feed when
the hard-to-soft material direction is needed.

Nevertheless, the research on machining is mostly concerned with the machining of objects made
of mono-material and special alloys, whereas the research on machining objects made of multiple
materials is in its infancy. The outcomes of this study can be used as a reference while enriching the
machining technology of multi-material parts.
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Acknowledgments: The author gratefully acknowledges two of his former graduate students, Shin Matsui and
Dongyuan Wu, and Masaaki Kimura at the University of Hyogo for their valuable inputs during the course of
this study.

Conflicts of Interest: The author declares no conflict of interest.

Appendix A Pictures of the Bimetallic Specimens Taken after Machining

This Appendix shows the pictures of the three types of specimens after conducting the turning
experiments. The respective cutting conditions and directions are shown.
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Figure A4. A given set of numerical data.

Let (x(t), x(t + 1)), t = 0, . . . , n − 1 be a point-cloud in the universe of discourse X = [xmin, xmax]
so that xmin < min(x(t)| ∀t ∈ {0, . . . , n}) and xmax > max(x(t)| ∀t ∈ {0, . . . , n}). Let A and B two
square boundaries so that the vectors of the vertices of A and B (in the anti-clockwise direction) are
((xmin, xmin), (x, xmin), (x, x), (xmin, x)) and ((xmax, xmax), (x, xmax), (x, x), (xmax, x)), respectively, ∀x ∈
X. As such, (x, x) is the common vertex of A and B. For example, consider the arbitrary point-cloud
shown in Figure A5. According to Figure A5, the universe of discourse is as follows, X = [20, 80].
Notice the relative positions of the boxes denoted as A and B in Figure A5. The boxes are connected at
their common vertices.
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Figure A5. Relative position of A and B in the point-cloud (x(t), x(t + 1)).

Let PrA(x) and PrB(x) be two subjective probabilities, wherein PrA(x) and PrB(x) represent the
degrees of chance that the points in the point-cloud are in A and B, respectively. As such, these functions
are defined by the following mappings:

X → [0, 1]

x 7→ PrA(x) =

n−1
∑

i=0
Θ(t)

n−1

Θ(t) =

{
1 ((x(t) ≤ x) ∧ (x(t + 1) ≤ x))
0 otherwise

(A1)
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X → [0, 1]

x 7→ PrB(x) =

n−1
∑

i=0
Ω(t)

n−1

Ω(t) =

{
1 ((x(t) ≥ x) ∧ (x(t + 1) ≥ x))
0 otherwise

(A2)

The typical natures of the functions defined in Equations (A1) and (A2) are illustrated in Figure A6,
using the information of the point-cloud shown in Figure A5. Note that PrA(x) increases with
the increase in x, and the opposite is true for PrB(x). It is worth mentioning that PrA(x) + PrB(x)
≤ 1 for the point-cloud, though for some cases, PrA(x) + PrB(x) = 1 (see Figure A7). This means
that the expression PrA(x) + PrB(x) does not serve the role of “cumulative probability distribution”.
A cumulative probability distribution can, however, be formulated by using the information of PrA(x)
and PrB(x), as shown in Figure A7.
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Consider a mapping that maps x into the minimum of PrA(x) and PrB(x), as follows:

X → [0, a]
x 7→ g(x) = min(PrA(x), PrB(x))

(A3)
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In Equation (A3), a = 1 if the point-cloud is a point; otherwise, a < 1. Figure A7 shows the nature
of g(x) with respect to PrA(x) + PrB(x). The area under g(x) is given by:

Q =
∫
X

g(x)dx (A4)

There is no guarantee that Q = 1. Otherwise, g(x) could have been considered a probability
distribution of the underlying point-cloud. However, a function F(x) can be defined as follows:

[0, a]→ [0, 1]

x 7→ F(x) =

x∫
xmin

g(x)dx

Q

(A5)

F(x) can be considered a cumulative probability distribution because max(F(x)) = 1, F(x) ≥ F(z) for
x ≥ z, F(x) ∈ [0, 1], ∀x, z ∈ X. Figure A8 shows the nature of F(x) derived from g(x) shown in Figure A7.
The cumulative probability distribution defined in Equation (A5) produces a probability distribution
Pr(x). Thus, the following formulation holds:

Pr(x) =
dF(x)

dx
(A6)

Figure A9 shows the probability distribution Pr(x) that corresponds to F(x) as shown in Figure A8.
The area under the probability distribution Pr(x) is unit and Pr(x) remains in the bound of [0, 1].

From the induced probability distribution Pr(x), a possibility distribution given by the membership
function µI(x)) can be defined based on the heuristic rule of probability-possibility transformation—the
degree of possibility is greater than or equal to the degree of probability. The easiest formulation is to
normalize Pr(x) by its maximum value, max(Pr(x) | ∀x ∈ X), yielding the following formulation:

[0, 1]→ [0, 1]
Pr(x) 7→ µI(x) = Pr(x)

max(Pr(x)|∀x∈X)

(A7)

Figure A10 shows the possibility distribution µI(x) derived from the probability distribution Pr(x)
shown in Figure A9. The shape of the induced probability and possibility distributions are identical,
as evident from Figures A9 and A10, respectively. Other formulations can be used instead of the
formulation (A7), if needed.
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Figure A9. The nature of the probability distribution of a unimodal point-cloud.
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Figure A10. The nature of the possibility distribution of a unimodal point-cloud.

However, it is observed that when the point-cloud resembles the point-cloud of a bimodal quantity,
the induced possibility distribution resembles a trapezoidal fuzzy number. In addition, when the
point-cloud is a point, the induced possibility distribution becomes a fuzzy singleton. Moreover,
when the point-cloud resembles the point-cloud of unimodal data, the induced probability/possibility
distribution resembles a triangular fuzzy number. To define the membership function of an induced
fuzzy number in the form of a triangular fuzzy number, the following formulation can be used.

Let u, v, and w be three points in ascending order in the universe of discourse X, u≤ v≤w∈X. Let the
interval [u, w] be the support of a triangular fuzzy number and the point v be the core. The following
procedure can be used to determine the values of u, v, and w from the induced fuzzy number µI(x)
(Equation (A7)):

u ≤ v ≤ w ∈ X
u = x (µI(x) = 0∧ µI(x + dx) > 0)
v = x (µI(x− dx) < 1∧ µI(x) = 1)
w = x (µI(x− dx) > 0∧ µI(x) = 0)

(A8)

As defined in (A8), u is the point after which the membership value µI(x) is greater than zero,
v is the point corresponding to the maximum membership value max(µI(x)), and w is the point
from/beyond which the membership value µI(x) again becomes/remains zero. Thus, the membership
function of the induced triangular fuzzy number denoted as µT(x) is as follows:

X → [0, 1]
x 7→ µT(x) = max

(
0, min

( x−u
v−u , w−x

w−v
)) (A9)
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In this article, the formulations up to (A7) were used, i.e., the regular fuzzy number was not
constructed. The triangular fuzzy numbers are particularly important when the optimization of
cutting conditions is carried out using the experimental data obtained by using a statistical procedure
(e.g., design of experiment), as shown in [26].
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