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Abstract: Wastewater treatment plants (WWTPs) are responsible for attenuating the environmental 
impact that waste in effluent discharged to receiving waters has. As a consequence of this, new 
techniques for an effective control are valuable, not just for minimising this impact, but also for 
minimising operational costs by using energy efficiently. Such kinds of problems, with several 
objectives to fulfil (and usually in conflict), are termed as multi-objective problems. Within this 
context, multi-objective optimisation techniques have been shown to be a valuable tool in the control 
engineering field to tune different kinds of controller for complex systems. To accomplish this, a 
simultaneous optimisation approach is carried out, in order to approximate a set of Pareto-optimal 
solutions. Such solutions differ in the level of trade-off exhibited in two (or more) conflicting 
objectives. The multi-objective approach for controller tuning in one-input/one-output processes is 
well documented in the literature. Nevertheless, that is not the case of multivariable control. This 
fact is mainly due to the quantity of design objectives required to evaluate the multi-objective 
performance of several outputs. In this work, we elaborate a proposal to handle multi-objective 
problems for multivariable processes. Performance evaluation is performed (via simulation) in a 
multivariable benchmark for the PI control of an activated sludge process with nitrification and 
denitrification. 
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1. Introduction 

Wastewater treatment plants (WWTPs) are responsible for attenuating the environmental 
impact that waste in effluent discharged to receiving waters has. As a consequence of this, new 
techniques for an effective control are valuable, not just for minimising this impact, but also for 
minimising operational costs by using energy efficiently [1,2]. Such kinds of problems, with several 
objectives to fulfil (and usually in conflict), are termed as multi-objective problems (MOPs) [3]. 

Within this context, multi-objective optimisation (MOO) techniques have been shown to be a 
valuable tool in the control engineering field to tune different kinds of controller for complex systems [4]. 
To accomplish this, a simultaneous optimisation approach is carried out, in order to approximate a 
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set of Pareto-optimal solutions. Such solutions differ in the level of trade-off exhibited in two (or 
more) conflicting objectives.  

The multi-objective approach for controller tuning in one-input/one-output processes is well 
documented in the literature [5]. Nevertheless, that is not the case of multivariable control. This fact 
is mainly due to the quantity of design objectives required to evaluate the multi-objective 
performance of several outputs. In this work, we elaborate a proposal to handle multi-objective 
problems for multivariable processes based on the works of [6] and [7]. In the former, a basic MOP 
was stated, merging design objectives without losing the philosophy behind multi-objective 
optimisation design; in the latter, an aggregation using physical programming [8] was used. In both 
instances, the case studies under consideration were two-inputs/two-outputs processes, where the 
number of design objectives was manageable. In this paper, we introduce a proposal for the general 
case in multivariable processes.  

The proposal will be evaluated (via simulation) in a multivariable benchmark for the PI control 
of an activated sludge process with nitrification and denitrification [1]. The controller must maintain 
the DO levels in three aerobic tanks (DO3, DO4 and DO5) by the manipulation of oxygen transfer 
coefficients (KLa2, KLa3 and KLa4). 

2. Results 

A decentralized PI controller is tuned. As a reference controller, a full multivariable PI controller 
is used. This will allow a comparison of the achievable performance with a less complex control 
structure. The stated MOP has three design objectives: performance (IAE), control action (TV) and 
robustness for individual loops (Im/Re ratio of the dominant root of the characteristic polynomial), 
respectively. The approximated Pareto front is depicted in Figure 1. 

 
Figure 1. Pareto front approximation for the multi-objective problem stated. 

3. Discussion 

After a multicriteria decision-making step, a PI controller has been selected. The time response 
of this controller is compared with that of the reference controller (Figure 2). As can be noticed, the 
main difference in performance appears with DO3 control. This means that it was possible to have a 
performance improvement DO3, more control action, but with a simpler structure. The control action 
does not have an overshoot or oscillations. 
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Figure 2. Time response of the selected PI controller (solid line) and the PI reference controller (dashed 
line). 

4. Materials and Methods 

4.1. Multi-Objective Optimization Design 

A basic multi-objective problem (MOP) with m objectives, can be stated as follows: min 𝑱(𝒙) = [𝐽ଵ(𝒙), … , 𝐽௠(𝒙) ] (1)

subject to: 𝑥௜ ≤ 𝑥௜ ≤ 𝑥௜ , 𝑖 = [1, … , 𝑛] (2)

where 𝒙 = [𝑥ଵ, 𝑥ଶ, … , 𝑥௡] is defined as the decision vector with dim(x) = n; 𝑱(𝒙) as the objective 
vector; 𝑥௜, 𝑥௜ are the lower and the upper bounds in the decision space. It has been noticed that there 
is not a single solution in MOPs, because there is not generally a better solution in all the objectives. 
Therefore, a set of solutions, the Pareto set, is defined. Each solution in the Pareto set defines an 
objective vector in the Pareto front. All the solutions in the Pareto front are a set of Pareto optimal 
and non-dominated solutions. 

A multi-objective optimization design procedure (MOOD) is used, as described in [7]. It has 
three main steps: 
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1. Multi-objective optimization problem: design objectives are stated, as well as decision variables. 
In this case, decision variables are the tuning parameters of a given controller. Design objectives 
are related to the expected performance of the control loop. 

2. Multi-objective optimization process: that is, approximating the Pareto front. For this purpose, 
the sp-MODEx algorithm (Supplementary Materials) is used due to its performance for 
controller tuning applications [7]. 

3. Multi-criteria decision-making stage: a given solution is selected, after an analysis of the 
approximated Pareto front. For this purpose, a simple 3D plot is used. 

4.2. Process Description 

The process is described in [1]. It was implemented in SIMULINK© and the optimization scripts 
in MATLAB©. 

4.3. Multiobjective Problem Statement 

In this work, we elaborate a proposal to handle multi-objective problems for multivariable 
processes based on the works of [6,7] using physical programming [8] as an aggregate function. 

5. Conclusions 

As it was shown, the MOP using as design objectives GPP was useful in order to keep 
interpretability and manageability in the MOP. Future work will focus on bringing design objectives 
for load rejection and noise sensitivity. 

Supplementary Materials: The spMODEx algorithm is available online at https://www.mathworks.com/matlab 
central/profile/authors/2438888. 
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Abbreviations 

The following abbreviations are used in this manuscript: 

MOO Multi-objective optimization 
MOP Muti-objective problem 
MCDM Multi-criteria decision making 
MOOD Multi-objective optimization design 
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