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Abstract: In the attitude control of quadrotor drones, it is necessary to cope with matched and
unmatched disturbances caused by nonlinear couplings, model uncertainties, and external distur-
bances, as well as to consider the effects caused by actuator dynamics. Aiming to accurately track
desired trajectories under the above factors, a novel control strategy is proposed by combining a state
feedback control with a high-order sliding mode disturbance observer (HOSMDO). The HOSMDO
is motivated by the higher-order sliding mode (HOSM) differentiator and extended state observer
(ESO) technique, allowing for the exact robust estimation of disturbances and their arbitrary order
derivatives in finite time. Unlike the control schemes based on back-stepping methods, the proposed
controller is designed with a holistic mindset. Specifically, a baseline feedback framework is con-
structed firstly, and the disturbances and relevant derivatives required for the baseline framework
are then generated by the HOSMDOs to obtain the overall control scheme. The stability conditions of
the controllers designed with and without considering the actuator dynamics are analyzed separately.
In the latter case, the actuator dynamics imposed additional constraints on the control parameters.
Numerical simulations validate the effectiveness of the proposed control strategy.

Keywords: quadrotor drone attitude control; mismatched disturbance; high-order sliding mode
disturbance observer; actuator dynamics

1. Introduction

In recent years, quadrotor drones have gained significant popularity in military and
civilian applications due to their versatility, maneuverability, and cost-effectiveness [1–6].
Achieving precise attitude tracking control is crucial for ensuring the stable flight and
precise maneuvering of quadrotor drones during task execution. However, model uncer-
tainties and external disturbances, such as unmodeled dynamics, parametric uncertainties,
and environmental factors like wind gusts, are inherent in the attitude dynamics [7]. These
factors collectively present significant challenges in developing control algorithms that
maintain accurate attitude control.

Extensive research efforts have been dedicated to the development of advanced control
algorithms and techniques to enhance the attitude tracking capabilities of quadrotor drones
in the presence of nonlinearities, uncertainties, and disturbances. PID control is employed
in [8,9]. In [8], an affine parametrization approach is utilized to adjust the PID parameters,
and H∞ theory is incorporated to ensure robustness. On the other hand, Ref. [9] adopts a
second-order sliding mode control to adaptively tune the PID parameters and introduces a
fuzzy compensator to address chattering phenomena. Liu et al. [7] proposed a robust atti-
tude stabilization controller that combines a nominal state-feedback controller and a robust
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compensator to handle uncertainties and delays effectively. In addition, the sliding mode
technique is popular for handling uncertainties and disturbances in the attitude control of
quadrotor drones. In [10], sliding mode controllers are designed based on sliding mode
neural-based observers to estimate nonlinear uncertainties, while saturated smoothing
differentiators are employed to attenuate oscillations. A Fixed-time Non-switching Homo-
geneous Nonsingular Terminal Sliding Mode Control (FNHNTSMC) with a disturbance
observer is proposed in [11], and a second-order sliding mode controller based on PID
sliding mode surface and ESO is designed in [12]. Falcón et al. [13] conduct a comparative
analysis of four Continuous Sliding-Mode Control (Continuous-SMC) algorithms and a ro-
bustified PID control approach for quadrotor drones, in which a Finite-Time Sliding-Mode
Observer (FT-SMO) is incorporated for state estimation and disturbance identification.
However, these studies only consider matched disturbances and fail to comprehensively
address mismatched disturbances in the attitude model of quadrotor drones.

Mismatched disturbances, which refer to disturbances occurring in channels that
are different from the control inputs, are prevalent in real systems and hold practical
significance [14]. To attenuate mismatched disturbances, robust control methods are com-
bined with disturbance observer-based control (DOBC) in [15] and nonlinear disturbance
observer-based robust control (NDOBRC) in [16]. However, the mismatched disturbances
under consideration should adhere to H2 norm bounds [15] or be slowly time-varying [16].
For higher-order time-varying mismatched disturbances, sliding-mode design methods
based on a recursively formed HOSM differentiator/observer are investigated in [17–19].
The back-stepping method, in combination with existing DOBC methods such as the dis-
turbance observer (DOB) [20] and the Uncertainty and Disturbance Estimator (UDE) [21],
provides a systematic approach for dealing with mismatched disturbances. However,
the back-stepping method may lead to the “complexity explosion” disadvantage [21].
Furthermore, a second-order fixed-time sliding mode controller was proposed to tackle
mismatched disturbances for second-order systems without using disturbance observers
in [22].

To deal with the problem of mismatched disturbances for quadrotor drones, state feed-
back controllers have been designed based on modified uncertainty and disturbance estimator
(MUDE) [23] and cascade-modified uncertainty and disturbance estimator (CMUDE) [24].
The key distinction is that, in [23], a nonsingular coordinate transformation is intro-
duced to convert mismatched disturbances into matched disturbances in the auxiliary
system, whereas in [24], back-stepping is employed to transform mismatched disturbances
into matched disturbances in the subsystem. However, the second-order filter adopted
in [23] and the reconstructed derivatives of the mismatched disturbances in [24] increase in
system complexity. Serving the same purpose, adaptive sliding mode control approaches
were designed in [25,26]. Using back-stepping procedure, Wang et al. [25] proposed an
adaptive command-filtered sliding mode control based on a compensation error system.
Mofid et al. [26] presented an adaptive super-twisting terminal sliding mode control that
can estimate the upper bound of modeling uncertainty and wind disturbance. A finite-time
ESO, which is used to estimate the total disturbances, was combined with super-twisting
sliding mode control in [27]. The finite-time ESO was motivated by the homogeneous
systems [28]. From this perspective, it is possible to construct a disturbance observer based
on HOSM techniques in the same way.

A HOSM differentiator, which can generate differentiation up to arbitrary order n
in finite time as long as the (n+1)th derivative is bounded by a known constantis, was
introduced by Levant in [29] and has garnered significant attention in the literature. In [30],
a homogeneous finite time observer with linearizable error dynamics was proposed, in
which the Luenberger linear observer and the HOSM differentiator are limit cases. Angulo
et al. [31] improved the HOSM differentiator to an uniform differentiator with indepen-
dence of the initial differentiation error. An arbitrary-order robust exact differentiator with
adaptive gains was generated in [32], and a parameter tuning method was presented. How-
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ever, there is no precedent for modifying the non-recursively formed HOSM differentiator
into a disturbance observer to address high-order time-varying mismatched disturbances.

Furthermore, it is crucial to acknowledge that the actuator plays a vital role in quadro-
tor drones. The dynamics of the actuator exhibit a non-negligible transient response, which
can have a substantial impact on the stability, controllability, and agility of the control
system. Thus, taking the actuator dynamics into account is essential for ensuring the effec-
tiveness and safety of the attitude control system, particularly during fast maneuvers [33].
It is worth noting that, in most of the studies, the dynamics of the actuator are assumed
to be ideal and fast enough to be negligible compared to the dynamics of the outer loop
system [34–36]. In [37], the control inputs are considered to suffer from saturation effects
owing to the physically limited nature, but the dynamics that characterize the transient
response of the actuator are not taken into account. Ignoring transient response due to
actuator dynamics can lead to performance degradation and even a loss of stability [38]. In
our work, the actuator dynamics are considered as a first-order plus time-delay (FOPTD)
model, which is verified by [23,24].

Based on the above discussion, the objective of this work is to propose a HOSMDO-
based state feedback control strategy for the attitude control system of quadrotor drones
involving matched and mismatched disturbances with FOPTD-modeled actuator dynamics.
The novelties of this work can be summarized as follows:

1. A novel state feedback control incorporating HOSMDO is proposed to increase the ro-
bustness and accuracy of the attitude control system under matched and mismatched
disturbances as well as actuator dynamics. The control strategy was designed with
a holistic mindset for the whole system, rather than a recursive design using back-
stepping methods.

2. The HOSMDO is proposed to achieve exact robust estimation of matched/mismatched
disturbances and their higher-order derivatives in finite time. To the best of our knowl-
edge, the HOSMDO modified from the non-recursively formed HOSM differentiator is
utilized here for the first time.

3. By comparing the stability of the controller designed with and without considering
actuator dynamics, it was found that the control parameter range of the latter is
limited by actuator dynamics, and the closed-loop tracking accuracy is also affected.

This paper is organized as follows: Section 2 presents preliminaries and formulates the
problem. The proposed control strategy is proposed in Section 3, and the stability analysis
is presented in Section 4. Section 5 presents the numerical simulation results. Finally,
Section 6 concludes the paper.

2. Preliminaries and Problem Formulation
2.1. Preliminaries

Three important concepts related to the homogeneity property are introduced for
stability analysis of the present research.

Definition 1 ([30,39]). The dilation Λr
λ, related to the vector of weights r = (r1, · · · , rn) ∈ Rn

+,
is defined as a mapping given by

Λr
λ : (x1, · · · , xn) 7→ (λr1 x1, · · · , λrn xn), ∀λ > 0.

Definition 2 ([30,39]). A function g : Rn → R is said to be homogeneous with degree d ∈ R in
relation to the dilation Λr

λ if
g(Λr

λx) = λdg(x), ∀x ∈ Rn,

and we note deg(V) = d.
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Definition 3 ([30]). A vector field g : Rn → Rn with components denoted by gi is said to be
homogeneous with degree d ∈ R in relation to the dilation Λr

λ if

deg(gi) = d + ri, ∀i ∈ {1, · · · , n}.

2.2. Problem Formulation
2.2.1. Attitude Motion Model of a Quadrotor Drone

In this work, the quadrotor drone is considered as a rigid body with an X-configuration.
As illustrated in Figure 1, the rotational motion of the quadrotor drone is described in the
inertial frame and the body-fixed frame, which are denoted as the I-frame and B-frame,
respectively [40].

g

T1T2

T3

T4

xB

yB

zB

θ
ψ

Φ

yI

xI

zI

Figure 1. Quadrotor drone in I-frame and B-frame.

We adopt Euler angles Θ = [φ, θ, ψ]T to represent the attitude of the quadrotor drone.
φ, θ, and ψ represent the roll angle, pitch angle, and yaw angle, respectively.

Considering the rotation from I-frame to B-frame in the order of ψ–θ–φ, the relationship
between the Euler angle rates Θ̇ and the body angular rate in B-frame ω = [ωx, ωy, ωz]T is
formulated as the following nonlinear equations [41]:

φ̇ = ωx + ωy sin φ tan θ + ωz cos φ tan θ,

θ̇ = ωy cos θ −ωz sin φ,

ψ̇ = ωy
sin φ

cos θ
+ ωz

cos φ

cos θ
,

(1)

In order to facilitate the subsequent control design, the nonlinear Equation (1) are
rewritten in the linear form with disturbances:

Θ̇ = ω + fΘ, (2)

where

fΘ =

ωy sin φ tan θ + ωz cos φ tan θ
ωy(cos θ − 1)−ωz sin φ

ωy
sin φ
cos θ + ωz(

cos φ
cos θ − 1)

. (3)

Remark 1. In this work, Euler angles are employed to describe the attitude because they can be
more directly mapped to the actual motion of the quadrotor drones, which is more intuitive and easier
to understand than other representations [42,43]. Although the Euler angle representation suffers
from the problem of gimbal lock [42,44], the configuration of quadrotor drones imposes constraints
on the range of attitude angles. By carefully selecting the rotation order of the Euler angles, it is
possible to prevent the occurrence of singularities.
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Remark 2. In the majority of existing studies, the lumped disturbance fΘ is overlooked based on the
small angle approximation, leading to Θ̇ ≈ ω [9,11,45]. However, with the increasing complexity
of application scenarios and mission requirements, large angle maneuvers, where θ and φ deviate
significantly from zero, become inevitable during the execution of aggressive missions for quadrotor
drones. As a result, the small angle approximation is invalid and the kinematic coupling fΘ must be
taken into consideration in the design process of attitude controllers.

The typical equation that represents the rotational dynamics of the quadrotor drone in
B-frame is as follows [41]:

Jω̇ = −ω× Jω + τ + dτ , (4)

where J = diag([Jx, Jy, Jz]) is the quadrotor drone moment of inertia about its center of
mass , which is positioned at the origin of the B-frame; dτ = [dτx, dτy, dτz]T characterizes
the external disturbance torque acting on the quadrotor drone, including the asymmetric
torque, rotational inertia torque, and air-drag torque; τ = [τx, τy, τz]T denotes the control
torque with respect to the B-frame generated by the actuators, i.e., four rotors of the
quadrotor drone. The components of τ are composed as

τx =

√
2

2
l(−T1 + T2 + T3 − T4),

τy =

√
2

2
l(T1 − T2 + T3 − T4),

τz =
cM
cT

(T1 + T2 − T3 − T4),

(5)

where l is the arm length of the quadrotor drone; Ti(i = 1, 2, 3, 4) is the thrust generated by
the ith rotor; cM and cT are two constant parameters of the rotors.

Rewriting Equation (4) into the linear form with lumped disturbances derives
the following:

Jω̇ = τ + fω, (6)

where
fω = [ fωx, fωy, fωz]

T = −ω× Jω + dτ . (7)

Please note that the torque τ is developed by the actuators, which possess inherent
dynamics that affect their response to control inputs. These dynamics, in turn, impact the
response and stability of the overall system. Our model includes the actuator dynamics to
ensure more realistic and reliable analysis and control of the system. The FOPTD model is
adopted to characterize the dynamics of the actuators. This model adequately represents
the characteristics of the actuators, including bandwidth and time delay. Assuming the
quadrotor drone with four identical rotors, the actuators in pitch, roll, and yaw channels
exhibit identical dynamic characteristics. The specific form of the FOPTD actuator model is
given by

Taτ̇(t) = −τ(t) + u(t− td), Ta > 0, td > 0, (8)

where u is the desired torque developed by the controller; the parameters Ta and td stand
for the dynamic characteristics of the actuators and correspond to time constant and time
delay, respectively.

Rewrite Equation (8) in a consistent form with Equations (2) and (6) as

Taτ̇ = −τ + u + fa, (9)

where
fa(t) = −u(t) + u(t− td). (10)
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Remark 3. As is shown in [23,24], the parameters Ta and td can be accurately identified through
offline identification methods. Therefore, in the subsequent controller design, the actuator model (8)
can serve as a virtual sensor to estimate the output torque τ [23].

Up to this point, we have obtained the complete attitude motion model of the quadro-
tor drone which takes into account disturbances and actuator dynamics, composed of
Equations (2), (6), and (9):

Θ̇ = ω + fΘ,

Jω̇ = τ + fω,

Taτ̇ = −τ + u + fa.

(11)

2.2.2. Problem Statement

Considering both matched and mismatched disturbances as well as actuator dynamics,
our goal is to devise a robust control law u for the quadrotor drone attitude motion
system (11) that achieves ultimate bounded tracking of a desired attitude trajectory Θd.

From Equation (11), it can be observed that the three attitude channels have an identical
structure as the following three-order form:

ẋ1 = x2 + f1,

Jẋ2 = x3 + f2,

Ta ẋ3 = −x3 + u + f3,

(12)

where, for the specific channel (pitch, roll or yaw channel), x1, x1, and x3 represent the Euler
angle, the angular velocity, and the actuator generating torque, respectively; f1, f2, and f3
denote the lumped disturbances; J is the corresponding moment of inertia; u represents the
input signal developed by the controller.

For simplicity, we designed the controller u for the three-order system (12) without
losing generality. The specific controller for each channel simply needs to be identical to u,
with appropriate adjustments made to the specific gains.

Thus, the control objective can be stated as designing a control law u for the system (12)
to achieve ultimate boundedness for the tracking error, namely,

|x1d − x1| ≤ δ, ∀t > tδ, (13)

where x1d is the desired trajectory, δ > 0 denotes the ultimate bound of the tracking error,
and tδ is the corresponding settling time.

3. The HOSMDO-Based Control Strategy

In this section, a novel feedback control framework based on HOSMDO for the attitude
tracking of system (12) is presented as shown in Figure 2.

Baseline

Framework
Actuator

Attitude

Motion

HOSMDO

External disturbances

Estimates
Virtual 

Sensor Quadrotor Drone

Desired

 trajectory
u x1,x2

x3

Figure 2. The proposed control framework.
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3.1. The Baseline Control Framework Design

Two virtual controls, x2d and x3d, are introduced as the reference signals of x2 and x3,
respectively. Then, the tracking errors are defined as

e1 = x1d − x1,

e2 = x2d − x2,

e3 = x3d − x3.

(14)

Combining the attitude dynamics (12) with the definitions (14) yields the error dynamics:

ė1 = e2 − x2d + ẋ1d − f1,

Jė2 = e3 − x3d + Jẋ2d − f2,

Ta ė3 = −e3 − u + Ta ẋ3d + x3d − f3.

(15)

In (15), x2d, x3d, and u are the controls to be designed. However, the presence of deriva-
tives ẋ2d and ẋ3d complicates the design. Motivated by idea of coordinate transformation
in [23] and the feedback linearization technique, we introduce changes of control inputs
as follows:

u1 = x2d,

u2 = x3d − Jẋ2d,

u3 = u− Ta ẋ3d − x3d.

(16)

Then, the error dynamics (15) are converted to an equivalent linear system with
disturbances in space-state form as

Λė = Ae− u− f, (17)

where

Λ =

1 0 0
0 J 0
0 0 Ta

, e =

e1
e2
e3

, A =

0 1 0
0 0 1
0 0 −1

, u =

u1
u2
u3

, and f =

 f1 − ẋ1d
f2
f3

.

For stabilization, we design a state feedback control with disturbance compensation as

u = ΛKe− f, (18)

and obtain the following closed-loop system:

ė = A1e, (19)

where

K =

k1 0 0
0 k2 0
0 0 k3

, A1 = Λ−1A−K =

−k1 1 0
0 −k2

1
J

0 0 −k3 − 1
Ta

,

and k1, k2, and k3 are the feedback gains to be selected.
According to Theorem 4.5 in [46], the asymptotic stability condition of the error

dynamic system (17) with controller (18) is that A1 is a Hurwitz matrix, i.e.,

k1 > 0, k2 > 0, k3 > − 1
Ta

. (20)

From (16) and (18), we can obtain the baseline control framework consisting of the
following control inputs:
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x2d =k1e1 + ẋ1d − f1,

x3d =− k1
2 Je1 + (k1 + k2)Je2 + Jẍ1d − f2 − J ḟ1,

u =(k1Ta − 1)k1
2 Je1 −

(
k1

2 + k1k2 + k2
2
)

Ta Je2 + (k2 + k1)Je2 + (k1 + k2 + k3)Tae3

+ Jẍ1d + Ta J
...
x 1d − f2 − f3 − J ḟ1 − Ta ḟ2 − Ta J f̈1.

(21)

However, the disturbances f1, f2, and f3 and their derivatives ḟ1, f̈1, and ḟ2 are
immeasurable, which leads to the inability of the controller (21) to be applied. For this
reason, we propose a HOSMDO to estimate the disturbances and their arbitrary order
derivatives exactly.

3.2. The High-Order Sliding Mode Disturbance Observer

Consider a class of system with disturbance as follows:

εẋ = g(x, u) + f (t), (22)

where ε is a known positive constant, g(x, u) is a known function, and f (t) is an unknown
disturbance that is assumed to be nth differentiable with a Lipschitz constant L > 0, i.e.,
| dn

dtn f (t)| ≤ L.
Motivated by the extended state observer technique, the following auxiliary variables

are defined:
zi = f (i−1)(t), i = 1, 2, · · · , n,

H = f (n)(t),
(23)

where f (i)(t) , di

dti f (t). Then, we can rewrite (22) in the extended state form:

ż0 = g(x, u) + z1,

żi = zi+1, i = 1, 2, · · · , n− 1,

żn = H,

(24)

where z0 , εx for convenience of expression.
Let ẑi represent the estimate of zi(i = 0, 1, · · · , n). Inspired by the original HOSM

differentiator with finite-time convergence in [29], the HOSMDO is designed to obtain the
estimates of the disturbance f and its successive derivatives f (i)(i = 1, · · · , n− 1), which
is given by

˙̂z0 = g(x, u) + ẑ1 − β0bẑ0 − z0e
n

n+1 ,

˙̂zi = ẑi+1 − βibẑ0 − z0e
n−i
n+1 , i = 1, 2, · · · , n− 1,

˙̂zn = −βnsign(ẑ0 − z0),

(25)

where βi(i = 0, 1, · · · , n) are the coefficients to be selected, and baeb is the abbreviation for

baeb , |a|bsign(a), a, b ∈ R. (26)
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All three formulas in (12) satisfy the format of (22). By setting n to 3, 2, and 2,
respectively, the following observers can be obtained to estimate the unknown disturbances
and the derivatives present in the baseline control framework (21):

HOSMDO1 :



˙̂x1 = x2 + f̂1 − β1
0bx̂1 − x1e

3
4 ,

˙̂f1 = ˆ̇f1 − β1
1bx̂1 − x1e

2
4 ,

˙̇̂
f1 = ˆ̈f1 − β1

2bx̂1 − x1e
1
4 ,

˙̈̂
f1 = −β1

3sign(x̂1 − x1),

(27)

HOSMDO2 :


J ˙̂x2 = x3 + f̂2 − β2

0bJx̂2 − Jx2e
2
3 ,

˙̂f2 = ˆ̇f2 − β2
1bJx̂2 − Jx2e

1
3 ,

˙̇̂
f2 = −β2

2sign(Jx̂2 − Jx2),

(28)

HOSMDO3 :


Ta ˙̂x3 = −x3 + u + f̂3 − β3

0bTa x̂3 − Tax3e
2
3 ,

˙̂f3 = ˆ̇f3 − β3
1bTa x̂3 − Tax3e

1
3 ,

˙̇̂
f3 = −β3

2sign(Ta x̂3 − Tax3),

(29)

where x̂1, x̂2, x̂3, f̂1, ˆ̇f1, ˆ̈f1, f̂2, ˆ̇f2, and f̂3 are the estimates of x1, x2, x3, f1, ḟ1, f̈1, f2, ḟ2, and
f3, respectively, and β

j
i(j = 1, 2, 3, i = 0, 1, 2, 3) are the coefficients.

Remark 4. It can be observed in (21) that f3 is introduced into u without any scaling, which
directly links the performance of estimating f3 to the behavior of u. In order to achieve better
estimation accuracy of f3 and lower sensitivity to chattering, HOSMDO3 (29) is designed with a
third-order structure rather than a second-order one, even though the latter can theoretically provide
an estimate of f3.

3.3. The Proposed Control Strategy

Substituting the unknown disturbances f1, f2, and f3 and the derivatives ḟ1, f̈1, and ḟ2
in the baseline control framework (21) with the corresponding estimated signals generated
by the HOSMDOs (27)–(29), the proposed HOSMDO-based control scheme is expressed as

x2d =k1e1 + ẋ1d − f̂1,

x3d =− k1
2 Je1 + (k1 + k2)Je2 + Jẍ1d − f̂2 − J ˆ̇f1,

u =(k1Ta − 1)k1
2 Je1 −

(
k1

2 + k1k2 + k2
2
)

Ta Je2 + (k2 + k1)Je2 + (k1 + k2 + k3)Tae3

+ Jẍ1d + Ta J
...
x 1d − f̂2 − f̂3 − J ˆ̇f1 − Ta

ˆ̇f2 − Ta J ˆ̈f1.

(30)

The newly proposed control strategy, combining the state feedback control with
disturbance compensation, is designed with a holistic mindset for the entire system (12)
suffering from matched and mismatched disturbances. The design process consists of two
main steps:

1. construct a baseline framework in the ideal scenario where all disturbance information
is known;

2. replace the disturbances and relevant derivatives required for the baseline framework
with the corresponding estimates generated by the HOSMDOs to obtain the overall
control scheme.
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4. Stability Analysis
4.1. Analysis of HOSMDO

Defining the estimation errors of the HOSMDO (25) as

z̃i = ẑi − zi, i = 0, 1, · · · , n, (31)

we can derive the error dynamics:

˙̃zi = −βibz̃0e
n−i
n+1 + z̃i+1, i = 0, 1, · · · , n− 1,

˙̃zn = −βnsign(z̃0)− H.
(32)

Lemma 1. For the system (22), if the HOSMDO (25) is designed to estimate the disturbance f (t)
and its successive derivatives f (i)(i = 1, · · · , n − 1), there are positive values of βi
(i = 0, 1, · · · , n − 1) and βn > L such that the estimation errors z̃1, z̃2, · · · , z̃n converge to
zero in finite time.

The following theoretical proof of Lemma 1 is inspired by the Lyapunov approach
proposed in [39].

Proof of Lemma 1. Note that the system (32) is homogeneous with degree d = −1 asso-
ciated with the dilation r = (n + 1, n, · · · , 1). To facilitate the subsequent expression, we
use ri(i = 0, 1, · · · , n) to represent the (i + 1)th component of r. Executing the change of
coordinate as follows:

ζ0 = z̃0, ζ1 =
z̃1

β0
, · · · , ζi =

z̃i
βi−1

, · · · , ζn =
z̃n

βn−1
, (33)

the error dynamics (32) can be rewritten as

ζ̇i = αi

(
−bζ0e

ri+1
r0 + ζi+1

)
, i = 0, · · · , n− 1,

ζ̇n = −αnsign(ζ0)− H̄,
(34)

where α0 = β0, αi =
βi

βi−1
, i = 1, 2, · · · , n, and H̄ = H

βn−1
.

For n ≥ 1, we select a constant p which satisfies p ≥ r0 + r1 = 2n + 1. We define the
following homogeneous functions:

Zi(ζi, ζi+1) =
ri
p
|ζi|

p
ri − ζibζi+1e

p−ri
ri+1 +

p− ri
p
|ζi+1|

p
ri+1 , i = 0, · · · , n− 1. (35)

Let us introduce the following Lyapunov function:

V(ζ) =
n−1

∑
j=0

ρjZj
(
ζ j, ζ j+1

)
+ ρn

1
p
|ζn|p, (36)

where ρi > 0(i = 0, · · · , n).
According to the proofs of Theorem 3 and Theorem 4 in [39], V(ζ) is positive definite,

and there are positive values of βi(i = 0, 1, · · · , n − 1) and βn > L such that V̇(ζ) is
negative. Therefore, the origin of the error dynamics system (32) is asymptotically stable
by Lyapunov’s stability theorem (see Theorem 4.1 in [46]). Applying Theorem 8 in [30],
the origin of the system (32) is finite-time stable, i.e., the estimation errors z̃1, z̃2, · · · , z̃n
converge to zero in finite time.

Remark 5. The advantage of the proposed HOSMDO lies in its capability to estimate high-
order time-varying matched/mismatched disturbances and their higher-order derivatives, with
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the estimation error converging to zero within a finite time. Specifically, different from other
disturbance observers such as UDE and ESO, HOSMDO can estimate the various derivatives
of disturbances, rather than just obtaining an estimate of the disturbance itself. Therefore, by
adequately compensating for the derivatives of high-order time-varying disturbances in the controller,
the disturbance rejection capability and control accuracy can be enhanced.

The following assumption is imposed for the system (12).

Assumption 1.
...
f1, f̈2, and f̈3 are bounded.

Under Assumption 1, the estimates generated by the HOSMDOs (27)–(29), i.e., f̂1, ˆ̇f1,
ˆ̈f1, f̂2, ˆ̇f2, and f̂3, converge to their respective true values, i.e., f1, ḟ1, f̈1, f2, ḟ2, and f3, within

a finite time according to Lemma 1.

4.2. Analysis of the Proposed Controller

Combining the system (15) with the proposed controller (30) yields the closed-loop
tracking error dynamics:

ė1 = −k1e1 + e2 + f̃1,

ė2 = −k2e2 +
1
J

e3 +
1
J

f̃2 + k1 f̃1 +
ˆ̇f 1 −

˙̂f 1,

ė3 = −k3e3 −
1
Ta

e3 +
1
Ta

f̃3 + (k2 + k1) f̃2 + J(k2 + k1)
(

ˆ̇f 1 −
˙̂f 1

)
+ J
(

ˆ̈f 1 −
˙̇̂
f 1

)
+ ˆ̇f 2 −

˙̂f 2,

(37)

where f̃i , f̂i − fi(i = 1, 2, 3).
Let us rephrase (37) into the state-space form

ė = A1e + fl , (38)

where

fl =


f̃1

1
J f̃2 + k1 f̃1 +

ˆ̇f 1 −
˙̂f 1

1
Ta

f̃3 + (k2 + k1) f̃2 + J(k2 + k1)
(

ˆ̇f 1 −
˙̂f 1

)
+ J
(

ˆ̈f 1 −
˙̇̂
f 1

)
+ ˆ̇f 2 −

˙̂f 2

.

Remark 6. Considering fl as the input to the system (38), we can observe that the unforced system
is identical to the system (19). Note that (19) is the closed-loop error dynamics obtained based on
the baseline control framework. Thus, the effect of the disturbance estimation error generated by
the HOTFESOs is only present in the system input fl . This property supports the two-step design
procedure we proposed, enabling us to design the baseline framework and HOSMDOs separately.

Theorem 1. Under Assumption 1, if the condition (20) is satisfied, the error dynamic system (38)
with fl as input is input-to-state stable (ISS) and the tracking error e1 is globally bounded.

Proof. For the error dynamic system (38), by ensuring the feedback gains satisfy the
condition (20), the matrix A1 is Hurwitz such that the origin of the unforced system
ė = A1e is globally exponentially stable. Due to Lemma 4.6 in [46], the system (38) is ISS
with respect to fl .

According to Lemma 1, if the parameters are properly selected, the estimation errors
of the HOSMDOs are finite-time stable, i.e., f̃1, f̃2, and f̃3 converge to zero in finite time.

Moreover, from Equations (27)–(29), we can derive that the discrepancies ˆ̇f 1 −
˙̂f 1, ˆ̈f 1 −

˙̇̂
f 1,

and ˆ̇f 2 −
˙̂f 2 tend to zero in finite time as well.
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The solution of the differential Equation (38) is written as

e(t) = etA1e(0) +
∫ t

0
e(t−τ)A1fl(τ)dτ. (39)

It is evident that the zero-input response decays to zero exponentially, while the zero-state
response is bounded since the terms contained in fl(τ) are all bounded and converge to
zero in finite time. Thus, the solution e(t) is globally bounded and the tracking error e1, as
a component of e, is also globally bounded.

4.3. Analysis of the Reduced Controller

Next, we will investigate how the system stability will be affected by applying the
same design process as the proposed controller when neglecting the actuators.

By ignoring the actuator dynamics, i.e., considering x3 = u, the reduced system
corresponding to the full system (12) is given by

ẋ1 = x2 + f1,

Jẋ2 = u + f2.
(40)

Based on the reduced system (40) and employing the same design process as (30), we
obtain the reduced controller as shown below:

x2d =k1e1 + ẋ1d − f̂1,

u =− k1
2 Je1 + (k1 + k2)Je2 + Jẍ1d − f̂2 − J ˆ̇f1.

(41)

Note that by setting Ta = 0 and f3 = 0, the proposed controller (30) is identical to the
reduced controller (41). In this case, it yields that x3d = u. Combining (41) with the actual
system (12) derives the tracking error dynamics

ė = A2e + flr, (42)

where

A2 =

−k1 1 0
0 −k2

1
J

Jk1
3 −J(k1

2 + k1k2 + k2
2) k1 + k2 − 1

Ta

,

and

flr =


f̃1

1
J f̃2 + k1 f̃1 +

ˆ̇f 1 −
˙̂f 1

Jk1k2 f̃1 + (k2 + k1) f̃2 + J(k2 + k1)
(

ˆ̇f 1 −
˙̂f 1

)
− J

˙̇̂
f 1 −

˙̂f 2 − 1
Ta

f3 + J
...
x 1d

.

We can obtain the characteristic polynomial of A2 as

|sI−A2| = s3 +
1
Ta

s2 +
1
Ta

(k1 + k2)s +
1
Ta

k1k2. (43)

From Routh criterion, A2 is Hurwitz if and only if the following stability conditions
are satisfied: 

k1 > 0,

k2 > 0,
1
k1

+
1
k2

> Ta.

(44)

Then, the system (42) with flr as input is ISS under the conditions (44) by Lemma 4.6 in [46].
A comparison of (20) and (44) shows that, if the actuator dynamics are neglected during

controller design, there is an additional constraint on the allowable values of feedback
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gains k1 and k2 in relation to the actuator parameter Ta. Specifically, this constraint limits
the upper bounds of k1 and k2.

Comparing conditions (44) with (20), it can be observed that, in the reduced case,
actuator dynamics imposes an additional constraint on the feedback gains k1 and k2, which
is related to the actuator parameter Ta. Specifically, this constraint indicates that the actuator
parameter Ta restricts the upper limits of the controller parameters k1 and k2. In addition, by
comparing fl in the system (38) with flr in the system (42), it is observed that all terms in fl

converge to zero within a finite time, whereas in flr, there is−J
˙̇̂
f 1−

˙̂f 2− 1
Ta

f3 + J
...
x 1d that do

not converge to zero. Therefore, neglecting the actuator dynamics in the controller design
process would result in uncertainties such as actuator uncertainty f3, reference trajectory

information
...
x 1d, and estimates of model disturbances

˙̇̂
f 1 and ˙̂f 2 affecting the tracking error

range of the closed-loop system, thereby impacting the overall control precision.

Remark 7. In feedback control, a larger gain leads to closed-loop poles farther away from the
imaginary axis, resulting in faster system response. However, the presence of the actuator time
constant Ta limits the upper bounds of the feedback gains, indicating that the speed of the outer loop
system is constrained by the actuator dynamics, aligning with common engineering knowledge.
In the intelligent controller design presented in this chapter, the constraints mentioned above are
eliminated by fully utilizing the dynamic model of the actuator.

5. Simulation Results

This section presents the simulation results to illustrate the main ideas of this work.
Specifically, a comparison with respect to the CMUDE-based controller [24] is provided to
validate the effectiveness of the proposed HOSMDO-based control strategy. In addition,
a comparative study is conducted between the proposed controller (30) and the reduced
controller (41) to showcase the importance of considering non-ideal actuator dynamics in
the controller design.

In the simulation, the parameters of the quadrotor drone attitude motion model are
Jx = 0.1025 kg ·m2, Jy = 0.0859 kg ·m2, Jz = 0.115 kg ·m2, Ta = 0.1 s, and td = 0.04 s.
As depicted in Figure 3, the desirable attitude trajectories are considered as φd = 0 deg,

θd = 30sin( 2π
10 t)deg, and ψd =


0 deg, t < 16 s,
5 deg, 16 s ≤ t < 32 s
10sin( 2π

8 t)deg, t ≥ 32 s,

. Furthermore, we add

external disturbance torques as dτ = [0.05,−0.05, 0.05]T N ·m. The simulation initial
parameters are set to φ0 = θ0 = ψ0 = 0 deg and ωx0 = ωy0 = ωz0 = 0 deg /s. All three
attitude channels are considered to share the same group of controller parameters, which
are displayed in Table 1.

Figure 3. Desirable attitude trajectories.
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Table 1. Default controller parameters.

Proposed Controller CMUDE-Based Controller

k1 2 β1
0 −10 β2

0 −1 β3
0 −1 c1 2 Tθ 0.5

k2 8 β1
1 −100 β2

1 −1 β3
1 −0.1 c2 1 Tp 0.2

k3 10 β1
2 −100 β2

2 −0.1 β3
2 −0.01 c3 1 Tm 0.05

β1
3 −30

5.1. Comparison Results for the Proposed Controller and the CMUDE-Based Controller

The comparison results of attitude tracking errors and disturbance estimation errors
generated by the proposed HOSMDO-based controller and the CMUDE-based controller
are shown in Figures 4–10.

In accordance with Figure 4, Table 2 shows the Root Mean Square (RMS) of the attitude
tracking errors for the three channels in the interval from 40 s to 50 s. From Figure 4 and
Table 2, it can be observed that the steady-state tracking error of the proposed controller is
significantly smaller compared to the CMUDE-based controller. Additionally, at simulation
times of 16 s and 32 s, when the reference signal undergoes non-continuous changes, the
proposed controller produces smoother transient behavior of tracking errors compared
to the CMUDE-based controller. These findings highlight the superiority of the proposed
controller in accurately and effectively controlling the attitude of the system.

Table 2. RMS of attitude tracking errors.

RMS (φ̃) RMS (θ̃) RMS (ψ̃)

Proposed controller 0.0024 0.0010 0.0015
CMUDE-based controller 0.3338 0.0947 0.0793

(a) Roll (b) Pitch

(c) Yaw

Figure 4. Attitude tracking errors generated by the proposed controller and the CMUDE-
based controller.
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Figures 5–10 show that both HOSMDO and CMUDE achieve high-precision estima-
tion for constant signals (simulated from 0 s to 32 s). However, for time-varying signals
(occurring from 32 s to 50 s), HOSMDO exhibits higher estimation accuracy. In addition,
in response to the abrupt changes at 16 s and 32 s, CMUDE generates significantly larger
transient overshoot compared to HOSMDO. These findings corroborate that HOSMDO
is less sensitive to signal transients, is more accurate in capturing signal dynamics, and
exhibits greater robustness due to its sliding mode properties.

(a) The estimates (b) The estimation errors

Figure 5. The estimates and estimation errors of f1.

(a) The estimates (b) The estimation errors

Figure 6. The estimates and estimation errors of ḟ1.

(a) The estimates (b) The estimation errors

Figure 7. The estimates and estimation errors of f̈1.
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(a) The estimates (b) The estimation errors

Figure 8. The estimates and estimation errors of f2.

(a) The estimates (b) The estimation errors

Figure 9. The estimates and estimation errors of ḟ2.

(a) The estimates (b) The estimation errors

Figure 10. The estimates and estimation errors of f3.

5.2. Comparison Results for the Proposed Controller and the Reduced Controller

Figures 11–13 illustrate the attitude tracking error results of three channels for the
proposed controller (with actuator dynamics considerations) and the reduced controller
(without actuator dynamics considerations) under different actuator time constants Ta.
As shown in Figures 11–13, at the same Ta, the reduced controller has poorer tracking
performance compared to the proposed controller, with larger overshoot and stronger
oscillations. Additionally, as Ta increases, the control effectiveness of the reduced controller
deteriorates, eventually leading to instability. This highlights the importance of considering
actuator dynamics in the controller design process. The aggregated results of the proposed
controller under different Ta values are presented in Figure 14. It can be observed that
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the errors vary slightly under different Ta values, showcasing strong robustness of the
proposed controller in handling actuator dynamics.

(a) Ta = 0.05 s (b) Ta = 0.1 s

(c) Ta = 0.2 s (d) Ta = 0.4 s

Figure 11. Tracking errors φ̃ generated by the proposed controller and the reduced controller.

(a) Ta = 0.05 s (b) Ta = 0.1 s

(c) Ta = 0.2 s (d) Ta = 0.4 s

Figure 12. Tracking errors θ̃ generated by the proposed controller and the reduced controller.
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(a) Ta = 0.05 s (b) Ta = 0.1 s

(c) Ta = 0.2 s (d) Ta = 0.4 s

Figure 13. Tracking errors ψ̃ generated by the proposed controller and the reduced controller.

(a) Roll (b) Pitch

(c) Yaw

Figure 14. Tracking errors generated by the proposed controller with different Ta values.



Drones 2024, 8, 131 19 of 21

6. Conclusions

In this paper, a control strategy combining state feedback control with HOSMDO is
proposed to address the challenges of attitude tracking in quadrotor drones. The holistic
design of the controller, integrating a baseline feedback framework with disturbance
estimation, contributes to an intuitive and comprehensive design process. HOSMDO is
capable of accurately estimating disturbances and their higher-order derivatives in finite
time, thus enhancing the robustness of the control system in the presence of matched and
mismatched disturbances. By incorporating the actuator dynamic model into the controller
design, the proposed approach improves the stability of the system, relaxes the range of
values of the control parameters, and obtains more accurate attitude control. Numerical
simulations confirm that the control strategy proposed in this paper is more effective in
improving the tracking performance of quadrotor drones under the challenging conditions
compared to the CMUDE-based controller and the reduced controller.
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