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Abstract

This paper mainly studies a different infinite-point Caputo fractional differential equation,
whose nonlinear term may be singular. Under some conditions, we first use spectral
analysis and fixed-point index theorem to explore the existence of positive solutions of the
equation, and then use Banach fixed-point theorem to prove the uniqueness of positive
solutions. Finally, an interesting example is used to explain the main result.

Keywords: positive solutions; Caputo fractional derivative; spectral analysis; fixed-point
index; Banach fixed-point theorem

1. Introduction

Recently, fractional differential equations (FDEs) have become increasingly important
in mathematics. The fractional derivative serves as an effective tool for accurately describing
the memory and heritability of various materials and processes. Compared to traditional in-
teger differential equations, FDEs are crucial in many fields, including physics, engineering,
mechanics, and biology [1-3]. This widespread application makes them valuable in areas
such as control theory [4], viscoelastic theory [5,6], epidemiological modeling [7], and more,
effectively addressing many complex real-life problems. The multi-point or infinite point
boundary value problem (BVP) of FDEs is one of the research directions welcomed by
many scholars. Multi-point boundary value problems originated from various fields of
applied mathematics and applied physics. They can not only describe many important
and complex physical phenomena more accurately, such as the theory of non-uniform
electromagnetic field, but also have a broader practical application background, such as
population growth. With the continuous in-depth study of many scholars, people began to
have an interest in the infinite point boundary value condition. In 2011, Gao and Han [8]
first considered the solution of FDEs with infinite point boundary value conditions. In 2016,
Guo et al. [9] first studied the infinite-point Caputo FDE problem. Xu and Yang [10] studied
FDEs in control theory in combination with infinite point boundary conditions. In 2024,
Lietal. [11] discussed an infinite-point Hadamard FDE problem.

The existence and uniqueness of solutions has always been one of the hot issues in
the study of FDEs. Commonly used tools for proving the existence of solutions include the
fixed-point theorem in cones [12-15], the upper and lower solution method [16,17], and Leray-
Schauder degree theory [18], etc. To establish the uniqueness of solutions, techniques
such as the Banach fixed-point theorem [16,19,20], Gronwall’s inequality, and the Laplace
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transform method are frequently employed. For nonlinear FDEs, additional methods such
as variational techniques and spectral analysis may also be utilized.

In [21], the author considered the existence and multiplicity of positive solutions for
the FDE problem

Dj.u(t) = a(t)f(t,u(t)), 0<t<l,
u(0) =u'(0) =0, u(1) =Yy, pu(g)),

where Dgﬁr is the Riemann-Liouville differential operator of order 2 < a < 3. The exis-
tence and multiplicity of solutions are obtained by two fixed-point theorems on a cone in
Banach spaces.

In [9], Guo et al. studied the following infinite-point FDE problem

DE u(t) + f(t,u(t),u' (1) =0,0 < t <1,
u(0) =u"(0) =0, (1) =Y nu()),

where “Dfj; is the Caputo derivative, 2 < a < 3. The existence of multiple positive solutions
is obtained by Avery-Peterson’s fixed-point theorem.
In [11], Li et al. discussed an infinite-point Hadamard FDE problem

—HD’ o(t) + o(t)e(t,v(t),F D!, v(t) =0, a < t <,
1 oo
HD?N’(“) = HDLT v(a) =0, HDZ‘+U(I7) =Y ijDZﬂ’(G]')/

where # D M D” are the Hadamard derivatives, 2.5 < b < 3, 0 < u < 0.5. The existence
of positive solutlons is obtained by the spectral analysis method, Gelfand’s formula, and the
cones fixed-point theorem.

In [22], Zhai et al. analyzed the following form of Hadamard FDE problem on an
infinite interval

HDY x(t) +a(t)f(t, x(t)) +b(t)g(t, x(t) =0, 1 < t < o0,

x(1) = x'(1) =0, H]j)vc+ x(4o0) =Y, al-HIfix(q) + CZ}LI ij(ﬁj),
where 1 Di, is the Hadamard-type fractional derivative of order a, 2 < a < 3,and H If'jr is
the Hadamard-type fractional integral of order B; > 0 (i = 1,2,...,m). The local existence
and uniqueness of positive solutions are obtained by two fixed-point theorems of a sum
operator in partial ordering Banach spaces.

In [23], Zhang considered following nonlinear fractional differential equation with

infinite-point boundary value conditions

Dg u(t) +q(t)f(tu(t)) =0,0<t <1,
u(0)=u'(0)=...=ul*2(0) =0, u(1)= o1 i (G)),

where Dg‘+ is the Riemann-Liouville derivative, &« > 2, n — 1 < a < n. The local existence
and multiplicity of positive solutions are obtained by fixed-point theorems.
Inspired by these references, here we consider a new infinite-point Caputo FDE problem

‘D% o(t) +e(t)f(t,o(t),* Dl o(t) =0,0<a <t <b,

Dl o(a) = DX o(a) = D o(a) =0, Do) = I keDlo(s),
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where CDZ‘+ and CD/’; , are Caputo fractional derivatives of orders a, y, 3.5 < a < 4,
0<pu<05a<d <& <...<djq < <...<b(j:1,2,...),k]->0and
Y2 ki(6 —s)*H L'> (b —s)x#1 X ki (05— a)® < (b—a)3, e(t) may be singular at
t =aort=0>, fisa given continuous function.

This paper mainly consists of the following parts: In Section 2, some definitions and
lemmas are given to provide some basic contents for the later proof. In Section 3, the ex-
istence and uniqueness of solutions are proved. Theorems 1 and 2 use the fixed-point
index theorem to prove the existence of positive solutions, and Theorem 3 uses the Banach
fixed-point theorem to prove the uniqueness of positive solutions. In Section 4, an ex-
ample is used to verify the correctness of the conclusion. In Section 5, the main contents,

characteristics, and further research directions of this kind of equation are summarized.

2. Preliminaries

For the following proofs, we need some important definitions and lemmas.

Definition 1 ([24,25]). The Caputo fractional derivative of order & > 0 for a function u is defined as

- F(nl— ) /;“ =)'t (s)ds,

where n = [a] + 1, [a] denotes the integer part of the number «.

D, u(t)

Definition 2 ([24,25]). The Riemann—Liouville fractional integral of order & > 0 for a function u
is defined as

I u(t) = r(la) /at(t—s)"‘_lu(s)ds.
Lemma 1 ([24,25]). With the given notations, the following equality holds
S (DY u(t) = u(t) +eo+er(t—a)+ea(t—a)* +...+cpa(t—a)" 7,
where n is the least integer greater than or equal to w and ¢; (i = 0,1,...,n — 1) are arbitrary constants.
Let u(t) =° D', 0(t), v(t) € C([a,b], [0, +00)), then the BVP(1) can be equivalent to

the following:

{ DY u(t) + e(E)f (1, u(t), u(t) = 0, a < t < b, 2
a) =

u(a) = u'(a) = u"(a) =0, u(b) = L=, ku(5),
where 3.5 <a <4and 0 < u < 0.5.

Lemma 2. Given h € Cla,b] N L'(a,b), the fractional problem

DI Fu(t)+h(t) =0,a<t<b,
u(a) = u'(a) = u"(a) = 0,u(b) = T2, ku(5)),

has a unique solution

where
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1 (t—aP(b—s)F 1 —(t=s)* "1 (b—a)’, a<s
(t—a)(b—s)* 1, a<

Proof. According to Lemma 1, we can obtain
— a—p 2 3
u(t) = =L "h(t) +co+ci(t—a)+cat —a)” +c3(t —a)

s
= /u Wh(s)ds +co+c1(t — a) + co(t — a)? + c3(t —a)?,

where ¢y, ¢1, ¢3, and c3 are arbitrary constants. From u(a) = 0, we have ¢y = 0. Then

u'(t) = — at m}z(s)ds +c1 4 2co(t — a) + 3c3(t — a)?,

(t—s)x#3
/M_y 2y ($)ds 4262 +6c3(t —a),

from u'(a) = u”(a) = 0, we get c; = ¢, = 0. Therefore,

O C_\a—u—1
u(d;) = — /;] wh(s)ds + (6; — a)’cs,

by u(b) = T2, kju(5)), we get

u(b) = - /uh wr_(S)WWS)ds +(b—a)’cs

& —p)
00 5 (5,_s)a—y—1
= k-—/]]ihsds—i— 5 —a)lcs|,
p» ][ A O LR ORI
then, we get
1 /b (b —s)r—H-1 & /5]' (0j —s)* 1
3= — ~————h(s)ds— ) k; —————h(s)ds|,
3 A . T(ac—y) () ];] p F(a—y) ()
where .
A=(b—a)P-Y ki —a)
j=1
Hence,
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a)3 /ut(t

— /tb(t,

a)3 /ut(b ;

—a)3(b—s)* " h(s)ds

a)3(b —s)* *1h(s)ds

a)3(t —s)* " 1h(s)ds

I(a—p)(b—
+{An;_y)‘Ixa_yib_aﬁ]A%f—@%b—sﬂﬂhwng
Al"(ocl— ) jo_il i /aéj(t —a)>(8; = 5)* " 1h(s)ds
:Fm—y;b—m3ﬂw“‘“ﬁ@—ﬂw}‘“—@—afu—sW”ﬂM@%
* TP [ oo hisya
b [ aP - ot s
T AT(a— ikf /Aéj(t —a)’(6; — )" h(s)ds
B / (t5)(s)ds + t_Aa)B [F(tx - y;(b ) Ji ki /ab(f%‘ —a)*(b—s)" " h(s)ds
T ;< 2y 2" [t —s>““1h<s>ds]
B Ly R

- e

j=1

The proof is now finished. [

Lemma 3. Fors, t € [a,b], we have

(i) Ht,5) < (s
(iD) H(t,s) >

where w(s) = (b

w(s

)
—n)’
o(t

Jw(s)

—p)(b—a)3’

s)x—K—1

o(t) = (t—a)*(b—t).

Proof. (i) By Lemma 2, we have

H(t,s) =

e (G RCER S D (RN
sre G CSC
e e CRDICEC A

1 (b_s)ocfyfll

I'(a—p)



Fractal Fract. 2025, 9, 466

6 of 22

we can get H(t,s) < r(zi(_s)ﬂ), where w(s) = (b —s)¥ 1,
(ii)Casel:a<s<t<b

(E=a)(b =) = (k=) (b —a)?]

(b—a)(t—aP(b—s)* " = (b—a)(t—s)" (b - a)?]

—a 4 —g)a— -1
letl(s) = (b—s) — %,then

I'(s) = m(zx —u—=1)(t—=8)"F2(b—s)" " (b—t)—1<0, (s = t),

so we have 1

T Tl —p)(b—a)

H(t,s) > (t—a)3(b—s)*H1(b—t).

Case2:a<t<s<b

H(t,s) = F(oc—y;(b—a)3(t_a)3(b yr—n=1
- r(tx—‘u)(bl_a)B(b_ )(b_t)(t—a)3(b )lx p—1
- 1 (b—t)(t—a)3(b—s)* 1

" T —p)(b—a)

Combining Cases 1 and 2, we have w(s) = (b —s)* #~1, v(t) = (t —a)3(b —t) and
o(t)w(s)
we can get H(t,s) > o
Lemma 4. The properties of the Green function G(t,s) are as follows:
(i) G(t,s) : [a,b] x [a,b] — [0, +o0) is continuous;

(i) G(t,5) < (“;(f)y)wo;

(iii) G(t,s) > r(av(;))u&()s)a)4
(b—

D, o(t) = (F—a)’(b— 1), wo = 1+ CZL ¥ k.

where w(t) =

Proof. (i) According to the expressions of H(t,s) and G(t,s), we can get G(t,s) is continu-
ous in [a,b] X [a, b].

(ii) By Lemma 3, we have H(t,s) < F(u; (E)Pl) Then,

G(t,8) = H(t,s) + (

wls) (b, o)
tae-w " & Y-

__w(s) —aP &
= Fa-p) ;’91
w(s)
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(iii) By Lemma 3, we have H(t,s) > %. Then,

The proof is now finished. [

Let E = Cla, b], ||u|| = max,<;<p [u(t)|, then (E, ||.||) is Banach space. And we have

P={ueE:u(t)>0,t€elab]}

K= {u eP:u(t)> (l)—v(;))“u)()|u||' te [a,b]},

where wy is given in Lemma 4. Obviously, K is a sub-cone of P. And we give some
definitions: K, = {u € K: ||u|| <r}, 0K, = {u € K: |ju|| =r}, K = {u € K: ||u| < r}.
Next, assume the following hypotheses hold.
(H1) e : (a,b) — [0,+o0) is non-negative, e(t) # 0 and e(t) may be singular at
t=a,t=>band

/b w(s)e(s)ds < +oo.

(H2) f : [a,b] x (0,+00) x (0, +00) — [0, +00) is continuous, and V0 < r < j < +o0,

limsup{sup /I;(m) w(s)e(s)f(s,x1(s), x2(s))ds | x1 € F]—,\Kr, Xy € Kj\Kr} =0,

m——+oo

where () = [a,a N :J U [b _ ;,b}, j= 1,(]/[1_|_1)(b —a)tj.

(H3) For any t € [a,b], x1, x2, y1, Y2 € K, there exist real number /4, I, such that

|f(t,x1,1) — f(t, x2,y2)| < li|x1 — x2] + La|y1 — y2!.

Nonlinear operator A : K\{0} — P and linear operator ] : E — E are defined
as follows:

b
Aul(t) :/a G(t,s)e(s)f(s, 1", u(s), u(s))ds, t € [a,b].

Ju(t) = /ab G(t,5)e(s)u(s)ds, t € [a,b]. (3)

Lemma 5 (Arzela—Ascoli Theorem [26]). Let (T,d) be a compact metric space and A C C(T).
Then the following assertions are equivalent:

(i) A is relatively norm compact;

(ii) A is uniformly bounded, i.e., 3 M > 0 such that ||f(t)|| < M,V f € A,Vt e T, and A
is equicontinuous, i.e., ¥ € > 0, 36 > O0such that ¥V x, y € T with d(x,y) < J it follows that

f(x) = f)l <e Vfea

(iii) Any sequence (fn)nen C A contains a uniformly convergent subsequence.

Lemma 6 (Krein—-Rutmann’s Theorem [27]). Assume | : E — E, where | is a linear operator
and is continuous, and J(K) C K, where K is a total cone. If there exist a positive constant d and
¢ € E\(—K) that makes d]({) > , then the spectral radius of | be greater than 0, and which has a

positive eigenfunction in regard to its first eigenvalue A = r(J) L.
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Remark 1 (Gelfand’s formula [27]). The spectral radius of | meets

()= lim |7,

n—-+o0

where | is a linear bounded operator, and ||.|| is the norm of the operator.

Lemma 7. | : E — E defined by (3) is a linear operator with complete continuity under (H1),

and the spectral radius v(]) of ] is unequal zero; furthermore, | exists as a positive eigenfunction {

in regard to its first eigenvalue Ay = r(J) ™.

Proof. Step 1. We need to verify operator [ : K — K.
For any u € K, we have

||Ju|| = max /abG(t,s)e(s)u(s)ds < 1”(06—}1)/,1b w(s)e(s)u(s)ds,

te(a,b]

o(t)

Ju(t) > NS

[1Jull,

b o(t)
a)4/u w(s)e(s)u(s)ds > o) wp

)*wo
so we get Ju € K.
Step 2. We need to verify that operator | has a completely continuous property from K to K.
According to (H1) and Lemma 4(i), operator ] is uniform boundedness.
Forany t1, t; € [a,b], t1 < tp,

b b
Ju(tr) — Ju(t)] = ] ] (6(t5) = Glta,)e(u(e)ds| < [1(G(t1,5) = Gltz,5) lels)u(s)ds,

by Lemma 4(i), G(t1,5) — G(t2,s) when t; — t, then,
[Ju(t) — Ju(tz)|| = max [Ju(t1) — Ju(t2)| — 0.
tela,b]

According to the Arzela—Ascoli theorem, operator | has a completely continuous
property from K to K.

Step 3. By Krein—Rutmann’s theorem, we prove that | has the first eigenvalue A; and
A1 > 0.

By the process of proof of Lemma 4, there exists ty € (a,b) that makes G(to,ty) > 0.
Therefore, there exists [m,n] C (a,b) such that ty € [m,n] and G(t,s) > O foranyt, s €
[m,n]. Choose u € K that makes u(ty) > 0and u(t) =0 forall t ¢ [m, n].

For any t € [m, n], we have

Ju(t) = /ab G(t,5)e(s)u(s)ds > /m G(t,5)e(s)u(s)ds > 0,

then, there exists d > 0 that makes d(Ju)(t) > u(t), t € [a,b].
By Lemma 6, we have that r(J) is unequal to zero. For the given first eigenvalue
A = r(J) 7!, there exists a positive eigenfunction @ for | that makes A{Jgx = @+. O

Lemma 8. Suppose (H1) and (H2) hold, then operator A : K;\K, — K is completely continuous.

Proof. Step 1. We need to verify operator A : K;\K, — K.
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For any u € K]-\Kr, we have

b
[Aul| = tgl[%]/u G(t,s)e(s)f (s, I}y, u(s), u(s))ds

and

Y]

I
S
=

so operator A from K;\K; to K.
Step 2. We prove A : K]-\Kr — Kis well defined. This implies that we need to prove

b

sup w(s)e(s)f(s, I;ﬂu(s),u(s))ds < 400, Vr>0.
uek;\K; "
ForVu e K]\Kr,
I u(t) = r(ly) /ﬂt(t — s)PLu(s)ds

< r(ly)||u||/at(t—s)”_1ds
1

= m”“”(t—”)”
1

< oyl -0
1 .

STrp Y

that means || I}, ul| < gl (b — ) = .

By (H2), there must be a non-negative integer vy > 1 such that

Tla—p)
ues%}\)Kr o) w(s)e(s)f(s, Itﬂu(s),u(s))ds < T

Choosing

Yuc K]-\Kr, we have
u(t) < flull <j<wqj

_ (t—aP—b)u|
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then,

—a 3 —a)l|u —a 3 u
uey 2 L= OOl Cm 0l a6 ool

For I;ﬂru(t), we have

o) < gy Il 0 -0 <@l <3
and
I, ut) = F(ly) /at(t—s)ﬂflu(s)ds
SRRy —(?i(;;z Jul
— e i [ =9 s = a0 = s)ds
> i [ =0 b=,
then,

" Jul U |1
L) 2 Fos0 v [ t=ao—a@—a) Fon

(E=a)" > [[ul|(t —a)Fo.

Vte [a+%,b— l},wehave

vy

Thus,

where

Dy = max{ f(t, 52 (0 32) € a4 10 b= | x| (Go)vengi] | oven ]}

So A: K]-\Kr — Kis well defined, and A has the uniformly bounded property on any
bounded set.
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Step 3. We prove that A : fj\Kr — Kis continuous.
Ve > 0, by (H2), there must be a non-negative integer vy > 1 that makes

T (o — )
4ZU()

7

sup /k(vo) w(s)e(s)f(s, I{’Zﬂu(s),u(s))ds <

where
X1 € K]\Kr, Xy € K]\K;’

Y uy, up € Kj\K;, we have [|uy — up|| — 0, (k — o). By f(t, x1, x2) has uniformly continu-
ous property on

we have
lim |f(s, I}, uy(s), u(s)) — f(s, I uo(s), uo(s))| = 0.

k—+o0

By the Lebesgue control convergence theorem,

Jim [P w(s)e(s) | (s, 1 ue(s), ui(s)) — £ (5, Lo (s), uo(s)ds = 0,
—+0o a+%

and thus, VN > 0, fork > N,

[ wle)el)Fls 1) ) — £ 1y wafs), o) s < TEE)
u+% 0
Fork > N,
40— Aol < sup /k%) Fa sy @255 o) ()
L F(lj"*fmw(s)dsv(s, 1% ug(s), uo(s) )ds

+/ o &)W(S)e(S)V(S,Iﬁiuk(S),Mk(S)) = f(s, Tywuo(s), uo(s)) ds
a+

i I'(w—p

wy el(a—p) ella—pu) wp
<2F(o¢—y) 4w * 2wy T(a—p)
=e.

Thus, A : Kj\K, — K is continuous.
Step 4. For any bounded set (2 and () C K;\K;, we prove that A(Q) is equicontinuous.
By (H2), V &€ > 0, there is a natural number w; > 1 so that

el'(a—p)
SUP o) w(s)e(s)f(s, 1", u(s), u(s))ds < S

7

D, = max{f(t, x1,%2) ¢ (Hx1,%2) € {a+ i,b - 1} X {((jl)”gr,gj} X {((jl)ﬂgr,gj} }

w1 w1
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By Lemma 4(i), G(t,s) is uniformly continuous on [a, b] x [a, b].
Ve>0,36>0,Vs€lat g, b— ] [t—| <ot t €lab],

w

3 b—ar -
IG(t,5) — G(F,s)| < 2<D2/a 1e(s)ds> ,

L1

w1

then, V[t —t'| <6, t, t' €lab], ueQ,

u —M’ su ﬁwses syus uls S
| Aut) - A (””SZHEKKK,/k<w R ) © S (o), u(s))d

+ "I G(1,5) — G, 9le(s) 5 L u(s), ()

e
w1
<o W0 sl"(zx—y)_’_f
T(w—p) 4wy 2
<g,

so A(Q)) is equicontinuous. According to the Arzela—Ascoli theorem, operator A : K]«\K, —
K is completely continuous. [J

3. Main Results

Now, we need to prove the existence of solutions. In this part, we first give the
following lemmas.

Lemma 9 ([27]). Suppose K is a cone within Banach space E. Let A : K, — K be a completely
continuous operator. In the case of ug € K\ 0 so that u — Au # Aug for an arbitrary u € 0K, and
A >0, and thus i(A, Ky, K) = 0. In the case of Au = Au for an arbitrary u € 0K, and A > 1, and
thusi(A, K, K) = 1.

Lemma 10. Assume that (H1) holds, and then | has an eigenvalue Aq that makes

lim /\g = }\1.
e—0+

Proof. Let... <¢, <...<e <e¢gande, — 0 (n — +c0). Thenforanyn < m,{ € E
and t € [a,b], we get
]Eng(t) S ]Smg(t) S ]Sg(t)’

JEC() < TE () < TEC(h), k=2,3,...,

where J§ = J( an_l), k=2,3,..., sowehave
ITE < T8 < WTEIlL k=1,2,....
By the Remark 1, we get

r(jsn) S r(Iem) S V(Ig),
/\sn 2 /\sm 2 /\l/

where A is the first eigenvalue of J. Since A¢, is monotonous and has a lower bound A4,
we can obtain
lim Agn = ;\1.

n—+oo

Then, we will prove Ajisan eigenvalue of J.
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=1,2,....

Suppose (¢, is one of the positive eigenfunctions of J;, in regard to A, with ||C¢, || =1,

b+e,
G(t,s)e(s)Ce, (s)ds = Ae, Je, Ce, (£), 1

that is,
ggn(t) = )\En
a—ep

It is worth noting that
/ " G(t,s)e(s)Ce, (5)ds < /b _ M0 __(s)e(s)ds
a—e e ~ Ja F(Di_,u) !

||]€n€5n || = aléltagxb.
0 {Je,Ce, + C E is uniform boundedness. For any n € N, t;, t, € [a,b], we have
|G(f1,8) — G(ta,5)]e(s)Le, (s)ds — 0, t1 — f,

Jeuben () = Jesen(t) < [

$0 {Je,le, } C E is equicontinuous. According to Lemma 5 and lim,_; o Ae, = A1, we have

Cen = Co (n — 400), ||Co]| = 1. Then we get
. b -
ot) = 1 [ Gt s)el)za(s)ds = Mafgo(t), t € [n,b].

The proof is now finished. O
(4)

Theorem 1. Assume the conditions (H1), (H2) are satisfied, and
tl 7
ft,x1,x2) > Ay,

liminf min
x1,% =0T t€[a,b] X1+ X2
(5)

tl 4
lim sup max W < Aq.
2

Xp—>+00 te[“/b]
the BVP(1) has at least one positive solution, where Ay is the first eigenvalue of | defined by (3).

Proof. According to (4), there exists r > 0, for t € [a, b] such that
fltx1,x2) 2 M(x1+x2), 0<x; <7,i=12, (6)

letrg = min{r, %}, for any u € 0K, since
0< If+u(s) <oro<r,0<u(s)<rg<r, s€lab],

we have from (6), (7) that

Au(t) =
b
zm/ﬂ G(t,5)e(s) (I u(s) + u(s))ds

> A /ab G(t,s)e(s)u(s)ds

/b G(t,5)e(s)f(s, 1" u(s), u(s))ds

= AJu(t), t € [a,b].
By Lemma 7, | has a positive eigenfunction { corresponding to A1, thatis { = A1]C.
(8)

Step 1. We will show
u—Au #dgf, u € 0K;,, d > 0.
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If not, there exist uy € dK;, and dyp > 0 such that ug — Aug # dog, then dy > 0, we
have ug = Aug +dol > doC.
Letd = sup{d|ug > d(}, then d>d, ug > di, AJug > AMdJ = di. Thus, we have

g = Aug + dol > AMJug +dol > d¢ +dol = (d + do)¢,
which contradicts the definition of d. So (8) holds and by Lemma 9, we get
i(A, Ky, K) =0.

According to (5), we choose a constant 0 < v < 1 makes

lim sup max flt:x1,x2)

< yA1. 9
Xy ——+00 te(ab] X2 T ( )

Let the linear operator | satisfy Ju = yA1Ju, then | : E — E is a bounded linear
operator and J(K) C K.
Further, we have

JC=MJT =1,

which means the spectral radius of J is 7(J) = 7 and | has the first eigenvalue 7! > 1. By
Remark 1, we have
— 1 | s
v = Hm [[]]}r.
For the above equation, let ¢y = %(1 — ) and there is a large enough natural number
N that whenn > N, we get ||J"|| < [y + €o]". For any u € E, we define

N

loelle = 3Ly +eol ™ IT ull,
i=1

where JO = [ is the unit operator. ||.||+ is another norm of E.
Combining (5) and (9), there is j; > r, we have

f(t,x1,x2) < yAixg, x1 >0, x > j1, t € [a,b].

2(y+elH 1
€0

Choosing j > max{jl, B*}, where B, = ||B||« and

b
= su 77'00 wis)e(s S'uMS uis S o0,

Step 2. We will show
Au #du, u € 0K;, d > 1. (10)

If not, there exist u; € 0K;and d; > 1such that Auy = dyuy. Let @i(t) = min{uy(t), 1}
and D(uy) = {t € [a,b] : uy(t) > j1}.

For it € C([a, 1], [0,+0)), we get (bfglw()j < uy(t) < ||up|| = j, and hence, combining
with j; < j, there exists a < ty < b such that u(ty) = j;. For t € [a,b], we have ii(t) < j,
and 7(tp) = min{uy(to),j1} = j1, then we have [|u(t)|| = j;, that means u € JK;;.

Forany t € D(uq), u1(t) > ji, ILu(t) > 0, we have
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Auy(t) = / ' Gt )e(s)f (s, I, 11(5), w1 (5))ds
< ./D(ul) G(t,s)e(s)f (s, I} un(s), u1(s))ds + D) G(t,s)e(s)f(s, I, un(s), ur (s))ds

<1 [ Gt s)elun(s)is-+ [ Lo (9els) 5, o), (9)ds

< Juy(t) +B.
By ] : E — E is a bounded linear operator and J(K) C K, we have
0 < J*(Aup)(t) < J*(Jup + B)(t), k=0,1,...,n — 1.
Further, we get
T (Aun) | < 1T (Jur + B)|l, k=0,1,...,n =1,

SO

N

[Au ]l = Z[v +eo NI (A
=1

N

27+80N WY (Juy + B) ||
l

= ||Juy + B+

By u; € aK]-, we have

_ 1. 2
]« > [y + e Hual| = [y +eo]V Y > 53*/

which means
€
B. < 5°||u1||*-

Then, we get
dy || [l = IIAu1||* < |[Juall + 1B+

Z 7+ eo] N | J'us || + By

z

= [v+ e Z[7+€o]N T ||+ 1N | + B

Il
—_

z

<[y +eol Yo [y +eol™ Tl + [y +eo) lus || + Bs

I
—

z

= [r+ed : [ + el NI T M| + B

p—l

[’r+€o]l|u1|| +B*
< [y + o]l + 2 5 s

42|l
4'7 1%

Byl<d; < [%’y + %], we know v > 1, which contradict with 0 < 7 < 1. So (10) holds
and
i(A,K;,K) = 1.
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Finally, we get
i(A,Ki\Ky,, K) = i(A,K;, K) —i(A, Ky, K) = 1.

Hence, A has at least one fixed point in K;\Ky,, that is to say, the BVP (1) has at least
one positive solution. It is worth noting that when for any small enough 0 < & < 1, we
define a linear operator J;

Jeu(t) = /;:G(t,s)e(s)u(s)ds, L€ [ab).

By Lemma 8, we have that J : K — K denotes a linear operator with complete
continuity, and the spentral radius 7(J¢) of J; is unequal to zero, and furthermore, J; has a
positive eigenfunction . in regard to its first eigenvalue A, = r(Je) 1. O

Theorem 2. Suppose the conditions (H1), (H2) are satisfied, and

t .
liminf min b3, 32) > Ay, (11)
x1+xp—+0tefab] X1+ X2

. f(t/ X1, xZ)
lim sup max ————=
xl’x2_>0+ te[u,b] X2

< A, (12)

then BVP(1) has at least one positive solution, where A1 is the first eigenvalue of | defined by (3),
and Ay is another eigenvalue of |.

Proof. According to (11), there exists g > 0, for t € [a, b] such that

(b—a)H
< < - <
ft,x1,x2) < Aqxp, 0 < xp < Gt 1)1’0, 0 < x1 <1y, (13)
for any u € 0K, since
" < M < <
0< I u(s)< F(y+1)r0 <r 0<u(s)<ry s€lab, (14)

we have from (13), (14) that

b
Au(t) :/a G(t,s)e(s)f(s,If+u(s),u(s))ds

<A /uh G(t,s)e(s)u(s)ds

= AJu(t), t € [a,b].
Step 1. By Lemma 9, we will show
Au #du, u € 0Ky, d > 1 (15)
If not, there exist 1y € 0K, and dg > 1 such that Aug = douo, thendy > 1 and
doug = Aug < AqJug. (16)
By summarizing (16), we obtain

dyuo < AfJ"up, n=1,2,...,
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then,
o s Wl S dlll _ d
= luoll T Mlluoll AT
By the Remark 1, we have
. 1 do 1
= 1 e > 2 —
() = M A7 = 5> 5

which contradict with 7(]) = /\% So (15) holds and
i(A, Ky, K) = 1.

According to (12) and A, — A (e = 0T), there exist a small enough ¢ € (0, %) and
j > r,and we get
f(tx1,%2) > Ae(x1 + x2) > 20€"],

where A, represents the first appeared eigenvalue J.. Assume that (; is the positive eigen-
function of ], with respect to A, then (¢ = A¢Jele. Forany u € dK;, t € [a+¢,b — ¢, by
Lemma 8, we have

Lou(t) +u(t) > |ull(t—a)'o + [[ull(t —a)l'e
> 20¢!].

Then,

b
Au(t) :/a G(t,s)e(s)f(s,15+u(s),u(s))ds
2/h_sG(t,s)e(s)f(s,15+u(s),u(s))ds

Step 2. We will show
u—Au #dle, u € 0K;, d > 0. (17)
Similar to the proof of Theorem 1, (17) holds and

i(A,K;,K) = 0.

Finally, we get
i(A,Kj\Ky,, K) = i(A,K;j, K) —i(A, Ky, K) = —1.

Hence, A has at least one fixed point in K]-\Kro, that is to say, the BVP (1) has at least
one positive solution. O

Next, we need to use the Banach fixed-point theorem to prove the uniqueness of the
solution.
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Theorem 3. Suppose the conditions (H1)-(H3) are satisfied, and

_ woM [l (b —a)¥
k_T(aO—#)“(uH) “2} <!

then the BVP(1) has a unique positive solution.

Proof. By Theorems 1 and 2, we get the BVP (1) has at least one positive solution. Now we
just need to prove that A is a contractive mapping.

According to (H1), there exists M > 0 such that fab w(s)e(s)ds < M < +co. For any
u, ug € Kj\K,O, t € la,bl,

1 t
u(t) = oo )] < g [ (=5 luls) — wos) s

1 /f 1
——|lu—u t—s)*ds
1—-(#) ” 0” u( )

1 (t—a)t
*W i llu —uol
_ (b—a)

> m”” — o],

then, we get

| Au(t) — Aug(t)] </ (t,5)e(s)|f (s, Iiu(s),u(s)) — f(s, Lz uo(s), uo(s))|ds

< ﬂ/bw( s)e(s) [ 1, u(s) — I, ug(s)| + Lo|u(s) — uo(s)|]ds
“T(a—p) Ja a+ a+
woM  [l1(b—a)t
a7 | Ty~ ol + = ol
:kHT/l*M()”,

where k = 24;01\/114) {ll(( )) +12} < 1, then

[Au — Auol| < kllu — uol|,

according to Banach fixed-point theorem, the BVP(1) has a unique positive solution. [
4. An Example

Example 1 ([11]). Consider a FDE problem

{CDEv(tHe(t)f( o(8), Dﬁv( =0 1<t<2
‘D v(1) =°Df,v(1) = D1+U(1)

0, D1+v(2) ol 1k]CD1+U(5)

a=1,b=2 et) = m, ki = 2}%, o = L, e(t) is singular at
t=Tlort=2, f(t,x,y) = (x+y)*% + [Iny|.

_15 ., 1
wherex = P, p =z,

—

Letting u(t) =¢ D;ﬁz;(t), we can get

{ D u(t) +e(H)f(t L u(t),u(t) =0, 1<t<2, )
u(1) =u'(1) = u"(1) =0, u(2) =2, kju(8),
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then,

G(t,s) = Ht,s) + L=

)’ &
Zk]H 0:,8
j=1

A= (b—a)— ij(éj —a)® &~ 1.2239,

H(t,s):l{(t )3( ;g (t—s)%, 1§S§t§2,

131
=1+-)Y — =~ 1.6718,
wo + A ]; 2].2

w(s) = (2-9)3, o(t) = (t—1)>2— ),
and the cone
K={ue€P:u(t)>05981v(t)|ul, t € [1,2]}.
Now, forany 0 < r < j < +oo, u(t) € K;\K,

-1 1

m(b —a)lj= @jl

~

1 1
0= min{ o P T } = min{0.5982,0.1650} = 0.5982,
- 0 0

(b—a)H
I'(p+1)

0= max{l, } = max{1,1.1033}= 1.1033.

Since 5

16
s=—=M < oo,

/ s = /Vf:_l 15

so (H1) is satisfied. By

0.1650r < (t—1)ior < u(t) <j < oj < 1.1033], (19)

1
0.1650r < (t —1)dor < I, u(t) < gj < 1.1033, (20)

we have

[Inu(f)| < |1n(t—1)%gr| +|Inj| < |ln(t—1)%| +|Inj| + |Inor|, t € [1,2],

1

1
[u(t) + I u(t)] 75 < (20) 75 (t—1)72, t € [1,2),
then
/2|1 (t—1)}dt = L < 4o
, 4 ’

By considering the absolute continuity of the obtained integral, one can derive that

lim \ln(s—l)%\ds:O,

m——+o0 k(m)
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lim (s—1)"2ds =0,

then,

limsup sup / w(s)e(s)f(s,x1(s), x2(s))ds

m—+00 4, GK'\K, k(m)
XZEK]'\K,

=limsup sup —(2 _ S)%
m—+00 x cK\K, * k(m) /(2—3s)(s—1)
XzE?j\Kr

[t u(s) 4 u(s)) o+ (o)l

<limsup sup (2— S)%
S e €R,\K, KOm) 2-s)(s—1)
XZEK]'\K,

[\In(s - 1)%\ + |Inj| + [Inor| + (2@1’)_%(5 - 1)_%}015

=0,
so (H2) is satisfied. By

(x1 4 %) 75 + | In(x))]

liminf min = +o0,
x1,%2—0% t€[1,2] X1+ X3
1
-1 !
lim sup max (1 +x2) 75 + [ In(x)] =0.

Xp—>+00 te [12] xz

So far, all the conditions proposed in Theorem 1 have been meet, so there must be one
or more positive solutions to (18).

Let x1, y1, x2, yp satisfy (19), (20), and x; > x2, 1 > y» > 1, combined with the
Lagrange mean value theorem, and we have

1 1
If(t,x1,y1) — f(tx2,y2)| = [(x1 +y1) "5 — (x2 +y2) 5 + [Iny;| — [Inys]|
1 1
<1 +y1)75 = (2 4+y2) 5|+ || Inyq| — [ Inys||
_6 1
< 563 (I =22+ [y = yal) + 5l — 2

gi| = Q1| =

-l + (5845 ) -
1 2 5 5 Yi—Y2
1. 6 1. 6
S zC S —x+ (28 1) |y — w2l
5 5
where ¢ € [x1 +y1, X2 + 2], § € [y1,12]. Select { = 0.56, then we have

1
I = gg—% — 0.4008,

I = ég*% +1 = 1.4008,

so (H3) is satisfied.

k= +1.4008| = 0.9886 < 1.

woM [ll(b_a)u ] 16718 x ¢ [ 0.4008
Cla—w) | T(u+1) 2|~ 1(3) [T(1.25)

By Theorem 3, we get that (18) has a unique positive solution.

5. Summary

This paper primarily investigates a class of Caputo FDEs with infinitely many points.
Under certain conditions, the existence of positive solutions for the equation is established
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by employing the spectral analysis of related operators on cones and the fixed-point index
theory. Meanwhile, the uniqueness of the positive solution is proved using the Banach
fixed-point theorem. Compared with the existing literature, this study focuses on higher-
order Caputo fractional singular nonlinear differential equations, where the nonlinear
term involves the Caputo fractional derivative. The boundary conditions include infinitely
many points, and the uniqueness of the positive solution is also discussed, which are the
distinctive features of this work. However, the practical application of such Caputo FDEs
requires further investigation.
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