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Abstract: This paper investigates the formation tracking control of multiple agents with a double-
integrator model and presents a novel distributed control framework composed of three items: a
potential-based gradient term, a formation term, and a navigation term. Considering the practical
situation, each agent is regarded as a rigid-body with a safe radius and a sensing region. To enable
collision avoidance and connectivity maintenance among multiple agents, a new potential function
with fewer parameters is established. The predetermined formation is also achieved by taking the
difference between the actual displacement and the desired displacement as a consensus variable.
Lastly, the virtual navigator provides trajectory signals and guides the multiple agent movement. Two
instances of an equilateral triangle formation and a hexagonal formation are used in the simulation to
verify the proposed method.

Keywords: formation tracking control; multi-agent system; collision avoidance; connectivity
maintenance; potential function

1. Introduction

Numerous advances and discoveries in the study of natural biological community
behavior [1] (e.g., migrating of birds, schools of fish, and swarms of ant colonies) have
brought new inspiration for a multi-agent coordinated control methodology in recent
decades, which has attracted the focus of many scholars [2,3]. Formation control is one
of the most basic and crucial concerns of cooperative control, which has been widely
applied in practical engineering projects; e.g., the formation of Multi-robot systems [4],
the formation of Unmanned Aerial Vehicles (UAVs) [5–7], and the formation of Multiple
Autonomous Underwater Vehicles (AUVs) [8].

According to the type of control variables, formation control can be classified into
position-based control [9], distance-based control [10–12], bearing-based control [13–15],
and displacement-based control [16–18]. Among them, the sensing and control variables of
position-based formation control are the positions of each agent in a global coordinate sys-
tem, which necessitates more sophisticated sensing capabilities. In contrast, distance-based
formation control only requires measuring the inter-agent distances in the neighbors of each
agent, which reduces the need for complex sensing capabilities, and thus, is widely used in
practice. However, the application of this method hinges on strong interactivity. Bearing-
based formation control, like distance-based formation control, has received increasing
attention due to its minimal demands on the sensing ability of each agent. However, most
of the previous studies have been limited to planar formations and have focused on control-
ling the subtended bearing angles, which are measured in the local coordinate of each agent.
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In the displacement-based approach, each agent must utilize its own onboard sensors to
measure the relative states (positions and velocities) of its neighbors with respect to a local
coordinate system, which should be aligned with the global coordinate system. Moreover,
this approach requires less sensing and interaction capabilities than the other formation
control methods mentioned above. A comprehensive survey on formation control can be
found in [19].

Multi-agent collision avoidance is an essential and non-negligible issue in distributed
formation control, and it imposes strict safety requirements on the real-time distance
between agents. The artificial potential field (APF) method has the advantage of a simple
architecture to avoid collisions in real time, and thus, is one of the most extensive options in
collision avoidance research. In [20], Khatib initially proposed a unique real-time obstacle
avoidance approach for manipulators and mobile robots based on APF. Later, fruitful works
on APF for multi-agent systems emerged [21–31]. In [21], the collective potential function
makes the relative position of any two agents in the group converge to a given distance.
In [22], the authors extended this method to design a formation tracking controller by
incorporating a smooth and p-time differential bump function into the potential function.
In [23], a formation control strategy was developed that implements an artificial potential
field to avoid collisions for a class of second-order nonlinear multi-agent systems. In [24],
the relative distance constraints between arbitrary adjacent agents can be ensured by the
artificial potential function. In addition, the idea of the potential function was drawn
in [26] and implemented as an explicit expression for flocking control to make sure that
no collisions occur between the mobile agents in [25]. In [27,28], the authors adopted
various potential functions to enable both connectivity preservation and obstacle avoidance
between multiple agents at the same time. Furthermore, artificial potential fields were
applied in engineering to assist with collision avoidance. An effective improved artificial
potential function (IAPF)-based path planning approach was presented for the multi-UAV
systems in [29]. For the collision and obstacle avoidance problems in the formation process,
the artificial potential field was used as the multi-autonomous underwater vehicles system
formation planning design [30]. However, the aforementioned APF for multi-agent collision
avoidance has several limitations. First, the approaches designed in [22,23,25,29], will lead
to the infinite potential force when the distance between two agents is close to 0. This
hinders their adoption in many real-life applications. Second, the control protocols [27]
are only applied to single-integrator systems, which, cannot capture dynamics features
for a wide range of systems. Third, many important design parameters related to action
function need to be considered in APF [21]. Fourth, some artificial potential function
models, such as those proposed in [24,28], are complicated in terms of construction process.
Last, given the fact that the agents in the context of formation control are usually defined by
practical robots/UAVs/USVs with non-negligible shape [22,29,30], it may be unsuited to
model the agent as a particle [21,24–26], since doing so ignores the probability of collision
between agents. Considering the agent as a rigid-body with a safe radius is an appropriate
method [23,27,28].

Multi-agent interaction is also of fundamental importance in formation control. Exist-
ing work can be categorized into fixed network topology [32–36] and time-varying network
topology [37,38]. A mathematical model for an M-dimensional asynchronous swarm with
a fixed communication topology was constructed [32]. In [32], the authors presented a
multi-layer formation control scheme that is limited to the fixed topology. In [34], the author
developed a quadratic leader-following consensus protocol for multi-quadrotor aircraft
subject to the fixed topology. Similarly, a fixed-time control protocol implementing di-
rected fixed topology was studied in [35], in which six agents keep a periodic time-varying
regular hexagonal formation. Moreover, the fault-tolerant formation control problem for
heterogeneous vehicles was addressed for communication link faults and actuator faults
under the connection of the fixed topology network [36]. However, it is required that
the fixed network should be connected all the time, which is usually difficult to achieve
in practice. By comparison, designing the time-varying network for formation control is
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more feasible given the limited sensing ability of each agent. In [37], the author studied
the time-varying formation tracking problems for second-order multi-agent systems with
switching interaction topologies. The work [38] implemented a barycentric coordinate to
deal with the formation control problem under directed and switching sensing topologies.
It is worth pointing out that the interaction power of the multi-agent system is determined
by its limited sensing radius, and the topology network is disconnected when the distance
between agents is beyond the sensing radius. As a result, the work of maintaining con-
nectivity is necessary [39–47]. Using the Laplacian matrix of a graph and the properties
of its spectrum, the authors in [39] viewed connectivity as a virtual barrier in space that
could be overcome with artificial fields. In [40], the authors introduced the connectivity
constraint function to maintain the connectivity between robots, but did not consider the
collision problem between robots. In [41], the authors considered the communication range
and collision avoidance range for nonholonomic mobile robots and designed dynamic
surfaces based on nonlinear transformation errors to achieve connectivity preservation and
collision avoidance, but the method relies on the entity leaders, which, if it malfunctions,
can cause the formation to collapse. A control barrier function method that is also related to
the entity leader was considered to achieve both collision avoidance and connectivity main-
tenance [42]. For the connectedness of the network to be maintained, the authors in [43,44]
selected an appropriate potential function, respectively, to ensure multi-agent flocking
and rendezvous, but did not design the body radius for multi-agent systems. In [45,46],
although connectivity preservation issues were taken into account, the communication
topology graph is all fixed. A navigation control for maintaining connectivity and avoiding
collisions between a general class of second-order uncertain nonlinear multi-agent systems
in a bounded workspace was presented in [47], in which each agent knows all signals of
its neighboring agents, including positions, Euler angles, and velocities, which pose great
challenges for onboard facilities. While a lot of attention has been focused on multi-agent
system connection maintenance research, there are many limitations, as mentioned above
in [40–47], and the scenario where the agent model has a sensing range and a body radius
has received less attention [27,28,46,47].

Inspired by the above discussion, this paper proposes a novel formation control scheme
for a multi-agent with a linear double-integrator model. We regard each agent as a rigid-
body with a safe radius and a sensing radius, and construct a simple potential function with
few parameters to fulfill the objectives of collision avoidance and connectivity maintenance
among multiple rigid agents. The formation is based on the error between the actual
relative positions and the expected relative positions. Furthermore, we design reference
signals for the multi-agent system to make them track the desired motion trajectory. In
comparison with existing work in the literature, the highlights of this paper are discussed
as follows:

(1) Collision avoidance and connectivity maintenance of multi-agent systems are essential
components. In [28,45], potential functions for these two issues were separately
established to deal with them, but, in this paper, the above two problems are handled
together by one potential function. In addition, compared to [27,28,43], the potential
function designed in this paper has fewer parameters and a simpler structure.

(2) In [28], the adjacency weights of any two agents switched from 0 to 1 when they
built up contact, and this caused the adjacency matrix and Laplacian matrix to be
discontinuous. Furthermore, in [28,42,46], the adjacency weight for any two agents
could not represent the fact that the power of the interconnection was restricted by
distance. As a result, we employ a bump function and incorporate it into the adjacent
matrix that smoothly varies from 0 to 1 to address the two problems.

(3) In [23], the author designed collision avoidance areas and collision areas for multi-
agent systems. In addition, the collision region and communication region were also
considered in [41,45–47]. However, these works were all associated with fixed commu-
nication topologies that have disadvantages in practice. In this paper, we transform
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the fixed communication topology into the time-varying topology by designing the
sensing radius to overcome the disadvantage.

The remainder of this paper is organized as follows. In Section 2, problem formulation
is discussed. After introducing the distributed formation control algorithm in Section 3, we
also perform the stability analysis. In Section 4, the simulation demonstrates the presented
control protocol. Section 5 concludes this article.

2. Problem Formulation
2.1. Agent Model

Consider a multi-agent system composed of n agents in an m-dimensional space
Rm. All agents are viewed as a particle with a double-integral model in general and the
dynamics of agent i is as follows:

.
xi(t) = vi(t).
vi(t) = ui(t)

(1)

where xi (t), vi (t), ui (t) ∈ Rm are the position, velocity, and the control input of the i-th agent
at time t, respectively. Let x(t) =

[
xT

1 (t), · · · , xT
n(t)

]T, v(t) =
[
vT

1 (t), · · · , vT
n(t)

]T and

u(t) =
[
uT

1 (t), · · · , uT
n(t)

]T be the mn × 1 vector resulting from stacking the coordinates of
the agents into a single vector.

In addition, consider the virtual navigator dynamics:

.
xr(t) = vr(t).
vr(t) = fr(xr, vr, t)

(2)

where xr (t) ∈ Rm and vr (t) ∈ Rm are the position and velocity of the virtual navigator;
xr (t0) and vr (t0) are the initial position and initial velocity at initial time t0; and
fr (xr, vr, t) ∈ Rm is an exogenous command. For convenience, the time variable t is
omitted below.

Remark 1. In (1), the subject of our study favors unmanned aerial vehicles (UAVs), thus we adopt
the simplified UAV double-integral model in [48]. In (2), the virtual navigator either differs from the
virtual leader in [23] or the cooperative entity UAV in [29], and it is to generate reference signals to
plan the trajectory for multi-agents, so one can think of it as a command generator.

Remark 2. In this article, the double-integral model will be used due to the fact that it can
characterize the feature of the dynamics of multi-agent systems [28,42,43]. In fact, bounded
uncertainty/disturbance should generally be considered in the agent dynamics. The proposed control
strategy in this paper cannot be extended to this case by considering the negative impact generated
by the bounded uncertainties or disturbances, and we intend to do this in the future.

In this paper, multi-agent systems are a homogeneous group, equipped with the same
equipment and physical characteristics (e.g., sensors and size), so the agent previously
regarded as a particle model cannot match the real scenario. As shown in Figure 1, the
agent i has three circular areas that correspond to the three radii of rin, rout, and R, where rin
(0 < rin < rout) is the safety radius (body-radius), rout (rin < rout < R) is the collision avoidance
radius, and R is the sensing radius, which is preferred by the abilities of the onboard sensor.
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Figure 1. Model of the agent i.

2.2. Dynamic Topology
2.2.1. Graph Theory

The interaction between agents can be represented by a graph G = (υ, ε), where
υ = {1, 2, . . . , n} is the set of nodes that indicate the agent and ε ⊆ {(i, j): i, j ∈ υ, i 6= j } is
a list of nodes pairs (edges of the graph). If the i-th agent can obtain the information of
the j-th agent, the j-th agent is said to be the neighbor of the i-th agent, and the match-
ing weight is aij = 1. One defines the weighted adjacency matrix of G to be the matrix
A = [aij] ∈ Rn×n such that aij = 1 if (i, j) ∈ ε, and aij = 0 otherwise. Since self-loops are not
allowed in the graph, for every i∈υ, one set aii = 0. Neighborhood of the agent i is defined
as follows:

Ni =
{

j ∈ υ : aij 6= 0
}
= {j ∈ υ : (i, j) ∈ ε} (3)

The Laplacian L = [lij]∈Rn×n is another crucial matrix that associated the connectivity
of the graph and is defined as follows:

L = D− A (4)

where D = diag{d1, d2, . . . , dn}, di = ∑n
j=1 aij and i = 1,2, . . . , n.

Lemma 1. ([49]) Let λ1≤ λ2 ≤ . . . ≤ λn be the ordered eigenvalues of the Laplacian matrix L.
The graph G is then connected if and only if the following conditions are satisfied.

1. λ1 = 0, with corresponding eigenvector, i.e., the vector of all entries equal to 1;
2. λn ≥ . . . λ2 > 0.

Remark 3. In this paper, each agent is equipped with the same onboard sensors and can be measured by
each other once the agent enters the sensing radius R of other agents. Thus, the edges of the multi-agent
systems are bidirectional and the Laplacian matrix is symmetric and semi-positive definite.

2.2.2. Time-Varying Graph

In contrast to the fixed topology network, in which the neighbor set is invariable, the
agent with sensing radius R is continually moving in space with time, and the number and
quantity of the neighbor set of each agent are changing, resulting in a time-varying graph
G. Redefine the dynamic graph as follows: other agents can be observed by the agent i if
they are within its radius R. Modify the neighbor set of agents i as follows, relying on the R
depicted in Figure 1:

Ni =
{

j ∈ υ : dij < R
}

(5)

where dij= ‖xi−xj‖m is the Euclidean distance in Rm between agent i and j. Correspond-
ingly, the edge set of graph G can be rewritten as:

ε(x) =
{
(i, j) ∈ υ× υ : dij < R, i 6= j

}
(6)
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Notice that the neighbor set and the set of edges is dependent on x. Therefore, the
network of multi-agents described by (1) yields a dynamic graph G = (υ, ε(x)). The concept
is demonstrated in the following example: At time t (t ≥ t0), in a network system with six
agents (see Figure 2a), agents 2, 3, and 6 are inside the detection radius R of agent 4, while
agents 1 and 5 are not, so the neighbor set of agent 4 is N4 = {2, 3, 6}, and at time t + 1, the
neighborhood of agent 4 (in Figure 2b) is N4 = {1, 3, 6} due to the movement of multi-agent.
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Figure 2. Agent 4 and its neighbors. (a) When t (t ≥ t0), agent 4 and its neighbors; (b) when t + 1,
agent 4 and its neighbors.

Assumption 1. Each agent has a local coordinate system that is aligned with the global coordinate
system. Agent i can measure the relative positions xi − xj and the relative velocity vi − vj with
respect to agent j by its onboard compass/IMU camera or lidar in its local coordinate system.

Remark 4. Assumption 1 is appropriate. The local coordinate system of each agent must be aligned
with the global coordinate system, which can be achieved by magnetic sensors [50]. Furthermore,
the relative positions (displacements) concerning the local coordinate systems are the same as those
concerning the global coordinate system, due to the alignment of the coordinate systems.

In practice, the detecting performance of the sensor is limited by the distance between
it and the target, and the greater it is, the more challenging it is for the device to gain data
(or the less information is obtained). So, the adjacency weight aij may be specified from [20]
as a bump function that varies with the distances between agents i and j.

ζ(z) =


1, z ∈ [0, h)
[1 + cos(π(z− h)/(1− h))]/2, z ∈ [h, 1]
0, otherwise

(7)

where h ∈ (0, 1) is a constant. Using the bump function, one can define a dynamic
adjacency matrix:

aij = ζ
(
dij/R

)
∈ [0, 1] (8)

A(x) =
[
aij(x)

]
(9)

2.3. Control Objective

Consider a group of agents modeled by the double-integrator (1) and design a dis-
tributed algorithm ui for each agent to track the desired trajectory signal (2) while achieving
and maintaining the preset formation, guaranteeing collision avoidance and connectiv-
ity maintenance at the same time. Specifically, the control goal can be mathematically
expressed as:
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1. Track the desired trajectory: lim
t→∞
‖νi−νr‖ → 0 (i ∈ υ), for all t ≥ t0;

2. Achieve and maintain the desired formation: lim
t→∞
‖xij−p∗ij‖ → 0 and lim

t→∞
‖νi−νj‖ → 0

(i, j ∈ υ, i 6= j), for all t ≥ t0;
3. Collision avoidance: if dij(t0) = ‖xi(t0) − xj(t0)‖> 2rin, then lim

t→∞
‖xi−xj‖> 2rin

(i, j ∈ υ, i 6= j), for all t ≥ t0;
4. Connectivity maintenance: lim

t→∞
‖xi−xj‖< R (i, j ∈ υ, i 6= j), for all t ≥ t0.

where xij and p∗ij represent the actual and desired displacement between agent i and
agent j, respectively. For the sake of convenience, the following lemma is used in the proof
of stability for the distributed control algorithm.

Lemma 2. ([51]) (LaSalle invariance Theorem) Let Ω ⊂ D be a compact set that is positively
invariant with respect to

.
x = f (x). Let V: D→R be a continuously differentiable function such that

.
V(x) ≤ 0 in Ω. Let E be the set of all points in Ω where

.
V(x)= 0. Let M be the largest invariant

set in E. Then every solution starting in Ω approaches M as t→∞.

3. Main Results
3.1. Controller Design

In this subsection, the distributed formation tracking controller designed for multi-
agent systems is composed of three components: a potential-based gradient term, a for-
mation term, and a navigation term that tracks the trajectory signal. Among them, the
potential-based gradient term is the negative gradient of the collective potential function,
which can ensure collision avoidance and connectivity maintenance between multiple
agents. The schematic diagram formation tracking control protocol is shown in Figure 3.
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The distributed control protocol of agent i is designed in the same way as the control
input form in [23]:

ui = upo
i + u f o

i + utr
i (10)

where upo
i , u f o

i , and utr
i represent potential-based gradient control inputs, formation control

inputs, and navigation control inputs, respectively.
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Remark 5. In the distributed control protocol (10), the upo
i is used to avoid collisions between

agents and maintain network connectivity; the formation control term u f o
i is used to realize the

predetermined pattern of the agents; and utr
i is used to control the multi-agent to track the time-

varying trajectory. The detailed design procedure for the three control items is as follows:

3.1.1. Potential-Based Gradient Term

Each agent must avoid colliding with others during the movement, and one of the key
tools for resolving this problem is the artificial potential field (APF). It is used by more local
and foreign researchers due to its ability to manage collision issues in real time with less
tunable parameters.

There are attractive and repulsive potential fields around each agent. As shown in
Figure 4a, when two agents i and j are close to the edge of the collision avoidance radius
rout of each other, the potential field of agent j does not affect agent i, that is, frep = 0
(frep is the repulsive force). They continue to move and enter the collision avoidance area of
each other. Agent i triggers the repulsion potential field of agent j and is repelled by agent
j, i.e., frep 6= 0. Furthermore, agent j is repulsed by agent i. In Figure 4b, dij = 2rin rep-
resents the collision between agent i and agent j. At the same time, the corresponding
repulsive force f rep = ∞. Therefore, the scope of work of the repulsive potential field is
(2rin, rin + rout), which can also be considered as a collision buffer.
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In real problems, the network topology is generally time-varying and disconnected.
Agent j, for instance, is inside the radius R of agent i at time t (t ≥ t0). It is possible for it to
be outside of the communication radius R of agent i at time t + 1 because of the movement
of agent j, resulting in a time-varying neighbor set for agent i. As a result, connectivity
maintenance is one of the primary challenges for formation control.

One can also constrain the agent which is within the neighborhood of agent i to the
radius R by constructing an attractive potential field. Agent i (see Figure 4) will be attracted
by the force generated by the attractive potential field of agent j if agent j is about to pass
beyond the radius R of agent i, i.e., dij ≥ R. The area of action of the attractive potential
field is (rin + rout, R).

Based on earlier collision avoidance and connection maintenance analysis, agents i
and j repel each other when dij < rin + rout, and attract each other when dij > rin + rout. As a
result, rin + rout is the global minimum of the potential field.

Definition 1. To be defined as a differentiable collective potential function of κ, it must meet the
two conditions mentioned below: 1) As κ = 2rin, the function tends to infinity and decreases strictly
monotonically as (2rin, rin + rout); and 2) it is increases on (rin + rout, R), and terminates at R.
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According to Definition 1, the action function is

φ(κ) =

{
− k(κ−(rin+rout))(κ−R)

(κ−2rin)
, κ ∈ (2rin, R]

0, κ ∈ (R,+∞)
(11)

where k is a positive coefficient. The collective potential function between agent i and agent
j is defined as:

ψij(κ) =
∫ κ

rin+rout
φ(s)ds (12)

The potential energy of the whole multi-agent system can be induced from (12) in the form:

Ep =
1
2

n

∑
i=1

∑
j∈Ni

aijψij
(
dij
)

(13)

The negative gradient direction of the collective potential function is defined as the
potential force. Under the effect of the neighbor set, the potential-based control input of the
agent i can be derived by using (8), (11), and (12):

upo
i = −∑

j∈Ni

aij∇xi ψij
(
dij
)

(14)

where ∇xiψij(dij) indicates the gradient of ψij(dij) along xi.

3.1.2. Formation Term

In the global coordinate framework, the formation of multi-agents is defined as
p∗ =

[(
p∗1
)T, · · · , (p∗n)

T
]
∈ (Rm)n, and the distance of any two adjacent agents is given by

a (a > 0). We can determine the coordinate representations of other agents in the global
coordinate system from any coordinate position p∗1 of agent 1 based on the given desired
formation shape and the minimal distance a. For example, consider an equilateral triangular
formation of six agents in a planer:

In Figure 5, supposing that the position of agent 1 is (x, y), the formation coordinate is

p∗ =
[
(x, y)T, (x + a, y)T, (x + 2a, y)T,

(
x + a/2, y +

(√
3a
)

/2
)T

,
(

x + 3a/2, y +
(√

3a
)

/2
)T

,
(

x + a, y +
√

3a
)T
]T
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Remark 6. It is noteworthy that the task of agent 1 here differs from that of the virtual leader
in [23], which not only leads to the formation but also navigates other agents. In this paper, agent
1 is merely employed as the basis of the formation structure, and we place more emphasis on the
relativity of multi-agent position.

Remark 7. In APF analysis, rin + rout is the global minimum point in agent potential field. Agent i
is either repelled or attracted when dij < R and dij 6= rin + rout, so it is a stable point in the potential
field at rin + rout. As a result, the distance between neighboring agents in the formation must be
adjusted to rin + rout.

The following is the constraint for formation control:

rin + rout = a (15)

Once the formation pattern is achieved and maintained, then there is

vi = vj
xi − p∗i = xj − p∗j i, j ∈ υ

(16)

Set ei = xi − p∗i as the formation consensus variable. Therefore, we take the difference
of consensus variables and velocity as feedback inputs, and we have

u f o
i = −∑

j∈Ni

k1aij
(
ei − ej

)
− ∑

j∈Ni

k2aij
(
vi − vj

)
(17)

where (vi − vj) is the velocity consensus term between the agent i and its neighbors,
k1 = 1/m and k2 = 1 s/m.

Remark 8. Note that the k1 and k2 on the right in (17) are to align the units of the relative
displacement variable and the relative velocity variable. The two terms on the right of (17) are
distinct and can’t be directly added together, according to the principle of mathematics. However,
their consistency is what we are primarily interested in this paper. As a result, we ignore them in
later processing.

3.1.3. Navigation Term

According to the virtual leader dynamics in (2) and the leader control input in [28],
the navigation item control input of agent i is

utr
i = −(ei − xr)− (vi − vr) + fr (18)

Remark 9. In this paper, we assume that all agents have knowledge of the virtual leader. However,
generally speaking, each agent does not know the state variables of the virtual leader during the
formation process. For example, when multiple UAVs form an encirclement monitoring situation
for the target to improve the cooperative efficiency, the leader is considered a non-cooperative target,
and its control input and state are usually unknown to all followers. Therefore, it is necessary to
design an observer for each agent to estimate the state of the leader. It is a pity that we didn’t do this,
and it will be the main focus of the next work.

3.2. Stability Analysis

Theorem 1. Consider a system of n mobile agents, each of which is modeled by (1) and is steered by
the control protocol (10). If the initial energy E(t0) of the system is finite (i.e., E(t0) = c, c > 0 is a
constant), then
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1 All of the velocities of agents asymptotically approach the velocity of the virtual leader, i.e.,
v1 = v2 = · · · = vn = vr

2 The multi-agent system eventually approaches a positional structure x∗, which is the global
minimum of the artificial potentials energy Ep(x), i.e., Ep(x∗) = min

x

{
Ep(x), ∀t ≥ t0

}
3 There are no collisions between any two mobile agents: dij > 2rin ∀t ≥ t0, for i, j ∈ υ, i 6= j.

Proof of Theorem 1. Part 1 : define the energy function:

E =
1
2

n

∑
i=1

[
(vi − vr)

T(vi − vr) + ∑
j∈Ni

aijψij
(
dij
)
+(ei − xr)

T(ei − xr) +
1
2 ∑

j∈Ni

aij
(
ei − ej

)T(ei − ej
)]

(19)

Let 
x̃i = ei − xr
ṽi = vi − vr
x̃ij = x̃i − x̃j.

(20)

Take (21) into (10) and (20), and then the control protocol of agent i and the energy
function of the system are adjusted into

ui = −∑
j∈Ni

aij∇x̃i
ψij

(∥∥∥x̃ij + p∗ij
∥∥∥)− ∑

j∈Ni

aij
(

x̃i − x̃j
)
− ∑

j∈Ni

aij
(
ṽi − ṽj

)
− ṽi − x̃i + fr (21)

E =
1
2

n

∑
i=1

[
ṽT

i ṽi + ∑
j∈Ni

aijψ
(∥∥∥x̃ij + p∗ij

∥∥∥) +x̃T
i x̃i +

1
2 ∑

j∈Ni

aij
(

x̃i − x̃j
)T(x̃i − x̃j

)]
(22)

where dij = ‖x̃ij + p∗ij‖ and ei−ej = x̃i − x̃j. The time derivative of Equation (23) is

.
E=

1
2

n

∑
i=1

[
2ṽT

i

.
ṽi + 2ṽT

i ∑
j∈Ni

aij∇x̃i
ψij

(∥∥∥x̃ij + p∗ij
∥∥∥) +2ṽT

i x̃i + ∑
j∈Ni

aij
(
ṽi − ṽj

)T(x̃i − x̃j
)]

=
n

∑
i=1

[
ṽT

i (ui − fr) + ṽT
i ∑

j∈Ni

aij∇x̃i
ψij

(∥∥∥x̃ij + p∗ij
∥∥∥) +ṽT

i x̃i +
1
2 ∑

j∈Ni

aij
(
ṽi − ṽj

)T(x̃i − x̃j
)] (23)

where ∇x̃i
ψij = ∂ψij/∂x̃i. Substituting ui from (22) into (24), one obtains

.
E=

n

∑
i=1

[
ṽT

i

{
−∑

j∈Ni

aij∇x̃i
ψij

(∥∥∥x̃ij + p∗ij
∥∥∥)− ∑

j∈Ni

aij
(

x̃i − x̃j
)
−∑

j∈Ni

aij
(
ṽi − ṽj

)
− ṽi − x̃i

}

+ṽT
i ∑

j∈Ni

aij∇x̃i
ψij

(∥∥∥x̃ij + p∗ij
∥∥∥)+ṽT

i x̃i +
1
2 ∑

j∈Ni

aij
(
ṽi − ṽj

)T(x̃i − x̃j
)]

=
n

∑
i=1

[
−ṽT

i ∑
j∈Ni

aij
(

x̃i − x̃j
)
− ṽT

i ∑
j∈Ni

aij
(
ṽi − ṽj

)
− ṽT

i ṽi +
1
2

ṽT
i ∑

j∈Ni

aij
(

x̃i − x̃j
)
− 1

2 ∑
j∈Ni

aijṽT
j
(

x̃i − x̃j
)]

=
n

∑
i=1

[
−ṽT

i ∑
j∈Ni

aij
(
ṽi − ṽj

)
− ṽT

i ṽi −
1
2

ṽT
i ∑

j∈Ni

aij
(

x̃i − x̃j
)
− 1

2 ∑
j∈Ni

aijṽT
j
(

x̃i − x̃j
)]

(24)

Since the topology between multi-agents in this paper is undirected, the adjacency
matrix A and the Laplace matrix L are symmetric. One can obtain

−
n

∑
i=1

ṽT
i ∑

j∈Ni

aij
(
ṽi − ṽj

)
= −ṽT(L⊗ Im)ṽ (25)

−
n

∑
i=1

ṽT
i ṽi = −ṽT(In ⊗ Im)ṽ (26)
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−
n

∑
i=1

ṽT
i ∑

j∈Ni

aij
(

x̃i − x̃j
)
= −ṽT(L⊗ Im)x̃ (27)

−
n

∑
i=1

∑
j∈Ni

aijṽT
j
(

x̃i − x̃j
)
= ṽT(L⊗ Im)x̃ (28)

where ṽ =
[
ṽT

1 , · · · , ṽT
n

]T
∈ Rmn, x̃ =

[
x̃T

1 , · · · , x̃T
n

]T
∈ Rmn. In ∈ Rn×n and Im ∈ Rm×m

are the identity matrix. L⊗Im denotes Kronecker product of L and Im. Thus, (25) can be
written as .

E = −ṽT[(L + In)⊗ Im]ṽ ≤ 0 (29)

Considering L is a positive semi-definite matrix and In is a positive definite matrix,
(L + In) is a positive definite matrix in (30). Therefore, the fact

.
E ≤ 0 reveals that the

energy E(t) of the multi-agent system is a non-increasing function of time t (E(t) ≤ E(t0) = c,
∀t ≥ t0). Take into account the collective relative dynamics of multi-agents using (1) and (21).

.
x̃ = ṽ
.
ṽ = −∇xEp − [(L + In)⊗ Im]e− [(L + In)⊗ Im]v

+(1⊗ Im)vr + (1⊗ Im)xr

(30)

where ∇xEp represents the gradient of (13) with respect to x. e = [e T
1 , · · · , eT

n

]
and 1 is the

n-vector of ones.
Set Ωc = {(x̃, ṽ): E(x̃, ṽ) ≤ c} be a set of (23) of (31) such that, for any solution starting

in Ωc, the agents form a shape of regular formation. Since
.
E ≤ 0, the set Ωc is an invariant

set. From Lemma 2, all the solutions of (31) starting from Ωc will converge to the largest
invariant set Ω =

{
(x̃, ṽ)Ωc:

.
E = 0

}
. Based on (30), one can obtain

.
E = −ṽT[(L + In)⊗ Im]ṽ = 0 (31)

Hence, ṽ = 0 is equivalent to v1= v2 = · · ·= vn= vr, which shows the velocities of
all agents ultimately converge on the velocity of the virtual leader. This completes the proof
of component (1).

Part 2: Let

Ui(xi) = ∑
j∈Ni

aijψij
(
dij
)
+ (ei − xr)

T(ei − xr) +
1
2 ∑

j∈Ni

aij
(
ei − ej

)T(ei − ej
)

(32)

According to (20) one has

E =
1
2

n

∑
i=1

[
(vi − vr)

T(vi − vr) + Ui(xi)
]

(33)

Part (1) shows that, while the system is in a steady state,
.
x1=

.
x2 = · · ·= .

xn=
.
xr and

E is a constant. Therefore, differentiating (34) with respect to t, one obtains

1
2

n

∑
i=1

.
Ui(xi)=

1
2

n

∑
i=1

[
vT

i ∑
j∈Ni

aij∇xi ψij + 2(vi − vr)
T(ei − xr) + ∑

j∈Ni

aij(vi − vr)
T(ei − ej

)]

=
1
2

n

∑
i=1

[
vT

i ∑
j∈Ni

aij∇xi ψij

]
= 0

(34)
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where vi 6= 0, so ∑
j∈Ni

aij∇x̃i
ψij= 0, which shows that the formation asymptotically converges

to a stable configuration that is an extreme minimum of the total artificial potential energy.
This completes the proof of component (2).

Part 3:
Assume, using the contradicting strategy, that any two agents, k and l (k,l∈υ,k 6=l)

collide at time t(t > t0), i.e., ‖xk(t)−xl(t)‖ ≤ 2rin. Then

Ep =
1
2

n

∑
i=1

∑
j∈Ni

aijψ
(
dij
)
=aklψ(dkl) +

1
2

n

∑
i∈ν\{k,l}

∑
j∈Ni\{k,l}

aijψ
(
dij
)
≥ aklψ(dkl) (35)

It is known from the proof in Part (1) that

aklψ(dkl) < Ep < E ≤ c (36)

However, ψij(d kl
)
→ ∞ as ‖ xk(t)−xl(t)‖ → 2rin . (37) contradicts ‖xk(t)−xl(t)‖ ≤ 2rin,

and the assumption is invalid. As a consequence, no collision occurs throughout the
multi-agent formation process. This completes the proof of component (3). �

4. Numerical Simulation

In this section, six agents achieve an equilateral triangle formation and a hexagon
formation by utilizing the proposed control algorithm (10) in the simulation environment
of 2016 Matlab/Simulink1. We consider the gradient term based on the potential in the
equilateral triangle formation, but not in the hexagon formation. By comparison, we can
know whether or not multiple rigid agents collide. The Laplacian matrix rank is used to
quantify the connectivity between multiple agents.

4.1. An Equilateral Triangle Formation

The start position vectors of six agents are specified as x1(t0) = [5, −15]T,
x2(t0) = [8, −8]T, x3(t0) = [13, 10]T, x4(t0) = [3, 8]T, x5(t0) = [10, 20]T, x6(t0) = [7, 26]T,
and the initial velocity are chosen at random from box [−2, 2]2 m/s. The virtual leader
trajectory is xr = [t, −64sin(t/8)/3]T, with xr(t0) = [0, 0]T and vr(t0) = [1, −8/3]T being the
original position and velocity vectors, respectively.

Moreover, the body radius of each agent is rin = 3 m, anti-collision radius rout = 5 m,
and sensing radius R = 10 m. The action function coefficient, k = 0.02. The next is the
diagram equilateral triangle formation of the six agents.

The formation process of six agents is displayed in Figure 6, with the solid dots
representing the agents and the black dotted line illustrating the motion trajectory. It can be
seen that, in the initial state, all agents are driven by the control algorithm to gather. They
finally form a stable equilateral triangle formation and move along a sinusoidal trajectory
after that.

Drones 2022, 6, x FOR PEER REVIEW  13  of  19 
 

4. Numerical Simulation 

In  this section, six agents achieve an equilateral  triangle  formation and a hexagon 

formation by utilizing the proposed control algorithm (10) in the simulation environment 

of 2016 Matlab/Simulink1. We consider  the gradient  term based on  the potential  in  the 

equilateral triangle formation, but not in the hexagon formation. By comparison, we can 

know whether or not multiple rigid agents collide. The Laplacian matrix rank is used to 

quantify the connectivity between multiple agents. 

4.1. An Equilateral Triangle Formation 

The start position vectors of six agents are specified as x1(t0) = [5, −15]T, x2(t0) = [8, −8]T, 

x3(t0) = [13, 10]T, x4(t0) = [3, 8]T, x5(t0) = [10, 20]T, x6(t0) = [7, 26]T, and the initial velocity are 

chosen  at  random  from  box  [−2,  2]2  m/s.  The  virtual  leader  trajectory  is  xr  =  [t, 

−64sin(t/8)/3]T, with xr(t0) = [0, 0]T and vr(t0) = [1, −8/3]T being the original position and ve‐

locity vectors, respectively. 

Moreover, the body radius of each agent is rin = 3 m, anti‐collision radius rout = 5 m, 

and sensing radius R = 10 m. The action function coefficient, k = 0.02. The next is the dia‐

gram equilateral triangle formation of the six agents. 

The formation process of six agents is displayed in Figure 6, with the solid dots rep‐

resenting the agents and the black dotted line illustrating the motion trajectory. It can be 

seen that, in the initial state, all agents are driven by the control algorithm to gather. They 

finally form a stable equilateral triangle formation and move along a sinusoidal trajectory 

after that. 

Figure 7 shows the internal distances between any two agents, and (dij)min > 2rin = 6 m 

implies that they did not collide during the movement because of the artificial potential 

field. The internal distances between the agents converge to three values, 8 m, 13.68 m, 

and 16 m, when the multi‐agent formation is maintained. The predefined equilateral tri‐

angle configuration can also be used to verify it. 

 

Figure 6. The tracking trajectories of six agents with an equilateral triangle. Figure 6. The tracking trajectories of six agents with an equilateral triangle.



Drones 2022, 6, 419 14 of 19

Figure 7 shows the internal distances between any two agents, and (dij)min > 2rin = 6 m
implies that they did not collide during the movement because of the artificial potential
field. The internal distances between the agents converge to three values, 8 m, 13.68 m, and
16 m, when the multi-agent formation is maintained. The predefined equilateral triangle
configuration can also be used to verify it.
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Figure 8a indicates the velocity of the multi-agent and virtual leader fluctuations, and
the velocity of all agents matches the virtual curve of the leader at system stability. It is
further confirmed by Figure 8b, which demonstrates that the agent can track the velocity of
the virtual leader successfully during connectivity maintenance and collision avoidance.
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Figure 8. The velocity and error velocity variation for multi-agents. (a) The velocity of agents and
virtual leader; (b) the velocity errors between agents and virtual leader.

Figure 9 clearly shows the control input in x- and y-directions for each agent. The
movement of the agent is a sinusoidal trajectory, which can be decomposed into a con-
stant speed motion on the x-axis and a regular fluctuation on the y-axis. Therefore, the
corresponding control inputs are 0 and slightly sinusoidal, respectively.
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It can be seen from Lemma 1 that, when the rank of the Laplacian matrix corresponding
to n agents is n-1, the graph is connected. In Figure 10, the rank of the Laplacian matrix is
5 after the formation is stable, which indicates that the topological network is connected,
and the purpose of maintaining connectivity is achieved.
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4.2. A Hexagon Formation

In this example, a hexagonal formation, which is also composed of six agents, was
used to verify the control scheme that is missing a potential-based term in (10) and in the
case of the potential function of [28]. The initial position vector, velocity vector, and all
parameters are the same as in the above example. The simulation results are as follows:

As seen in Figure 11, six agents completed the hexagonal formation task. However,
in Figure 12, (dij)min < 2rin = 6 m, suggesting that, in the two scenarios mentioned above,
multiple agents collided. This demonstrates the effectiveness of algorithm (10) proposed in
this study. In addition, the velocity of the multi-agent also tracks the velocity of the virtual
leader in Figure 13a,b.
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Figure 11. The tracking trajectories of six agents with a hexagonal formation. (a) The hexagonal
formation of six agents in the case of control protocol (10) missing the potential-based term; (b) the
hexagonal formation of six agents in the case of collision avoidance control protocol [28].
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Figure 12. The distance between any two agents. (a) The distance between any two agents in the case
of control protocol (10) missing the potential-based term; (b) the distance between any two agents in
the case of collision avoidance control protocol [28].
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Figure 13. The velocity and error velocity variation for multi-agents in the case of control protocol
(10) missing the potential-based term. (a) The velocity of agents and virtual leader; (b) the velocity
errors between agents and virtual leader.
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5. Conclusions

In this paper, a displacement-based formation control problem was considered for
the multi-agent system. Since the distance between multi-agents is either close or remote
during movement, they will unavoidably collide or lose contact, which motivates the
research of collision avoidance and connectivity maintenance. In [28], the author separately
addressed these problems by establishing two respective potential functions, both of which
included sophisticated design variables. Instead, we only employed one potential function
with one coefficient. The two simulation results demonstrated that the distributed controller
with provable stability can guarantee collision avoidance and connectivity maintenance
between multi-agents while achieving formation.

In the future, this paper is to extend the control protocol to the following situations:
considering uncertainties or disturbances in agent dynamics; designing an observer for the
virtual leader; and obstacle avoidance.
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