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Abstract: This study deals with the decentralized sampled-data fuzzy tracking control of a quadrotor
unmanned aerial vehicle (UAV) considering the communication delay of the feedback signal. A
decentralized Takagi-Sugeno (T-S) fuzzy approach is adopted to represent the quadrotor UAV as
two subsystems: the position control system and the attitude control system. Unlike most previous
studies, a novel decentralized controller considering the communication delay for the position
control system is proposed. In addition, to minimize the increase in computational complexity, the
Lyapunov-Krasovskii functional (LKF) is configured as the only state required for each subsystem.
The design conditions guaranteeing the tracking performance of the quadrotor UAV are derived as
linear matrix inequalities (LMIs) that are numerically solved. Lastly, the validity of the proposed
design method is verified by comparing the results through simulation examples with and without
communication delay.

Keywords: Takagi-Sugeno (T-S) fuzzy approach; decentralized control; sampled-data control;
communication delay; quadrotor unmanned aerial vehicle (UAV)

1. Introduction

In recent decades, quadrotor unmanned aerial vehicles (UAVs) have been utilized in
many fields, including civil and military, due to their excellent hovering, simple mechanical
structure, and low maintenance cost. However, it is not easy to analyze and design a control
system because the dynamics of a quadrotor UAV is nonlinear. In addition, the quadrotor
UAV is an underactuated system with 6 degrees of freedom using 4 thrusts generated from
2 pairs of rotors rotating in opposite directions. To resolve these difficulties, studies were
conducted on applying various control techniques to control quadrotor UAVs [1], such
as PID control [2-5] and LQR control [6—10] as a linear control method and backstepping
control [11-14], sliding mode control [13-19], and fuzzy control [20-27] as a nonlinear
control method. As for the linear control technology, although PID control is easy to
implement and LQR control can cope with disturbances, the dynamics of quadrotor UAV
has nonlinearity and have to be linearized, so their performance is somewhat limited. As
nonlinear control techniques, backstepping control and sliding-mode control are widely
used to design a robust control system that can cope with disturbances, but the former is
difficult to implement, and the latter has difficultly in coping with the chattering effect.

Recently, the Takagi-Sugeno (T-S) fuzzy approach has received considerable atten-
tion [28,29]. The T-S fuzzy approach is a nonlinear control technique that represents a
given nonlinear system as the convex sum of its linear subsystems, so existing linear control
techniques are easily applicable [30]. Therefore, there are many studies to control quadrotor
UAVs through T-S fuzzy modeling. In early studies related to this, the dynamics of a com-
plex quadrotor UAV was presented as a single T-S fuzzy model to design a controller [20,21].
Meanwhile, focusing on the fact that the quadrotor UAV is an underactuated system, and
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the computational complexity increases due to the large dimension of dynamics, a study
applied a decentralized control technique that divided the entire system into subsystems to
control them [23]. However, since the above-mentioned studies were carried out on the
continuous time domain, it is difficult to apply it to a quadrotor UAV implemented by digi-
tal hardware. From this perspective, the authors of [27] recently represented a quadrotor
UAV as a decentralized T-S fuzzy model and proposed a decentralized sampled-data fuzzy
controller design method. In short, decentralized control and sampled-data control are
required to design a control system for a quadrotor UAV, so more studies applying them
need to be conducted.

On the other hand, memory sampled-data control considering both the sampling
and time delay of a feedback signal was actively studied in recent years [31-35]. In
particular, such a control technique was applied to a multiagent system having a structure
in which a control system received a state with a time delay of another system through
communication [36-38]. The quadrotor UAV receiving the feedback signal from the outside
also sufferred from the communication delay. In this regard, on the basis of memory
sampled-data control, the tracking performance could be improved because the delayed
signal could be effectively handled. Therefore, it is necessary to study the control system
for a quadrotor UAV considering the communication delay of the feedback signal.

From this point of view, we propose a sampled-data fuzzy control technique for
quadrotor UAVs considering the communication delay of the feedback signal. Since the
feedback signal received from the outside of the quadrotor UAV is the state of the position,
it is necessary to control the quadrotor UAV system by dividing it into a position control
system and an attitude control system. Therefore, in this study, the quadrotor UAV is
expressed as the position control system and the attitude control system through decen-
tralized T-S fuzzy modeling, and a decentralized controller design technique is provided.
A novel controller is proposed to consider the delayed state only in the position control
system, and a novel Lyapunov—Krasovskii functional (LKF) for this is also introduced. The
conditions for ensuring the stability of tracking error dynamics of quadrotor UAV and
tracking performance are formulated as an optimal problem in the form of linear matrix
inequalities (LMlIs). Lastly, simulation examples are provided to prove the feasibility of
the proposed design technique. The main contributions of this study are summarized
as follows:

1. A novel sampled-data fuzzy tracking controller structure that consists of two different
types of decentralized controllers for a quadrotor UAV with communication delay
is proposed.

2. The LKF introduced in most previous studies on memory sampled-data control is
improved to minimize computational complexity due to dimensional increase from
unnecessary states.

Notations: Throughout this paper, Z>( represents a set of all integers greater than or
equal to zero. Z, denotes the integer set {1,2,...,n} for the positive integer n. N > 0
(resp. N < 0) implies that matrix N is positive (resp. negative) definite. Ay denotes the
maximal eigenvalue of the NT(¢)N(t). x, Sym{N}, col{...}, and diag{...} denote the
symmetric elements of the symmetric matrix, N + N T the Euclidean norm for vectors, a
column vector, and a block-diagonal matrix, respectively. I and 0 indicate the identity and
the zero matrices of appropriate dimensions, respectively.

2. Preliminaries and Problem Formulation

In this section, we derive the T-S fuzzy model of tracking error dynamics of the
quadrotor UAV. First, the dynamics of a quadrotor UAV are represented by two subsystems:
a position control system and an attitude control system. Then, we derive the tracking error
dynamics on the basis of T-S fuzzy modeling using the novel fuzzy controller proposed
in this study. Lastly, a design problem is defined to clarify the conditions that should be
satisfied to achieve the main purpose of this paper.
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2.1. Dynamics of the Quadrotor UAV

In general, the dynamic behavior of a quadrotor UAV is described by (x(t), y(t),z(t),
@(1),0(t), (1)), where (x(t),y(t),z(t)) represent the position of the center of gravity of
the quadrotor UAV in a given inertial frame, and (¢(t),60(t), (t)) are the Euler angles
commonly called roll, pitch, and yaw, respectively [6]. Then, the dynamics of the quadrotor
UAV considered in this paper is represented as follows [7,11]:

i(t) (c¢t59tc¢t + s¢ts¢t) + Ax(t)
ii(t) (CtPtSGtslPt S‘Ptcll’t) t)+Ay(t)
A1) = cpce 5 — g+ A:(0) "
Gty =209 + ¢<t>+A¢<t>
10, =fz;*¢<> B(E) + Fup(£) + g (1)
B = ELp(06(t) + guw(t) + Ay (t)

where s, := sin (n(t)) and c,, := cos (n(t)); us(t), up(t), up(t), and uy(t) denote the
thrust, roll, pitch, and yaw inputs; m is the mass of the quadrotor UAV; g is the gravitational
acceleration constant; Iy, I, and I, indicate the moment of inertia of each axis; Ax(t), Ay(t),
Az (t), Ap(t), Ag(t), and Ay(t) represent the uncertain terms due to unmodeled dynamics.

The quadrotor dynamics (1) can be divided into the two following subsystems: the
position control system (! = 1) and the attitude control system (I = 2) [27].

() = Ai()m(t) + B (uy () + fi(n(t)) @)
where
n(t) = col{m(t), n2(t)};
m(t) = col{x(t), y(t), z(t), x(t), y(t), 2(t)} = col{m(t), ..., me(t) };
n2(t) = col{¢(t), O(t), Y(t), ¢(t), (), ¥(t)} = col{ya(t),...,m26(t)};
uq () = col{ux(t), uy(t), uz(t)}, ua(t) = col{uy(t), ug(t), uyp(t)};
CoiCo, .
) = col{0, 0,0, 8u(e), (1), (25 1) o)
fz(ﬂ( ) COI{O 0 0 A‘P(t)’ Ag(t), Alp(t)},
0 0 01 0 O 0 0 O 1 0 0
0 0 0 010 0 0 0 0 1 0
0 0 0 0 01 0 0 0 0 0 1
A=100000 02D =]0 00 0  amt of
000000 00 0 aps(t) 0 0
0000 0 0 00 0 agps(t) 0 0
0 0 0 0O 0 O
0 0 0 0 0 O
0 0 0 0 0 O
Bi(t) = 1/m 0 o |7 Bt)= by 0 0
0 1/m 0 0 b 0
L 0 0 ps(t)/m 0 0 bs
ux(t) = pr(O)ue(t); uy(t) = pa(t)ur(t); uz(t) = ue(t) - C;::(ik; pi(t) = coiSo,Cy; + So, 5,
Pa(t) = Cousa,5p, — 0,0 Palt) = Cg,Co 1 = 2500 = Bl as = b = Lib =1

_ 1
by = L.
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2.2. T-S Fuzzy Model-Based Tracking Error Dynamics

The dynamics of the quadrotor UAV (2) shows that nonlinear terms exist in A (#) and
B (t). In this subsection, we use the T-S fuzzy model-based control approach to deal with
these nonlinear terms and derive tracking error dynamics of quadrotor UAV. The T-S fuzzy
model for (2) is described by the following IF-THEN rule with (I,i) € Z, x Z,,:

Rj : IF 2y (t) IST}; AND --- AND zp,, (1) IST],
THEN #;(t) = Aymi(t) + By () + fi (n (1)), ®
where R! denotes the ith rule for the /th subsystem; z4(t) is a premise variable and I q(t)
is a fuzzy set for zj,(t) with g € Z,: (p1, p2) = (1, 2); r; denotes the number of fuzzy
rules of each subsystem: (r1, 2) = (2, 4); Aj; € R®*® and B); € R®*3 are system matrices;

fi(y(t)) € REis the unknown piecewise continuous vector function of 71(¢) representing the
interconnection terms and modeling uncertainty terms satisfying the following assumption:

Assumption 1 ([39]). Time-varying vector function f;(y(t)) is unknown, but satisfies

A ) fitn(®) < (e)*n" () F(¢),

where p; > 0is a bound scalar of the interconnection terms and F; is a constant matrix of appropriate
dimension.

Applying the general defuzzification method to (3), the /th subsystem can be inferred
as follows:

szz z(t {Azﬂﬂ( ) + Byiu(t) +fz(17(f))}, 4)
where

M 0 0 1 0 0 0 0 0
00 0 01 0 0 0 0
00 0 0 01 0 0 0 )

Ai=10000 0 ofP" T |1/m o o | forieln;
00 0 0 0 O 0 1/m 0
0 0 0 0 0O 0 0 Xii/m
0 0 0 1 0 0 0O 0 O
0 0 0 0 1 0 0O 0 O
0 0 0 0 0 1 0O 0 O .

A2i “1lo 0 o 0 a1X3i 0|’ BZi - b] 0 0l fori e I}’Zr
0 0O azXsi 0 0 0 bz 0
_O 00 asxXoi 0 0 0 0 b3

wi(zi(t)) P i
wyi(z(t)) == —/ pii(zi(t)) =TI T, (214(t));
l ] 1,”1](Zl(t) 1 g=1" g

F;q (z14(t)) : Wz, € R = Ry ) is the membership function of z;,(t) on the compact set W, ;
thus, wy; (z/(t)) € [0,1] and ¥_\°; wy; (z/(t)) = 1. In (4), we designate the premise variable of
the position control system as p3(t) = z11(t) € [-M1, M1] and the premise variables of the
attitude control system as 155 (t) = z01(t) € [- My, My] and 126 (t) = zx;(t) € [~ M3, M3],
where M with k € Z3 is a known positive scalar. Then, on the basis of sector nonlinearity
concept [30], we have:

w1y (z1(t)) = Z;S)__;lez wi(z1(t)) =1 — w1 (z1(8)),
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w1 (22()) = T3y (z21(4)) T2 (222(£)), w2 (22(t)) = T3y (221 (1)) T3, (z22(t)),
w3 (2z2(t)) = 3 (z21(t )T, (222(1)), woa(z2(t)) = I3 (Zzl(t))rgz (222(1)),

I (1) = 288 12 ) (1)) = 1 - T (2 (1),

X21 — X23
rl ) = 222’97—?632, 2 A =1-_T11 1),
2(222(1)) o —xm | 2 (z22(1)) 2 (222(1))

(x11,x12) = (M1, —My),
(X21, X22, X23, X24) = (= Mo, =My, Mo, M>),
(X31, X32, X33, X34) = (= M3, M3, — M3, M3).

Remark 1. In (4), external disturbance was not considered. Since this study focused on decentral-
ized control considering the communication delay of a quadrotor UAV, the effect of disturbance was
excluded. There are studies that attenuated the effects of disturbances on the system in previous
quadrotor control studies, which can be easily solved by using the Hoo control [40,41].

Before proceeding, the shorthand notations for any matrix V;; were adopted to improve
readability as follows:

Vi(wi (1)) := Zwlz(zl Wi, Vi(w(t)) := Zwlz(zl te)) Vii-

i=1

In this study, the following linear reference model was considered to ensure the
tracking control performance of the quadrotor UAV:

() = Appp (8) + Bir (1), ®)

where 777 (t) € R® and 7,(t) € R? stand for the state and the bounded input vectors of
reference model for the Ith subsystem; A € R®*6 denotes the predefined asymptotically
stable matrix; B € R®*3 is a constant matrix.

Now, we propose a novel decentralized sampled-data fuzzy tracking controller that
considers the time delay of the position control system as follows:

u(t) ==K (wz(fk)){(2 —Dey(te —7) + (1= 1)€l(tk)}/ for t € [ty tii1), (6)

where ¢/(t) := 1;(t) — ] (t) denotes the tracking error vector of /th subsystem; K;; € R3*®
is a control gain matrix to be determined; t; > 0 for k € Z>¢ is a kth sampling time that
satisfies ty 1 — t; := Iy < h, in which h is the maximum allowable sampling period; T > 0
represents communication delay.

Remark 2. Unlike the controller of [27], communication delay T is taken into account in the
controller of the position control system in this study. In fact, since the state and reference of position
€1(t) and r1(t) are received through communication with the outside, it is necessary to consider the
communication delay.

Remark 3. There are many recent studies using a sampled-data controller including time-delay
called memory sampled-data control [31,32,35]. However, as shown in (6), this study proposes a
novel controller structure that consists of two types of decentralized controllers, and enables the use
of proper controllers to each subsystem: a sampled-data controller with communication delay as
the position control system (I = 1) and a sampled-data controller without communication delay as
the attitude control system (I = 2). Deriving the theorem using this complex type of controller is
challenging, as it requires introducing a different LKF for each control system, and this complicates
the formula.
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Then, from (4) and (5) with (6), the tracking error dynamics of /th subsystem can be
derived as follows:

(1) = (1) =] (1)
= Ar(wi (D)) + By (wi () K (wi (1) { 2 = Der (b = 7) + (1 = Dea(8) |
+ fi(n(t)) — Afni(t) — Bin(t) @)
= Ay(wi(8))en(t) + By (wi(8)) Ki (wi () { 2 = Der(t = ©) + (1 = Dea () }

)
+ Ty(w(8)) 7 () = Biry () + fi(n (1))
where I';(w; (t)) := A (w;(t)) — A].

The main objective of this paper is to solve the following design problem:

Problem 1. Design the decentralized sampled-data fuzzy tracking controller (6), such that

1. the equilibrium of e/(t) is asymptotically stable when 1] (t) = 0, 7,(t) = 0, and f;(y(t)) = 0;
2. the following inequality is guaranteed for a given positive scalar y;:

Zl 1f0 e/ (s)ei(s)ds — V1(0)
SN R ICHOHE >+rl (5)r1(5) + $n7 (s)1p (5)dls

}Sﬁ,

where tf > 0 denotes the termination time of control, and V;(0) represents a value of the
scalar function V;(t) at t = 0.

2.3. Required Lemmas

Lemma 1 ([42]). Let v(t) € [a,b) and v(a) = 0. Then, the following inequality holds for any
positive definite matrix Q € R"*":

_a)?
/ab vT(s)Qu(s)ds < % /ﬂb vT(s)Qu(s)ds

Lemma 2 ([43]). For some positive definite matrix R, with p € I, and full rank matrix Z;; of
appropriate dimension, the following inequality always holds:

[Ty oo a2

sz 2|

where Z; := col{ 21, Zpp, ..., Ziy }.

Lemma 3 ([44]). Foranyt € [ty, tyq) with k € Z>o, a symmetric matrix ¥;; with (i, j) € Z, x
T, and a given scalar 6, if normalized membership functions satisfy |w; (z(t)) — w;i(z(t))| < &,

é Y wi(z(8))wj(2(k)) ¥ij = 0



Drones 2022, 6, 280

7 of 19

holds if there exist symmetric matrices S;j and V;j and any matrices Wi; = WE and Wi(j+,) =

W(]_H)l with (i,]) € Z, x I, such that the following LMIs hold:
T >0,
Ui +U; = Wi+ Wi,
ZUJ Li=1 9 (Uik +U ) = Wijtr) T Wijan)iv
where
_ [T T2,
re[f %
Wi - Wiy Wiy - Wi
Tie=| 0 o s = : Y
(Wi - Why Wr(r+1) T Wr(Zr)

Z/li; = Sij — Vi]',' Z/li-; = Si]' + Vi]'.

3. Main Results

Before deriving the main theorem, we propose the following novel LKF for tracking
error dynamics (7):

2

2
= Y Vi) = Y (Vat) + 2= DVia(t) + (1 = )Vis(8)) ®)
=1

=1

where

Vin(t) = & (1) Py (t);

t
Vio(t) h1+T2/t el (s)Qé(s)ds

k—T
7[2 t

-2 [ {a-at-0} ol —at -0}

be—T
= [T &)l

P € R®€ with ] € T, Q € R®*6, and R, € R%*® with p € T, are positive definite matrices
to be determined.

Remark 4. As can be seen in (8), when | = 1, Vi, required for a sampled-data controller with
delay is confiqured, and when | = 2, Vy3 required for a sampled-data controller without delay is
configured. Therefore, the LKF in this study is proposed as the minimal configuration required
to guarantee the stability of the tracking error dynamics of the position control system with the
communication delay.

Remark 5. In many recent studies [31-35], the LKF proposed in [42] was used that includes a
time-delayed state. However, if the LKF contains states that are not used by the system and controller,
the dimensionality of the augmented states that need to be configured increases, leading to increase
in computational complexity. Therefore, it is necessary to let an LKF contain only the state used
by the system and the controller. In this study, since the controller used in the position control
system only feedbacks ¢;(t, — T), information on other states is unnecessary. From this point of
view, inspired from [42], we suggest a novel discontinuous LKF Vi, (t) that does not include the
unnecessary state.
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In this section, the following vector and matrix nomenclature is used to simplify
expressions:

Cio(t) := col{e;(t), & (), m(t),ri(t)},
01 (t) := col{e1 (ty — 7),C10(t) }, Ca(t) := COl{Ez(fk)fgzo(t)//t

-t

ez(s)ds},

k
T
Lj = [O6><6(j—1) Iox6  Opx6(a—j) 06x3} /
T
12]' = {06><6(j—1) I6><6 06><6(4—j) 06><9:| , fOI'j S I4,
T T T
Iis := [03x24 Inx3] ', b5 := [03x24 Inxz O3x6) , o6 := [Ogx27 T6xs) -

Now, we propose the following theorem to give a solution that satisfies the given
design criteria in Problem 1:

Theorem 1. For given positive scalars hy, pj, a, By, and Ap, with | € I and a gain matrix K;
with (1,j) € Io x Iy, of the decentralized sampled-data fuzzy tracking controller (6), if there exist
positive definite matrices Py, P2, Q, Ry, and Ro, full rank matrices M; with | € 1, and Zpq with
(p,q) € Iy x L, such that the following LMI-based inequality conditions hold, the error dynamics
of a quadrotor UAV (7) meets the given design criteria in Problem 1:

minimize 71+ Y2 subject to

[y AMT o
. __ M 1| = 0, for (i,j) € I, x Ip, 9)
L 207AF,
[ Oij + ha(IsRy 13 + I Rol},)  AgMI .
. R <0, for (i,j) € Iy x Iy, (10)
L 2037,
[Quii MoMI 2y 2
%1 o 0
2031 F, =<0, for (i,j) € Iy x Iy, (11)
* —hyR4 0
i * * —hyRy

where

2
T
jj = Il + (h1 4 7)* QI — Z(Ilz — 111)Q(h2 — In)" — 23 (Ialy + hisIi5)

+ Sym{ Py + A MY (= I + Aylhy + ByKy TG + Tuilfy — BUI% )
Qm:@@~ﬁ@@+@@wwm@m%+mMﬂ—@+M@+%@@
Ty, - By + 210G — Z1f + 2015 ) |

Ap=1Ip+oalz+ (B1(2—1) + Ba(l = 1)) Iy;
I = A — Al

Proof. In (8), the positiveness of V}; and Vj3 can be easily ensured from positive definite
matrices P; and R, with (I, p) € I, x Tp. Next, since ¢;(s) — &;(ty —T) = 0 whens = t; — T,
applying Lemma 1 to the last term of V), (t) yields
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V)= O+ 02 [ 6)Qu(ds— (=417 [ F6)Qu(e)ds

- {(hl—l—T)z—(t—tH—T)z}/t el (5)Q¢;(s)ds. (12)

t—T

From (12) with hj > t —t; and Q > 0, the positiveness of Vj,(t) can be guaranteed.
Therefore, the positiveness of V(t) proposed in (8) is established.
Differentiating Vj1 (t) ,Vj2(t), and Vi3(t) with respect to t, we have

Vin(t) = 2¢] ()P (1), (13)
2

. 7T T
Vi(t) = (ln + )% ()Qé () — - |ei(h) —ei(te—0)| Qlai) —ai(te—7)|,  (4)
e Mo [ A B S

Applying Lemma 2 to the last term of (15) yields

Ll T R

R;! z7 er(t) — e ()
<t-wdolz 2N )| Glawalo= 2|7 0 (16)
k
where Z, = col{Zpl, Zp2,ees ZP6} with p € Iy; Zpy € R®*® for g € {1,2,3,4,6} and
Zys € R3%6. Thus, from (13), (14), and (15) with (16), we have
2 . 2 . .
=Y V() = Y (Va () + 2= DVial() + (1 = 1)Vis(1)), (17)
1=1 1=1

where

2
Vi(t) =21 (t) [(hl +7)2L13Q1; — %(112 —01)Q(hp — In)T + Sym{llzpllfg}}gl(t);

Va(t) < G3(1) [Sym{lzzpzlsz + 2113 — Zil + ZzlzTe}
+(t=t){ZIRT 2] + BB 2] | + (s — D(IsRall + aRo L) | Galt).

On the other hand, from error dynamics (7), we can easily obtain the following
null term:

0=2 [Mlsl(t) + oy Mg () + B1(2 — D)Myey (t — T) + Ba(l — 1)Mlsl(tk)] !
x| = () + A (D) er(t) + By (wi (D) Ky (wr(t)) { 2 = Der(t = 0) + (1= Dai(ke) |
+ Ty (wi(8) 1] (1) + fi(1(£)) = Bir(0)]
= 2[ My (1) + iy (1) + Br (2 — DMyt — ) + Ball — D)Myer(8)] (18)
x [ = et) + A (i (D) er (1) + B (wn (1) K (i (1)) { (2 = Deg(t = 7) + (1 = Dea(ti) }
+ T (w0 (8)) 7] (1) — By (1)]

+2 [Mlel(t) + DClMlél(t) + ,31(2 — l)Mlel(tk — T) + ﬁz(l — 1)Mlel(tk)} Tfl (ﬂ(f))
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On the basis of well-known matrix inequality [45]: XTYy + XYT < eXTX + e 1YTY and
Assumption, the last term of (18) yields

2 [Mlel(t) + D(lMlél(t) + ﬁ1 (2 — Z)Mlel(tk — T) + ﬁz(l — 1)Mlel(tk)} Tfl (ﬁ(t))

< e [Mzez(f) +arMiéy(t) + B1(2 — ) Myey (e — T) + B2(l — 1)Mlel(tk)] ! (19)
X {Mlel(t) + ayMé (1) + B1 (2-=1Me(tp — 1) + ,Bz(l — 1)Mlel(tk)]
+e oty (DE R (b).

Adding #H; = €] (1)ey(6) — 7 (77 ()T} () + T (On(6) + 3T (Dn() ) > 010 Vi(e)
to ensure the second condition in Problem 1, and taking (17) and (18) with (19) into account,
we have

Vi(t) == Vi(t) + Hy
2

7T
Lol + (h + )2 13Q15 — = (I1p — I11)Q(I1p — Iny)T

< 1

— 7 (hally + hstls ) +eraam] (AM])"
+ Sym{llzPllng, + Ale( — 117;) + Aq (wl(t))llTZ + By (wl(t))Kl (wl(tk))llTl
T T 7
+T1 (w1 (4)) L1y — 31115)} Gt +n" ()| e piF B — 211> n(t),
Vz(t) = Vz(t) + Ho

<X (0) | Io Iy — Y3 (Iog Ik, + IsIs) + ex Ao M (AoMI)T

+ Sym{lppzlgg, + AzMg( — 121;, + Ay (wZ(t))IZTZ + By (wZ(t))Kz <w2(tk))12Tl

+Ta (o (1)) y = B3 L5 ) + 211k — Z11fy + Zo1fg | + (tea — D) (BaRulds + DaRol )
12T 12T T 73
+(t—t){ ZRE] + 2R 2] || L) + 1" () e p3H B — 21 5(t),

where A; := Iy + ayli3 + (B1(2 — 1) + B2(I — 1)) I1. Then, the sufficient conditions for
V; < 0 can be rewritten as follows:

eX0) [Ql (w1 (t), w1 (t)) + erAM] (A M] )T] Zi(t) <0, (20)

z; (t) [Qz (wa(t), wa(te)) + €2A2M2T(A2M2T)T] 0a(t)

+ (terr — 1) (IsRy 13 + IoRoIDy) + (t— 1) (Z1R{ 1 2] + Z2R;12]) <0, (21)
2 2

-12 T -1 i
€ PiAp— =+ =0S¢€¢ =——, (22)
1 1 1 1 zplz/\Pl

2
7T
O (w1 (), w1 (1)) = Ili, + (h1 + T)*03Q65 — Z(Ilz —I11)Q(I1p — Iny)T

— ’)/%(114112 + 115117;-) + Sym{112P111T3 + AlMlT( — 111;5 + A (wl (t))[sz
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+By (w (1)) Ky (w1 (t)) Iy + T (wi (£) Iy — BUlTS) };

O (w1 (t), w1 (8)) = Dalgy — 73 (lalyy + Is35) + Sym{122P212T3 + /\zMzT( — I
+ Aa (w2 (1)) Iy + Ba (w2 (1)) Ka (w2 (1)) 13y + Ta (wa(t)) I3y — B5 L5
+E0h - 21 + 21 |

Moreover, from hy > t, 1 — t, we can obtain the following sufficient conditions for (21):

O (wa (1), wa (k) + €280M3 (AaM3) " + ha(IaRi Iy + InRal3) <0, (23)
Qo (wa(t), wa(ty)) + €280M3 (MM )T + ha (Z1RTTZ] + 2R 1 2]) < 0. (24)

Applying The Schur complement to (20), (23), and (24) yields

[ (wy (1), wy(t A MT

Y1 (wi(t), wi(ty)) := (o 3{ 1) _leflll =<0, (25)
L 1
[ (wo (1), wa () + ha(IzRiIL + InRoIL)  ApMT

‘P%(WQ(t),wz<tk)) = 2( 2( ) 2( k)) *2( 2311 23 22182 22) _262 21 < 0’ (26)
[ (wa (), wa(ty)) AoM 2y ha2Z,

- ' * —ezll 0 0

3 (wa(t), wa(ty)) = . P R, o | 2O (27)

i * * * —hyR,

Substituting (22) into (25)—(27), we obtain LMIs (9)-(11). Thus, if (9)—(11) hold, the following
inequality is guaranteed:

Vi(t)+H; <0, forl € T,. (28)

Integrating (28) from 0 to t¢, we have

t
—Vi(0) + [ it < Vi), (29)

From (29) with the positiveness of V;(t), the second condition in Problem 1 is satisfied.
Moreover, from (28) when 7] (t) = 0, r;(t) = 0, and f;(17(t)) = 0, we obtain V;(t) <
—e! (t)e)(t) < 0, which means that the first condition in Problem 1 is also guaranteed. This
completes the proof of Theorem 1. [

Remark 6. When deriving the LMI condition using the sampled-data fuzzy controller, membership
functions wy;(z/(t)) and wyj(z(ty)) are mismatched, so this problem needs to be considered.
Therefore, to handle the mismatched membership functions, Lemma 3 is introduced into this study.

Now, we provide the design condition for finding the gain matrix Kj; of the decentral-
ized sampled-data fuzzy tracking controller (6) on the basis of Theorem 1 by considering
the mismatched membership function.

Theorem 2. For given positive scalars hy, p;, a1, B1, AF, and b, if there exist positive definite
matrices Py, Po, Q, Ry, and Ry, full rank matrices M; and Z’pq, symmetric matrices Sy;; and
Vyij, and any matrices Wh;; = Wn]l and Wm(/H) = W”T(Hr)i, and Kl]- with (1,p,q,n,i,j) €
Iy x Ip X I x I3 X Iy, X 1Ly, such that the following LMI-based inequality conditions hold, then
the error dynamics of a quadrotor UAV (7) meets the given design criteria in Problem 1 with the

obtained gain matrix Kj;:
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minimize 7y1 + y2 subject to

Tn =0, forn € 1, (30)
ur;] + Z/{;ﬂ = Wnij + ani/ (31)
T
— Epij — 2U7;ij - P> Snk (U;Ek + Z/{;?c]-) = Wni(j+r) + Wn(j+r)i/ (32)
for (i,j) €Ty x Ty, ifn=1,
(i) €T, x T, ifn e (2,3},
where
[y Ai LoMT
Buji= | * - ngﬁ I 0 |; (33)
* * —1I
—in]‘ + hp(IsRq 121;) + Izszlgz) A% IQQM%
Baij 1= * - 2p¥§p2 0 |; (34)
L * * o |
[y /\?i 2y  hZ, IpM
L1 0 0 0
2 2020, _ : 35
=3ij +— * * _hZRl 0 0 ’ ( )
* * —hyR, 0
L * * * |
2
_ _ 7T _
Oy = (I + 7)?13Q1, — T(Ilz — 111)Q(Ip — )T — Y3 (I Iy + LsI5)
+ Sym{llzpl 117;5 + Aq ( — Mlllji’i + AliMllsz + BliKl]‘IlTl + F1i11T4 — B{Ilj;—,) },‘
QZij = —7%(124[22 + 12512]"5) + Sym{lzzpzlzg + Az( — M2Ig§, + AZiMZIEZ
+Byoj I+ Tally — Byt + 2115 — 211 + 215 ) |
Wi Wiy Wnl(r+1) Wnl(2r)
T = 7711 7;12.7'.: . : T = . .
n- % 7;11 s Inl - : . 7 In2 - : : s
War Warr Wnr(r+l) Wnr(Zr)
Ui = Suij = Vi Ui = Snij + Vi

In addition, the control gain matrix is obtained with Kj; = K;;M;” L

Proof. Define Ml = M;l, p] = MITPIMI, Q_ = M{QML R = MERMZ, Kl] = Klelr
Z, := M] Z,M,. Then, by applying congruence transformation diag{M, M;, My,1, 1,1}
to (25), the following inequality is obtained:

. Oq (wi (1), w1 (k) + oMM L, Ay
‘Pl (wl (t), ZU1(i’k)) = « . ’27% <0, (36)
2P1/\F1

where

2
_ _ 7T _
O (w1 (), wi(ty)) = (h1 + 7)*[3Q15 — Z(Ilz —I1)Q(ha — I1)T — Y3 (hally + isLs)
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+ Sym{11213111T3 + A1 ( — M111T3 + A1 (wl(t))Mllsz
By (w1 (1)) K (w1 (1)) Iy + T (o (1) 1 — B 15 ) }.

Next, using the congruence transformation diag{ My, My, M, 1,1, My, I} to (26) and
diag{ M, My, M,1,1, M,1, M, My} to (27), we have

3 (wa(t), wa(tx))
O (wa(t), wa(ty)) + LoM3 Maloy + hy(IsRy Iy + Iy Ro 1) Ay
— . B ’y% I <0, (37)
i 2037,
3 (wa(t), watx))
(O (wa (1), wa(ty)) + IaMJ Malpy A% hz 2,
__7n
- * wn 0 0 2 (38)
* _hZRl 0
L * * —thz
where

(@)} (wl (t),wl(tk)) = —’)/%(124121;1 + 125Ig5) + Sym{lzzpzlgé + A2< — MZIZ%
+ Ay (wz(t))M212T2 + By (WZ(t>)K2 (wz(tk))lle +1I» (wZ(t))IZZ — BEIZIES
+Z_112Tz — Z]Ile + ZQI%) }

Now, using the Schur complement and without the shorthand notation, (36) and (37),
(38) can be rewritten as

Yty Eily wii(z1 (8) waj (21 (8)) Eai < 0,
L2 K2y wai(z2(t))waj(22(t) ) Eaij < 0, (39
Y21 2 wai (z2() ) waj (z2(t) ) Eaij < 0,

where E,,;; with m € 73 is defined in (33)-(35). Lastly, from Lemma 3, (39) is guaranteed by
the LMIs of (30)—(32). This completes the proof. O

4. Simulation Examples

In the simulation, we employed the quadrotor model mimicking the Crazyflie quadro-
tor shown in Figure 1. Considering the configuration of the body and inertial axes depicted
in Figure 1, the relationships between the rotor thrust and control inputs to each axis are
formulated as follows:

Figure 1. Crazyflie 2.0 and its coordinate system.
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ur(t) = Ti(t) + Ta(t) + T3(t) + Ty(t), ugp(t) = d{Ts(t) + T4(t) — T1(t) — Ta(t)},
up(t) = d{Ta(t) + T5(t) — Ta(t) — Tu(t) }, uy(t) = ca{Ta(t) + Tu(t) — Ta(t) — T3(t)},

where T;(t) with i € Zy is a thrust force produced by ith rotor in [N]; d is the length from the
center of the quadrotor to the center of each rotor in [m]; and ¢, is a proportional coefficient
in [Nm/N].

The authors in [46] measured model parameters for the Crazyflie quadrotor, and
the results were as follows: m = 0.0299 [kg|, I, = I, = 1.935 x 107° [kg-m?], I, =
2.173 x 1072 [kg - m?], d = 0.03973 [m], ¢; = 0.0251 [Nm/N].

The reference model for the attitude control system was designed as follows:

0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
AL = 0 0 0 0 0 1 g |0 0 0
—-10* 0 0 -102 0 0 |” 72 104 0 0}
0 -10* 0 0 -102 0 0 10* 0
0 0o -10° 0 0 —10? 0 0 10*

from which we know that the settling time for the roll and pitch axes is 0.0808 s, and that
for the yaw axis is 0.3592 s. Securing the control performance of the roll and pitch axes
is essential for the horizontal position to be stabilized. Thus, we designed the reference
model for the roll and pitch axes to converge faster than that for the yaw axis. In addition,
the reference model for the position control system is as follows:

o O o oo

which indicates that the settling time for all axes is 0.8076 s. Physically, the fast convergence
of the horizontal position causes huge changes in roll and pitch angles, so we chose the
settling time as a reasonable value.

In this simulation, we also assumed that the quadrotor flied in an indoor environment.
Therefore, the position of the quadrotor is measured through an external optical sensor
such as Optitrack or VICON. The measured position information is then transmitted to
the quadrotor through wireless communication, so the position controller feeds back the
delayed information. In this simulation, we assumed that a time delay of up to 30 ms
occurred.

In addition, the onboard computer of the quadrotor runs the attitude controller at
a frequency of 500 Hz due to limitations in hardware performance. On the other hand,
according to the sample period of the external optical sensor, the position controller operates
at 100 Hz.

Now that we dealt with all the information about the simulation configuration, we
find the appropriate gain matrices on the basis of the LMI conditions given in Theorem 2.
The simulations were run in MATLAB 2022a, and the LMIs were solved using YALMIP [47]
as the interface and MOSEK [48] as the solver. Under (a1, B1, Ar,, 01,01k, 11, T) = (2,50,
9.8 x 0.1343%,10,0.3,0.01,0.03), (a2, B2, AR, P2, 2k, h2) = (0.1,50,1,1,0.1,0.002), we solved
LMIs in Theorem 2. From the solution, we obtained the following gain matrices:
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[—0.9589 —0.0000 —0.0000 —0.5985 —0.0000 0.0000 ]
Ki; =] —0.0000 —0.9589 0.0000 —0.0000 —0.5985 —0.0000
| 0.0000 —0.0000 —1.6746 0.0000 —0.0000 —0.6604 |
[—0.9589 —0.0000 —0.0000 —0.5985 0.0000 0.0000
Kip =] 0.0000 —0.9589 0.0000 0.0000 —0.5985 —0.0000
| 0.0000 —0.0000 —4.1950 —0.0000 0.0000 —1.6476|
[—10.0526 0.0013 —0.0004 —9.5376 0.0002 0.0001 T
Ky =103 x | —0.0020 —10.1610 —0.0001 0.0001 —9.5381 —0.0003 |,
| —0.0074 0.0097 —17.1415 —0.0038 —0.0009 —8.5705]|
[—10.0526 0.0046 0.0010 —9.5376  0.0022 0.0009 T
K> =103 x | —0.0053 —10.1610  0.0003 —0.0019 —9.5380 —0.0001],
| 0.0040 —0.0058 —17.1076 0.0055 —0.0006 —8.5526 |
[—10.0525 —0.0037 0.0002 —9.5376 —0.0019 0.0004 ]
Kys =103 x 0.0027 —10.1609 —0.0005 0.0022 —9.5380 —0.0005 |,
| —0.0054 —0.0065 —17.1069 —0.0022 —0.0009 —8.5527 |
[—10.0525 —0.0001 0.0003 —9.5375  0.0001 0.0006
Kyy =103 x | —0.0006 —10.1610  0.0003 0.0002 —9.5381 —0.0001|.
| 0.0020 —0.0038 —17.0993 0.0049 —0.0007 —8.5478]

By using the gain matrices above, we simulated the quadrotor tracking control. The

objective of the control is to make the system’s state trajectory follow the reference model’s
state trajectory. We plotted the state responses of both the system and the reference model in
Figure 2a,b. In addition, the time responses of the tracking errors are shown in Figure 2¢,d.
Moreover, the time responses of the control inputs for control systems are depicted in
Figure 3. The position- and attitude-control systems both achieved the control objective.
The proposed controller also robustly controlled the system despite the 30 ms time delay.

To investigate the effect of considering the time delay in the controller design, we
obtained the position control gain under T = 0.001, which means that the designed
controller did not compensate for the communication delay in the position control system.
The results are as follows:

[—2.9403 —0.0000 0.0000 —1.1309 —0.0000 —0.0000
K11 =|—0.0000 —2.9403 0.0000 —0.0000 —1.1309 0.0000 |,
| 0.0000 —0.0000 -7.6251 0.0000 —0.0000 -—2.1314
[—2.9398  0.0000 0.0000 —1.1306 0.0000 —0.0000
Kip =] 0.0000 —2.9398  0.0000 0.0000 —1.1306  0.0000 ] .
| 0.0000 —0.0000 —-11.3024 0.0000 —0.0000 —2.9625

Using the above gain matrices, we depict the corresponding position and attitude state
trajectories in Figure 4. Compared with Figure 2, the control result in Figure 4 shows that
the control performance was degraded by the disturbance caused by the communication
delay of position information. Due to the delayed position information, an abrupt change
occurred in the output of the position controller. Therefore, the state trajectory of the
attitude control system oscillated very quickly.
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Figure 2. (a,b): state responses of the system (solid red lines) and the reference model (dashed blue

lines) that were obtained by the position controller compensating for the time delay; (c,d): time

responses of the tracking errors for the position- and attitude-control systems.
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Figure 3. Time responses of the control inputs.



Drones 2022, 6, 280

17 of 19

l | i
In LA I { A

2 4 6 8 10 12 14 16 18 20

9 [rad]

0 " L L o 4 - L o

L
2

L
4

‘ ‘ ‘ ‘ ‘ A ‘ | ;
6 8 10 12 14 16 18 20 0 2 6 8 10 12 14 16 18 20
time [sec] time [sec]

IS

(a) Position control (b) Attitude control

Figure 4. State responses of the system (solid red lines) and the reference model (dashed blue lines)
that were obtained by the position controller while not compensating for the time delay.

Table 1 provides the quantitative analysis results of the control performance consider-
ing the communication delay. We measured two performance indices: the maximal absolute
error and the root mean squared (RMS) error between the system and reference models.
Table 1 shows that the proposed control design technique effectively enhanced the control
performance when the communication delay occurred in the position control system.

Table 1. Quantitative comparison of position tracking performance according to .

Maximum Absolute Error RMS Error
x[m] ylm] z[m] x[m] ylm] z[m]
7 =0.03 0.0609 0.0351 0.0373 0.0181 0.0187 0.0113
7 =0.001 0.1131 0.4170 0.7520 0.0298 0.0188 0.0306

5. Conclusions and Future Works

Considering the communication delay, the decentralized sampled-data fuzzy tracking
control method of a quadrotor UAV was proposed. Since the communication delay only
occurs in information related to the position of the quadrotor UAYV, it was necessary
to separate the control system into position and attitude. In this regard, decentralized
T-S fuzzy modeling was introduced with a novel decentralized controller. In addition,
in order to reduce the computational complexity, an LKF including only the necessary
information for each control system was constructed. All conditions derived in this study
were represented in terms of LMIs and numerically solved, and the validity and feasibility
of the proposed method were verified through the provided simulation examples.

On the other hand, the effectiveness and validity of the method proposed in this study
were verified only through the simulation examples. Therefore, our future work is to
extend the study to empirical verification taking into account external disturbances and
quantization errors.
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