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Highlights

What are the main findings?

* A decoupled fault estimation observer is developed based on the derived observable
subsystem, capable of estimating actuator faults and the leader’s unknown input signal.

* An active fault-tolerant cooperative control method is proposed, ensuring consensus-
based formation stability for multi-QUAYV systems with relative output measurements.

What is the implication of the main finding?

* Actuator fault can be estimated using relative output measurements, which is a challenge
for multi-QUAVs due to the coupling of relative measurement information.

* The fault-tolerant method allows consensus-based formation control using only relative
outputs, eliminating leader dependency and the need for absolute measurements.

Abstract

This paper investigates actuator fault-tolerant cooperative control of multiple quadrotor
unmanned aerial vehicles (multi-QUAVs) under restricted communication conditions,
where only relative output measurements are available. By appropriately transforming
and scaling the control inputs and outputs of the multi-QUAVs, an observable subsystem
is constructed. A decoupled fault estimation observer is then designed for this subsystem
to estimate actuator faults and the leader’s input signal. Based on the fault estimation
information and relative measurement information among QUAVSs, a node-based active
fault-tolerant cooperative control law is developed. This approach enables multi-QUAVs to
achieve consensus-based formation solely relying on relative output information, even in
the presence of actuator faults. Finally, the effectiveness of the proposed active fault-tolerant
cooperative control method is verified by simulation.

Keywords: multi-QUAVs; actuator faults; relative output measurements; decoupled fault
estimation observer; active fault-tolerant cooperative control

1. Introduction

With benefits like improved reliability, cost efficiency, and adaptable configurations,
multiple quadrotor unmanned aerial vehicles (multi-QUAVs) have gained significant
interest from various scientific communities in recent decades and are widely employed
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in civilian projects and military operations [1-5]. Multi-QUAVs can be comprehended as
a series of interactive QUAVs in an interconnected network, collaboratively maintaining
a formation via common cooperative control laws [6-8]. Due to the strong nonlinearity and
underactuated characteristics of the quadrotor unmanned aerial vehicle (QUAV), it is a
great challenge to design a cooperative control scheme to accurately achieve the expected
formation shape for multi-QUAVs [9,10].

During the past few decades, consensus-based control for multi-QUAVs has under-
gone substantial advancements. Reference [11] proposes a consensus—inference-based
hierarchical reinforcement learning scheme to address multi-constrained unmanned aerial
vehicle (UAV) pursuit-evasion game challenges. To achieve optimal active fault-tolerant
bipartite consensus control in UAV swarms subject to nonidentical and unknown direction
faults and disturbances, reference [12] proposes a switching function-based fault-tolerant
control (FTC) framework. This framework integrates reinforcement learning-optimized
control, distributed observer design, and active fault detection mechanisms. Xiao in [13]
introduces a distributed fixed-time group consensus control method to tackle uncertain dis-
turbances and enhance reliability and efficiency during inspection tasks for multi-UAVs. A
distributed fixed-time group consensus control scheme for multi-UAVs under disturbances
is developed in [14]. This scheme uses radial basis function neural networks to estimate
uncertainties and a backstepping approach with command filters to ensure the fixed-time
convergence of consensus errors.

In a networked multi-QUAV system, a single fault on a QUAV probably induces drastic
cascading failures through inter-agent coupling effects and compromises global formation
stability and mission safety [15]. Therefore, to address the aforementioned challenges,
significant advances have been made in recent years in fault-tolerant control, particularly in
passive fault-tolerant control approaches. In [16], Guo proposes a dynamic event-triggered
predefined-time adaptive sliding mode control scheme to address fault-tolerant control to
address the actuator faults in the attitude tracking of a UAV. For the faults in formation
tracking—containment control of UAVs, Hu in [17] proposes a differential game-based
approach integrated with adaptive dynamic programming to solve the challenges of fault-
tolerant coordination. A passive fault-tolerant control strategy is proposed in [18] for the
transition flight phase of dual-system UAVs. A two-step robust fault-tolerant controller is
designed in [19] for the complex and nonlinear dynamics of UAVs to address disturbances
and actuator faults. Reference [20] designs an adaptive event-triggered finite-time fault-
tolerant containment control scheme for multi-UAVs subject to input constraints, actuator
failures, communication limitations, and external disturbances.

The control design methods mentioned above are all based on the passive fault-
tolerant control framework. However, in some critical scenarios, UAVs require immediate
reaction to faults and rapid compensation to prevent failure propagation throughout other
UAUVs. To address this demanding requirement, active fault-tolerant control is proposed
as a solution. For the vortex effects under simultaneous actuator and sensor faults in a
heterogeneous multi-UAV system, reference [21] develops an observer-based fault-tolerant
control integrating decentralized fault estimation and FTC mechanisms. A dual-loop
active fault-tolerant controller for UAV formations is proposed in [22], where an outer loop
controller and an inner loop controller stabilize the system and ensure accurate tracking of
desired trajectories, respectively. Yang [23] introduces a backstepping-based fault-tolerant
cooperative control strategy for multi-fixed-wing UAVs under the actuator faults, with
sensor faults via wind disturbances; this approach incorporates adaptive fault detection
thresholds and a backstepping-based fault-tolerant control scheme to enhance robustness
under dynamic uncertainties. In [24], a novel distributed intermediate estimator-based fault-
tolerant tracking protocol is proposed to address the problem of multi-agent systems with
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multiple faults and mismatched disturbances. In [25], a fault-tolerant control algorithm
based on sliding mode and an adaptive control strategy is proposed for UAV surface
structural damage. Developments in motor failures on the UAV have been discussed
by Abdullah in [26], who proposes a nonlinear disturbance observer-based sliding mode
control for rotational motion control. Reference [27] proposes a sliding-mode-based fault
diagnosis and fault-tolerant control method for quadrotor trajectory tracking under actuator
faults and external disturbances. For actuator faults with unknown reference signals,
Amador-Macias [28] designs a high-gain observer-based fault-tolerant control approach.

However, active fault-tolerant cooperative control (AFTCC) strategies for multi-
QUAVs remain under-explored, especially with the communication-constrained conditions.
When the relative measurements obtained by onboard measurement devices are available,
an effective AFTCC scheme is particularly challenging. For this reason, this paper will
develop an AFTCC method for multi-QUAVs based on relative output information. The
key innovations of this paper can be summarized as follows:

1. This paper conducts research on consensus-based formation control for multi-
QUAVs with the relative measurements. An active fault-tolerant cooperative control frame-
work against actuator faults is proposed, which consists of a decoupled fault estimation
observer and an active fault-tolerant cooperative control law.

2. Within the fault estimation observer design for the decoupled relative QUAV system,
incorporating a proportional-integral mechanism ensures quick detection of time-varying
faults and reproduces the magnitudes of the fault. The convergence of this proposed
decoupled fault estimation observer is proven via linear matrix inequality (LMI) constraints
and exhibits He, performance.

3. An active fault-tolerant cooperative control law is proposed to handle actuator faults.
The AFTCC method quickly compensates for the time-varying faults and prevents fault
propagation within the multi-QUAVs formation system, thereby enhancing the robustness
of the multi-QUAYV system.

2. Preliminaries
2.1. Graph Theory

A multi-QUAV system is composed of N QUAYV, and the interaction of the multi-
QUAVs can be described by an undirected graph G = (V,£), where V = {v;|li=1,--- ,N}
and £ C V x V denote the node set and edge set, respectively. The adjacent matrix of G
is A = [a;j] € RN*Nand a;; = 0, if (v;,0;) ¢ € ; a;j = 1, otherwise. a;; = 1 indicates
that the i-th QUAV can receive information from the j-th QUAYV, and N is the set of all
neighboring nodes. The degree of the i-th node is d; = YN, a;j and the degree matrix

]
D = diag(dy,dy, - - - ,dn). The Laplacian matrix of the graph G is defined as follows:

r d; ifi=j,
ij= ey
! —a;; ifi # |

Lemma 1 ([29]). For a connected undirected graph G , the symmetric matrix L is rank deficient
and the eigenvalues of L can be written as A > Any_1 > --- > Ay > Ay = 0. Furthermore ,
there exists an orthogonal matrix N such that NTLN = diag(An, -+, A2, A1)

2.2. He Theory

In robust control theory, the Ho, norm of a multiple-input multiple-output (MIMO)
system with transfer function matrix G(s) is defined as the peak of the maximum singular
value of the frequency response [30], i.e., |G(s)||y, = sup,,cg 7(G(jw)). For a linear time-
invariant (LTI) system, the infinity-norm of this system can be equivalently defined as the in-
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duced £>-gain and proven via Parseval’s identity in [31], i.e., [|G(s)|| 1, = Supy(s) 20 %,
where w(t) is the exogenous input signal and z(t) is the regulated output signal. The £,-
gain of a MIMO system is defined as the supremum of the ratio between the system

input-output’s £, norm. The £, norm of any signal f(t) can be calculated as follows:

O AN IOON 0

Lemma 2 ([32]). The LTI system is asymptotically stable and converges with a stability margin
exponent o > 0 if and only if there exists a matrix X € R"*" such that

ATX + XTA+2aX <0

. . . p . L
Lemma 3 ([33]). For a given symmetric matrix () = lQT g] , the following conditions are

equivalent:
i. <0.
ii. R<0and P— QR™1Q < 0.

3. Active Fault-Tolerant Cooperative Control Scheme Design
3.1. Observable Relative Multi-QUAV System

This section mainly considers leader-following multi-QUAVs where communication is
strictly limited and only relative measurements are accessible. Based on the aforementioned
context, this subsection will conduct linearization of QUAV and establish an observable
model for a multi-QUAV system.

3.1.1. Linearizing Quadrotor UAV Model

The QUAV has a simple geometric structure as shown in Figure 1, with four motors
symmetrically distributed around the fuselage. To balance the torques, the adjacent motors
rotate in opposite directions to generate thrust. Furthermore, the inertial frame and the
body frame are defined to describe the motion of a 6-DOF rigid body.

N

Z

X /7

Figure 1. Structure of the Quadrotor UAV.
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The dynamics of QUAV have been explored by many researchers as described in [34].
For a multi-QUAV system with N 4+ 1 QUAVs, the dynamic model of the i-th QUAV can be
expressed as follows:

%; = (cos ¢; sin 6; cos Y; + sin ¢; sin ;) Uril,,- _ kdrﬁxi ,

ij; = (cos ¢; sin 8; sin 1; — sin ¢; cos ;) unl{i B kdﬁi /

Z; = cos ¢; cos 0; Un11,,' ket g

G = 6p ) e @)
R Lkg%,

1%‘ = G.igl;ii(lx;zly) + % - Lklp%.
where coordinates (x;,y;,z;) and (¢;, 0;, 6;) represent the position and the Euler angles of
roll, pitch, and yaw of i-th QUAYV, respectively; m is the mass of QUAV, g denotes the
gravitational acceleration, L is the distance between the mass center of QUAV and the
center of the rotor, and kyy, kay, ka2, kg, kg, ky are the drag coefficients in and around three
directions, respectively; I, I, I. are the moments of inertia along three axes, respectively.
The inputs Uy ;, Uy ;, Us ;, Uy ; are the i-th QUAV’s total lift force and moments about the
roll, pitch, and yaw axes, respectively. The system inputs of the i-th QUAYV are as follows:

Ui =h,i+Ei+Fi+Fy,

Up; = L(F3; — Fy),

Us; = L(Fi — B2y),

Uy = Ky(Fii + B — F3; — Fy ).

where K, is the thrust-to-moment scaling factor, and F ;, F, ;, F3 ;, 4 ; denote the individual
thrusts generated by the four rotors of the i-th QUAV.

Assumption 1. The multi-QUAV system operates in hovering mode (Uy; ~ mg) and exe-
cutes slow translational and rotational motions such that all drag force can be neglected, and the
¢, 0,y angles of each QUAV are small such that all Euler angles and their time derivatives are
approximately zero.

Based on Assumption 1, the nonlinear dynamic model of the i-th QUAV can be
simplified into a linear time-invariant system as follows:

X; = Gg,

vi = —¢g,

f=1H—g,

=, @
0; = LE”)

§i = L.

The MIMO state-space form of the linearized dynamic system of a QUAV can be
written as follows:
Gi(t) = AGi(t) + Bu;(t) + Ggg,

(5)
zi(t) = Ljew; C(Gi(t) = ¢j(#)).
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where Ci denotes [xl- Xi yi yi Zj Zi (Pi ¢i 91‘ 9'1‘ lPi Ij)i]T € Rqu, Uu; represents [Fl,i F2,i PS,i F4’l']T S
R¥1 and N; C {0,1,2,---,N}\ {i} is the QUAVs with which the i-th QUAV interacts.
z;i(f) € RP %1 is the sum of relative measurements of the i-th QUAV. The matrices A, B, and
G4 can be defined as follows:

000 0 000 0 O] [0 0 0 0 ] 0]
000 0 0 g 000 0 0 0 0 0
100 0 0O0O0GO0O 0 0 0 0 0
000 —¢g 00000 0 0 0 0 1
001 0 0O0O0GO0O 0 0 0 0 0
000 0 00000, |w = w | g_|0
000 0 100 0 0| 0 0 0 0”78 o
L L

000 0O O0O0OTOO o o L L 0
000 0 00100 0 0 0 0 0
000 0 0O0OTOO 5 15 0 0 0
000 0 0O0O0O 1 0 0 0 0 0
000 O 0O0OTUO0O e Ky &y Ky 0

_ L Iz Iz Iz Iz | L

During the actual flight mission, the system may experience both time-varying faults
and external disturbances due to motors overheating, leading to aging and other unex-
pected physical parameters. Therefore, the dynamic model of the i-th QUAV with external
disturbances and actuator faults can be written as follows:

Gi(t) = AGi(t) + Bui(t) + Ddi(t) + Efi(t) + Ggg, ©
%) = Tyew; CE(H) — &(1).

where d;(t) € R¥*1 and f;(t) € R™*! are the disturbance signal and fault signal, respectively.
Moreover, the external disturbance signal and time-varying fault signal are bounded, i.e.,
i < Bg lui(t)|| < Bu fori = 1,2,---,N, where B and B, are positive known
constants. The matrix are C € RP*12 D € R12%4 and E € R12%7,

3.1.2. Observable Subsystem of the Multi-QUAV System

The aim of this paper is to design an AFTCC law for a leader-following multi-QUAV
system using the relative measurements, with the primary objective of maintaining collabo-
rative stability. The multi-QUAVs operate under communication bandwidth limitations,
in which only relative output information is accessible to each QUAV. Consequently, a
collection of N + 1 QUAVs is considered as a total system. For that purpose, the following
assumptions are needed.

Assumption 2. The communication topology between the leader and followers is limited and
unidirectional, but the information exchange among followers is bidirectional. Furthermore, the
leader QUAV is fault-free throughout the flight such that fo(t) = 0, and the dynamic model can be
defined as follows:

(7)

Zo(t) = Ago(t) + Bug(t) + Ddy(t) + Ggg,
Yo(t) = Co.

Assumption 3. The control input matrix B and fault distribution matrix E satisfy rank([B E]) =
rank(B), implying that (I, — BBY)E = 0, i.e., the effect of actuator faults belongs to the actuation
space Im(B).

The overall multi-QUAYV system is given as follows:



Drones 2025, 9, 699 7 of 21

{ &) = (Ina1 © A)E(E) + (Ivar @ BJu(t) + (Ins1 @ D)A(E) + (Insa & E)F(D) + (In © Gy, ©

z(t) = (L@ C)E(t).
where £(t) = [Go(t),&1(8), -, En(B)]T, u(t) = [uo(t), -+ ,un(B)]", d(t) = [do(t), -, dn (D),
F&) =10, fi(t), -+ in ()T, and z(t) = [z0(), 21 (8), -+ 2n(B)]T.
According to [35], the observability matrix of system (8) has a non-zero null space, so

certain subspaces in the state vector are not observable. To extract an observable subspace,
define a coordinate transformation ¢ — Ti¢ = gT/, where T} = N"'®I,. Let N be a

nonsingular matrix:
Nil-| 1 O
-1y Iy

where 1y € RVN*1 js all non-negative ones, and each element of Oy € RI*N is zero.
Applying the transformation T to the state vector:

¢ (£) = Col(Zo(t),E(1) = &3 (1), & (1), -+, &K (1)) ©)

where §;(t) = i(t) — Go(t), fori € 1,2,--+ N, and {(t) = (&{(t),-+, & (1), -~ , L (1))

AL =Ti(Iyn @ AT = (In® A),
By =Ti(Iny1®B) = (NT'@B) = (IN®B)(N"' ® L),
D1 =Ti(INy1®D)=(N"1@D)=(Iy®D)(N"'® 1),

(10)
Ei=Ti(Iny1®E)=(N'®E) = (IN®E)(N"'® 1),
Ggl =T (IN+1 X Gg) = (Nil X Gg) = (IN X Gg)(Nil ® 112),
C1=(LeO)T'=(LeC)(N®I,) = (LN®C).
This transformation T; yields a new system representation.
¢'(t) = A’ (t) + Byu(t) + Did(t) + E1 f(t) + Ggig, 1)
Z(t) = &' (b).

To decouple the relative sensing signal, define the scaling transformation Z; = (N7 ®
I») on the vector zy(t) to create the following:

z0(t) = (NT® [,)Z'(t) = (NT@ L) (LN ® C)&'(t) = (NTLN ® C)&(t) (12)

Based on Assumption 2 and the row-sum-equal-to-zero property of the Laplacian
matrix £, it can be checked easily:

0  qixn
NTLN = x 1
£ [ole L ] 13)

where the upper-left element is the constant 0 due to the row-sum-equal-to-zero property
of £, and g1« is an appropriate vector. L € RN*N is a submatrix of the Laplacian matrix
L obtained by setting the first column and row to zero.

The scaled relative output measurements in the new coordinate system are

PO &)

0 J1xN
t) = 2
Zl( ) ([Ole L
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From the definition (10), one has the following;:

Byu(t) = (In+1® B)(N "' @ Ln)u(t) = (In1 @ B) Col (uo(t), @(t)),

Dyd(t) = (In41 ® D)(N™1 ® Ig)d(t) = (In+1® D) Col(do(t),d(1)),

d/
ELF() = (Insa ® E)YN-1 @ L)A(E) = (st © E) Colfo(0), F(8), O
f/
Gg18 = (IN11 ® Gg)(NT' @ Ina)g = (In11 ® Gg)Col(g,O,;;ﬁz.
N

The observable subsystem can be extracted from system (11) by considering the last
N X n rows of the partitioned structure of ¢, u, and z’, and the observable subsystem can

be defined as follows:

{ ) = (v © A0 + (v @ B + (DO + (N B W)

Let Z, = (L7! ® I,), and scale z(t) by using Z» to create the following:
2(0) = (L @ L)2(t) = ([ 9 1) (Lo O)x(t) = (Iy © C)&(1) (17)

Thus, the decoupled system of the i-th QUAV can be written as follows:

&i(t) = AZ(t) + Bu;(t) + Ddi(t) + Efi(t) (18)
Z; = Cg;(t)

fori=1,2,---,N.

3.2. Relative-Output-Based Fault Estimation Observer
After using transformation and scaling, the decoupled dynamic system (18) can be
used as a basis for the design of adaptive observers for reconstruction of the time-varying

fault signal f;(t).
Define f, ;(t) = B'Ef;(t) — ug(t), and the system (18) can be written as follows:

Gi(t) = Ai(t) 4 Buy(t) + Dd;(t) + Bfy,i(t)

The following observer is designed.

£i(t) = C&i(1), (19)

Fui(t) = fui(t) + S(2:(1) — (1)) + R(Gi() — Z(1)).

where &(t) € R12%1, 2,(t) € RP*1, and f;(t) € R™! are state estimation, external measure-
ment estimation, and time-varying fault estimation of the i-th QUAV with integration of
the leader’s control input, respectively. G € R12*7 is the gain matrix of the state estimation
equation, and S € R™*7 and R € R"*? are the gain matrices of the fault estimation equation.
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Let the state estimation error vector e,; = &(t) — &(t), the relative outputs error
vector e, ; = Z;(t) — Z;(t), and fault estimation error vector es; = Fui(t) = fui(t), where
fui(t) = BYEfi(t) — g(t), one has

exi(t) = &(t) — &)
= A&i(t) + Bu,(t )+Bfuz( ) = G(&i(t) — (1))

(20)
— (A&(t) + Bu;(t) + Dd;(t) + Bfy, (1))
= Aex,i(t) + Bef,,»(t) — d_i )
and
éf,i(f) = j;u,i(t) - fu,i(t)
= fui(t) + SCey;(t) + RCeyi(t) — fui(t) + fui(t) — fui(t) @b

= (SC+ RCA + RCGC)eyi(t) + (RCE + I ey, (t) — RCDd;(t) + fu,i(t) — fu,i(t)

By combining Equations (20) and (21), the error dynamics of the augmented system
can be derived as follows:

¢i(t) = (A4+GC 4+ RCA)e;(t) + [ RCD + D]w(t) (22)
whered=| 4 Ela—| "¢ 1 r= "2 e-[c 0., D=|"|
Orx12 I S —RCG R Ord
fui(t)
. 0 0 (t iz
[ = [ 112><r izlxr] , 6 = Zx,létﬂ ,and w; = f,i,i(t)
' ' fs d;(t)

Theorem 1. The fault estimation observer (22) is asymptotically stable and converges with a
stability margin exponent & > 0 with He, performance of -y if and only if there exists a positive
definite symmetric matrix P such that the following LMI holds:

Qn  PI Qg L124y

a=|* v 0 O <o (23)
* * -7l 0
* * *  —7yhoyr
Oy + 24P < 0 (24)

where Oy = PA + ATP + Q1€ + CTQq + Q,CA + ATCTQy, Q13 = Q2CD + PD, where
Q1,0 € ROA241)%P  and « denotes the symmetric item in a symmetric matrix.

Proof. The following Lyapunov function is considered.
Vi(t) = e] (t)Pei(t) (25)

then

=eI(t) (ATP +PA+CTLTP + PLC + ATCTRTP + PRCA)ei(t) (26)
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The performance index is defined as follows:

Ji(6) = Vi(t) + %T (Dei(t) — T (ay(t)
(27)
_ [@T(t) cu-T(t)}H[Ei(t)]

wj(t)

where 7 is a scalar, and IT can be defined as follows:

~

PA+ ATP+PLC+CTLTP + PRCA+ ATCTR"P + 1 1py,  PI PLCD +PD
*
*

1= — by 0 (28)
* —7l
For any nonzero w;(t) € £5[0,0), Vi(t) + %eiT(t)ei(t) — yw! (Hw;(t) < 0if IT < 0.
Under the conditions ¢;(0) = 0, fot Ji(t)dt < 0and V;j(t) > 0, the following equation
can be proven.
t t 1 [t -
[ r@dr = [ Vi@dr+ - [ (@emdr -y [ ol (Dwir)dr
0 0 Y Jo 0
1 gt t
= Vil + o [ @e(rydr — [ W] (Dwi(r)de 9)
1 gt t
> el (ei(rdr -y [ wf (Dwi(r)dr
v Jo 0
Let t — oo in (29), it follows that
| meamdr? [~ ol (wwrde ©0)
Therefore, the observer error ¢;(t) satisfies
llei(B) [la<vllwi(£)]], (31)
ensuring that the Ho, norm of the fault observer is less than «.
Define Q; = PG, Q; = PR with Q;, Q; € R12+7)%P and applying the Shur Comple-
ment Lemma 3 to IT (28) implies that (3 < 0 if and only if IT < 0.
PA+ATP4+ QiC+CTQ1 + QCA+ ATCTQ, PI  QCD+PD  Iipy,
0= * —7ly 0 0 (32)
* * -yl 0
* * * —Yl24r

According to Lemma 2, if Equation (24) holds, the fault estimation error in system (22)
exhibits exponential convergence with an « stability margin. [

3.3. Active Fault-Tolerant Cooperative Controller

In this subsection, an AFTCC law is designed to simultaneously compensate for
time-varying faults and ensure formation stability of the leader-following multi-QUAV
system. According to Assumption 2, only the relative measurements are permitted for
communication among QUAVs. Therefore, the coordinates (%, 74, Z4;) are defined as the
desired relative location between the i-th follower QUAYV and the leader.
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tlgglo”érl(t) 7600)” :gd,i i=12---,N (33)

where éd,i = [J?d,i, 0,%4:,0,24,0,0,0,0,0,0, O]T is the desired relative position of the i-th
QUAV from the leader.
For the i-th QUAYV, the relative measurements ¢;(t) can be written as

M=

ei(t) =) a;iC((Ea;i — &aj) — (Gi(t) = &j (1)) + w;C(a,i — (Ei(t) — Go(t))) (34)

1

]

where 4; ; is the element of the adjacency matrix A and L = D — A with D being the degree
matrix; W = diag(wy, wy, - - - ,wy), where w; = 1 if the i-th follower QUAV and the leader
are directly connected; w; = 0, otherwise.

Based on Assumption 3, there exists a pseudo-inverse matrix Bt € R™*12 gych that
(1o — BB')E = 0 and the controller can be developed as follows:

(35)

where I1;(t) denotes the time-varying coupling weight of the i-th QUAV, and 1; is a positive
constant. K € R"*12 and I' € RP*? are gain matrices, and fu,i(t) represents the deviation
between the fault f;(t) estimation and the leader’s input estimation #iy(t).

According to the input Equation (35), the decoupled dynamic model (18) of the i-th
QUAV can be defined as follows:

&i(t) = AEi(t) + hi(t)BKe;(t) — B(B'Ef;(t) — i1g(t)) — Bug(t) + Dd;(t) + Efi(t)
N
= AG;(t) + hi(t)BKC( Z ((Cai — Caj) — (Gi(t) = &i(1))) +wi(8ai — Ci(1)))  (36)
ft
_Bgu,z(>+Dd()+ gfz()

where {,,; = ug(t) —#ip(t) and {5 = fi(t) — ﬁ(t)
Similar to the construction of system (8), we define ez ; = {4;(t) — ;(t) and derive the
overall error dynamics (36) as follows:

ég(t) = (IN ®A—-HL® BKC)eg(t) + (IN ® B)gu(f)
—(IN®D)d(t) — (IN® E){s
— (In® A)Gq ( )s
hi(t) = 5 [l;jCeq i (t )} T [l;iCeq j(1)]
where Tij is the element of the Laplacian matrix L eRN*N and H = diag(hy, hy, - -+, hN);
ec(t) = leg,(t),efo(t), -+ ef (D] Cp(t) and Gu(t) denote [Cr1(t), Tra(t), -+, Gpn(h)]T
and [Z,,1(t), Cup(t), -+, Cun(t)]T, respectively.
Define T = [Iy ® B, ~In ® D, Iy ® E,~Iy ® Al and 51(t) = (g, (), d" (), &} (1), &1 (D],
where g{(t),d‘T(t),g}(t) and £T (t) are bounded.

(37)

{ és(t) = (Iy® A — HL ® BKC)eg(t) + Tr(t) 8)

i) = 7 [TCez (1)) T [liiCe(1)]
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Theorem 2. For given scales v > 0 and > 0, the error dynamic (38) is asymptotically stable and
the Hoo norm of the error system is less than y if there exists a positive definite symmetric matrix X
such that the following LMI holds:

(211 AXB —AXD —AXE —AXA Ip |

* Y 0 0 0 0
= | F * =71y 0 0 0 (39)
- x * x —, 0 0

* * * * —7rh2 0

* * * * * —7ho

where E;11 = M(XA+ ATX) —2BA2QC, Q = C'T = XBK with Q € R2*12 and A; for
i=1,2,--,N are the eigenvalues of L. x denotes the symmetric item in this matrix.

Proof. Considering the following Lyapunov function:

V() = el ()L X)ee(t) 1 3 Vi) =AY (40)

T

M=

1

j

The derivative of V(t) in (40) is derived as follows:
V() =ef (1) Lo (XA+ATX)|ex(t) + zeg(t)(i ® X)Tiy(t)

N
—2e§( )(LHL ® XBKC)ez(t +2Zh ))r(Zl‘ijCeg,j(t))
=1 =1 (41)

jCegj(t

n Mz

N
i

To simplify the expression by reducing the quadratic terms in Equation (41), we
introduce the constraint C'T = XBK = Q. The quadratic form of the double summation
can be expressed as follows:

N N N o
2y hi(t)(Y_I;C Z Ceg,j(t)) = 2ef (t)(LHL © C'TC)eg(t) (42)
i=1 =1 =1

Then, the V(t) can be simplified as follows:

V(t) =ef(t) [i ® (XA + ATX)} ec(t) +2ef () (L@ X)Ty(t)
- 2/3eg(t)(12 ® CTTC)ez(t) (43)
el (1) [L ® (XA+ ATX) - 2812 @ Qc] ez (1) +2¢L (1) (L ® X) Ty (t)

Similar to the proof from (26) to (32), the error dynamics (39) are asymptotically stable
with He performance less than v if the following holds.

L@ (XA+ATX)—2B[2®QC L®XB —-L@XD —L®XE L®XA Iy®I) |
* —yIny ® Iy, 0 0 0 0
* * —yIn® I; 0 0 0 <0 (44)
* * * —vIn® I, 0 0
* * * * —vIn ® Lp 0
* * * * * —vIn ® It
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*

* ¥ ¥ ¥

Based on Lemma 1, there exists symmetric matrix V such that
0=VILV (45)

where © = diag(Aq, A2, -+, AN).
Define V = diag(Vr ® Lo, V7 & Ly, VT ® I, VT @ Ir, VT ® L1p, VT @ I12), let matrix in
(44) left multiplying V and right multiplying V7, and we can derive

O® (XA+ATX)—20L®QC O®XB —-O®XD -OQXE O®XA Iy®I) |
—vIn ® Iy 0 0 0 0
* —yInN® I; 0 0 0 <0 (46)
* * —yIny® I, 0 0
* * * —vIny ® L1p 0
* * * * —vIN ® L1

Applying appropriate matrix transformation, the matrix (46) can be transformed into

22 0 -+ 0
0 Z --- 0

H= . .| <0 47)
0 0 BN

& <Oifandonlyif &; < 0,fori=1,2,--- ,N. O

4. Simulation

In this section, the effectiveness of the fault estimation observer (19) and AFTCC law
(35) is demonstrated through simulation studies. The simulation is organized into four
parts: experimental setup, fault-tolerant control performance, performance analysis, and
comparative study:.

4.1. Experimental Conditions

A leader-following multi-QUAYV system with one leader and three followers is
considered, where each QUAV is equipped with relative measurement devices. The
system parameters are set as follows: L = 0.2m, Ky = 4m, m = 1.42kg, ¢ = 9.81 m/s2,
I, = 0.03kg - m?, I, = 0.03kg - m?, and I. = 0.04kg - m?. The matrices are configured
as D = 0.1+ 1y, and E = B, considering bounded actuator faults in the four brush-
less motors. The output matrix C = I;;. External disturbances are simulated using
sinusoidal signals.

Each follower QUAYV can interact with neighboring follower QUAVs; however, only
one follower QUAV is granted a unidirectional communication link to the leader as shown
in Figure 2. Therefore, the communication topology among the four QUAVs can be de-
scribed as follows:

L= (48)
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‘ Cqe Follower 3
-------------- > unidirectional
<«————> bidirectional
-f'(. S . — = -i/ -
N <~ N <
N N
Leader Follower 1 Follower 2

Figure 2. Communication network topology.

Assuming that QUAVSs are operating in extreme flight conditions, where each follower
QUAV is subjected to time-varying actuator faults at distinct time instants, the actuator
faults are modeled as follows. A step signal fault occurs in the 3rd motor of follower
QUAV 1 att =50s.

0 t<50s

— 49
f3(t) 5 15505 (49)

Subsequently, a step signal fault is introduced into the 2nd motor of follower QUAV 2
att =100s.

0 t<100s
f22(t) = (50)
8 t>100s

Later in the following QUAV 3, the fault situation of the 1st and 4th motor is

0 t <150s 0 t <150s
fa1(t) = , ;o faalt) = , (51)
20sin(0.1¢) t>150s 20sin(0.1¢#) t>150s

After applying transformation and scaling, the decoupled system in the form of (18)
can be derived, and the fault estimation observer analogous to (19) for each decoupled
system can be obtained. The observer gain matrix and controller gain matrix can be
obtained via LMI optimization.

For the fault estimation observer, the gain matrices are

0.0475 —6.8729 0.0475 —6.8719 0.0475 —7.0242 1.3987 —6.8675 —1.3887 —6.9494 0.0475 —6.8789
G— 0.0249 —4.4976 0.0250 —4.4972 0.0250 —4.6639 0.9079 —4.4956 —0.9136 —4.4273 0.0249 —4.5016 52)
~10.0467 —6.7937 0.0467 —6.7927 0.0467 —6.9458 1.3819 —6.8632 —1.3729 —6.7971 0.0468 —6.7901

0.0242 —4.4185 0.0242 —4.4181 0.0242 —4.5856 0.8915 —4.3415 —0.8983 —4.4199 0.0242 —4.4127

6.9406 0.1905 6.9416 0.0922 6.7891 —34.2872 6.9456 0.0280 6.8663 —7.2000 6.9369 —0.2435
R— 4.5188 0.0535 4.5192 0.1104 4.3524 —34.2660 4.5208 0.0436 4.5937 7.2750 4.5174 —0.2387 (53)
~ |6.8692 0.1945 6.8702 0.1070 6.7170 —34.2373 6.8005 —7.2735 6.8661 —0.0274 6.8748 0.2390

4.4560 0.0618 4.4564 0.1293 4.2891 —34.2396 4.5298 7.2015 4.4551 —0.0431 4.4599 0.2438

0.6643 —0.3228 0.6643 —0.3288 0.6383 —1.9679 0.0744 —0.3332 —0.0610 —0.6786 0.6638 —0.3442
S —10° x 0.4325 —0.2134 0.4325 —0.2116 0.4051 —1.8511 0.0483 —0.2157 —0.0394 0.1292 0.4322 —0.2278 (54)
B 0.6574 —0.3189 0.6575 —0.3244 0.6314 —1.9618 0.0734 —0.6778 —0.0602 —0.3325 0.6580 —0.3174

0.4264 —0.2103 0.4265 —0.2079 0.3991 —1.8471 0.0479 0.1286 —0.0391 —0.2173 0.4269 —0.2020
For the AFTCC law, the parameters are § = 3, 7; = 0.01,fori =1,2,--- ,N.
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0.0099 0.0858 0.0005 —0.0007 0.1843 0.4224 0.0008 —0.0004 0.0964 0.5788 0.0432 0.2789 ]
—0.0086 —0.0845 0.0009 —0.0006 0.1858 0.4222 0.0013 —0.0001 —0.0952 —0.5795 0.0431 0.2781 (55)
0.0007 0.0005 —0.0061 —0.0879 0.1852 0.4221 0.1201 0.5782 0.0007 0.0001 —0.0417 —0.2789
0.0014 0.0012 0.0078 0.0869 0.1851 0.4227 —0.1181 —0.5779 0.0007 0.0004 —0.0408 —0.2791 |
[67.7650 16.2860 0.0243 —0.0565 0.0007 —0.0002 0.0431 —0.0467 0.9261 —1.5739 0.0005 —0.0049]
12.1037 70.6070 —0.0852 —0.0278 —0.0430 —0.0334 —0.0123 —0.0234 2.3345 —2.9932 —0.0418 —0.0172
—0.0286 0.0090 67.7543 16.6981 —0.0023 —0.0257 0.1377 1.1740 —0.0041 —0.0621 0.0065 —0.0614
—0.0311 —0.0189 11.6521 70.6005 —0.0282 —0.0124 —3.8572 3.2429 —0.0349 —0.0138 —0.0604 —0.0183
0.0077 —0.0209 0.0020 —0.0621 69.0785 8.6184 0.0361 —0.0937 —0.0077 0.0242 —0.0090 —0.0574
r— —0.0401 —0.0290 —0.0294 —0.0798 9.9525 64.7698 0.0092 —0.0476 —0.0282 —0.0793 —0.0051 —0.0636 (56)
—0.0019 —0.0410 —0.9990 —0.4592 0.0095 —0.0198 53.7888 3.6454 —0.0148 —0.0208 0.0163 —0.0665
—0.0470 —0.0311 1.2286 —0.2129 —0.0065 —0.0447 12.0085 69.6938 —0.0058 —0.0259 —0.0731 0.0057
—0.0113 1.8854 0.0069 —0.0301 0.0217 0.0025 0.0448 —0.0592 53.7644 6.2425 0.0084 —0.0399
—1.0122 —0.1265 —0.0257 —0.0286 —0.0982 0.0098 —0.0374 —0.0162 9.4300 69.7090 0.0044 0.0493
0.0017 —0.0285 —0.0146 —0.0382 0.0149 —0.0423 0.0275 —0.0304 —0.0020 —0.0866 67.4874 15.7348
1 —0.0695 —0.0329 —0.0267 —0.0212 —0.0200 —0.0120 0.0084 —0.0607 —0.0140 —0.0875 13.6255 90.0328 |

4.2. Fault-Tolerant Control Performance

This subsection demonstrates the effectiveness of the proposed AFTCC method

through simulation of a formation transition task. The multi-QUAV system adopts a

linear formation configuration with adjacent QUAVs separated by 5 m. The leader QUAV

is controlled by a PID controller and maintains a constant velocity V, = 2 m/s along the

x-axis. The solver used in the simulation is odes15.

Fault-Tolerant Trajectory

= = +Non-Fault-Tolerant Trajectory
Initial Formation
Final Formation

Figure 3. The trajectory of the multi-QUAVs.

The simulation results are presented in the following figures.

The trajectory of the multi-QUAVs in the inertial frame is shown in Figure 3.

Figure 4 illustrates the relative position of the follower QUAVs under multiple faults

conditions, without the active fault-tolerant control law (35) proposed by this paper. It

is evident that a single fault in one of the follower QUAVs causes the collapse of the

consensus-based formation.

Figures 5-7 show fault estimation results of follower QUAVs based on the fault

estimation observer (19). As shown in Figures 5-7, the fault estimation observer can

accurately estimate the time-varying actuator faults and the inputs of the leader QUAV.
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Then, the estimation of actuator faults and inputs of the leader is used in the active fault-
tolerant control law (39), and the consensus-based formation results of multi-QUAVs is
shown as follows.

- VWVWVW‘I’VWVM'!\-—-_I/W\/\INW\I/\NW\
-6 UAV2 7]
UAV3

-10
0 50 100 150 200 250 300
T T T T T
0.4 |- UAVI T
UAV2
0.3 - UAV3 _|
B
J02 E
0.1 -
| f\r__ll\/\/\/\/\M/\AAAA
0 50 100 150 200 250 300
Time(s)
Figure 4. Relative position of QUAVs under non-fault-tolerant control.
Motorl Motor2
= = = -actual = = = -actual
6ok estimation 1 2 estimation
40 1 0F
Z 20t . Z_ 20k
= =
0 =40
=20 1 60 F
0 50 100 150 200 250 300 0 50 100 150 200 250 300
Time(s) Time(s)
1 Motor3 Motor4
4 = = = -actual
': estimation
8k _ 3.5
W
stimation
3r
T _25h
€ €
= = of
4
'7 15t
2 'y
0.5
0 L L L L L 0 L L L L L
0 50 100 150 200 250 300 0 50 100 150 200 250 300
Time(s) Time(s)

Figure 5. The fault reconstruction of QUAV 1.
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Motorl s Motor2
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40| E 10k ]
= =
of E 5 E
-20F 1
L L L L L 0 L L L L L
0 50 100 150 200 250 300 0 50 100 150 200 250 300
tls] t[s]
Motor3 Motor4
= = = -actual = = = -actual
4 .I estimation i 4 ': estimation i
35 35
3r 1 3F 1
25t 1 25t 1
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Figure 6. The fault reconstruction of QUAV 2.
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-5 -40 b E
=10
—60 F 1
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=20
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Figure 7. The fault reconstruction of QUAV 3.

From Figure 8§, it is evident that the control law (39) can accurately keep a consensus-
based formation by quickly reconstructing the fault signals via the fault estimation observer.
Comparing Figure 4 to Figure 8 demonstrates the effectiveness of the AFTCC scheme
proposed by this paper.
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Figure 8. Relative position of QUAVs under fault-tolerant control.

4.3. Performance Analysis

To further quantify the formation tracking performance and numerically validate the

effectiveness of the proposed AFTCC, the root-mean-square error (RMSE) is calculated

for position tracking accuracy assessment. The position-tracking error of the i-th follower

QUAV is defined as
Ep,l'(t> = Cp E@,i(ﬂ

where Cy, is as follows:

100 00O0OO0OOO0OOTO0OOP
C,=10 01 00 0O0O0O0O0O0OTO
0 0001O0O0O0O0OO0OTO0OO®

The position RMSE is calculated as follows:

The calculated results are summarized in Table 1.

Table 1. Position tracking RMSE for follower QUAVs under the proposed AFTCC (in meters).

(57)

(58)

Follower Time Interval (s) RMSE,; (m)
QUAV 1 [50, 300] 0.0366
QUAV 2 [100, 300] 0.0408

QUAV 3 [150, 300] 0.0411
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As shown in Table 1, the position RMSE values remain consistently small, with all
followers maintaining tracking errors below 0.05 m. These results confirm the effectiveness
of the proposed AFTCC in maintaining precise formation tracking under actuator faults.

4.4. Comparative Experiment

To further validate the effectiveness of the proposed method, a comparative study
is conducted with an existing relative-information-based fault-tolerant control approach
from the literature [36]. Both methods are tested under identical conditions using the same
multi-QUAYV system configuration and fault scenarios.

The comparison is performed with the same actuator fault conditions as described
previously, where faults occur att = 50's, t = 100 s, and ¢ = 150 s for follower QUAVs 1, 2,
and 3, respectively. Figure 9 illustrates the comparative position tracking performance of
both methods.

Reference FTC |
- — - . AFTCC
iy - -

4 Reference FTC 7
- - - AFTCC
2k o

Reference FTC

0.02 - = = “AFTCC

0.01

L e e bbbt T T L by
001 K‘/ ]

002 1 1 1 1 1
0 50 100 150 200 250 300
Time(s)

Z(m)

Figure 9. Position tracking comparison between the proposed AFTCC and reference method.

From Figure 9, it can be observed that both the proposed AFTCC and the reference
method can maintain formation stability under actuator faults. However, the proposed
method demonstrates superior performance characteristics. Specifically, the proposed
AFTCC achieves faster fault response and more accurate position tracking with reduced
transient oscillations compared to the reference approach. This improvement can be
attributed to the proportional-integral mechanism incorporated in the fault estimation
observer, which enables faster and more accurate tracking performance.

5. Conclusions

In this paper, appropriate translation and scaling are applied to multi-QUAVs with
relative measurements, and a decoupled observable system is obtained. After deriving the
decoupled dynamics, an adaptive fault estimation observer is designed and proves that it
is asymptotically stable with Hy, performance. Subsequently, a consensus-based AFTCC
law is proposed to quickly compensate for the time-varying actuator faults. Finally, the
effectiveness of the proposed AFTCC is verified by simulations under multiple fault condi-
tions. The RMSE analysis shows that the proposed method maintains precise formation
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tracking performance. Comparative results demonstrate the superior performance of the
proposed approach over existing methods.
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