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Abstract: The purpose of this paper is to develop a theoretical derivation on aligning discontinuous
carbon fiber with an applied electric field, and prove the theory with experiment. A principle
with regard to the occurrence of carbon fiber alignment is presented after an introduction of the
electromechanical quantities of dielectrics. Based on this principle, an estimation of the polarizability
tensor is employed to calculate the required electric field to achieve fiber alignment in liquid solution
(e.g., water, resin, etc.). Individual carbon fiber is modeled as a polarizable dielectric cylinder in liquid
resin and its motion under direct current (DC) electrical field is decomposed into a polarization effect
and rotation effect. A value of 20.12 V/mm is required to align short carbon fibers (0.15 mm)
long in liquid resin and is experimentally validated. Finally, an expression to include weight
percentage as a means of controlling pearl-chain formation is derived to change the composite’s
electrical conductivity.
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1. Introduction

Carbon fibers (CF) possess excellent material properties such as high stiffness, high tensile strength,
and low thermal expansion, and they have been used extensively in various applications, especially
as reinforcement to form composites [1-5]. Continuous carbon fiber has the ability to stop crack
formations at fiber/matrix interfaces [6]. In this paper, we demonstrate that discontinuous carbon fiber
can be aligned under a direct current (DC) electrical field in a liquid solution (e.g., water, resin, etc.).
By adjusting electrical intensity, fiber geometry, and fabrication temperature, it is practical to use
a small electrical intensity to align discontinuous carbon fibers. When the carbon fiber strands are
connected through a pearl-chain formation, it allows current to flow through and thus, increases the
overall electrical conductivity of the resulting composite (when making polymer or ceramic composites
via resin solidification or pyrolysis step).

It has been shown that the mechanical strength and electrical properties of carbon fibers are
superior along the axial direction than normal to it [7]. Thus, alignment of short carbon fiber is
of great importance, e.g., carbon nanotubes (CNTs) have the same anisotropic properties and have
been widely investigated in composite study [8,9]. There have been different processes documented
in literature in order to align short fibers (or CNTs), e.g., magnetic field [10-13], gas flow [14,15],
shear flow [2,16-18], mechanical shear press [2,19,20], mechanical stretch [21], and electrical field
[22-28]. While mechanical methods of alignment allow production of large size samples, it is still
costly and has specific requirements for sample preparation [22]. Magnetic alignment has been used to
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align short carbon fibers, however, due to the low magnetic sustainability of short carbon fiber, high
intensity fields are required, which consume too much energy and increases the processing cost [13].

Electrical field alignment is presented in this paper given its low experimental setup requirement,
duration to align, and it is environmentally friendly. Such methods are suitable for various types
of dielectric fibers, e.g., carbon fiber, carbon nanotube, SiO; fiber, SiC fiber, Al,Oj3 fiber, etc. In this
papet, carbon fiber is a typical anisotropic dielectric material and is used as an example for theoretical
derivation and experimental validation.

The main contribution of this paper is the theoretical derivation of a minimum electrical field
intensity required to align short carbon fiber in a liquid precursor and is experimentally validated.
Pearl-chain formation is derived based on the weight ratio of carbon fiber to liquid resin. Under an
electrical field, discontinuous carbon fiber undergoes both rotational and translational motions.
The minimum weight fraction of short carbon fibers is calculated, which acts as the threshold value to
form pearl-chain phenomenon in a liquid precursor.

Table 1 contains the nomenclature for the parameter names and symbols used throughout
the paper.

Table 1. Nomenclature for Variables.

Parameter Symbol Parameter Symbol
Dipole Moment ) Exterior Electric Field Eoxt
Polarizability o Electric Field Amplitude A
Electrical Field E Final Work W
Radius of sphere a Boltzmann’s Constant Kp
Vacuum Permittivity € Absolute Temperature T
Dielectric Constant(Resin) k1 Dielectrophoretic Force Fpep
Dielectric Constant(fiber) ko Conductivity of Carbon Fiber 1o
Polarization Forces Fi Conductivity of liquid Resin o)
Charge of Carbon Fiber q Local Electric Field Ejoc
Torque T Total Dipole Po
Electric Potential u(e) Distance between Carbon Fibers d
Electric Potential(initial state) u(o) Potential of Carbon Fiber Pairs U
Dipole Work Wi Work to bring Carbon Fibers together WpEp
Aligning Dipole Work Wa Density Ratio v
Radius of Fiber R Density of Carbon Fiber 01
Length [ Density of Liquid Resin 02
Inner Electrical Field E;m Number of Fibers n

Radius of Spacing between Carbon Fiber Pairs Tavg

2. Theoretical Derivation for Calculating Required Minimum Electrical Field for Discontinuous
Carbon Fiber Alignment

This section describes the theoretical derivation for finding the required electrical field intensities
to align discontinuous carbon fiber in a liquid precursor matrix. To calculate the minimum required
electrical field, the energy required in the alignment process is broken into two parts: (1) producing the
dipole along the carbon fiber and (2) aligning the carbon fiber along the direction of the electrical field.

2.1. Producing Dipole along the Carbon Fiber

A neutral particle will have symmetric arrangements of electrons in their electron clouds that may
be distorted when influenced by an electrical field. The polarization responds to the field as an instant
torque on the positive and negative charges of its atom. The distribution of electrons are moved by an
external field. The ease of distortion/motion is defined as the polarizability and is a three dimensional
tensor. Polarizability is given by [29]:

p=ak, M
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where the dipole moment 7 is a function of the materials polarizability « and the given electrical field
E. Intuitively, a larger electrical field produces a greater dipole along the surface of the carbon fiber.
For a dielectric sphere in a given electrical field , the dipole produced can be expressed as [29]

ko —k1 | =

p= 47m380k1(k2 T2k )E, )

where a is the radius of the sphere, gy is the dielectric constant of vacuum and is equal to
8.85 x 10712 F/m, k; is the dielectric constant of liquid resin, and k; is the dielectric constant of
the dielectric sphere.

When a discontinuous carbon fiber is submerged into an electrical field, the carbon fiber will
be polarized. This polarization results from a pair of forces F., acting on the opposite ends of fiber,
as shown in Figure 1. This creates the dipole along the fiber length direction. If the carbon fiber is
assigned a charge of 2q and the length of the carbon fiber is 24, the norm of the force pair exerted at a
distance of s from the center can be represented by

S
Fi = SqE, ©)

where E is the provided electrical field intensity.

Figure 1. Carbon fiber positioning in an electrical field, where F. is the pair of forces generated, g is
the charge, and s is the instantaneous distance from the center of the fiber.

Integrating the force along the axial direction pulls out the electrical charges to the tip of the fiber,
the total work required to create a dipole can be calculated as

d d
qE/ !
Wl—/o Fids = T s sds = qud— 2pE, (4)

where Wj is the total work required to produce a dipole along the length of an individual carbon fiber,
and therefore the charges +4 and —q are pulled to the tip of the fiber on each end.

2.2. Aligning the Fiber along the Direction of the Electrical Field

In order to align a fiber along the direction of the electrical field, the torque required to rotate
the carbon fiber and the angle of rotation must be calculated. is a pair of forces f at a distance of 2d
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will cause the carbon fiber to rotate and then align to the electrical field direction (as the dashed line
position shown in Figure 1, which is parallel to the direction of external electrical field Ey). In a
three-dimensional space, the norm of the torque equals the cross-product of the dipole moment y and
the electrical field E , which can be calculated as

|| = |P x E| = pEsin@. (5)

If an arbitrary angle 6 is introduced as a starting angle for the carbon fiber, then integrating the
torque with respect to the angle results in the work required to align the carbon fiber as

Wy = /90 T(0)df = —pE + pEcos = U(0) — U(H), ©)

where U(0) is the electrical potential of the field exerted on the carbon fiber at the starting angle of 6,
and U(0) is the initial state. When setting U(0) to zero, the work required to align the fiber can be
simplified as:

U(f) = —pEcosb . 7)

The value when 6 = 7 is exactly the maximum torque required to align the carbon fiber when the
initial direction of the carbon fiber is perpendicular to the applied electrical field.

2.3. Total Work Required for Discontinuous Carbon Fiber Alignment

Now that the work required for producing a dipole and aligning the fiber have been calculated,
the total work required for alignment can be found by adding W; and W5. The total work for alignment
can be calculated by

T 1 1
W:W1+W2:—pE—i—pEcos(E)—i-ipE:—EpE. (8)
After substituting the dipole moment p into the total work, the amount of total work required can
be represented by
ky —ky
ky + 2kq

where a is the radius of a spherical particle. For carbon fiber, a is replaced by the fiber’s radius of
gyration [6,30]:

W = —2madegk ( E)?, )

R2 121/2 12 ”
ﬂ—(7 o )N(ﬁ) , (10)

where [ is the length of the carbon fiber and R is the radius of the carbon fiber.

For a small sphere of an ideal dielectric entering a uniform field, an inner electric field is created
along the carbon fiber. If a fluid medium has a uniform electrical field and a neutral spherical particle
is submitted into this field, then the uniform field is distorted by the sphere to give rise to an internal
field interior to the spheres boundaries [29]. Since a discontinuous carbon fiber can be viewed as a tiny
capacitor, the local electric field generated internally should not be neglected. With the defined inner
electrical field Ej,, and exterior field E,y, the electrical fields can be calculated as [31]:

E = Eoxt — Einn, (11)
— 381 —

Einn = ————Eext, 12
mn 82 +2€1 ext ( )
— 82 — 81 —

E=———"E., 13
& +2£1 ext ( )

where €1 and ¢, are equal to gy x k1 and ¢ * ky, respectively. When a sinusoidal electrical field is
applied, the scalar value of the electric field can be calculated as
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i (Asin(wt))2dt A2
Jo dt 2

E? , (14)

where A is the amplitude of the sinusoidal electric field strength. Combining (9)—(11) and (14), the final
work for carbon fiber alignment can be found by
12

W= *zn(ﬁ)wzeokl(

ko —kp | A2
ky + 2kq )7 ‘ (15)

Thus the static mechanical analysis is complete and the amplitude, A, of the required external
electrical field can be obtained.

2.4. Summary on Minimum Required Electrical Field for Alignment

The required electrical field to align carbon fiber is dependent on temperature and can be
calculated by [32]
IW| > KT, (16)

where Kj is Boltzmann’s constant (1.38 x 10723 JK~!), and T is the absolute temperature (K) of
the environment.

3. Simulation Result on Required Minimum Electrical Field

From the above analysis, several factors can be adjusted in order to minimize the required
electrical field strength to align the carbon fiber. In summary there are five parameters that will affect
the minimum electrical field intensity.

(1) Length of the discontinuous fibers: the longer the fiber, the smaller the required electrical field
intensity (E).

(2) Diameter of the discontinuous fibers: this factor usually can be ignored with a large aspect-ratio
(>10). If it is considered, the smaller the diameter, the smaller the required E.

(3) Combined effect-dielectric constant of the discontinuous fibers (K,) and dielectric constant of the
liquid resin (Ky): the larger the K; (K — K1)?/(K; + 2K1)? value, the smaller the required E.

(4) Fabrication temperature: the lower the temperature, the smaller the required E.

(5)  Viscosity of the liquid resin: Viscosity value does not affect the required E. However, the smaller
the viscosity, the shorter time required to align the fiber. For a high viscous material, the time for
alignment will still be within minutes.

By changing these five parameters it is possible to tailor the environment to allow for a smaller
electrical field intensity to align the carbon fiber.

During simulation, as listed in Table 2, the length of carbon fiber [ is assumed to be 0.15 mm
(on average), and the radius of carbon fiber is 8 pm. The dielectric constant of carbon fiber is chosen as
ky = 2.85. The dielectric constant of liquid resin (the ceramic precursor in this research) is k; = 3.45.
The vacuum permittivity, € is taken as 8.85 x 107!2 F/m. The value of the required electric field to
align the discontinuous carbon fiber at room temperature is calculated to be 20.12 V/mm, which means
that to align carbon fiber in a 1 mm width reservoir, a 20.12 V supply is needed.

From the theoretical derivation in the previous section, it can be seen that the larger the aspect
ratio of carbon fiber, the smaller electrical field one needs to align the carbon fiber. Simulations were
ran in MATLAB and tabulated in Table 3, which shows the required electrical field intensities to align
carbon fiber in a mat-shaped sample (a standard 12 inch x 12 inch pre-preg sample size). It is noticed
that for standard fibers with 16 um diameter and 10 mm length in room temperature, only 11.26 V is
needed to align the short carbon fibers, which is quite feasible to achieve.
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Table 2. Input/Output for simulation.

Parameter Symbol Value Units
Length 1 0.15 mm
Radius of Fiber R 8 pm
Input Dielectric Constant(fiber) kq 2.85
Dielectric Constant(Resin) ko 3.45
Vacuum Permittivity €0 885x 10712  F/m
Output  Electric Field Amplitude A 20.12 V/mm

Table 3. Required electrical field for a mat-shaped sample (Simulation result).

Fiber Diameter = 16 um

Fabrication Temperature  Fabrication Temperature  Fabrication Temperature

Required Electrical Field (V) 25°C 75 °C 100 °C
16 um 16 um 16 pm
. 10 mm 11.26 11.71 11.91
Fiber Length 50 1m 1.01 1.05 1.07

4. Pearl-Chain Formation

This section details an addition to the previous model by including a weight percentage so that
pearl-chain formation (head-to-toe phenomena) can be controlled in order to change the composites
physical properties. While pearl-chain formation creates micro electrical networks within the dielectric
resin, weak points can be formed due to the formation of carbon fiber chains and affect the resultant
overall electrical resistivity.

In the previous model, the discontinuous carbon fibers were assumed to align in a uniform electric
field. It is known that when an electrical field is applied to a group of neutral particles, bunching
will occur [29]. This effect can be observed after alignment by the creation of chain-like structures
formed along the applied electrical field. These-chain like structures are referred to as pearl-chain
formation (head-to-toe phenomena) and can be explained by self-induced electric fields created by
each carbon fiber strand. When neutral particles have a higher polarizability than the surrounding
medium, they distort the field created in the medium. Each individual particle then experiences a
non-uniform electric field near each carbon fiber strand. This produces a dielectrophoretic force at
both sides of the carbon fiber which can be seen in Figure 2 and can be calculated by [33]

2 _
R 2GR (17)

Fpep =
01

where o and o, are the conductivity of carbon fiber and liquid resin respectively, and E is the magnitude
of the nonuniform electric field. It can be seen that the dielectrophoretic force is dependent on the
gradient of the nonuniform electric field. Since the carbon fiber strands are already polarized by the
external field, they are aligned in parallel to the electric field. Then, as the carbon fiber strands develop
a dielectrophoretic force, they begin to move towards a higher intensity electric field produced by each
individual fiber. These higher intensity fields cause the carbon fiber strands to move towards each
other, forming chain-like formations which can be seen in the experiment after alignment is completed.
This effect is referred to as mutual dielectrophoresis [29] and is illustrated in Figure 2.
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e et?

T ? To=T

Figure 2. Pearl-chain formation caused by self-induced field.

Pearl-chain formation creates micro electrical networks when the carbon fibers come in contact
through pearl-chain phenomena. Current flows through these carbon fiber networks after alignment.
If there are enough carbon fibers in the liquid resin then bunching will occur creating the electrical
networks inside the precursor.

In Figure 3a diagram of carbon fibers and their induced electrical fields can be seen, where the
carbon fiber pairs are subject to both the external uniform field as well as the local induced non-uniform
field created by the carbon fiber pairs at a distance d from each other.

Figure 3. Diagram of carbon fiber pairs with induced local electric field.

The dipole created by the external field has already been calculated in (2). The induced dipole
created by the local field can be calculated by making an assumption that the carbon fibers can be
modeled as large circular, polarizable particles. This assumption makes the analysis of the induced
dipole similar to the analysis of the dipole created by the external field. Based on the same process,
the induced dipole caused by the local field can be calculated by [34]

ko —ky | -

pi = dra’eoks () Eroc = #Eioc. (18)

where the magnitude of the local field Ej,. at a distance d and a dipole pg can be calculated by [34]

Po
Ejoe = —e. 19
loc 27‘[811138 19)

Here the induced dipole of moment p; is added to the previous dipole created by an external
field, resulting in the total dipole of each carbon fiber represented by

po=p+p1=p+aE,. (20)

If (19) and (20) are combined then the total dipole can be calculated by

pp=—"1 (21)

o 27T€]d3

In order to calculate the work that the nonuniform electric field does to bring two carbon fibers
together at a distance d, it is helpful to break the motion of the carbon fiber into four separate stages
represented by Figure 4:
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Figure 4. Stages of alignment for carbon fiber.

(1) The first stage of alignment is where the carbon fiber is randomly dispersed before the uniform
electric field is applied. (2) The second stage, referred to as rotation, is after the uniform electric field is
applied. The carbon fiber begins to rotate and align in parallel to the external electric field. (3) During
the third state, referred to as translation, induced dipoles occur on the carbon fiber due to the local
nonuniform electric field about the carbon fiber. This local electric field causes induced dipoles that lead
to dielectrophoretic motion. (4) Finally, during the fourth stage, referred to as approaching, the induced
dipoles cause the carbon fiber pairs to attract to each other, leading to pearl-chain formation. It is
assumed that the carbon fibers are spaced evenly and thus the spaces of each carbon fiber pairs are
equal. If the average distance between the carbon fiber pairs is d, then the electric potential can be
calculated by
P 1

2
2med3 1 — ) (22)

Uy = pOEloc =

27r81d3

If the force Fpgp causes a pair of carbon fiber pairs to contact head-to-toe with a distance between
the centers [, then the current potential of the carbon fiber pairs can be calculated by

T S 23)
' 2me I3 - 5ep ’

which is the potential of the carbon fiber after contacting. Therefore the work done by the
dielectrophoretic force Fpgp can be calculated by

Wpep = Uy — Uy
2 1 1 1 1
- [ - ()

27re1d3

(24)

An inequality can be formed between the work done to bring two carbon fiber pairs together and
the average translational force associated with the medium. This relation can be calculated by

KgT
WDEPS3 E-

(25)

Using this relation, another equality can be formed in order to calculate the least weight percentage
of carbon fiber to minimize pearl-chain formation. If the mass of the polymer precursor is defined as m,
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and the weight percentage of carbon fiber in the resin matrix is defined as w, then the density ratio of
carbon fiber and liquid resin can be calculated by

P1
v =", 26
02 ( )

Using (26), the number of fibers n inside the liquid resin can be found by combining (27) and (28).

mw
= 27
" p17TR?1 @7)
m 4
— piz — gnﬂrgvg (28)

Thus if each particle takes a space of a sphere with an average radius of r,,; and are ideally
dispersed in the solvent, then the r,,¢ can be calculated by [35]

3v
ravg = (1, R*D'°. (29)

An inequality can be formed using (25) and after making a substitution 2x7,,¢ = d, the following
inequality can be derived

2 1
— w4+ 6vRM= <
247e2oR2 w =
1 « (30)
+—
3KsT
P g

Equation (30) is a kjw + % < C inequality and provides an approximate evaluation that can
decide the least amount weight percentage of carbon fiber, w, to minimize pearl-chain formation.

5. Experimental Setup and Result

This section details the experimental setup for carbon fiber alignment and the specifications of
pearl-chain formation. This section also includes the experiment parameters used.

The experimental setup is shown in Figure 5, where the fibers and liquid solution (resin, water, etc.)
are mixed in a prescribed proportion. Voltage is applied on each side of the suspension through two
metal electrodes, until fibers are thoroughly aligned. Ultraviolet (UV) light or a heat source can be
applied to cure the precursor into solid state. In our experiment, the liquid resin is Kion® (Huntingdon
Valley, PA, USA) Ceraset polysilazane, which is a liquid thermosetting resin containing repeat units of
silicon and nitrogen atoms bonded in an alternating sequence. Polysilazane is versatile with a low
viscosity of 80 cps at room temperature [36]. The short carbon fibers are mixed into the liquid resin
and submitted to an electrical field. The electrical field is applied and held constant until the fibers are
thoroughly aligned.

Two parallel copper electrodes were used in this experiment in order to apply the electrical field.
In order to form the mixture tank, copper electrodes were attached to a glass substrate using glue
tape. Glue tape was used to envelope the parallel electrodes and prevent contact (and electro-chemical
reaction) between the liquid resin and the electrodes. The spacing between the electrodes is 2 mm.
The electrodes and glass substrate can be seen in Figure 6.

To create the electrical fields applied to the electrodes, one digital power supply (30 V) and a
high voltage amplifier (0-1000 V) were used. The amplifier has a proportional input-output and was
hooked up to the power supply.
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Copper wire
Connections

Container +

Electrodes

Power Source

Short Carbon Fibers

Liquid Resin

Figure 5. Experimental apparatus for discontinuous carbon fiber alignment.

Glass Substrate L

Copper Electrode

1§ gl

Glue tape

Figure 6. Mixture tank made up of copper electrodes, glass substrate, and glue tape. The power source
was connected to each electrode and a potential field was applied.

The short carbon fiber and polysilazane mixture contained 0.5 wt % short fiber. The carbon
fiber was initially randomly dispersed in the liquid resin through mechanical stirring and supersonic
vibrational homogenization. After dispersing the carbon fiber, the sample was placed under an optical
microscope to show the random dispersion of the short carbon fiber. The randomly dispersed carbon
fiber in the liquid resin can be seen in Figure 7.

A sample of the short carbon fiber and liquid resin was then placed along the 2 mm between
electrodes and placed under an optical microscope for real time observation. After the carbon fiber was
randomly dispersed inside of the liquid resin, an electrical field was applied to the electrodes. The fibers
began to rotate instantaneously as soon as the electrical field is applied. As expected, the individual
carbon fiber began to rotate and align parallel to the electrical field. The carbon fiber alignment was
captured in a timed sequence using an optical microscope at 5x magnification. The entire alignment
process occurred within 2 min. The alignment process was recorded in time sequence: 0's, 30 s,
60 s, 120 s, 180 s and 240 s, as shown in Figure 8. Within the first 30 s of experimentation it can be
seen that the electrical field exerts a force on the carbon fiber that causes the carbon fiber to begin
to rotate. After the carbon fibers aligned parallel to the electrical field, the carbon fibers began to
attract each other, causing a concatenation (pearl-chain) phenomenon. This effect can be seen after
60 s of experimentation, and continued until 120 s. After the carbon fiber formed enough networks,
current was able to pass between the electrodes and caused a voltage drop between the two electrodes.
This voltage drop shows the good electrical conductivity in the precursor with short carbon fibers after
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alignment. Thus, the experimental results agree with the simulated results for the required electric
field intensity to align short carbon fibers in a liquid resin.

Electrodes

Randomly
dispersed Carbon
Fiber (black lines)

Liguid Resin
(Grey)

Figure 7. Randomly dispersed Carbon Fiber.

0 sec 30 sec 60 sec

120 sec 180 sec 240 sec

Figure 8. Alignment process of Carbon fiber in Polymer Precursor.

The same experiment was conducted with weight percentages of 0.25%, 0.1%, and 0.05% of carbon
fiber (CF) solutions. The results can be seen below in Figure 9. As the weight percentage decreased, the
time span before the voltage drop was increased. This was due to less pearl-chain formations occurring
during alignment. The times when the voltage drop (for 0.5%, 0.1%, 0.25%) were 120 s (a), 180 s (b),
420 s (c), and the final sample (d) did not experience a voltage drop due to very few pearl-chain
formations occurring.
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0.5 wt. %

0.25 wt. °/n
50 50
240 ‘ 240 ‘
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(c) 0.1 wt. % CF (d) 0.05 wt. % CF

Figure 9. Various weight percentages: 0.5%, 0.1%, 0.25%, 0.05% of carbon fiber (CF) solutions were
submitted to an electrical field. (Voltage was recorded vs. time).

6. Conclusions

In this paper a theoretical derivation for the required electrical field intensity was derived and
proven through experimentation. The minimum electrical field was calculated to be 20.12 V/mm for
an average length of carbon fiber of 0.15 mm and an average radius of 8 pm. When the electrical field
was applied for a sample with a 2 mm width, alignment occurred within the first 15 s, lasting two
minutes before pearl-chain formation occurred. In the experiment, short carbon fiber was selected
as reinforcement in a liquid precursor. The experimental data justifies the proposed method to align
discontinuous fibers in an electric field efficiently. Another theoretical contribution of this paper
is the calculation for the concatenation of carbon fibers pearl-chain formation, as a function of the
weight percentage. If electrical properties are needed then micro electrical networks can be created by
aligning short carbon fibers and connecting the carbon fiber strands through pearl-chain formation.

These carbon fiber connections allow current to flow, increasing the overall electrical conductivity of
the resulting composite.

Author Contributions: J.D performed experiments, derived final derivation, and wrote paper; L.J performed
experiments; J.Y helped run preliminary experiment which demonstrates linear motion and rotation of carbon
fibers in liquid ceramic precursor; X.S derived and set up preliminary derivation and experiment; N.G helped
design experimental setup; A.S helps the theoretical calculation on the effect of liquid viscosity on the minimum
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