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Abstract: Dynamical decoupling sequences are a convenient tool to reduce decoherence due to
intrinsic fluctuations with 1/ f power spectrum hindering quantum circuits. We study the possibility
to achieve an efficient universal two-qubit gate in the presence of 1/ f noise by periodic and
Carr-Purcell dynamical decoupling. The high degree of selectivity achieved by these protocols
also provides a valuable tool to infer noise characteristics, as the high-frequency cut off and the noise
variance. Different scalings of the gate error with noise variance signal the contribution of different
noise statistical properties to the gate error.
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1. Introduction

In the race towards quantum technologies, superconducting nanocircuits are at the forefront
of the next generation of quantum processing units for hybrid quantum processors exploiting the
best computational characteristics of the currently available quantum devices (solid-state quantum
hardware, quantum optics setupts etc.) [1,2]. Since the early experiments, superconducting quantum
circuits revealed their potentialities of tunability and large-scale scalability making them potential
candidates for the implementation of quantum gates [3]. Their main limitations were low gate fidelities
due to material-inherent noise sources characterized by 1/ f power spectrum at low frequencies [4].
Clear signatures of bistable fluctuations induced by the same intrinsic noise sources were also
reported [4,5]. These limitations have been progressively reduced via device design, improved
materials and control protocols [6–8]. Presently, quality factors of single-qubit gates satisfy the criteria
required for quantum error correcting codes [9] whereas further improvement is needed for two-qubit
gates [10] and small quantum-nodes of complex networks. Advanced quantum protocols based
on pulsed control represent a viable strategy towards this goal [11–25]. In superconducting qubits
dephasing due to charge- and magnetic flux-noise has been reduced by dynamical decoupling [26–30].
On a complementary perspective, the high degree of selectivity achieved by dynamical decoupling also
provides a valuable tool to infer noise characteristics. This fact has opened up a new research streamline
named “quantum sensing” [31]. Recently dynamical decoupling of pure dephasing due to quadratic
coupling to Gaussian distributed 1/ f α noise has been used as a tool for noise spectroscopy[32]. In
this manuscript we will illustrate some sensing properties of two, well-known quantum control
protocols, the periodic (PDD) [11,12] and the Carr Purcell (CP) [33] dynamical decoupling (DD). We
will discuss critically their capabilities to infer the characteristic of 1/ f noise acting on a two-qubit
gate. The advantage of applying these procedures to a two-qubit gate are manifold [34]. First of
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all, the operating frequency of a two-qubit gate is one-to-two orders of magnitude lower that the
Larmor frequency of the individual qubits. This makes the gate more sensitive to low-frequency
fluctuations. We will show that this potentially detrimental fact actually turns out to be convenient
from the viewpoint of noise sensing. In this article we will focus on this issue. Other potentialities
of quantum sensing with a multiqubit gate are the possibility to detect noise correlations [35] or the
identification of local effects due to microscopic degrees of freedom more strongly coupled to one of
the quantum nodes of a complex network.

2. Two Qubit Entangling Gate and Pulsed Quantum Control

Dynamical local control applied to a quantum node of a noisy complex network is generally
modelled as

H̃(t) = H0 + δH(t) + V(t) . (1)

The noisy quantum node is in our case a two-qubit gate subject to local classical noise

H0 + δH(t) = −Ω
2

σ1z ⊗ I2 −
Ω
2
I1 ⊗ σ2z +

ωc

2
σ1x ⊗ σ2x −

1
2

z1(t) σ1z ⊗ I2 −
1
2
I1 ⊗ z2(t) σ2z , (2)

where Iα is the identity in qubit-α Hilbert space (α = 1, 2), we set h̄ = 1. The ideal gate generated
by H0, realizes the entangling

√
iSWAP operation: the system prepared in the factorized state

|+−〉 (σαz|±〉α = ∓|±〉α), evolves periodically to the fully entangled state ±[|+−〉 − i| −+〉]/
√

2
at times te(n) = π/2ωc(1 + 4n), n ∈ N . In this, fixed (capacitive or inductive) coupling scheme,
individual tuning of each qubit effectively switches on/off their interaction [3].

The local, pure dephasing classical noise, zα(t), is a stochastic process whose power spectrum

Sα(ω) =
∫ ∞

−∞
dt 〈zα(t)zα(0)〉 eiωt (3)

is 1/ f for f ∈ [γm,α, γM,α]. Noise is simulated as the superposition of random telegraph (RT) processes
with switching rates γα distributed as 1/γα in [γm,α, γM,α] [4,36]. The spectrum reads Sα(ω) ≈ Aα/ω,
with Aα = πΣ2

α/ ln(γm,α/γM,α), for γm,α � ω � γM,α, with a roll-off to 1/ f 2 behavior at higher
frequencies; Σ2

α is the noise variance. We will also consider the limiting case of coupling to a single
RT process.

We consider dynamical decoupling protocols consisting of instantaneous pulses acting locally and
simultaneously on each qubit. In Equation (1) it is V(t) = V1(t)⊗ I2 + I1 ⊗ V2(t), and Vα(t) denotes
the action of a sequence of local operations on qubit α applied at times t = ti, i ∈ {1, m}. The control
sequence is designed to reduce the effect of noise acting along σαz without altering the gate operation.
This is obtained by applying an even number of simultaneous π-pulses around the y-axis of the Bloch
sphere of each qubit, denoted respectively as πy. The pulses are applied at times ti = δite, where
0 ≤ δi ≤ 1 with i = 1, . . . , m. For the PDD sequence δi = i/m, with the last pulse applied at time te, the
pulse interval being ∆t = te/m. For the CP sequences it is δi = (i− 1/2)/m.

3. Gate Error and Quantum Sensing

Dynamical decoupling aims to maximize the fidelity with respect to the target state |ψe〉, F ,
or equivalently to minimize the error ε defined as

F = 〈ψe|ρ(t(n)e )|ψe〉 ε = 1− F . (4)

Here ρ(t) is the two-qubit density matrix and

〈ψe|ρ(t(n)e )|ψe〉 =
∫
D[z(t)] P[z(t)] 〈ψe|ρ

(
t|z(t)

)
|ψe〉 , (5)
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with z(t) = {z1(t), z2(t)}. We evaluate the path integral by exact numerical solution of the stochastic
Schrödinger equation of the coupled-qubits under the action of the considered DD sequences.
The number of noise realizations over which the average is performed is ≥ 104. Under this condition,
the numeric simulation can be considered a reliable method for calculating the gate error.

In the quantum sensing perspective, we aim to grasp informations on the noise spectrum by
using the gate as a detector. In this article we focus on pointing out sensitivity to the amplitude of the
noise, i.e., its variance, and to the the high-frequency cut-off γM,α the 1/ f spectrum. For the sake of
simplicity, we suppose identical noise on both qubits, Sα(ω) ≡ S(ω),γm,α = γm, γM,α = γM.

3.1. Sensititity to High-Frequency Spectral Components

In order to verity the sensing properties of PDD and CP to components of 1/ f noise at high
frequencies, we numerically evaluate the gate error at the entangling time te, for a spectrum with fixed
variance Σ2, γm, and varying γM. We remark that this implies changing the 1/ f noise amplitude,
Aα = πΣ2

α/ ln(γm,α/γM,α). Results shown in left panel of Figure 1 show that the gate error under PDD
is weakly affected by high frequencies in the spectrum until γM < 1/te. On the contrary, CP DD is
more effective in reducing errors and at the same time is more sensitive to changes of γM, see left panel
of Figure 2. The result for PDD is easily understood considering the propagator for a sequence of two
pulses of duration ∆t in the presence of quasistatic noise due to a single RT signal with γ << 1/∆t,
and its first order expansion

U(ti+1, ti−1|x(t)) = S T̂e−i
∫ ti+1

ti
H(t′)dt′ S T̂e

−i
∫ ti

ti−1
H(t′)dt′ '

' S
(
I− iH(ti)∆t

)
S
(
I− iH(ti−1)∆t

)
' I− i H̄2∆t ' e−i H̄2∆t

(6)

where H̄ = (SHS +H)/2 = (ωc/2)σ1x ⊗ σ2x is the entangling term in the Hamiltonian. Equation (6)
shows that the lowest order effect of quasistatic noise is cancelled already by a pair of pulses, the so
called echo-sequence. As a consequence, PDD sequence with an even number of pulses is able to
reduce noise effects at te = 2n∆t also in the presence of high-frequency components in the spectrum
provided that γM < 1/te, Figure 1 (right panel). A fast RT fluctuator instead induces a very small error
which is unmodified by the decoupling procedure, see the almost flat curve in Figure 1 (right panel).
In Figure 2 we repeat the same analysis for CP DD. We observe that CP exhibits larger sensitivity to the
1/ f upper cut-off: the gate error can be described by a quasi static approximation up to γM = 107 s−1,
that is as long as γM � 1/te. The CP procedure is therefore more suitable to perform sensing of the
presence of components of 1/ f noise at high-frequencies like infering its high-frequency cut-off.
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Figure 1. Gate error at time te under PDD as function of the number of applied pulses, n. In each panel
ωc = 5 · 109 rad/s, the standard deviation is Σ = 109/

√
2 rad/s. Left panel: Error for 1/ f noise with

low frequency cut-off fixed at γm = 1 s−1. Symbols correspond to different high-frequency cut-off:
γM = 1 s−1 (filled red), γM = 109 s−1 (shaded green), γM = 1010 s−1 (open violet), γM = 1011 s−1

(oblique orange), γM = 1012 s−1 (horizontal blue). Rigth panel: Error for RT noise, symbols correspond
to different switching rates: γ = 1 s−1 (filled red), γ = 109 s−1 (shaded green), γ = 1010 s−1 (open
violet), γ = 1011 s−1 (oblique orange), γ = 1012 s−1 (horizontal blue). Simulations with 104 samples.
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Figure 2. Gate error at time t2 under CP as function of the number of applied pulses, n. In each panel
ωc = 5 · 109 rad/s, the standard deviation is Σ = 109/

√
2 rad/s. Left panel: Error for 1/ f noise with

low frequency cut-off fixed at γm = 1 s−1. Symbols correspond to different high-frequency cut-off:
γM = 1 s−1 (filled red), γM = 107 s−1 (filled grey), γM = 108 s−1 (filled black), γM = 109 s−1 (shaded
green), γM = 1010 s−1 (open violet), γM = 1011 s−1 (oblique orange), γM = 1012 s−1 (horizontal blue).
Right panel: Error for RT noise, symbols correspond to different switching rates: γ = 1 rad/s (filled red),
γ = 107 s−1 (filled grey), γ = 108 s−1 (filled black), γ = 109 s−1 (shaded green), γ = 1010 s−1 (open
violet), γ = 1011 s−1 (oblique orange), γ = 1012 s−1 (horizontal blue). Simulations with 104 samples.
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3.2. Sensitivity to the Noise Variance

Scaling of the gate error under DD with the noise variance represents a distinctive feature
of the dominant order of the fluctuation statistics [34]. This is relevant in the perspective of
using the two-qubit gate as noise detector pointing out Gaussian or non-Gaussian noise statistics.
In Figures 3 and 4, we study the scaling of the gate error with the noise variance for the considered DD
sequences. Left panels refer to the quasistatic regime, in right panels 1/ f noise extends to γM = 109 s−1

for PDD, to γM = 108 s−1 for CP DD. The reference case corresponds to Σ = 109 rad/s (filled symbols)
which scales with Σ2 (dotted line). In each figure symbols are the results of the exact numerical solution
of the stochastic Schrödinger equation and colored dashed lines are the scaling with Σ2 obtained from
the reference curve. The gate error under PDD reveals second order statistics effect, both for quasistatic
noise and for higher frequency noise components. This is signalled by the Σ2 scaling of all curves. This
picture does not hold for the gate error under the CP sequence. In fact, even for quasistatic noise we
observe Σ2 scaling only up a certain value of Σ, Figure 4 (left panel). This behavior suggests that higher
order noise cumulants contribute to the gate error with increasing noise strength. These contributions
maintain their relevance also when the noise extends to higher frequencies, at least up to γM = 108 s−1,
Figure 4 (right panel).
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Figure 3. Gate error under PDD at time te as function of n, ωc = 5 · 109 rad/s. Left panel: quasi
static noise, γm = γM = 1 s−1. Right panel: 1/ f noise with γm = 1 s−1 and γM = 109 s−1. Curves
have different standard deviation: Σ = 0.5 · 109/

√
2 rad/s (oblique crossed lines), Σ = 109/

√
2 rad/s

(filled), Σ = 2 · 109/
√

2 rad/s (shaded), Σ = 3 · 109/
√

2 rad/s (crossed lines), Σ = 4 · 109/
√

2 rad/s
(oblique lines). In each panel the dotted line interpolating the gate error for the reference value
Σ = 109/

√
2 rad/s is a guideline for the eye; dashed lines are obtained by scaling with Σ2 the error

corresponding to the reference variance. Simulations with 104 samples.
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Figure 4. Gate error under CP at time te as function of n. In each panel ωc = 5 · 109 rad/s, the gate
time is te. Left panel: quasi static noise, γm = γM = 1 s−1. Right panel: 1/ f noise with γm = 1 s−1

and γM = 108 s−1. Curves have different standard deviation: Σ = 0.5 · 109/
√

2 rad/s (oblique crossed
lines), Σ = 109 rad/s (filled), Σ = 2/

√
2 · 109 rad/s (shaded), Σ = 3/

√
2 · 109 rad/s (crossed lines),

Σ = 4/
√

2 · 109 rad/s (oblique lines). In each panel the dotted line interpolating the gate error for the
reference value Σ = 109/

√
2 rad/s is a guideline for the eye; dashed lines are obtained by scaling with

Σ2 the error corresponding to the reference variance. Simulations with 104 samples.

4. Discussion

Results presented in this article point out the potentialities of DD protocols implemented in
superdonducting qubits to infer non trivial properties of non-Markovian noise with 1/ f spectrum.
In particular, CP DD turns out to be a convenient sensing tool for the high-frequency cut-off of the
spectrum. Moreover it is suitable to point out the nature, Gaussian or non Gaussian, of the noise
statistics entering the gate error. Second order statistics can instead be inferred by the scaling of the
gate error under PDD. Provided noise with same statistical properties act of the two qubits forming the
gate, the error scaling under PDD migh provide an independent check of the noise variance entering
single qubit decoherence factors [37]. Based on the present analysis, we expect that dynamical control
could be conventiently used to extract correlations between noise sources acting on different units of a
few nodes quantum netrwork.
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