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Abstract


This study proposes a comprehensive framework for the identification of nonlinear dynamics in Unmanned Aerial Vehicles (UAVs), integrating data-driven methodologies with theoretical modeling approaches. Two principal techniques are employed: Proportional-Derivative (PD)-based control input approximation and Sparse Identification of Nonlinear Dynamics (SINDy). Addressing the inherent platform constraints—where control inputs are restricted to specific attitude angles and z-axis velocities—thrust and torque are approximated via a PD controller, which serves as a practical intermediary for facilitating nonlinear system identification. Both methodologies leverage data-driven strategies to construct compact and interpretable models from experimental data, capturing significant nonlinearities with high fidelity. The resulting models are rigorously evaluated within a Model Predictive Control (MPC) framework, demonstrating their efficacy in precise trajectory tracking. Furthermore, the integration of data-driven insights enhances the accuracy of the identified models and improves control performance. This framework offers a robust and adaptable solution for analyzing UAV dynamics under realistic operational conditions, emphasizing the comparative strengths and applicability of each modeling approach.
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1. Introduction


In recent years, UAVs have become a focus of attention in various fields, including environmental monitoring, disaster response, industrial inspections, and package delivery. As UAV platforms evolve, the demand for robust control systems that ensure stability and precision in dynamic environments has become increasingly critical. Accurate modeling of UAV dynamics is essential for the development of advanced control strategies, such as Model Predictive Control (MPC) and other optimization-based approaches [1,2,3].



Traditional control methods often rely on simplified linear models of UAV dynamics. While these models are effective for simple flight control, they fail to capture the nonlinear behavior inherent in UAVs, which becomes particularly evident during aggressive maneuvers or when operating in dynamic environments. UAVs exhibit significant nonlinearities due to aerodynamic effects, thrust vectoring, and coupling between translational and rotational dynamics [4]. Therefore, the development of models that accurately reflect these dynamics is essential for improving control precision and stability.



In response to these challenges, control engineers have progressively shifted towards more sophisticated modeling techniques that better account for the nonlinearities present in UAV systems. Early methods, such as PD control, offered a practical and computationally essential solution for basic flight stabilization, although they were limited in their ability to handle more complex flight conditions. As UAV missions have expanded in scope and complexity, the need for more advanced control algorithms capable of dealing with nonlinear dynamics, multivariable interactions, and external disturbances, has become evident.



Recent research has also highlighted innovative approaches to tackle challenges in cooperative systems, such as event-triggered and sensor-tolerant control mechanisms for USV-UAV formations in maritime search missions [5], meta-analyses of UAV applications in logistics, mobility, and monitoring [6], and advanced cooperative tracking strategies for multiple UAV systems [7]. These studies demonstrate the growing versatility and adaptability of UAV systems, further motivating the development of robust and scalable control frameworks.



In recent years, data-driven approaches have emerged as effective methods for identifying nonlinear dynamic systems, leveraging real-world data to develop models that better capture the system’s complex behaviors [8,9,10]. These methods offer a way to bypass some of the limitations associated with purely theoretical models, particularly when the physical properties of the UAV or its operational environment are difficult to quantify. Among these approaches, Sparse Identification of Nonlinear Dynamics (SINDy) has proven particularly useful in deriving compact, interpretable models of nonlinear systems [11,12]. SINDy is a methodology designed to identify the underlying governing equations of a system by promoting sparsity in the selection of active terms. This is achieved through an iterative process of regression, where the method selects only the most relevant terms from a library of potential functions to represent the dynamics [13]. By assuming that many physical systems can be described by only a few active terms, SINDy is especially effective in capturing complex nonlinear behaviors while maintaining model simplicity and interpretability.



The key advantage of SINDy lies in its ability to condense complex, high-dimensional data into simplified models that retain the essential dynamics of the system [12], or alternatively, to effectively handle low-data scenarios while still capturing the system’s core behaviors [14]. By applying sparse regression techniques, SINDy identifies only the most relevant terms needed to describe the system, reducing the complexity of the model while preserving accuracy [15]. This makes it particularly suitable for real-time control applications, where computational efficiency is a priority. SINDy has been successfully applied in fields such as fluid dynamics and robotics, providing an efficient method for discovering governing equations from experimental data [16]. For UAVs, SINDy offers a way to derive accurate dynamic models from limited data while maintaining computational efficiency, which is crucial in applications where obtaining large datasets may be impractical or expensive [14].



Moreover, the use of data-driven models like SINDy addresses one of the critical challenges in UAV control: the ability to adapt to changing conditions in real-time. UAVs often operate in unpredictable environments, where factors such as wind, turbulence, and varying payloads introduce complex disturbances that are challenging to model a priori. Traditional model-based control methods struggle to cope with these uncertainties, relying on predefined models that may not account for certain external variables. In contrast, SINDy allows real-time data to continuously refine the dynamic model, enhancing the system’s adaptability and robustness [17].



Despite these advances, accurately modeling UAV dynamics remains challenging due to inherent nonlinearities and external disturbances, such as wind, payload variations, and sensor noise. These factors complicate the development of a single model that can account for all operational conditions [17]. Furthermore, UAV dynamics exhibit a strong coupling between translational and rotational movements, making it difficult to separate individual effects and model them independently. Data-driven methods, such as SINDy, balance capturing complex system behaviors while maintaining computational efficiency, which is essential for real-time control applications [16,18].



Once the UAV dynamics are identified using a data-driven approach like SINDy, these models can be integrated into an MPC framework for tasks such as trajectory tracking and path following. MPC is well-suited for UAV applications because it handles multivariable systems, enforces input and state constraints, and optimizes control performance over a prediction horizon. The success of MPC, however, relies heavily on the precision of the dynamic model. Poorly identified models can lead to degraded tracking performance or system instability [11]. Recent advancements in Nonlinear Model Predictive Control (NMPC) have shown great potential for real-time trajectory optimization and collision avoidance in dynamic environments [19]. However, these approaches often rely on predefined dynamic models, limiting adaptability to changing conditions. Building on this, our work integrates Sparse Identification of Nonlinear Dynamics (SINDy) to enhance NMPC frameworks by deriving interpretable models directly from data. This combination improves the accuracy and adaptability of UAV control in uncertain environments.



Integrating accurate models within the MPC framework ensures that UAVs can operate efficiently in both structured and unstructured environments, enabling them to perform complex maneuvers while maintaining safety and reliability.



Both the PD-approximated and SINDy-identified models offer distinct advantages within the MPC framework. The PD model provides a simple, computationally efficient approximation for control inputs, making it suitable for real-time applications. Meanwhile, the SINDy model captures more of the system’s nonlinearities, improving trajectory tracking accuracy, particularly in the presence of external disturbances [13]. Each of these two approaches provides a distinct toolset for UAV control, enabling robust performance across various operational scenarios.



1.1. Contributions


This paper presents a comprehensive approach to UAV dynamics identification using PD approximation and SINDy, where the UAV dynamics are modeled through the Euler–Lagrange formulation to derive the system’s equations of motion. The main contributions of this work are as follows:




	
PD-based modeling of system inputs: Development of a simple and effective model to approximate thrust and torque inputs under platform constraints, providing a practical tool for control-oriented dynamic modeling.



	
Sparse identification of nonlinear dynamics using SINDy: Derivation of compact, interpretable models from experimental data, capturing the UAV’s inherent nonlinearities.



	
Evaluation within an MPC framework: Independent assessment of the PD-based and SINDy models within a Model Predictive Control (MPC) framework, highlighting the strengths and limitations of each approach for trajectory tracking and control performance.








The performance of these models is evaluated through simulations and experimental validation, demonstrating the effectiveness of the proposed approach.




1.2. Paper Outline


The remainder of the paper is structured as follows: Section 2 covers the UAV dynamic modeling process. Section 3 addresses the PD-Based Input Modeling. Section 4 discusses the Sparse Identification of Nonlinear Dynamics. Section 5 focuses on System Identification. Section 6 provides an Analysis of Results. Finally, Section 7 concludes the paper and outlines directions for future work.





2. Dynamic Model


Figure 1 shows the quadcopter platform, where the inertial reference frame, fixed to the world, is labeled as   〈 I 〉   and denoted by the superscript e. The body-fixed reference frame, which moves with the quadcopter and is aligned with its motion, is designated as   〈 B 〉   and denoted by the superscript b; its origin is located at the quadcopter’s center of mass (CoM).



The dynamic model of the UAV is derived using the Euler–Lagrange formalism [20], which describes the equations of motion based on the system’s kinetic energy, potential energy, and generalized forces. The system’s state is represented as   x =      q    q ˙      ⊺  ∈  R 12   , where   q =      η   Ω     ⊺  ∈  R 6    and    q ˙  =       η ˙     Ω ˙      ⊺  ∈  R 6   . Here,   η =       η x     η y     η z      ⊺    represents the position coordinates, and    η ˙  =        η ˙  x      η ˙  y      η ˙  z      ⊺    denotes the linear velocities in the inertial frame. Similarly,   Ω =      ϕ   θ   ψ     ⊺    is the vector of Euler angles (roll, pitch, yaw), and    Ω ˙  =       ϕ ˙     θ ˙     ψ ˙      ⊺    is the vector of corresponding angular velocities in the body frame.



To derive the dynamic model, the Lagrangian function must satisfy the Euler–Lagrange equation:


    d  d t        ∂ L   ∂  q ˙      −    ∂ L   ∂ q    =     F     τ     .  











The generalized forces applied in the inertial reference frame are given by   F = R F =       f x    e     f y    e     f z    e      ⊺   , while the torques acting on the system in the body reference frame are represented by   τ =       τ ϕ    b     τ θ    b     τ ψ    b      ⊺    [21]. Here,  R  is the rotation matrix that transforms vectors from the body reference frame to the inertial reference frame, and   F =      0   0    f z    b      ⊺   , where   f z    b   represents the total thrust along the body’s z-axis.



The Lagrangian function,  L , represents the difference between the kinetic and potential energies of the system and is given by the following:


  L =   1 2   m   η ˙  ⊤   η ˙  +   1 2     ω  ⊤  I ω − m g  η z  ,  








where m is the mass of the rigid body,   η ˙   represents the linear velocity,  ω  the angular velocity, and   I ω   the inertia tensor. The term   m g  η z    represents the gravitational potential energy.



Using this framework, the dynamics of a rigid body with six degrees of freedom can be expressed in a compact form as follows:


         F     τ          =      m  I  3 × 3       0  3 × 3        0  3 × 3      M ( Ω )           η ¨       Ω ¨      +      0  3 × 3      0  3 × 3        0  3 × 3      C ( Ω ,  Ω ˙  )           η ˙       Ω ˙      +      m g  e 3       0     .     



(1)







Here,   M ( Ω )   and   C ( Ω ,  Ω ˙  )   represent the rotational inertia and Coriolis matrices, respectively. Additionally,   e 3   is a unit vector in the vertical direction.



The dynamic model can be rewritten in its more compact form as follows:


   M ¯   ( q )   q ¨  +  C ¯   ( q ,  q ˙  )   q ˙  +  G ¯  = T ,  



(2)




where    M ¯   ( q )    is the generalized inertia matrix,    C ¯   ( q ,  q ˙  )    is the Coriolis generalized matrix,   G ¯   represents the gravitational forces, and   T =      F   τ     ⊺    corresponds to the applied forces and torques.



The matrix   M ( Ω )   and its components are given by the following:


  M  ( Ω )  =      I x    0    −  I x   S θ       0     I z  +  (  I y  −  I z  )   C  ϕ  2       C ϕ   S ϕ   C θ   (  I y  −  I z  )        −  I x   S θ       C ϕ   S ϕ   C θ   (  I y  −  I z  )       I z   C  ϕ  2   C  θ  2  +  I y   S  ϕ  2   C  θ  2  +  I x   S  θ  2       .  



(3)







The Coriolis matrix   C ( Ω ,  Ω ˙  )   contains the gyroscopic and centripetal terms and is given by the following:


  C  ( Θ ,  Θ ˙  )  =      c 11     c 12     c 13       c 21     c 22     c 23       c 31     c 32     c 33      ,  








where the elements of the Coriolis matrix are defined as follows:


     c 11     = 0 ,       c 12     =  (  I y  −  I z  )   (  θ p   C ϕ   S ϕ  +  ψ p   S  ϕ  2   C θ  )  +  (  I z  −  I y  )   (  ψ p   C  ϕ  2   C θ  )  −  I x   ψ p   C θ  ,       c 13     =  (  I z  −  I y  )   ψ p   C ϕ   S ϕ   C  θ  2  ,       c 21     =  (  I z  −  I y  )   (  θ p   C ϕ   S ϕ  +  ψ p   S ϕ   C θ  )  +  (  I y  −  I z  )   (  ψ p   C  ϕ  2   C θ  )  +  I x   ψ p   C θ  ,       c 22     =  (  I z  −  I y  )   ϕ p   C ϕ   S ϕ  ,       c 23     = −  I x   ψ p   S θ   C θ  +  I y   ψ p   S  ϕ  2   S θ   C θ  +  I z   ψ p   C  ϕ  2   S θ   C θ  ,       c 31     =  (  I y  −  I z  )   ψ p   C  θ  2   S ϕ   C ϕ  −  I x   θ p   C θ  ,       c 32     =  (  I z  −  I y  )   (  θ p   C ϕ   S ϕ   S θ  +  ϕ p   S  ϕ  2   C θ  )  +  (  I y  −  I z  )   ϕ p   C  ϕ  2   C θ  +  I x   ψ p   S θ   C θ  ,       c 33     =  (  I y  −  I z  )   ϕ p   C ϕ   S ϕ   C  θ  2  −  I y   θ p   S  ϕ  2   C θ   S θ  −  I z   θ p   C  ϕ  2   C θ   S θ  +  I x   θ p   C θ   S θ  .     












3. PD-Based Input Modeling


A PD-based approach is employed to approximate control inputs, such as thrust and torque, under specific platform constraints. This model is not intended to serve as a system identification method but rather as a practical tool for approximating the dynamic inputs required for stabilization and control.



The PD-based approach assumes that the torques responsible for horizontal motion,     τ h    b   =       τ x     τ y      ⊺   , are controlled by a low-level attitude PD controller. This controller regulates the torques in the x- and y-axes to ensure stability in the horizontal plane. These torques are applied as follows:


    τ h    b   =  K  p h    (  Ω  h d   −  Ω h  )  +  K  d h    (   Ω ˙   h d   −   Ω ˙  h  )  ,  








where    Ω h  =      ϕ   θ     ⊤    represents the current roll and pitch angles, and    Ω  h d   =       ϕ d     θ d      ⊤    represents the desired attitude. The proportional and derivative gains are denoted by   K  p h    and   K  d h   , respectively. Assuming no change in the desired attitude,    Ω  h d   = 0  , then


   lim  t → ∞    ∥   τ h   ∥ = 0  and    lim  t → ∞    ∥   Ω ˜  h  ∥  = 0 ,  








where     Ω ˜  h  =  Ω  h d   −  Ω h   . This ensures that over time, the applied torque and attitude error in the horizontal plane will tend to zero.



For yaw control, the torque is governed by a PD controller with acceleration feedback:


   τ ψ  =  k  p ψ    (   ψ ˙  d  −  ψ ˙  )  +  k  d ψ    (   ψ ¨  d  −  ψ ¨  )  ,  








where    ψ ˙  d   is the desired yaw rate,    ψ ¨  d   is the desired yaw acceleration,   ψ ˙   is the current yaw rate, and   ψ ¨   is the current yaw acceleration. Therefore, we assume that if     ψ ˙  d  = 0   then


   lim  t → ∞    ∥   τ ψ   ∥ = 0  and    lim  t → ∞    ∥   ψ ˜  ˙  ∥  = 0 ,  








where     ψ ˜  ˙  =   ψ d  ˙  −  ψ ˙   , implying that both the applied yaw torque and yaw angle error will tend to zero over time.



In hover, with gravity compensation, the vertical thrust force is given by the following:


   f z  =  k  p z    (   η ˙   z d   −   η ˙  z  )  +  k  d z    (   η ¨   z d   −   η ¨  z  )  + m g ,  








where    η ˙   z d    is the reference vertical velocity,    η ¨   z d    and    η ¨  z   are the time derivatives of the reference and actual vertical velocities, and   k  p z    and   k  d z    are the proportional and derivative gains. It is assumed that if     η ˙   z d   = 0  , then


   lim  t → ∞    ∥   f z   ∥ = m g  and    lim  t → ∞    ∥    η ˜  ˙  z  ∥  = 0 ,  








where      η ˜  ˙  z  =   η ˙   z d   −   η ˙  z   , implying that the thrust force stabilizes at the hover value and the vertical velocity error tends to zero.



Based on the above, the general PD controller structure with vertical velocity and attitude angles as inputs can be expressed as follows:


       f x    e       f y    e       f z    e       τ ϕ    b       τ θ    b       τ ψ    b      =      R     0     0       k  p z    (   η ˙   z d   −   η ˙  z  )  +  k  d z    (   η ¨   z d   −   η ¨  z  )  + m g             k  p ϕ    (  ϕ d  − ϕ )  +  k  p ϕ    (   ϕ ˙  d  −  ϕ ˙  )         k  p θ    (  θ d  − θ )  +  k  p θ    (   θ ˙  d  −  θ ˙  )         k  p ψ    (   ψ ˙  d  −  ψ ˙  )  +  k  p ψ    (   ψ ¨  d  −  ψ ¨  )        



(4)







Here,  R  is the same rotation matrix between the body and the inertial frame.



The Equation (4) can be rewritten as follows:


   T  P D   =  R ¯     S ¯  1  μ −   S ¯  2  q −   S ¯  3   q ˙  −   S ¯  4   q ¨  +   S ¯  5   .  



(5)







The input signals applied to the quadcopter are represented by    T  P D   : =       F     e     τ     b      ⊺  ∈  R 6    and   μ =      0   0     η ˙   z d      ϕ d     θ d      ψ ˙  d      ⊺   , which correspond to the signals received from the UAV system using the Onboard SDK based on ROS [22]. The diagonal matrices that encapsulate the relevant parameters are     S ¯  1  = diag  ( 0 , 0 ,  ξ 1  ,  ξ 2  ,  ξ 3  ,  ξ 4  )   ,     S ¯  2  = diag  ( 0 , 0 ,  ξ 5  ,  ξ 6  )   ,     S ¯  3  = diag  ( 0 , 0 ,  ξ 7  ,  ξ 8  ,  ξ 9  ,  ξ 10  )   ,     S ¯  4  = diag  ( 0 , 0 ,  ξ 11  , 0 ,  ξ 12  )   , and     S ¯  5  =      0   0    ξ 13    0   0   0     ⊺   . Here, the terms   ξ i   represent the controller’s PD gains. The inertias   I x  ,   I y  ,   I z   are included as parameters    ξ 14  −  ξ 16   , which must also be identified.



Moreover, the matrix   R ¯   is an expanded rotation matrix, expressed as follows:


   R ¯  =     R    0  3 × 3        0  3 × 3      0  3 × 3       .  











The dynamic model in (2) is equated to (5), and it is obtained:


   M ¯   q ¨  +  C ¯   q ˙  +  G ¯  =  R ¯     S ¯  1  μ −   S ¯  2  q −   S ¯  3   q ˙  −   S ¯  4   q ¨  +   S ¯  5   ,  








where the dynamic model based on vertical velocity and desired attitude is expressed as follows:


   q ¨  =    M ¯  +  R ¯   S 4    − 1     R ¯     S ¯  1  μ −   S ¯  2  q −   S ¯  3   q ˙  +   S ¯  5   −  C ¯   q ˙  −  G ¯   .  



(6)








4. Sparse Identification of Nonlinear Dynamics


The Sparse Identification of Nonlinear Dynamics method provides a data-driven framework for identifying parsimonious models of dynamical systems [10]. The core assumption of SINDy is that most dynamical systems can be represented by only a few active terms, while the majority of potential candidate functions remain inactive. This approach leverages sparse regression techniques to select the most relevant terms in the governing equations of the system.



Consider a nonlinear dynamical system governed by the ordinary differential equation (ODE):


   x ˙   ( t )  = f  ( x  ( t )  , u  ( t )  )  ,  








where   x  ( t )  ∈  R n    is the state vector,   u  ( t )  ∈  R q    is the control input, and   f :  R n  →  R n    represents the nonlinear dynamics. The objective of SINDy is to find a sparse approximation of   f ( x , u )   using time-series data of   x ( t )   and its derivatives    x ˙   ( t )   .



The goal is to express   f ( x , u )   as a sparse linear combination of the columns of   Θ ( x , u )  . This leads to the following approximation:


   X ˙  ≈ Θ  ( X , U )  Ξ ,  



(7)




where    X ˙  ∈  R  m × n     contains the derivative data,   Θ  ( X , U )  ∈  R  m × p     is the evaluation of the function library over the dataset where p is the number of candidate functions;   U ∈  R  m × q     contains the control input data, and   Ξ ∈  R  p × n     is the sparse matrix that includes both the dynamics of the system and the effects of the control inputs.



By including control terms in the function library, SINDy can identify the influence of external forces or control actions on the system dynamics, making it suitable for applications in robotics, autonomous systems, and control theory.



The library of candidate functions can include polynomial, trigonometric, and other nonlinear functions of the states   x ( t )   and can be expressed as follows:


  Θ =  1  x  u   x 2   x u  sin  ( x )   cos  ( x )   x sin  ( x )   x cos  ( x )   .  











To determine  Ξ , a sparse regression problem is formulated as follows:


   min Ξ   ∥   X ˙    − Θ  ( X , U )  Ξ ∥  2 2  + λ   ∥ Ξ ∥  1  .  











Thus, the fully identified dynamics with control are the following:


      x ˙  =    Ξ 1  ︸  Constant  +     Ξ 2  x  ︸  Linear  +     Ξ 3  u  ︸  Control  +     Ξ 4   x 2   ︸  Quadratic  +     Ξ 6  x u  ︸   Cross  Terms   +           Ξ 7  sin  ( x )  +  Ξ 8  cos  ( x )   ︸  Trigonometric  +     Ξ 9  x sin  ( x )  +  Ξ 10  x cos  ( x )   ︸  Mixed  ,     



(8)




where the   Ξ i   terms represent constant, linear, quadratic, cross, and trigonometric interactions between the state vector, control inputs, and Euler angles, capturing the essential dynamics and control effects. In practical applications, the time derivatives    x ˙   ( t )    are not directly measured and must be calculated through numerical differentiation of the state data.




5. System Identification


The system identification process for the quadcopter leverages both PD approximation and SINDy to capture its nonlinear dynamics, as shown in Figure 2. Using velocity and acceleration data from experimental flights with a DJI Matrice 100 quadcopter, the process consists of several stages that guide the development of mathematical models from observed data [23]:



	
Prior knowledge. This includes understanding the system’s characteristics, which enables the selection of appropriate candidate structures for SINDy. This foundational knowledge guides both model selection and experimental design.



	
Experiment design. Defines the input-output data to capture system behavior under open-loop or closed-loop setups.



	
Data recording. Gathers input-output data from the experiments to fit the model.



	
Model selection and calculation. Based on the experimental data, either the PD or SINDy model is selected.



	
Model validation. Sets a criterion for validating the identified model. If it meets accuracy standards, the model is adopted; otherwise, previous steps are revisited.






5.1. PD-Based Approximation for Input Modeling


The Euler–Lagrange formalism is employed to derive the equations of motion that govern the UAV’s dynamics. These equations define the structure of the dynamic model, which is then used in conjunction with data-driven approaches, to identify the system’s nonlinear behaviors from experimental data.



The objective is to minimize the quadratic error between the forces and torques generated by the nonlinear model based on the Euler–Lagrange method and those generated by the parametrized model, which is based on the dynamic parameters and PD constants   ξ ∈  R 16   , encapsulating the UAV’s dynamic properties. Quadratic programming techniques are applied iteratively to adjust the parameters of the diagonal matrices     S ¯  1  ,   S ¯  2  ,   S ¯  3  ,   S ¯  4  ,   S ¯  5    until the cost function J reaches a minimum. The optimization problem is formulated as follows:


   min ξ   ∫ 0  t +  t f    J =   T  ( t )  −  T PD   ( ξ , t )   2  d t .  











The presence of noise in the measurements is addressed using a low-pass filter of the form    λ  s + λ    , with   λ = 1  , and is applied to both the system’s measurements and the reference values. This ensures that the noise does not affect the identification process, and since the time derivatives    x ˙   ( t )    are not directly measured, they must be estimated from the state data and pass through the same filter.



The identified diagonal matrices are presented in Table 1.



These values provide the best approximation of the UAV’s dynamic behavior and are suitable for further modeling and MPC design. The system’s dynamics are characterized in a concise form based on the control inputs, and the identified model is formulated as a vector function, given by the following:


   x ˙  = f  ( x , μ , ξ )  .  



(9)








5.2. SINDy Approximation


Given the dataset of states   x ( t )  , control inputs   u ( t )  , and numerically computed derivatives    x ˙   ( t )   , the SINDy algorithm outputs a sparse coefficient matrix  Ξ , which contains mostly zeros, with nonzero entries corresponding to the active terms that describe the system’s true dynamics. This matrix identifies the relevant terms in the function library   Θ ( x , u )   that contribute to the dynamics. This work employed numerical differentiation techniques and smoothing methods, such as the Savitzky–Golay filter to obtain    x ˙   ( t )   , as facilitated by the approach in [24].



The function library   Θ ( x , u )   was reduced to balance simplicity and expressiveness in the identified dynamics. This reduction is based on the following considerations:




	
Dominance of linear and trigonometric terms: The dynamics are primarily captured by linear terms (   Ξ 2  x  ) and trigonometric terms (   Ξ 7  sin  ( Ω )  ,  Ξ 8   cos ( Ω   ), which represent the key interactions in the system.



	
Inclusion of control inputs: The control inputs (   Ξ 3  u  ) account for external forces or control actions influencing the dynamics.



	
Exclusion of higher-order terms: Quadratic (   Ξ 4   x 2   ), cross terms (   Ξ 6  x u  ), and mixed terms (   Ξ 9  x sin  ( x )  ,   Ξ 10  x cos  ( x )   ) were excluded due to their negligible contribution within the operating range, simplifying the model.








The resulting matrix   Θ ( x , u )   contains


  Θ  ( x , u )  =     x   u    sin ( Ω )     cos ( Ω )      .  











This structure retains the dominant dynamics while ensuring the model is interpretable, efficient, and generalizable to unseen scenarios.



The problem is solved using the SR3 optimization method, which applies both   l 1   and   l 2   regularization to enforce sparsity. SR3 aligns well with the desired objective, as it promotes a parsimonious model by eliminating insignificant terms [24,25]. While alternative methods like STLSQ use   l 2   regularization (Ridge), SR3 ensures better sparsity by introducing a thresholding mechanism and regularization gain   λ = 0.05  , resulting in a compact model for   f ( x , u )  .



As shown in Figure 3, the contributions of the terms in   Θ ( x , u )   reveal that the angular states  ϕ  (roll) and  θ  (pitch) dominate the system dynamics. The trigonometric interactions are also significant, reflecting their role in capturing non-linear behaviors. Additionally, the control inputs contribute to the stabilization and correction of the system, emphasizing the critical influence of these terms in the dynamics represented by   Θ ( x , u )  .



Figure 4 and Figure 5 show the results of the identification process, where the suffix ref refers to the reference values received by the UAV, the suffix sindy refers to the values generated by the SINDy-identified model, and the suffix PD corresponds to the Euler–Lagrange approximation model.



Table 2 presents a comparison of the RMSE, MAE, and Concordance Index for both the SINDy and PD models. The comparison is explicitly performed for each state, as well as globally for the full state vector.





6. Analysis of Results


The performance of the identified models within the NMPC framework is validated by evaluating control tracking errors in a real-world experimental setup, which spans the interval   l ∈ [ t , t + N ]  , where N denotes the prediction horizon, as illustrated in the block diagram of the MPC framework shown in Figure 6.



In this setup, the UAV is tasked with following a predefined reference trajectory, as detailed in Table 3, allowing for a comprehensive assessment of each model’s effectiveness.



MPC optimizes control inputs over a finite prediction horizon to minimize both tracking errors and control effort. The cost function for the OCP is defined as follows:


     min   x ˜   ( . )   μ  ( . )          1 2     x ˜  N ⊺  Q   x ˜  N  +  ∑  k = 0   N − 1     1 2     x ˜  k ⊺  Q   x ˜  k  +   1 2     μ  k ⊺  R  μ k        s . t . :       x  k + 1   =  f  d i n    (  x k  ,  μ k  )  ,  ∀ k ∈  [ 0 , N − 1 ]  ,            x 0  =   [  η 0    Ω 0  ]  ⊺  ,            |    η ˙   z d    |   ≤   5   m / s  ,             |   ϕ d   |   ≤   0.611  rad ,             |   θ d   |   ≤   0.611  rad ,              |   ψ ˙  d   |   ≤      5 6   π   rad / s  .     



(10)







Here,   x k   represents the state vector at the time step k, and    x ˜  =  x k  −  x  ref , k     denotes the deviation from the reference state vector   x  ref , k   . The term   Q = 2  I  3 × 3     is the state weighting matrix and   R = 0.1  I  3 × 3     is the control input weighting matrix. The prediction horizon is N, and the system dynamics are modeled by    f  d i n    (  x k  ,  μ k  )   . The initial conditions for the system are given by    x 0  =      3   3   5   0   0   0     ⊺   . The control input constraints, such as the limits on vertical velocity, desired angles, and yaw rate, are imposed due to the limitations of the DJI Onboard SDK, which governs the control signals received by the UAV.



The optimization is solved at each time step, and the first control input is applied in a receding horizon of   N = 30  , with a sampling frequency of 30 Hz. The optimization is performed using Acados and CasADi through a sequential quadratic programming (SQP) method, executed within a real-time iteration (RTI) scheme. The system communicates using ROS (Robot Operating System), enabling real-time communication within the UAV architecture. The onboard PC of the UAV is equipped with a Jetson Orin 16 GB (275 TOPS), ensuring accurate real-time control.



6.1. Overall Performance


Figure 7 presents the spatial behavior during the execution of the desired task for both models in the trajectory tracking task. These results highlight the effectiveness of the identified models when integrated into an MPC framework for real-world UAV control applications.



The real-time implementation of the MPC controller, combined with the data-driven models, enabled precise UAV control with minimal tracking error and reduced control effort. This highlights the potential of the identified models to improve performance in dynamic environments.




6.2. Control Errors


The position errors across the three experimental setups can be observed in Figure 8. The errors demonstrated that both the PD-based and SINDy models could accurately track the reference trajectory.



Additionally, the errors obtained in tracking the desired trajectory during the MPC validation process are summarized in Table 4. The table provides a comparative analysis of RMSE, MAE, and the Concordance Index for both models. The results highlight that SINDy consistently achieves superior tracking accuracy, with lower error metrics across all experiments. Although the Concordance Index remains high for both models, indicating strong alignment with the reference trajectory, SINDy demonstrates marginally better consistency. These findings confirm that SINDy offers a more accurate and reliable solution, making it the preferred model in this validation process.




6.3. Time Loop


It is noteworthy that the SINDy model converges faster than the PD-Euler Lagrange approximation, as shown in Figure 9. Specifically, the average solver time for the SINDy model is approximately 2.5 ms (400 Hz), compared to 7 ms (143 Hz) for the PD-Euler Lagrange model. Additionally, the main loop operates at a constant frequency of 30 Hz. This difference is because the PD-Euler Lagrange model involves a more complex and nonlinear structure compared to the simpler formulation used by the SINDy model. The reduced computational complexity of the SINDy model enables faster execution, making it more efficient for real-time applications, despite a trade-off in steady-state error performance.





7. Conclusions


The findings indicate that, in all experiments, the SINDy-based model demonstrated superior performance in tracking accuracy and computational efficiency compared to the PD-based model, confirming its suitability for real-time application scenarios. While both models exhibit strong tracking capabilities, the SINDy model achieves lower error metrics, including RMSE and MAE, highlighting its clear advantage in trajectory tracking accuracy. Furthermore, the Concordance Index for both models remains high, indicating their robustness in maintaining alignment with the reference trajectory. However, the SINDy model presents better consistency, as evidenced by its lower error metrics across all experiments, suggesting it is more reliable under varied operating conditions.



In addition to its accuracy, the SINDy model offers significant computational benefits. Its more straightforward structure reduces computational complexity, making it highly suitable for real-time applications where processing speed is critical. In contrast, the PD model, while effective, has a more complex structure that can slow down computations. Therefore, the SINDy model not only delivers improved precision but also ensures faster execution, making it the preferred choice for applications requiring both accuracy and efficiency.



Although the experiments were conducted using the DJI Matrice 100 platform, the proposed models exhibit potential for generalization to other UAV platforms. For the PD-based model, proportional and derivative gains would need to be identified based on the specific dynamics of the new UAV. Similarly, the SINDy model would require additional experimental data if the operational envelope of the new platform differs significantly. These adjustments highlight the adaptability of the proposed models and their potential application across diverse UAV configurations. Future work should extend the validation process to other platforms and explore enhancements to improve the generalization and adaptability of the models further.



Finally, while the SINDy model excels under the tested conditions, its performance may degrade if the UAV operates outside the parameter space used for model identification. Maintaining consistency between the identification and operating conditions is essential to ensuring reliable performance in real-world applications. Future work could explore expanding the parameter space and integrating adaptive techniques, such as reinforcement learning or hybrid control strategies, to enhance the model’s robustness in diverse scenarios. Additionally, further testing in more complex and dynamic environments will provide deeper insights into the models’ scalability and practical limitations.
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Figure 1. UAV reference frame DJI Matrice 100. 






Figure 1. UAV reference frame DJI Matrice 100.



[image: Drones 09 00071 g001]







[image: Drones 09 00071 g002] 





Figure 2. System identification process for the UAV. 






Figure 2. System identification process for the UAV.



[image: Drones 09 00071 g002]







[image: Drones 09 00071 g003] 





Figure 3. Heatmap of the sparse matrix  Ξ  from   Θ ( x , u )  . 
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Figure 4. Comparison of the UAV’s linear and angular positions with respect to the reference values. 
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Figure 5. Comparison of the UAV’s linear and angular velocities with respect to the reference values. 
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Figure 6. General scheme of NMPC. 
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Figure 7. Spatial behavior of the UAV under the PD-Euler Lagrange and SINDy models for three different reference trajectories: (a) Sinusoidal, (b) circular, and (c) spiral. 
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Figure 8. Position errors for sinusoidal (a,b), circular (c,d), and spiral (e,f) trajectories, with SINDy (top) and PD (bottom) models. 
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Figure 9. Time loop comparative. 
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Table 1. Values of  ξ .
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	     ξ 1  = 0.6756    
	     ξ 2  = 1.0000    
	     ξ 3  = 0.6344    
	     ξ 4  = 1.0000    



	    ξ 5  = 0.4080   
	    ξ 6  = 1.0000   
	    ξ 7  = 1.0000   
	    ξ 8  = 1.0000   



	    ξ 9  = 0.2953   
	    ξ 10  = 0.5941   
	    ξ 11  = − 0.8109   
	    ξ 12  = 1.0000   



	    ξ 13  = 0.3984   
	    ξ 14  = 0.00546   
	    ξ 15  = 0.0035   
	    ξ 16  = 0.00659   










 





Table 2. Comparison of RMSE, MAE, and Concordance Index for SINDy and PD.
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RMSE

	
MAE

	
Concordance Index




	
State

	
SINDy

	
PD

	
SINDy

	
PD

	
SINDy

	
PD






	
   η x   

	
33.1389

	
53.4461

	
27.1978

	
41.6780

	
0.1300

	
0.0887




	
   η y   

	
1.2704

	
32.8757

	
1.0249

	
23.7101

	
0.7435

	
0.0779




	
   η z   

	
0.0399

	
0.6811

	
0.0334

	
0.5703

	
0.9861

	
0.7705




	
    η ˙  x   

	
0.0179

	
1.0154

	
0.0133

	
0.9151

	
0.9927

	
0.1133




	
    η ˙  y   

	
0.0252

	
1.1049

	
0.0172

	
1.0193

	
0.9916

	
0.0515




	
    η ˙  z   

	
0.0042

	
1.1453

	
0.0035

	
0.9436

	
0.9964

	
0.4652




	
  ϕ  

	
0.0290

	
2.1226

	
0.0231

	
1.8431

	
0.9075

	
0.0575




	
  θ  

	
0.0238

	
1.9420

	
0.0194

	
1.5267

	
0.8333

	
0.0355




	
  ψ  

	
0.8033

	
0.9464

	
0.6057

	
0.7830

	
0.7498

	
0.5414




	
   ϕ ˙   

	
0.0438

	
0.2639

	
0.0285

	
0.1991

	
0.9597

	
0.6997




	
   θ ˙   

	
0.1788

	
0.2468

	
0.1224

	
0.1714

	
0.6744

	
0.4701




	
   ψ ˙   

	
0.0049

	
0.1684

	
0.0033

	
0.1343

	
0.9966

	
0.8588




	
  x  

	
9.5764

	
18.1445

	
2.4244

	
6.1245

	
0.8301

	
0.3525








Note: Values in bold correspond to metrics computed globally for the full state vector  x .













 





Table 3. Desired positions for different trajectory types.
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	Trajectory
	     x d   ( t )     
	     y d   ( t )     
	     z d   ( t )     





	Sinusoidal
	   4 sin ( 0.32 t ) + 3   
	   4 sin ( 0.64 t )   
	   2 sin ( 0.64 t ) + 6   



	Circular
	   5 cos ( t )   
	   5 sin ( t )   
	6



	Spiral
	    e  0.06 t   cos  ( t )    
	    e  0.06 t   sin  ( t )    
	   0.1 t + 5   










 





Table 4. Comparative Results for MPC validation.
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Experiment

	
Model

	
RMSE

	
MAE

	
Concordance Index






	
Sinusoidal

	
PD

	
0.4823

	
0.4319

	
0.9868




	
SINDy

	
0.4791

	
0.3372

	
0.9869




	
Circular

	
PD

	
0.5209

	
0.5560

	
0.9895




	
SINDy

	
0.4842

	
0.4752

	
0.9909




	
Spiral

	
PD

	
0.5711

	
0.4068

	
0.9704




	
SINDy

	
0.4958

	
0.4239

	
0.9777




	
Average

	
PD

	
0.5248

	
0.4649

	
0.9822




	
SINDy

	
0.4864

	
0.4121

	
0.9852
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