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Abstract

We consider a Neumann problem for the fractional Laplacian involving a nonlocal
Choquard-type nonlinearity and Sobolev-Hardy exponent. Under suitable assumptions
on the data and using the Nehari manifold method, we discuss the existence problem in
several subcritical and critical cases.

Keywords: Neumann boundary condition; Nehari manifold; fractional Laplacian; critical
Sobolev-Hardy exponent

1. Introduction and Results

Let O C RN be a smooth bounded domain with smooth boundary 9Q. In this paper,
we study the following parametric Sobolev—-Hardy problem:

(=8)p—x

¢ lol? -
2 h(x)/n |xfy|hdy|(l’|p ’p, x€Q,
” ©)

q—2
= - A0 can, Ao

|x|P
Given « € (0,1), in this problem, (—A)*g is the fractional Laplacian operator, also
known as the Riesz fractional derivative, defined by

(x) — ¢(y)
(a9 = cNwpx [ T ay,
where p.v. is the Cauchy principal value of the integral, and C(N, «) is the normalization
constant given as
F( N E2zx )

F(—a)]”

where I' denotes the Gamma function, see, for example, Frank-Lieb—Seiringer ([1],

C(N,a) =22 1772

Lemma 3.1). The constant exponents involved in (1) have to satisfy the following re-
quirements: 0 < B <2a < N,0<pu<N,1<2p<2,1 <q§22,a =2(N—-B)/(N—2«a),
and 2 < 22,“ < 2% = 2N/(N — 2a), where 22;06 is the fractional critical Hardy—Sobolev
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exponent. If xy denotes the best Hardy constant in the fractional Hardy inequality (see
Section 2, and the discussion in [1] too), we assume

2(n+2a)

0<kx <Kg=4"

Further, h(x) € L®(Q) and f(x) € L®(dQ2) are the reaction coefficient and the boundary
coefficient, respectively. In the boundary condition, d/9n denotes the generalized direc-
tional derivative (conormal derivative) of ¢, with n(-) being the outward unit normal
on dQ). Such a directional derivative is dictated by the nonlinear Green’s identity (see,
for example, Gasiniski and Papageorgiou [2]).

If r € (1,400), the study of elliptic r-Laplacian problems (driven by the operator
Nrp = div (|Vu|~2Vu) forallu € W&'V (Q))) with competing nonlinearities under different
boundary conditions has been largely refined in recent decades, for example, we mention
the works by Cherfils and Il'yasov [3] (for the sum of two r-Laplacian operators with
different exponents) and Papageorgiou et al. [4] (for the double-phase operator). Such
problems are considered useful models in the analysis of electrorheological fluids, in image
processing, and in the context of nonlinear elasticity theory; hence, the reader can refer
to Acerbi and Mingione [5] and Afrouzi and Ghorbani [6] and the references therein.
In the case of a single Laplacian operator (r = 2), Chen [7] focused on the following

Dirichlet problem 4 .
~0p—Lap =gl 29+ g, x€Q, o
p(x) =0, x € 0Q),

2
where 2* = I\%—Ijz, 0<u<p= (#) ,and A > 0 is a parameter. The main source of
difficulty here is in the lack of compactness for the Palais-Smale sequences ((PS)-sequences
for short) of the functional associated with (2). This way, variational methods cannot
be applied directly; hence, the approach to the existence problem in [7] is based on the
Linking theorem and delicate energy estimates for the functional. The similar problem
is investigated by Cao and Peng [8] to conclude the existence of sign-changing solutions
by using Ljusternik-Schnirelman theory (see Zeidler [9]) and an (subcritical) approximating
problem to (2).

Given « € (0,1), Bhakta et al. [10] considered the following fractional Hardy—Sobolev
equation

25 (1) -2
(=80 =7y = KPP ), x e mY, ©)

where N > 24,0 < t < 2a < N, 2%(t) = 21211\5;), 0 < 9 < YNa here vy, is the best

Hardy constant in the fractional Hardy inequality. Hence, they obtained the existence

and multiplicity results for constant sign solutions (more precisely, positive solutions).
The approach is based on the classification of certain (PS)-sequences for the functional
associated to (3), performing a profile decomposition of the (PS)-sequence in general
Hilbert spaces (to overcome the already mentioned lack of compactness). Further, un-
der a Neumann nonlocal boundary condition, Irzi and Kefi [11] studied the existence of
solution to a fractional 7-Laplacian problem (7 = (-, -) is a suitable continuous function
defined on a smooth bounded domain of RY). Regarding the study of fractional operator
theory, Muslih et al. [12,13] effectively resolved linear and specific nonlinear problems in
fractional-dimensional spaces through Fourier transform methods, while Lima et al. [14]
established a geometric interpretation of the relationship between critical exponents and
fractal dimensions. Differently from the previous works, this time, the approach is based
on the Ekeland principle, together with variational tools. Another interesting contribution
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is due to Fan [15], who showed the existence of nontrivial weak solutions to fractional
Choquard problems of the form

P
(-0 = Wle 2o+ [ s avlolr 29, x e,

qg:O,xE]RN\Q,

(4)

where 0 <a <1, (2N —p)/N < p <25 /(N —2a),and 0 < p < N. By using variational
tools and the Nehari manifold method, the author investigated both subcritical and critical
nonlinearities, and obtained the results stated in Theorems 1.2 and 1.3, respectively. Fan [16]
also established similar results in the case of a fractional Choquard equation with Kirchhoff
weight, to underline the effectiveness of the strategy in dealing with various classes of
differential problems. Turning to the non-fractional setting, some contributions in this
direction are the works by Brown and Zhang [17], where both existence and non-existence
results for positive solutions to a semilinear elliptic boundary value problem with a sign
changing weight function are discussed, de Albuquerque and Silva [18], where the Nehari
manifold method is applied to a class of Schrodinger equations with indefinite weight
functions, and Gasiniski and Winkert [19], where a double phase problem is investigated to
obtain the existence and multiplicity results.

Inspired by these works, the purpose of our paper is in discussing the existence and
multiplicity of weak solutions, with sign information, to problem (1) by using the Nehari
manifold method. Differently from the previous works (recall (2)-(4)), the features of our
problem are the presence of the Hardy term, together with a Choquard-type nonlinearity
and a Neumann boundary condition, which makes the proof that the energy functional
satisfies the correlation property and the associated parameter settings difficult. Further,
we distinguish the subcritical case (g7 < 22/“) and the critical case (g = ZE’“). Specifically,
the critical case presents greater challenges, as it necessitates information regarding the
asymptotic behavior of solutions to the limiting problem at both zero and infinity. More
precisely, we establish the following theorems.

Theorem 1. If0 <a <1,0<pu <N, 0<B<20 <N, 0<x<xgand1 <2p<2<g<
25 0 < 2y, then there exists A > 0 such that problem (1) has at least two positive solutions for all
A€ (0,7).

Theorem 2. If0 <a <1,0<pu <N,and0 < B<20a <N, 0<x <xpandl <2p <2<
q= 2/’; o < 2%, then there exists A* > 0 such that problem (1) has at least two positive solutions for
all A € (0,A%).

The rest of the paper is organized as follows. In Section 2, we collect the mathematical
background. In Section 3, we discuss the Nehari manifold for the energy functional
associated with problem (1). In Sections 4 and 5, we present the proofs of Theorem 1 and
Theorem 2, respectively.

2. Functional Setting

The analysis of problem (1) requires the use of fractional Sobolev spaces. A comprehen-
sive presentation of such spaces can be found in the monographies of Di Nezza et al. [20]
and Molica Bisci et al. [21]. Given a € (0,1), we define the fractional Sobolev space
We2(Q) = H*(Q) as follows
2

o) = foero: [ [ 100 g

0 Jx -yt dxdy < —0—00}.
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This vector space is equipped with the norm given by

1
B lp(x) — o(y)|? :
ol = el + ( [, ), b dnay)

where the first term is the usual norm for the space L"(Q) (here r = 2), that is ||¢|| =
1

(Jqlel"dx)7, and the second term is the so-called “Gagliardo (semi)norm” of ¢. Then,

H*(Q)) becomes a Banach space.

For w € (0,1), the fractional Sobolev space H* can also be defined as the completion
of C®(RN) under the norm

9By = [ 2P F0() Pl

_ 24y — lp(x) — eI
/ (= §9| dx = C(N,s) /Q o Wd“ly,
where Fo(x ~ixp(x)dx is the Fourier transform of ¢, see ([20], Proposi-

tions 3.4 and 3.6) and also Servadei-Valdinoci [22]. Hence, for N > 2a and & € (0,1),
the fractional Hardy inequality is the following

o[ 2 2, [p(x) — 9y)?
KO/Q lez“dx = /Q 27| F ()l de = C(N'S)/Q dexdy/ )

where ¢ € CF(RN).
In the sequel, we will also use the space

— o[ 2
X = {(p € H*: K/Q |x|2“dx < +00},

endowed with the above mentioned Gagliardo semi-norm, that is

1
() —e()I? :
ollx = (/Q dexdy .

Therefore, (X, || - || x) is a Hilbert space with topological dual denoted by X*, and the scalar
product for ¢, u € X is defined by

y))(u(x) —u(y))
/ / |x—y!N+2“ dxdy.
Recall that ¢ € X is a weak solution to (1) if
C(N,u) // |x_)|(£i§z_¢(y>)dxdy—x/n |f|(§“dx
YIPle()[P29(x)p(x) lol""¢
ZP/ / Xy dxdy+ f( ) 2P ds,
forall ¢ € X.

Using the Hardy—Littlewood—SoboleV inequality

8) B
< - ~
/RN [ S8 W gy < v, 7, Dlllsle

we deduce that
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” 25,
//|<P x_;f)'y) dxdy < C(N, 1) gll5. ", -

where 27, , = (2N — )/ (N — 2a). For 0 # ¢ € X, we define

Jo o A

7

AO = inf
peX\{0} (i l@[2idx) % =

and lp(x)—p(y)12
fQ fQ q‘)x y|£+]év¢ dxdy

1
o ;l,lx 25 5
fo l\x ‘fw o dxdy) ;

The fractional Hardy-Sobolev inequality is given in the following lemma ([23], see
Lemma 2.1 of Ghoussoub-Shakerian).

A] = inf
PeX\{0} (

Lemmal [f0<a<1,0< <2 <N,andl < gq< ZE“’ then we can find a positive
constant C > 0 satisfying

~ ol > lp(x) — 9(y)|? |2
C / Pl 4s)" < (N, / 1Y)~ P qxdy — / dx, oecX, (8
< 2 ’ (2] ey T g e ©

a |x|P alJo

for x < K.

Further, the general best Hardy-Sobolev constant of (8) is defined by

C(N,a)/ | |<p(x)—<p(y)|2dxdyK/Q o 4

alo ‘x_y|N+21x |x|2a

PeX,9#0 q 7
( [ 1o ds)q
a0 |x|P
where1l < g < 2;“ and x < K.

We note that the Hardy inequality (5) yields that the space X is continuously embedded
in the weighted space L?(Q, |x|72*). If k < kg, from (5) we consider the norm

1
. lp(x) — W), o / ol 1.\’
ol = (cva) [, [ 9= sy —x [ #Ear),

which is well defined on X and equivalent to the norm || - ||x. From Fan, Zhao [24],
Deng [25], and Chen et al. [26], we recall some useful embedding results.

Lemma 2 ([24]). The following assertions are valid:

e The embedding X — L"(Q) is continuous for r € [1,25];
*  The embedding X — L"(Q) is compact for r € [1,27).

Lemma 3 ([25,26]). Set2, = 2I<\,N Y The following assertions are valid:

e The embedding X — LY(dQ, |x|~P) is continuous for v € (0, 2 o)

*  Supposethat0 < b < 2u. If1 <y <2y and 0 < B < ay+ N(1— 3), the embedding
X < L7(3Q, |x| =) is compact.

The starting point to study weak solutions of problem (1) is the analysis of the associ-
ated functional defined by
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X)[Ple)[P ol
o) =5l = 5 [ ] neo P ey - [l
oo b A
||<P|| 2 P(¢) qK((p),
where
X)|Plo(y)[P B gl
// |x_ |y dXdy' K(q))_ an( )|x|ﬁd5

Note that (2N — u) /2N < p < 2,4, then the Hardy-Littlewood-Sobolev inequality,
together with the Holder inequality, give us the a priori estimate

/ / |x|i|(P|(y )I”dxdy

<C(N,up )IlhllooIIq)Il (10)

C(N,p,p )IlhllooIQI = ||<PH

2(25 —pd)

C(N, 1 p) el o Ao llgl*,
where ¢ = (2N) /(2N — u), p9 < 2;.

3. Nehari Manifold

In this section, we establish several preparatory results under the same assumptions
as in Theorems 1.1 and 1.2, namely, 1 < 2p < 2 < gq. For every A > 0, we introduce the
Nehari manifold for the energy functional associated with problem (1) defined by

= {p € X\ {0} : (T3 (9), ¢) =0},

and for the related minimization problem, we set

Bo :=inf{T\(¢) : ¢ € Qr},

where (-, -) denotes the duality brackets for the pair (X*, X). Evidently, every critical point
of J) is contained in Q,; hence, the condition ¢ € Q) equivalently states

(71(9),9) = ol — P() — AK(¢) = 0. (11)
We set
o) = (T1(9), ),
so that we get
(b (@), @) =2l 9[> — 2pP () — AqK(9)
=(2-2p)P(9) + M2 —q)K(¢)
=(2—-2p)lloll> — A(g —2p)K(p)
=2-9)l¢l* - 2p-9)P(9).

In the sequel, it is helpful to decompose the Nehari manifold @, into three submanifolds,

(12)

corresponding to local minima, local maxima, and points of inflection, that is

= {9 € Qu:(¢,(9), p) >0}
9y ={p € Qi (Py(p), 9) <0} (13)
Q) = {p € Qi (P,(p), ) =0}
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Lemma 4. If ¢ is a local minimizer of Jy on Q and (¢ (), ) # 0, then j/{(q)) =0in X*.

Proof. The proof is similar to that of Brown and Zhang ([17], Theorem 2.3), and then we
omit the details. [

Here, we revisit the definition of the Palais—-Smale condition at level c.

Definition 1. Let /i(x) € C1(X,R) and c € R. The function (x) satisfies the (PS)-condition if
any sequence { ¢, } C X such that

h(x)(@n) = c+o(1) and i(x) (¢n) =0(1) in X Lasn — oo,
admits a convergent subsequence.
Lemma 5. There exists a constant Ag > 0 such that Q% = @ forall 0 < A < Ay.

Proof. We argue by contradiction, and suppose that Q9 # @ for

. 2-q
2]9 —q 2(2;*_!919) _P> 2-2p 9 Zp 11
0<)L</\:<CN,, hooQ %t A AL d‘2/ (14)
0 2 g (N, 1, p) |1l |2 0 q—2p
where A = ||f]|co. Then, for ¢ € QY and (12), we have
0= (py(9), 9) = (2=2p)|[@[> = Mg = 2p)K(@)- (15)
Combining (9) and (15), we obtain
q—2p q- |l 2p 1
=A—F"-K A— ——— AE2 q 1
ol =\ =3P kig) = A =30 [ f sds < A3 =R Az Hglr, o)
which shows 9 1
q_ p Qfﬂ < q 2
(A=354=1) <ol
Then, .
2=-2p _1-1\772
—_— 5 < .
(et aet) ™ <ol 1)
Combining (10) and (15), we obtain
@-a)llel*=2p—a)P(p) = (2p —q // 2 q)fy) dxdy
18
225 -p8) AP ) (18)
> (2p = q)C(N, 1, )[Rl 2% Ag @],
which means 22 )
lolF < F=LCp )l 5 A" ol (19)
Therefore, we deduce that
1
2p — 205p0) N\ T
ol < (2= L nplnleiol 5 ag) . 20)

Now, combining the estimates (17) and (20), we obtain A > Ay, which leads to a contradic-
tion with the initial assumption (14) on A. Hence, there exists a constant Ay > 0 such that
Q) = @ whenever0 < A < Ag. O
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Now, we establish the coercivity of the functional on the Nehari manifold (that is,
Ir(9) — as ||@]| — o).

Lemma 6. 7, is bounded below and coercive on Q.

Proof. For1 < 2p < 2 < g, we deduce by (11) that
1 A

(@) =319l = 3:P(g) = SK(p)
= (5= ol + (2 = 5,)P(o)
fW)
> (3= DlglP + (= IO, p) el 5 a7 gl

which implies that ) (¢) is bounded below on Q,. From the last inequality and since
1 < 2p < 2 < g, we can conclude that J) is coercive on Q,. O

For 0 < A < Ay, by Lemmas 5 and 6, we deduce that Q) = QI U@, and J, is
bounded from below on Qj{ and Q) . Thus, we set

By = inf Ja(¢), By = inf Jr(¢).
Pe QA QOGQ)\

Then, we have the following results.

Lemma 7. The following assertions hold:
(i) If0<)\<)\0,th€n,30§,58r<0;

(i) If0 < A < A, then By > B« > 0 for some B > 0.
Proof. (i) For ¢ € QF, we have

2-2p, 2
—arllgl* > AK(g),

which gives us

(@) = 3l01F = 3,P(9) = ZK(g)
=5~ g0l + (5, ) ko)
(5 + S o
~ =20 D g <o

This shows that By < B < 0.
(ii) For ¢ € Q,, we have

2 q—2p
gl < AT =50 K(g),

which implies

2-2p _1Hq>q2
> ———M A 'E2 .
ol (A(q_zp)

Combining (10) and (11), we obtain
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1,1 A
Tale) = 3llell" = 7, Ple) — T K(e)

1 2 1 1 == Lot ) —p 2
> (2 _ - = o~ 250 p
(3-3)1o+ (G - 55 )eumpntslal™ 5 ag gl

1 1 1 1 202-p0)
— 2p - 2-2p - = 259 p
I ( (3= 1) o120+ (= 2 Yo palelol ™5 ag? )

=

1
q
2-2
(-2) ()
2 gq)\Mq—2p)
1 *—M) —p
(3o 2 e pilelal S A7),
If0 < A < Ay, then we obtain

In(@) > Bs, foralle c Q,

for some constant B, = B«(N,u,p,q,9,4,|Q|,Ag), and so the proof of assertion (ii) is
established. O

q72

~ iz P
Lemma8. Let A = A~ 1W2(2 2p) (E) o <C(N,]4, )||h\|00|()| 2*19 A p) . Then,

q-2p q=2p
forall g € X\ {0} and A € (0, ), there exist unique t+ = t+ (@) > 0and t~ =t~ (¢) > 0 such
that t* ¢ € Qf andt~ ¢ € Qy and Q7 = {9 € X\ {0} : t~ (i) = |l¢||}. We have

1
- o (e=2pllel® \TT s
t >tmax_t0_((q2p))\[(((p) >t ZO,

and

Jr(tTe) = min Jy(tg), J(t"¢)=maxJ(t¢).

0<t<t=(¢) t>tg
Proof. Using (11) and (12), we obtain

(1) == 2272 9|2 — 1772 AK(p).

Clearly, for t > 0, tp € Q, if and only if ¢ is the solution of the equation

Since g —2p > 2 — 2p > 0, we know that function ¥(t) is initially increasing and eventu-

ally decreasing with a single turning point ty = (%) %, that is, for the follow-
ing equation

g'(t) = 2=2p)t P lg* — (9 — 2p) AT 1K(g),
there is ¢/ (tg) = 0, ¢'(t) > O fort € [0,ty) and ¢'(t) < O for t € (ty, +00). Moreover,
by (10), we get

(26" (d)

q—2 ) (2 2P> 2 (AAR—4 -
> P(NAET2) 72,

We now distinguish the cases when P(¢) < 0 and P(¢) > 0.

(21)

(i) IfP(¢) <0, then we can find a unique = :=t~ (¢) > to such that



Fractal Fract. 2025, 9, 574

10 of 21

p(t7) = P(p)and ¢'(t7) < 0. (22)
We claim that t ¢ € Q. Clearly, from ¢t~ ¢ € X and above equation, we have

(Tt @)t ) = [t~ 9l> = P(t”¢) = AK(t™ ¢)
= ()7 () 2|2 = A7) K(g) — P(p))
= () (y(t7) — P(g)) =0,
and
(Po(t™ )t~ @) =2[|t~ gl —2pP(t"9) — gAK(t ¢)
= (2-2p)llt ¢l*> — (7 - 2p)AK(t" ¢)
= () (2= 2p) () ¥ g2 = Ag —2p) (7)1 7K (p))
= ()Y () <,

which show that t~¢ € Q). Next, we prove that 7, (t~¢) = max;>t,,, Ji(t@). It follows
from (22) that

LR 9) = g2~ ()7 P(g) — (7)1 AK(p)
= (1) (gl - Plo) — M) ¥ K(g)) @)
= ()7 (y(t7) — P(9)) =0,
and
tf—;%(ﬂp) =[t"¢l> = (2p = 1)P(t" ¢) — (9 — DAK(t " 9)
=t (@ =2p) () |9l — Mg —2p) () 'K ()

=(t7)?PH1y/(t7) <0, forall t > tmax.
This proves the claim. Now, we consider the other case.

(i) If P(¢) > 0, then from (21), we obtain

2(2% —p9d)

0=(0) <P <CINup)|Q = |[hllotrg Il

2p

2-
= 272p) 1w
= <‘7q_2P) <q—2§> || (MAE™2)” 72

< P(tg) for0 < A < A.

For K(¢) > 0and 9(tg) > 0, there exist unique t* and ¢~ such that 0 < t* <ty < t~, and
P(E7) = AK(@) = (t7), and p(t7) > 0> (7).

Wehavet ¢ € Q,ttg € Qf, and Jy(t"¢) > Ti(tg) > Ji(tte) fort € [tT,¢7] and
Tr(tte) < Ji(te) for t € [0,tT]. Hence, we deduce that

Ji(t7g) = min Fy(tg), Ti(t"¢) = max Jy(tg).

Therefore, the claim is proved. O
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4. Proof of Theorem 1

In this section, using the Nehari method, we establish our first result, namely
Theorem 1, which says that for sufficiently small A > 0, problem (1) admits at least two
positive solutions in the subcritical case g < 2 . More precisely, our proof will be divided
into two lemmas, but before we note the following proposition about the existence of
Palais-Smale sequences at level ,BOjE for the functional J,.

Proposition 1. If0 < A < min{Aq, A}, then the following assertions hold:
(i) There exists a (PS)% -sequence { @, } C Qy in X for J);
(ii) There exists a (PS) p -Sequence {pn} C Q) in X for J).

The proof of Proposition 1 can be concluded by adapting the steps in the proof by
Wau ([27], Proposition 9), and so the details are omitted. Now, we discuss the existence of
local minimizers to the energy functional.

Lemma 9. If 0 < A < min{A,A}, then the functional J admits a minimizer g € QF,
satisfying the following conditions:

o Jg1)=po=py <0;

* @y is a positive solution to problem (1).

Proof. By Proposition 1, one can find a minimizing sequence { ¢, } for 7, on Q, such that
In(@n) = Bo+0(1) and T, (¢n) = 0(1) in X*. (25)

Since the functional 7, is bounded from below on the Nehari manifold Q,, there exists a
minimizing sequence {¢,} C 9O, such that, passing to the limit, we have

lim 7, (¢n) = (Piené I (9).

n—oo

Lemma 6 ensures that the sequence {¢,} is bounded in X. So, using the embeddings
results in Lemmas 2 and 3, we may assume that

on —@1inX, ¢, = ¢1in L' (Q)) and L7 (0Q),

forsome 1 € X, 1 < 7 < min{ZE,a,ZZa}, 1<r<2;5,0<b<2xand0 < B <
ay + N(1 — 7). Hence, we easily get

d—>/ d d/ d—>/ ds, 26
| lonldx = [ lgrdr and [ lgulds = [ eilds 6)

asn — . Then,
K(pn) =K(gp1) +0(1) (n— o). (27)

By (25) and (26), ¢; is a weak solution of problem (1). Using the definition of 7, and (11),
we have
_alp-1)

2
K(gn) = WH%HZ - Tp_qu)»(%)- (28)

For n — oo in (28), combining (25), (27), and By < 0, we obtain
2pq

Hence, ¢1 € Q) is a nontrivial solution of problem (1).
Now, we prove that ¢, — ¢; in X. By the Fatou Lemma, we get
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o< alen) =3 - 35 ) Il = (5 - 35 ) k(o0

L. 1 1 2 1 1 _
ggl;omf((z - 2p) lpall2 — (q - zp)”“%)) ~ Bo,

which yields J) (¢1) = Bo, and ¢, — @1 strongly in X.

Next, we have to prove that ¢; € Q. Suppose that ¢; € Q. Utilizing Lemma 8,
we can find t~ and t* such that t—¢1 € Q) , tT ¢ € Qj[ and tt <t~ = 1. Now we have
d7, = 0and %;J > 0. Consequently, there exists f such that ¥ < f < t~ = 1 and
Jr(tte1) < Jy(fp1). From Lemma 8, we also have

Tt 1) < Ta(Epr) < Tt 91) = Talgn),

this leads to a contradiction with 7 (¢1) = Bo. So, we obtain that ¢1 € Q) , and J(¢1) =
By = Bo. Clearly, we have J) (1) = J(|¢1]), and |@1| € QT, and hence it solves problem
(1). From Lemma 4, we can assume that ¢1 > 0. Finally, by the strong maximum principle
(see [27]), we conclude that this solution is positive, namely ¢; > 0. O

Lemma 10. If0 < A < A = min{Ao, A}, then the functional Jy admits a minimizer ¢, € Q}
satisfying the following conditions:
*  Jalg2) =By

* @y is a positive solution to problem (1).

Proof. Proposition 1 implies that we can find a minimizing sequence { ¢, } of the functional
J) on the submanifold Q~ satisfying the following conditions

Trlen) = By +0(1) and J = (¢n) in X*. (29)

The sequence {¢;} is bounded in X by Lemma 6. So, from Lemmas 2 and 3, we may
suppose there exists ¢, € X such that

on — @2in X, @n — @2in L' (Q)) and L7 (0Q)),

forl < o < m'm{Zl’;“,ZZa},l <r<25,0<b<2yand0 < B <ay+N(1-7). We
have to establish that ¢, — ¢, in X. Arguing by contradiction, suppose that || ¢2| <
liminf, e ||¢x||. Hence, we deduce that

(T3 (92), 92) = ll92* = P(@2) — AK(¢2)
<tim inf (1lga]* = Plgn) — AK(gn))
=0.

Comparing this inequality with ¢, € Q) ', we have a contradiction. This way, we conclude
that ¢, — @2 in X, as n — oo, and hence 7, (@) = B, . Similar to the proof of Lemma 9, we
note that 7y (¢2) = Jx(|¢2|), and || € Q; is a solution to problem (1). From Lemma 4,
we may suppose that ¢; is a non-negative solution to problem (1). Then, due to the Harnack
inequality (see Zhang-Liu [28]), we conclude that ¢, > 0. [

Proof of Theorem 1. Utilizing Lemmas 9 and 10, we have two positive solutions ¢; and
@2, such that ¢ € Q;{ and ¢, € Q) , respectively. Moreover, by Lemma 5, we know that
QI NQ, = @. It follows that ¢; and ¢, are exactly two distinct positive solutions of
problem (1). O
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5. Proof of Theorem 2

In this section, using again the Nehari method, we establish our second result, namely
Theorem 2, which says that for sufficiently small A > 0, problem (1) admits at least two
positive solutions in the critical case g = 2/’;{ « More precisely, our proof will be divided
into two lemmas (Lemmas 14 and 17), but first, we need some auxiliary results. Here,
we suppose (2N —u)/N < p < 27, and set f(x) = 1. For simplicity, we also use the
following notation:

A= 7\(2;;,“), e 1= E(Z;‘M), and J(¢) = \7,\,,1::2*[“(4)).
Inspired by Ghoussoub et al. [29], we state the following results.

Lemma 11 ([29]). If 0 < B < 2a < 2, N > 2 and 0 < x < x(«), then any positive extremal
¢ € X for B satisfies ¢ € C1(R" \ {0}) and

lim |x]"-®gp(x) = A and lim |x["*®g(x) = Aw, (30)
x—0 xX—00
where Ay, Aes > 0 and v_(x)(resp., vy (x)) is the unique solution in (O,M) (resp.,
in (N522, N — «)) of the equation

()
r(M=2)r(4)
withv_(0) = 0and v (0) = N — 2«. Further, we can find positive constants Cp, C3 > 0 such that

C2 C3
< <
-0 4 ) (x) < =) [x ]+

Yng(t) :=2% =k,

for all x € RN\ {0}.

Let ¢*(x) be a positive weak solution of (1), and define ¢ (x) = i ¢*(%) withe >0
in RN. Clearly, ¢ (x) is also a solution of (1). Take p > 0 small enough such that B,(0) C Q,
B2o(0) = {x € RN : |x| < 2p}. Choose the radial cut-off function &(x) € CF(Q) such that
0 < &(x) < 1in Byy(0), ¢(x) = 1in B,(0), and &(x) = 0 in BEP(O). One can check that
¢(x)pe(x) belongs in X. For any &€ > 0, we set

Ue(x) = &(x)pe(x) forx € RN, (31)
and have the following Lemmas.

Lemma 12 ([29]). If U, is given by (31), and ¢y is a positive solution of (1), then for all ¢ > 0
small enough, we get

(D) |Uel* < [lge]l +O(ev+ 7=y,
'B 3 2;;“ Vi (K)—Vv—(K
(ii) faQ |u€| ds = [on |q)|x|‘ﬁ ds + o(ev+(®)—v-(x)),

Lemma 13. If U, is given by (31), and ¢y is a positive solution of (1), then for all ¢ > 0 small
enough we get
L

/ |1 + UL e /
191 el ™ 4 =
20 |x|B 20
-1 |ue| vy (1) —v_ (1)

+2/Soct ﬁa WUSq)ldS‘i_o(g 2 )

“ds +25“t/ (P1| Ug(plds
(32)
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We note that (32) reflects Equation (17) in Brezis and Nirenberg [30] (see the proof of
Theorem 1 (p. 133) and use Lemma 4) with only minor modifications. Therefore, we omit
the proof of Lemma 13 here. Next, we give the existence result of a positive solution to
problem (1) on Q.

Lemma 14. If0 < A < A*, then the functional J admits a minimizer g1 € QJ satisfying the
following conditions:

D) T(g1)=Ppo=p; <0,

(i) @1 is a positive solution to problem (1).

The proof of Lemma 14 repeats the proof of previous Lemma 9 for the functional J)
with g = 23 . In obtaining the existence result on Q, the following lemmas play a crucial
role; hence, we have to properly manipulate the (PS) By condition.

Lemma 15. If ¢y is the local minimum in Lemma 14, then for e > 0 small enough, we obtain

20— B w-N_ph
sup J +tUy) < Bo+ A FELT.
b J(er ) <Pt o gt

Proof. Consider the functional

2*
B
A/ |1 + U2
Q)

2% |x|P

1 1
T (1 +tUe) = S |l@1 + tUSHZ — 5= P(p1 +tUe) —
2 2p Ba

We know that

U,
g1+t = |+ 21Ul + 2601, Ue) — 211 || Pa

and so we get

1 B 1l o
T g+ 1) =3l ull* + Z Ul + tlgn, U b [ P

2*
B
/\/ |p1 + tUL| ds
Q)

2% |x|ﬁ

1
— —P(gq +tU;) —
2p Ba

Notice that ¢; is a minimizer for 7, then one has

Ll = o)+ pon + 5 [ 102, )
2 (Pl - (Pl zp gol 22,0‘ 50 |x|‘B .

Substituting the test function ¢y into J'(¢) = 0in X yields

@1 Ue
t<§01/u€> _tK/Q |X|2“ dx

|2* -1 (34)

P p—2 B
:t/ / () 121 0)] |(Pl(f>| . ¢1(x)uedxdy+t/\/ |91
alJa |x —y| a0 |x

Equations (32)-(34) give us
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)|P p—2 U,
T (1 +tUe) =T (91) + 5-P(¢1) +t// y Loy |<’|);<_)yy PDe g g,

1 AR [ |U[?Pe
— P(y + L) + — ||| / d
2p ((Pl+ €)+ 2” 5” ZEQ 90 |x|‘5 s
-1

2*
2% _q |ll€| Bu vy (k) —v_ (k)
— At7Ba / ———@ds +o0(e 2 .

a  |x|P 1 ( )

From Ghoussoub et al. [29] and Abdellaoui et al. [31], one can find a positive constant

C4 > 0 such that
C;l < |x|V*(K)g01(x) <Cy forallx € Q.

Then, there exists [ > 0 such that

11mlxl” Jp1(x) = 1.

Hence, we have

25 1 25 1
|Ue| B / |u€| Bt B
———pds < C el x|7v-gs
/ao |x|P . o |x|f 1

-1

2% —1 2%

P P

IC4/ |u€| |x|_v’(K)dS+C4/_ |u£| ‘x‘—v,(;c)ds
B, [P o, [P

2*0‘71 vy (k)—v_(x
:C48N+2aENl—,B—1/7(K) |¢*(x)‘ & |x|—V(K)dx_|_0<€ =+ )2 = )>
BS71§ |x|,5

* Zpa1 vy (K)—v_(k
:C4£N+2”‘2‘leﬁfv7(ic) /RN [ (x)‘|;’ x|v(K)dx+O<g+<>2())
X

25 —1 .
_C4sv+ sz (K)/ @™ (x) [P |x|—v(K)dx—l—O(Swr(K)zl_(K))
RN |x|ﬁ

v () —v_(x) v (0) —v_ ()
=Cse 2 +ofe 2 ,

for some C5 > 0 (¢ — 0). In addition, we obtain

)|P p—2 1

|§01 )P lea(y |(P1 |”\€01( )P~ 21 (x) U
Zp// e dxdy+t// dxdy

|x—y|ﬂ

Lo g
|x —yl¥

- —/ [ e U8) e lon () 7l )l (e

|x —yl[#

dxdy

Now, we deduce by Lemma 11 that the last integral is finite by the asymptotics (30). We
can find ¢ > 0 such that

t2 tsz ZEAX vy (k)—v_(x) vy (K)—v_(x)
Tlr+ 1) < T(gn) + 5 lglP — a5 [ 10 s gttt g (et
2 2;3 N X

Setting i i
H(t) = ﬁ|| ||2—At2ﬁﬂ/ o ds fort>0
Tl 25, Joo |x ’
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B
-~ 2
it is easy to obtain that H achieves its maximum at fy = H%H 7 ,and
M oo s
22% __2
B 25 ¥ 2
~ 1 1 20—N I | 4)8 ‘ B B
lim H t) = —00, 7—[ t = - — A\ 20—B B / ds ,
t—o0 ( ) ( O) (2 2‘2“) ”4)8” < 20 |x|ﬁ

which leads to the inequality

22%

2
B 2% T2

1 1 20—=N ] \¢€| B Bt
<|=z- A 20-p P d .

B

Considering the fact that ¢, is an extremal for (9) and (8), we have

2
2% 2%
2 _ o | pe| P B
= B« ds ,
el 1 (/an |x|P )

which implies

"
*ﬁ 25, 2% -t

N P L CLE R
1 |x|P

Since % 2}/a 2(N7%) and 2* S = é\i:lg, we derive that
20— p w3k
p 72 .
H(t) Z(N—ﬁ)A . forallt >0

Thus, we conclude that

20 — u-N _ I\i:ﬁ v (R)—v_ (1) vy (k) —v_ ()
J(<P1+tug)§\7(q01)+2(z\]_l;))\2aﬁ:,;* P_ge 2 —Fo(s+ 2 )
20— B w-N_nh
—— AP E forall t > 0.
<ﬁ0+2(N—,8) 7 orall t >

O

2a-N N-B

(i) T(pn) =0+0(1) with o < o+ 22;3 @)AM ExF
(i) T (¢n) =0(1)inX.

Then, there exists a subsequence of { ¢, }, which is strongly convergent in X.

Proof. We deduce by Lemma 6 that there exists a subsequence { ¢, } and ¢ such that

@n — @ weaklyin X; (35)
¢n — ¢ strongly in L"(Q) for r € [1,25).

Furthermore, assumption (ii) gives
(J'(¢),u) =0 foranyu € X.

Thus, ¢ is a solution in X for problem (1) with 7 (¢) > Bo.
Now, we prove ¢ # 0. We argue by contradiction; hence, we assume ¢ = 0. Using
(35)and (2N — u)/N < p < 2%, we have
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o) oy X)[Ple(y)|” _
// = y|F dxdy—)// = yJF ———="—dxdy =0,

which shows

\x— I"

This fact and assumption (ii) yield

2*

2 |an | |@n(y)” | e P
lonll” = dxdy + A ds

—yl* a0 |x|P

(36)

_ |<P |2
_/\./ao 2P ds+o(1) (n— c0),

which, together with assumption (i) shows that

- o) |2nC)Plon(y) P _At/|%%*
Tign) = 3llonll® = 55 [ [ I iy - 2 [

B
(1 1 |5
_ (2_2;;,“))\/80 S ds o)

_ 2a—p |€0£|5’“
_2(N—ﬁ)/\./ao 2P ds+o(1)

=0+0(l) (n— ).

N-p

It follows from ¢ < (2;‘] %) ABFEZP that

N-p B
AP / (el 5 <EX P 40(1) (n— o). (37)

Again, (8) and (36) give

which contradicts (37). Hence, ¢ # 0 with J > By.
Set {, = ¢n — . Inspired by Ghoussoub and Yua [32], we deduce by the Brezis-Lieb
Lemma (see also [33]) that

/ q)nzgads:/ ‘q)'%dﬁ/ |€”|Zg'ads+o(1) (n — o)
a  |x|P a0 |x|P o |x|P .

Consequently, due to weak convergence of {, — 0in X, for n large enough, we have

o g e 2 (08
_ Toowo A [ |Gl

L S A
> Bo+ Il - 5 | ds +o(1),
225 Jan |xfP

which leads to

Loz 2 A |C_n|zg’“ 20— p BN o ‘Z
— — n— ﬂ
512l MAQ|W3®< s B o). (38)
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Noting that {{, } is uniformly bounded by assumption (ii), and ¢ is a solution of (1), one has
0(1) = (J"(Zn), Cn)
= '(9)+ 12l —A/

= 1e-af

for J'(¢) = 0. It follows that

2*
B
C"' ds + o(1)

ds+o( ),

_ |2*a

_ 16
G2 =2 [ b as = o). @)

If (38) and (39) hold, then {{, } admits a subsequence, which converges strongly to zero.
We again argue by contradiction. Suppose that {,,} is bounded away from zero, that is,
there exists a constant & such that ||, || > & > 0. Using (38) and (39), we deduce that

N—
20 — B )\Zaﬁ"'z”‘g'< 20

2(N=B) 7 7m||§n||2+0()
- 2*a
= 3ol - 5 [ B a0t
< b )

which is a contradiction. Thus, up to a subsequence, {, — 0 strongly in X, which shows
that ¢, — ¢ strongly in X, too. O

Next, we prove the existence results for problem (1) on the submanifold Q.

Lemma 17. If0 < A < A*, then the functional J admits a minimizer ¢, € Q} satisfying the
following conditions:

N NB
() J(g2) = infpeq- T(9) = By < Po+ sngyA ™ FES T
(ii) @y is a nontrivial non-negative solution to problem (1).
Proof. In what follows, in order to prove
N
Bo <PBo+ (N [;)W PR, (40)

by Lemma 8, there exists a unique t~(¢) > 0 such that t~(¢)p € Q. Set
wi={oex\ (b (1) > ol u o)

= {gexiobr (12) <ol |

Therefore, Q) disconnects X into two connected components ) and )5, and X \ Q, =
Vi UY,. For ¢ € QI, there exist unique f~ (ﬁ) > 0 and tt (ﬁ) > 0 such that
+ + -

e (o) < to < (g () € QUand e (gf7) € Q- Since g € O, we obain

+( ¢ )\ 1 __ ¢ ¢
o (o) g = 1 Using £ (1) < £ (g8y), we have £ (&) > [lgll and O < Y.
More precisely, ¢1 € V4
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Next, we prove that there exists vy > 0 such that ¢1 + vol, € Vs. Thus, for all vy > 0,
there exists a positive constant C such that

_{ @1+ vl ) -
0<t - | <C. 41
@m+wwn “h

We argue by contradiction, so we assume that there exists a subsequence {v,, } such that

@1+ v U

v, = o0, and | — £
" <||€91+Unus||

>—>oo, asn — oo.

Set ¢, = % Lemma 8 yields that t~ (¢,)pn € Q, C Q). Applying the Lebesgue

dominated convergence theorem, we obtain

* 2*
/ |q)”|2ﬁ'a dS = ! 2% / |(P1 i Unus‘ " dS
a  |x|P @1 + vale|| P Joc |x|P

— 1 / Uh +u ‘ ﬂa
12+ u, H Ba Joq |x|P

Un

for v, — o0, as n — oo. Thus, we also have

22 22

B 1 U, |8
/ 9] ds — 5 / |Ue] ds asn — oo.
 |x|p U || Joa |x|P

It follows that

jW@moé[wumw @ [ [ # 'Mpwﬁﬂmw

A |26
Ry ﬁﬁﬁdyé—w,

which contradicts the fact that 7 is bounded below. Hence, (41) holds.

~ 5 1
Let vy := % + 1. Then, we get

|¢y+wum2=|¢m2+vau42+zm(c< (g1, Us) — “ ‘4 )

> [lg1]|* + [C* = g1 1?|
> (2

> (A0 )
91 + vole||

_ ( @1 +vole
|91 + voll |

which implies that
) <llgr+ wotil,

and so @1 + vgU; € V.
We now introduce the following notation

I':={y € (C[0,1], X) : #(0) = g1 and (1) = 1 + voll:},

0 :=inf max J(1(g)), &(¢) = @1 +¢cvol, for ¢ €[0,1].
nel ¢el0,1]

It follows that {(0) € Yy and &(1) € )%. Hence, there exists 6o € (0,1) such that{(co) € Q5
and & > B, . Lemma 16 gives
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From the Ekeland’s variational principle, there exists a sequence {¢,} C Q; such that
T (¢n) = By +0(1) and J'(¢u) =0(1) in X*.

Again, by Lemma 16 and (40), there exist a relabeled subsequence {¢,} and ¢, such that
¢n — @2 strongly in X. Hence, ¢ € Q) and J (¢n) — J(¢2) = B, asn — oo.
Considering the fact that J (¢2) = J (|92|), and |@2| € Q) is a solution of (1), we may
suppose that ¢, is a non-negative solution to problem (1). Furthermore, by the maximum
principle (see Silvestre [34]), we obtain ¢, > 0 in X. This concludes the proof. [J

Proof of Theorem 2. Combining Lemma 14 and Lemma 17, we already have two positive
solutions ¢ and @, such that ¢; € Q) and ¢, € Q,, respectively. Now, by Lemma 5,
we know that 97 N Q; = @. It follows that ¢; and ¢, are exactly two distinct positive
solutions of problem (1). O
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