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Abstract: Co-resonantly coupled cantilever sensors have recently been introduced as a very promising 
concept to strongly increase the sensitivity of dynamic-mode cantilever MEMS sensors (several orders 
of magnitude experimentally demonstrated) while maintaining the ease of detection. Mechanical 
coupling and eigenfrequency matching of a micro- and a nanocantilever lead to a coupled system 
where any interaction at the highly sensitive nanocantilever alters the oscillatory state of the entire 
system which is detected at the microcantilever with standard laser-based methods. The coupled 
system’s sensor properties are described by effective parameters which depend on the subsystems’ 
properties and the degree of eigenfrequency matching. Here, the focus is on the implications of the 
effective properties on sensor performance with regard to sensitivity and detectability, which will be 
illustrated by an exemplary sensor model. 
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1. Introduction 

Co-resonant cantilever sensors have been shown to tremendously increase the signal strength in 
proof-of-principle experiments in cantilever magnetometry and magnetic force microscopy (MFM) 
[1–3]. Since the measurement principle is only based on the coupling and eigenfrequency matching 
(termed as co-resonance) of a micro- and a nanocantilever, it could potentially by extended to other 
applications for dynamic-mode cantilever sensors, for example gas sensing (’artificial nose’) [4] or 
mass sensors [5]. 

The co-resonant coupling allows to access the high sensitivity of a nanocantilever with regard to 
external influences like force gradients or mass changes, while the oscillation detection is realized with 
conventional laser-based methods at the microcantilever. Since two oscillating beams are coupled, the 
amplitude response curve of the system features two resonance peaks whose amplitude and resonance 
frequency can be tracked as measurement signal [6]. 

For a single cantilever, the features of a resonance peak, e.g., the quality factor Q and the frequency 
shift ∆f in response to an external interaction, are determined by the cantilever properties which include 
the beam’s spring constant k, effective mass m and damping behavior described by the damping 
constant d. Consequently, for the coupled system, the features of the two resonance peaks are defined 
by a mixture of both beams’ properties and depend on the degree of eigenfrequency matching. Hence, 
each resonance peak can be described by a set of effective properties which in turn determine 
sensitivity and detectability [7]. 

From a sensor design point of view, the ability to predict and therefore tailor sensor performance 
for a desired application is crucial. Consequently, it is necessary to study the interplay between 
cantilever properties and frequency matching of the co-resonantly coupled system in detail and derive 
simplified analytical expressions to describe the effective sensor properties. 
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2. Modelling of a Co-Resonantly Coupled Sensor 

For each of its eigenfrequencies, a mechanical oscillation-based sensor can be described by a 
harmonic oscillator model with lumped elements [8]. Likewise, the co-resonantly coupled system can 
be represented by a coupled harmonic oscillator with the individual beams’ spring constant k1,2, 
effective mass m1,2 and quality factor Q1,2, for each of its eigenfrequency matching combinations. 
Please note that the damping element di and quality factor Qi are related by Qi = √𝑚𝑖𝑘𝑖/di; i = 1, 2. 
The model shown in Figure 1a has been used for the derivation of the expressions for effective sensor 
properties. 

In order to give some graphical representation of the effective sensor properties, an exemplary 
sensor with parameters summarized in Table 1 is considered. These numerical values are based on 
experimental sensor realizations [1,2]. 

Figure 1b depicts an exemplary amplitude response curve of the coupled system obtained for 
the microcantilever and based on the parameters from Table 1 and for −2% eigenfrequency deviation, 
i.e., the nanocantilever’s eigenfrequency is 2% lower than that of the microcantilever. Two resonance 
peaks are clearly visible and to distinguish between the effective properties of these resonance peaks 
and the properties of the individual beams, the subscript a, b will be used for the former and 1, 2 for 
the latter. Thereby, a always denotes the left resonance peak at the lower frequency and b the right one 
(higher frequency) of the coupled system as indicated in Figure 1b. 

 
Figure 1. (a) Coupled harmonic oscillator model for a co-resonantly coupled cantilever system. Each 
subsystem 1, 2 is represented by a spring k1,2, a damping element d1,2 and effective mass m1,2. The 
driving force is applied to subsystem 1 and an external interaction applied at the nanocantilever can be 
modelled by an additional spring k3 which represents a force gradient. (b) Amplitude response curve 
of the coupled system calculated for the microcantilever (amplitude normalized to the greatest value 
within the curve) and the parameters given in Table 1 for −2% eigenfrequency deviation, i.e., f2 = 98 
kHz. The relevant definitions are indicated. 

Table 1. Exemplary sensor parameters based on experimental sensors for the individual micro- (1) 
and nanocantilever (2) before eigenfrequency matching (upper part). The lower part of the table 
summarizes the effective properties for both resonance peaks a and b for −2% eigenfrequency 
matching of micro- and nanocantilever. 

Parameter Microcantilever (1) Nanocantilever (2) 
Eigenfrequency f 100 kHz variable 
Spring constant k 1 N/m 0.001 N/m 
Quality factor Q 10,000 500 

 Right Peak (a) Left Peak (b) 
Resonance frequency f 97.14 kHz 100.88 kHz 

Effective spring constant ke f f 0.0013 0.0042 
Effective quality factor Qe f f 630 1940 
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3. Effective Sensor Properties 

The effective sensor properties depend on the degree of eigenfrequency matching and the 
parameters of the individual beams. The main parameters which determine sensor performance are 
the effective spring constant (for force sensors)/effective mass (for mass sensors) and effective quality 
factor, which affect sensitivity and detectability, respectively [9]. 

Since the complete derivation of all effective properties is outlined in detail in [7], the focus here 
will be on the practically relevant conclusions for sensor applications. Therefore, the exemplary sensor 
characteristics summarized in Table 1 will be used. 

As it is evident from the amplitude response curve of the microcantilever in Figure 1b, two 
resonance peaks with different shape and height can be identified, leading to the assumption that each 
one is described by its own set of effective properties [10]. 

Graphs for the effective spring constant and quality factor are depicted in Figure 2 for the 
exemplary sensor parameters from Table 1. In that case, the eigenfrequency ω1 was kept constant while 
the eigenfrequency of the nanocantilever ω2 was varied, hence ∆ωeigen = (ω2 − ω1)/ω1. 

Assuming that the resonance peak with the higher amplitude is experimentally measured 
(corresponding to the upper branches in Figure 2), the minimal achievable effective spring constant is 
2k2. Hence, the nanocantilever’s stiffness mainly defines the sensitivity for each resonance peak of the 
coupled system, which is described by the frequency shift in response to an external interaction k3: Δ𝑓௔,௕𝑓௔,௕ =  𝑘ଷ2𝑘௘௙௙௔,௕  (1) 

While Equation (1) relates to a force gradient interaction on the sensor, a similar relation is found 
for a changeable mass load [11]. In that case, k3 is substituted by the additional mass ∆m and 𝑘௘௙௙௔,௕  by 𝑚௘௙௙௔,௕  which is an effective mass for each resonance peak obtained by 𝑚௘௙௙௔,௕ =  𝑘௘௙௙௔,௕ /𝜔௔,௕ଶ . 

A similar result as for the effective spring constant is found for the effective quality factor (Figure 
2b), which is always reduced in comparison to the highest quality factor of the system. However, if the 
resonance peak with the higher amplitude is considered in a measurement, the effective quality factor 
will never be smaller than approximately twice the smallest individual quality factor in the system. 
Hence, while a decrease in cantilever size usually reduces the quality factor, the co-resonant coupling 
partly counteracts this effect and leads to a better detectability for the coupled system compared to an 
individual nanocantilever. These consideration show that, depending on the application, a balance has 
to be found between the increase of sensitivity (lower effective spring constant/effective mass) and the 
detectability and signal-to-noise-ratio (effective quality factor). 

 

Figure 2. (a) Effective spring constant 𝑘𝑒𝑓𝑓𝑎,𝑏  and (b) effective quality factor 𝑄𝑒𝑓𝑓𝑎,𝑏  for left (index a, 
lower frequency) and right (index b, higher frequency) resonance peak of the co-resonantly coupled 
system with exemplary parameters from Table 1. Please note that the y-axis in (a) has logarithmic 
spacing for better visibility. 

4. Conclusions 

Effective sensor properties are crucial for understanding and predicting the sensor performance 
for a novel co-resonantly coupled dynamic-mode cantilever sensor with regard to sensitivity and 
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detectability. In the framework of the presented investigation, simplified analytical descriptions for 
the effective sensor properties have been derived, showing their dependence on the degree of 
eigenfrequency matching and on the individual subsystem’s properties. Here, the focus was on 
illustrating the effective properties’ implications on sensor performance based on exemplary sensor 
characteristics to stress the importance of understanding these key parameters. Based on this 
groundwork, sensor performance can now be estimated and tailored for specific applications in a fast 
and easy manner, thereby paving the way for many prospective implementations of the co-resonant 
sensor concept. 
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