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Abstract

In this work, we address a nonlinear y-Hilfer fractional-order Volterra integro-differential
equation that incorporates n-multiple-variable time delays. Employing the -Hilfer frac-
tional derivative operator, we investigate the existence of a unique solution, as well as
the Ulam-Hyers—Rassias stability, semi-Ulam-Hyers—Rassias stability, and Ulam-Hyers
stability of the proposed y-Hilfer fractional-order Volterra integro-differential equation
through the fixed-point approach. In this study, we enhance and generalize existing re-
sults in the literature on p-Hilfer fractional-order Volterra integro-differential equations,
both including and excluding single delay, by establishing new findings for nonlinear -
Hilfer fractional-order Volterra integro-differential equations involving n-multiple-variable
time delays. This study provides novel theoretical insights that deepen the qualitative
understanding of fractional calculus.

Keywords: y-Hilfer FrOVI-DE; unique solution; UHR stability; semi-UHR stability; UH
stability; fixed-point approach

1. Introduction

Fractional calculus is widely recognized as a natural extension of classical integral
and differential calculus, allowing the order of integration and differentiation to take
non-integer values. In recent decades, the field of fractional calculus has emerged as an
effective analytical framework across various disciplines, including mathematics, physics,
engineering, and medicine, due to its broad applicability and effectiveness in modeling
complex phenomena, as evidenced by a substantial and growing body of research. For a
detailed analysis of fractional differential equations, the reader is referred to [1-3]. Further
discussions on fractional calculus and its applications to fractional differential equations
can be found in [4-8]. In line with this increasing interest, numerous definitions of frac-
tional derivatives, such as the Riemann-Liouville (RL) derivative, Caputo (C) derivative,
Griinwald-Letnikov (GL) derivative, and y-Hilfer fractional derivative, along with various
associated fractional integrals and some related results, have been proposed, highlighting
the field’s ongoing theoretical development and expansion. In this regard, we refer the
reader to [9] for the existence and Ulam stability of nonlinear implicit fractional differential
equations with the Hadamard derivative; to [4] for applications of fractional calculus in
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physics; to [10] for definitions of fractional integrals and derivatives; to [11] for the defini-
tion of the i-Hilfer fractional derivative; and to [12] for recent developments in the stability
theory of fractional differential equations.

Depending on these definitions, the qualitative analysis of mathematical models in-
volving these fractional derivatives has become a central focus for researchers. In particular,
considerable, although still limited, attention has been given to investigating conditions un-
der which solutions exist uniquely, as well as various types of stability, such as UH stability,
UHR stability, etc., in the context of -Hilfer fractional-order Volterra integro-differential
equations (y-Hilfer-type FrOVI-DEs), both with and without delay, primarily using fixed-
point techniques. Specifically, we refer the reader to [13,14] for the Ulam stability results of
fractional differential equations of the Hilfer-Hadamard type; to [15] for the Ulam stability
of Hilfer-type fractional differential inclusions; to [16-19] for the Ulam stability of Hilfer
fractional differential equations; and to [20-22] for the Ulam stability of Hilfer fractional
integro-differential equations. Although there are relatively few studies addressing the
existence of solutions and the Ulam-type stability for ¢-Hilfer-type models, a substantial
body of literature is available concerning similar qualitative properties in the context of
other mathematical formulations.

In the following, we provide a brief summary of key studies addressing the existence,
Ulam-type stability, and other qualitative characteristics of various mathematical models,
including y-Hilfer FrOVI-DEs, with a focus on both delayed and non-delayed formulations.

Abbas et al. [23] conducted a study on the existence of solutions and established UH
stability results for a specific class of Hadamard partial fractional integral inclusions by
employing the theory of weakly Picard operators.

Abbas et al. [13] investigated the existence and UHR stability of a class of functional
differential equations involving the Hilfer-Hadamard-FrD. The existence of solutions was
established through the application of Schauder’s fixed-point theorem.

Abbas et al. [15] established results concerning the existence, data dependence, and
Ulam stability for a class of differential inclusions involving the Hilfer-FDE. These findings
were derived using the framework of the multivalued weakly Picard operator theory.

Abbas et al. [14] constructed suitable conditions under which solutions exist uniquely
for certain coupled systems involving Hilfer and Hilfer-Hadamard FrODEs. Their ap-
proach utilized generalized forms of classical fixed-point theorems within the setting of
generalized Banach spaces.

Brzdek et al. [24] introduced a novel fixed-point result within the context of function
spaces, offering a powerful and versatile framework for exploring operator inequalities,
particularly those tied to Ulam-type stability. This result represents a substantial exten-
sion of the classical BCMP and integrates several known fixed-point theorems into a
unified formulation.

Morosanu and Petrusel [25] investigated a delay integro-differential equation within a
Banach space framework. Using a fixed-point method alongside the properties of linear
operator semigroups, they established the global existence and uniqueness of solutions for
the equation, subject to specific initial conditions.

Petrusel and Rus [26] investigated the UH stability and generalized UH stability of the
equation T (x) = 0 by introducing alternative criteria, thereby ensuring its stability. Their
analysis relies on a fixed-point approach, specifically employing a theorem concerning
mappings that exhibit contractive behavior when restricted to their graphs.

Zhang et al. [27] addressed a mixed-type nonlinear FrOVI-DE posed on a semi-infinite
interval in the setting of a Banach space. The analysis, based on the application of the
BCMP, led to the establishment of conditions under which solutions exist uniquely for the
problem under consideration.
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In their study, Sousa and de Oliveira [11] proposed a novel approach to fractional dif-
ferentiation involving a function-dependent operator, now referred to as the ¢-Hilfer-FrD,
and explored its foundational characteristics within the framework of fractional calculus.

Luo et al. [17] conducted a comprehensive analysis of ip-Hilfer-type fractional integro-
differential equations with time-dependent delays. By applying a generalized Gronwall
inequality, they derived refined criteria for UH stability and established several complemen-
tary results pertinent to the dynamic behavior of the Hilfer FrOVI-DE under investigation.

Sousa and de Oliveira [22] explored the stability behavior, specifically the UH and
UHR types, of a nonlinear ¢-Hilfer FrOVI-DE, utilizing fixed-point theory as the main
analytical framework.

de Oliveira and Sousa [20] conducted a comprehensive study on a certain y-Hilfer-
type FrOVI-DE with a time-dependent delay. By employing the ¢-Hilfer-FrD alongside the
BCMP, they investigated the system’s dynamic behavior and established results concerning
UH stability, UHR stability, and semi-UHR stability over both fine and general intervals.

In 2021, Zhou et al. [28] dealt with the y-Hilfer FrOVI-DE with the initial condition in
a real Banach space Y:

HDgf;lpx(t) :f(t,x(t),HD;‘f;”’x(t)) —I—jK(t,T,x(T),x((S(T)))dT, t € [a,b], O

1=
I, "W x(a) = 0.

In [28], Zhou et al. first proved the existence of a unique solution to problem (1) using
the BCMP. Then, the UH stability, UHR stability, and semi-UHR stability of the y-Hilfer
FrOVI-DE in (1) were analyzed in a finite interval using the same fixed-point approach.

Zhou et al. [29] first inferred the conditions under which solutions exist uniquely for
problem (1) using the BCMP under suitable growth conditions in an appropriate Banach
space. Additionally, they established the UHR stability, UH stability, and semi-UHR
stability for the initial value problem.

Recently, Graef et al. [30] and Tung and Tung [21] investigated a class of Hammerstein-
type nonlinear i-Hilfer FrOVI-DEs characterized by multiple-variable time delays. Em-
ploying the i-Hilfer fractional derivative operator (i-Hilfer-FrDO) in conjunction with the
BCMP, the authors analyzed the Ulam-type stability properties of the proposed equations.

Additionally, several recent contributions have addressed topics such as Ulam-type
stability (see [31-33]), Lyapunov stability, and related qualitative behavior in both fractional
and classical mathematical models (see [34-36]).

The motivation for this study stems from the aforementioned papers, the references
cited within this work, and in particular from the paper by Zhou et al. [28]. In this context,
we examine the y-Hilfer FrOVI-DE with n-time-varying delays in a real Banach space Y,
described as follows:

HDyfu() = & F (6 (), vt — (1), "DEu() )
i=1

n

[ (£ Kitts,v06) 066~ 56 st €1 = 0.0, @
0

i=1
I, ™u(0%) =0, v(t) = 6(1), t € [-7,0],

where H Dg’f ' ll’() and H Dg’f; lp() are the y-Hilfer fractional derivatives of order 0 < «,

u <1 (u < wa)and type 0 < B, ¢ < 1, ISIWP(.) is Y-Riemann-Liouville fractional
integral of order 1 — v, v = a + B(1 — ) with respect to ¢, ; € C(J,]), T = max{7;(t)},
0 eC[-1,0,FEeC(JxYxYxY,Y)and K; € C(J] x ] x Y x Y, Y) are given functions.
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The existing literature indicates a growing scholarly interest in the qualitative be-
havior of various types of fractional differential equations, particularly those involving
multiple-variable delays, due to their broad applicability in modeling complex real-world
phenomena. The principal objective of this ongoing study is to examine the existence
of a unique solution, the UHR stability, the semi-UHR stability, and the UH stability of
the ¢-Hilfer FrOVI-DE in (2), which involves multiple-variable delays on a finite interval,
employing the fixed-point approach. While the -Hilfer FrOVI-DE in (1) incorporates a
single-variable delay, the formulation ¢-Hilfer FrOVI-DE in (2) represents a more general
framework involving n-multiple-variable delays, thereby providing a broader perspective
and enhancing and improving the existence of a unique solution and the Ulam-type stabil-
ity results established for the yp-Hilfer FrOVI-DE in (1). This constitutes the key novelty
and original contribution of the present study. Furthermore, the existing literature pre-
dominantly focuses on the qualitative properties of y-Hilfer FrODEs, y-Hilfer FrODDEs,
and y-Hilfer FrOVI-DEs, particularly concerning the UHR stability and UH stability for
such classes of equations. However, there is a noticeable gap in research addressing the
conditions under which solutions exist, as well as the concept of semi-UHR stability for
these equations. In addition to addressing UHR stability and UH stability, the present
study also aims to bridge this gap by examining both the existence of unique solutions and
the semi-UHR stability for the general ¢-Hilfer FrOVI-DE in (2), thereby offering a novel
and meaningful contribution to the field. Finally, it is evident that the ¢-Hilfer FrOVI-DE
in (2), which incorporates multiple-variable delays, represents a significantly more general
and distinct framework than existing models in the literature (see the aforementioned
references and the relevant literature). This generalized formulation constitutes a novel
contribution to the qualitative analysis of ¢-Hilfer FrOVI-DEs and enhances the current
theoretical understanding of such types of equations.

The present article is structured in the following manner to facilitate a coherent ex-
position of the main results. In Section 2, we introduce key definitions, some lemmas
with respect to the -Hilfer-FrDO and integral, and a core result. In Sections 3 and 4, we
establish three original theorems concerning the existence and uniqueness of solutions,
as well as UHR stability, semi-UHR stability, and UH stability. These results are sup-
plemented with the necessary definitions and analytical remarks related to the y-Hilfer
FrOVI-DE incorporating multiple-variable time delays. Section 5 presents an example that
illustrates the application of the main results of this article. Finally, Section 6 provides the
concluding remarks, summarizing the main outcomes and presenting potential directions
for prospective studies.

2. Background

In this section, we summarize the essential properties of the ¢-Riemann-Liouville
fractional integral I af() and the y-Hilfer fractional derivative ' Daf ;lp(.), and provide
a a

some definitions and auxiliary results pertinent to the subsequent analysis in this work.

Definition 1 ([11]). Let (a,b), (—o0 < a < b < ), be a finite interval (or infinite interval) of
R, and let « > 0. Also, let (x) be an increasing and positive monotone function on (a, b] with
the property that ¢ € C'(a,b) holds. The left-sided and right-sided Riemann—Liouville fractional
integral of a function f in terms of a function ¢ on the interval [a, ] is described by

YA = i [ 0 =90 ()
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and )
Jhad 1 / 0‘,1 /
P = £ v ) f(s)ds
respectively.

Definition 2 ([11]). Leta € (n —1,n), n € N, I = [a, b] be an interval with the property that
—o0 <a<b<ocoandf, p € C"a,b] be two functions, which ensure that ¢ is an increasing
function with the property that ¢'(t) # 0 for each t € 1, where C"[a, b] is the space of n-times
continuously differentiable functions on [a, b]. Then, the left-sided y-Hilfer-FrD of the function f,
ie., HDZ’f"lpf(x), of order o and type 0 < B < 1, is described by

Hp b By (1 A\ (1-p)(n-n)
Du+ f( )*Iqu (l/J/(t) dt) IuJr f( )

The -fractional integral DZ’_/5 a4 f(x) is defined in a similar manner.
Lemma 1 ([11]). Let « > Oand B > 0. Then, we have the semigroup property described by
LPIP f(x) = LI PV £ ().

Lemma 2 ([11]). If f € C"[a, b, n —1 < a <n,and 0 < B < 1, then

[SPH D - — (@) - n—a);
D) = 0= b R A

with y = a + B(n — ).
Notably, if f € c! [4,b],0 <a <1,and 0 < B <1, then

IPHDYPY £(x) = F(x) - (lP(X)—l/’gﬂ))”_1 JO=PY=00 oy

with (1 —a)(1—B) = (1—17).
According to Lemma 2, we have the following notations ([28]):

[n—k] 1 d nk
0 = (prgas)  f@

and

- 1 d n—k
90 = () F@

Lemma 3 ([11]). If f € C'[a,b],0 < a < 1,and 0 < B < 1, then
TSI F(x) = f(x).

Theorem 1 ([37]). Let X be a nonempty set, (X,d) be a complete generalized metric space, and
T : X — X be a strictly contractive operator with the Lipschitz constant Lc < 1. If there exists an
n € Z,n>0,such that d(T"'x, T"x) < oo for each x € X, then the following properties hold:

(C1) The sequence {T"} converges to a fixed point x* of T;
(C2) xx is the unique fixed point of T in X* = {y € X : d(T"x,y) < oo};
(C3) Ify € X*, then d(y, xx) < (1 — LC)_ld(Ty,y).
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3. Uniqueness of Solutions

In this section, we rigorously establish the uniqueness of solution to the i-Hilfer
FrOVI-DE in (2) with n-time-varying delays, employing the BCMP.

Lemma 4. Let X be a nonempty set and v : | — X be a function with continuous derivatives.
Then, problem (2) is equivalent to the corresponding integral equation as follows:

_I‘wlZF(tv v(t— (1)), D”M’())]

/(ZK t,s,v(s),v(s — (s ))))dSIItE(OIM- 3)

Proof. Upon applying the yp-fractional integral operator I ( ) to both sides of the y-Hilfer
FrOVI-DE in (2) and making use of Lemma 2, we derive the relation as follows:

v(t) = () ;(l{;()o))y_l Iéiﬁy);lpv(O)

ZP(tv v(t = (1), "Dy ())]

[/ <ZK (t,s,v(s),v(s —T(s ))))ds],te(o,b},

where (1 —a)(1— B) =1 — 9. Using the initial value condition Ié: 7 lpv(O*) from the above

formula, we get

—I“"J[ZP(M v(t—Ti(t), D”"’())]

/ (ZK (t,s,v(s),v(s — 7(s ))))ds], for each t € (0, b].

Conversely, if v(t) is a solution of Equation (3), by applying the i-Hilfer fractional deriva-
tive operator F Dg;’5 a4 (.) to both sides of (3) and invoking Lemma 3, we obtain the following
expression:

1Dy (t) = Y R (6 (), vt = 5(6), "Dy () )
i=1
t

—i—/ <2K (t,s,v(s),v(s — (s ))))ds, for each t € (0, b].

0

Thus, in light of the preceding analysis, a function with continuous derivatives satisfies the
initial value problem (2) if and only if it satisfies the corresponding integral equation (3).
This concludes the proof of Lemma 4. [

Remark 1. Let Y be a real Banach space. Throughout this study, inspired by the work of
Zhou et al. [28] and the methodological distinctions among the approaches in [11,24,27,29,32,37],
we construct a specialized functional framework denoted by

X = {u‘ v(t) € C\(J,Y), FDLu(t) € cl(],Y)}
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with the associated norm

. ,0;
Ivllx = max{sup VOl sup vt =S, £ =1,..,m, sup Dy l”va},
te

te] te]

where (X, ||.||x) is a Banach space.
Theorem 2 below establishes the first principal result of this work concerning the uniqueness of
the solution of the y-Hilfer FrOVI-DE in (2) with the present initial condition.

Theorem 2. Let the conditions below be satisfied:
(Hp-1) Let Lg,(.), Mr,(.), Ng,(.), L. (.), and Mg, (.) be nonnegative continuous functions and
FeClJxXxXxX,X),KieC(Jx]xXxX,X),i=1,2,...,n,such that

|Ei(t, v, €,0) — Fi(t,v/,0,0")|| < Lg,(8)||[v(t) =o' (£) || + Mg, (1) ||€(t) — € (¢) |

+NE (1) [|o(t) — o' (1)

, foreacht € |

and

|Ki(t,s,v,0) = K;i(t,s,v/,0")|| < Lg, (t)||v(t) =o' (£)|| + Mk, (£)||€(t) — €' (),

foreacht, s € ].
(Hp-2) Let L > 0, L € R, and the functions Lg,(t), Mg, (t), N (t), Lk, (t), and Mg, (t) satisfy

)OI o £ 1) )+ )+ 601 )+ ()] <1

foreacht € J, L € (0,1), withy = wor § = & — u. Then, the y-Hilfer FrOVI-DE in (2) with the
present initial condition has a unique solution.

Proof. According to Lemma 4, the initial value problem (2) is equivalent to the integral
Equation (3). Therefore, we transform the problem of solving the y-Hilfer FrOVI-DE in (2)
into establishing a fixed-point problem for the operator T : X — X, defined as follows:

¢(t), t € [-1,0]
fi‘"[f £ (10,000 = (), PO ()|

i (i Ki(t,s,v(s),v(s — Ti(s)))>ds] , t€(0,0].
i=1

0

(4)
+I3Y

The uniqueness of the solution to the y-Hilfer FrOVI-DE in (2) is established through the
application of the BCMP. To establish our main result, we define an operator T : X — X such
that T(v) € X for each v € X. We also have v(t) € C!(J,Y) and HDMMJ (t) € CL(J,Y).
According to the definitions of the y-Hilfer-FrDO and - Rlemann—LlouVille fractional
integral, it can be obtained that Tv(t) € C!(J,Y) and D ? i YTu(t) € C'(J,Y). Hence, the
operator T : X — X. Subsequently, we prove that the operator T is strictly contractive for
eachv, w € T. Using (Hp-1) and (Hp-2), and in view of (4), we deduce that

ITv(t) — Tw(t)|| = 0, € [T, 0]
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and

x { / (f|1<i<t,s,v<s>,v<s—n<s>>>—Ki<t,s,w<s>,w<s—n(s)))ﬂ)ds] ac
0

i=1
3 Me@IIV(E - (@) — wls — w(@) | + N5 (@) [FDEu(@) - FDUw(e) 2
i=1
+ 7y ] O 9@ Y@
0

1
WE‘[% L (1A (0) + M5 (0) + N (6 + (L 1) + Wi ()] v~ wlx
<L|lv—wl|x,L € (0,1).

It follows additionally that

1" DG Tu(t) = HDg A Two(t) || <

i=1

<L|lv—wl|x,L € (0,1).
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Thus, for each v, w € X, we conclude that
|ITv(t) — Tw(t)||x < L||v—w]||yx, foreach t € J,L € (0,1).

This result implies that T is a contraction mapping. Thus, T has a fixed point v in the
Banach space X, which leads to Tv = v. Therefore, problem (2) has a unique solution.
Accordingly, this concludes the proof of Theorem 2.

O

4. Ulam-Type Stability

In this subsection, we present the concepts related to UHR stability, UH stability, and
semi-UHR stability on a finite interval. Additionally, we establish the relevant stability
theorems for the ¢-Hilfer FrOVI-DE in (2).

A rigorous formulation of the stability results requires establishing adequate metrics
on the Banach space X. The metric d; (.) on the Banach space X is defined by

d1(x,y) = inf{C € [0,00)[ [[v(t) —w(t)[| < CP(t), [[v(t = 7(t)) —w(t —7(£))]| < CP(2),

HHD“”T (t) — HDgf“”Tw(t)H <CO(t), i=1,. 1, t € [o,b]},

where C is a constant and ®(t) is a positive, non-decreasing continuous function.
The metric d,(.) on the Banach space X is defined by

d(x,y) = sup{c € [0,00)| w cc vt =a®) —wlt—mm)| _

HHD”""’TV() HDgi’””Tw(t)H
(1)

<C,i=1,.,n,tc [O,b]},

where @(t) is a positive, nonincreasing continuous function on [0, b]. As discussed in [38]
and related works, we can prove that d; (.) and d;(.) are metrics on the Banach space X.

In the subsequent result, we give the second result regarding the UHR stability of the
yp-Hilfer FrOVI-DE in (2) that incorporates n-multiple-variable time delays.

Definition 3 (UHR stability). For each continuously differentiable function v : | — X satisfying

—I“lp[ZF(tv it — (1), D”M’())]

_Igj}’ {/ (i K;(t,s,v(s),v(s — Ti(s)))> ds
0

i=1

< ¥ o(t)

and

1Dy v () “”“’[D(tv ilt = (1)), D“”’())]

T ”‘l’[/ <21< (t,5,v(s S_Tz(s)))>dS]

< I7"e(t), vt e,
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where ®(t) is a positive, nonincreasing continuous function on a finite interval [0, b, there exists a
solution vg of the y-Hilfer FrOVI-DE in (2) and a constant C > 0, which is independent of v and
v, such that

[v(t) —vo(£)[| < CO(t)

and
HHDump (t) — HDM’”’ t)H < CP(1), Vi e ].

Remark 2. Under these circumstances, we can say that the y-Hilfer FrOVI-DE in (2) possesses
UHR stability on (0, b].

Remark 3 (UH stability). By replacing the nonnegative continuous function ® with6 > 0, 8 € R
in Definition 3, the y-Hilfer FrOVI-DE possesses UH stability on (0, b].

Definition 4 (Semi-UHR stability). For each continuously differentiable functionv : | — X
satisfying

—I’#’[ZF(tv it — (b)), HDu Py ())]
—Ig;f {/ <2K (t,s,v(s),v(s — 7(s ))))ds] SISIPG

DuM’ Iov ulp[ZF(tv ) vi(t—T(t)), DuM] ())]

Iy- M,¢|:/ (ZK (t,s,v(s),v(s — 7i(s ))))ds] <Iy; WP@ vie],

where @ > 0, 0 € R, there exists a solution vy of the y-Hilfer FrOVI-DE in (2) and a constant
C > 0, which is independent of v, vy, such that

[v(t) —vo(£)]| < CO(t)

and
HHD1¢191/7 ( ) Duﬂl/’ t)H < CCI)(t),Vt e

Remark 4. Under these circumstances, we can say that the y-Hilfer FrOVI-DE in (2) possesses
semi-UHR stability on (0, b].

We now introduce the theorems and associated proofs related to the UHR stability, UH
stability, and semi-UHR stability of the y-Hilfer FrOVI-DE in (2) on the finite interval [0, b].

Theorem 3. Let ( Hp-1) and (Hp-2) of Theorem 2 hold and ®(t) be a positive, non-decreasing
continuous function. Additionally, for each continuously differentiable function v : | — Y, the
following conditions hold:

v~ 15 [ia(t,vumu—r( ), Dy (e >)]

_Igﬁl’ [/ (i K;i(t,s,v(s),v(s — Ti(s)))> ds
0

i=1

< Il (1) (5)
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and

Dgfwv I, l"p[ilfl(tv ,vi(E— (1)), Dgfwv( ))]

1

- uw[/ <ZK (t,s,v(s),v(s — 7(s ))))dS]

Consequently, a unique solution vy € X exists with the properties that

< Ip,"Mo(t), vte]. (©)

[v(t) —vo(t)||
1T () —y@)" () =)™
T mm{ }CD(t)

<
—1- Fla+1) ~ T(a—u-+1)
and

| Dy w(t) Dy (e |

S W®) = (@) (p(b) —p(a)"
mm{ Tat1) ' Ta—utl) }CD(t),VtG],LG (0,1).

<
—1-L

Remark 5. The result of this theorem means that the -Hilfer FrOVI-DE in (2) possesses UHR
stability on (0, b].

Proof. Define an operator T : X — X by

o(t), t € [-7,0
1 [Z F(t v(t), v(t— (1), "Dy u(t ))}

/ (Z K;(t,s,v(s),v(s Ti(S))))dS], Vi e J.

0

Tu(t) = %

+I3¥

We can derive from the metric d; (.), the conditions (Hp-1) and (Hp-2) on the Banach space X,

and (7) that
|Tu(t) — Tw()]| = 0,—7 < t <0,
and
1 7 n
ITv(t) = T < 5 0/ (#() = 9(©)" 79 () x ¥ [La (@@ — w(@)]
# 1 Me @IV(E (€)) — s = (@) + Ne ()] "Df (@) - "Dy [ a2
t
i ] WO —v©)r V@
0
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<20 ) - 9@ ¥ ©) X [Ln @)+ My () + N 0]
0

+ S [ - w@r v
0

.[\vq:

<CL®(t),L € (0,1), foreachv, w € X.

Likewise, we derive

< CL®(t),L € (0,1).

Accordingly, for each v, w € X, we conclude that
d1(Tv, Tw) < CL = Ld,(v,w),L € (0,1).

Consequently, using (5) and (6), we deduce that

Iv(t) - Tolo)] < ) < PO g

and

11Dy v(r) = DG T (1)) < Iy, ()

< (wl("lZZ(_—IIPJ(—T-)i;uq)(t)' foreach t € J.

Accordingly, we determine that

(@) — @) (pb) — )"
dl(v,Tv)gmm{ Twtl) ' Ta—ut1) }<oo.

Using (C1) and (C2) of Theorem 1, there exists a unique fixed point vy with the property
that Tvy = vp. Subsequently, from (C3) of Theorem 1, we conclude that

(p(0) —p(a)" (Pp(b) —y(a)* "
Ta+1) ' T(a—utl) }’LE(O’l)'

1 1
< < i
dl(l/,vo) S1C Ldl(TU,U) S11 mm{

From the above analysis, we deduce that the -Hilfer FrOVI-DE in (2) exhibits UHR stability,
thereby completing the proof of the theorem. [

Remark 6. Let ®(t) = 1 in Theorem 3. Then, the y-Hilfer FrOVI-DE in (2) possesses UH
stability on (0, b].
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Theorem 4. Let (Hp-1) and (Hp-2) of Theorem 2 hold and ®(t) be a positive, nonincreasing con-
tinuous function. Furthermore, let v : | — X be a continuously differentiable function satisfying

—I“lp[ZF(tv it — (1), D“M’())]

—y [/ <2K (t,5,v(s s—Tl(s)))>ds]

D”M’ Ior uw[ZF(tv vi(t— (1)), DuM ())]

<1570 ®)

and

< I7", v e, 9)

_Ig:u;w {/ (f Ki(t,s,v(s),v(s — Ti(S>))> ds

0 i=1

where § > 0, 0 € R. Then, there exists a unique solution vo € X andan M € R, M > 0, with the
property that

] o P 000

and
HHDu191/: () Duﬂtp ()H

Smw{wwo—wwv wwwﬂmwf“}quwwaLLemﬂy

Fa+1) ~ T(a—u+1) 1-L

Remark 7. The result of Theorem 4 implies that the -Hilfer FrOVI-DE in (2) possesses semi-UH
stability on (0, b].

Proof. Define an operator T : X — X by

$(t), e [—7,0]
I [Z Bk v(t),v(t = 5(1)), D u(t ))]

+I’X¢ lf (f} K;(t,s,v(s),v(s — Ti(s))))ds] ,Vie].
i=1

0

Tv(t) = (10)

Similar to the proofs of Theorems 2 and 3, using the conditions of Theorem 4 and the metric
d(.) on the Banach space X, we deduce from (10) that

ITv(t) — Tw(t)]| = 0,—T < t < 0

and

/ 4 v(&) —w
”TV( g(tfw I"(loé b/ “711/)/(6) « Z [LF,»(‘:) ” (g) (g)”

" (& = (&) — wis — (@) |
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< CL,L € (0,1).

Likewise, we obtain
HHD”""’Tv() HDgf;wTw(t)H
(1)

IN

t
[ w0-ver e

xz Lr, (&) + Mg (€) + Ng (& +/ Ly, (s) + M (s))ds | e

i=
< CL,L € (0,1).
Since ®(t) is a positive, nonincreasing continuous function, for each t € J, we have

1

<
0 M, foreacht € [0,b],

where M € R, M > 0, is a positive constant. Subsequently, from (8) and (9), we infer that

lv() = Tv(]| _ 70 _ 6(p() —p(@)* _ B(p(b) — p(a)"M
D(t) = q(;(f) = O(H)(a+1) = T(a+1) (11)

and

|25 v = "R T | e apie) - wi) ™ _ o) - p@)* M
0 S0 S eMMa-—u+l) = Ta—u+l)

(12)

Considering (11) and (12), we also get

QM(I/J(b) - lP(ﬂ))“ GM(tp(b) _ l/)(a))ﬂl—u
do(v, Tv) < max{ T , HOEG }

Using (C1) and (C2) of Theorem 1, there exists a unique fixed point vy with the property
that Tvg = 1. Then from (C1) of Theorem 1, we deduce that

(v, 00) < 5 (v(E), Tu() < 1 Lmax{<¢<b>—¢<a>>“ <¢<b>_¢<a>)«—u} oM

IN

1- I'(a+1) ~ T(a—u+1) 1-L7

L e (0,1).
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Thus, the proof of the theorem is complete. [

Remark 8. From the above analysis, we deduce that the p-Hilfer FrOVI-DE in (2) possesses
semi-UH stability on (0, b].

5. Application

In this section, we present a specific example of the ¢-Hilfer FrOVI-DE in (2) to
substantiate the validity of the conditions stipulated in Theorems 2 and 3.

Example 1. We consider the following p-Hilfer FrOVI-DE incorporating a variable delay:

11,2
Hpyzat _ 1 v(b)
Dyi*" v(t) = 00TH arctan(v(t)) + BT (12 (1))
f sin(v +sin(v(271
+%g’ ( (S)1+s4+(t4( s))ds, tel=(0,1], (13)
L7v(0) =0,
v(t) =0, te [-271,0].

According to the y-Hilfer FrOVI-DE in (13), we have a = B = 1, ¢(t) = 12, and 7 (t) = .
Moreover, v = & + B(1 — &) = &, T = max{2~'t} = 271, By comparing the y-Hilfer FrOVI-DE
(13) and the y-Hilfer FrOVI-DE in (2), the corresponding relations can be formulated as follows:

J=(0,1,a=0b=1,

A (t, v,v(t—1(t)), HpUo% arctan(v)

1
0t ”(t)> ~ 300(1 + )
v
AT 1+ 22 1)
sin(v(s)) +sin(v(271s))
600(1+s* +5)
F; € C((0,1] x Rx R X R,R),

Kq(t,s,v(s),v(s —1i(s))) =

Ky € C((0,1] x (0,1] x R x R, R),

|Fi(t,v, ¢,0) — Fi (0,0, 0")| ) |arctan(v) — arctan (V') |

1
<

= 300(1 + t4

L1 ¢ B 14
450(1412) [ 14+ 2(271) 1+ 0227 1)

1 /
450(1 + 12) e ¢

lv—v|+

7

< - -
~ 300(1 + t4)

where
1 1

- Mp(H)=—— Nr(t) =
300(1 + 4’ R () 450(1 + 12’ (=0,

L, (t)
|Ki(t,s,v,8) — Ky (5,0, 0| < W|Sir\(v(s)) —sin(v/(s))]|

Te00(1 +1s4 Ty ‘Sin(g (27%5)) =sin(¢'(2775)) ‘

< g 7on on(v(s) —sin(v/)|

+6()O(11—|—s4) ‘Sin (6 (27ls> ) — sin (Z' (2*15> ) ‘
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7

= 600(11+ e - Vi) + 600(11+ 55 e(2s) -2 (27)

- 1 - 1
L) = ot s Mr ) = oo 151y

In light of the above computations, the conditions (Hp-1) and (Hp-2) stipulated in Theorem 2 are
satisfied. Furthermore, the inequality stated in Theorem 2 is likewise satisfied, as shown below:
(p(b) — ¢(0))" Y

Tor+1) oo & (LA Ma )+ Na(®) +b(Li (1) + My ()]

where

(¥(1) — p(0))’

=7 P L (1) + Mg, (t) + Ng, (t) + b(Lg, (t) + Mg, (t
) tren[gf][ R (1) £ (£) + Np, (t) + b(Lg, (£) K (1)]
~ 10000 LS S |
T 9064 tc(01] | 300(1 4+ #4) T 450(1+2)  300(1 4+ t4)

< 10000 4 100 Ll

= 9064 450 10197
Then, the y-Hilfer FrOVI-DE in (13) with the present initial condition has a unique solution.
Moreover, let the continuously differentiable function v : | — X satisfy the following inequalities:

%;tz 1 V(t)
v(t) — 1% {300(1% arctan(v(t)) + 450(1 + 2)(1 + v2(2-11))
1. ! sin(v +sin(v (271 1t
5! L/ < (6(5321+s4(4—(if4) S))>ds <he e
and
1 v(t)

H L 1wt 1
D"y (1) — I ——_arctan(v(t
H o V(D) = I {300(14—1&4) arctan(v(D)) + 50T T A+ 922 1h)

1.2
<14 a(t), vt € (0,1],

_Id%;u;lp [/ <sin(v(s)) + sin(v(zls))>ds

/ 600(1 + s* + t4)

where ®(t) is a positive, nonincreasing continuous function on a finite interval (0, 1]. Thus, it is
concluded from the preceding results that the -Hilfer FrOVI-DE in (13) possesses UHR stability.
In a similar manner, one can verify that the conditions of Theorem 4 and the UH stability result
stated in Remark 6 are also satisfied. For conciseness, the detailed verification is omitted.

6. Conclusions

In this work, we analyze the conditions under which unique solutions exist, as well as
the UHR stability, UH stability, and semi-UH stability of a nonlinear y-Hilfer FrOVI-DE
incorporating multiple-variable time delays with the initial condition. In order to establish
the results presented in this study, we apply the BCMP with respect to a complete general-
ized metric, an appropriate norm, and other advanced techniques. In this study, we present
three novel and original results pertaining to the qualitative concepts discussed. The results
presented in this study are expected to make a substantial contribution to the advancement
of future theoretical research and applications within the field of applied sciences. In future
research endeavors, we plan to investigate the same qualitative properties of neutral ¢-
Hilfer FrOVI-DEs and y-Hilfer FrOVI-DEs, including single- or multiple-variable advanced
arguments, as open problems.
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Abbreviations

The abbreviations employed in this article are as follows:

y-Hilfer FrODE yp-Hilfer fractional-order differential equation

y-Hilfer FrODEs yp-Hilfer fractional-order differential equations

y-Hilfer FrOVI-DE  -Hilfer fractional-order Volterra integro-differential equation
y-Hilfer FrOVI-DEs  ¢-Hilfer fractional-order Volterra integro-differential equations

y-Hilfer-FrDO p-Hilfer fractional derivative operator
UH stability Ulam-Hyers stability

UHR stability Ulam-Hyers—Rassias stability
semi-UHR stability ~ semi-Ulam-Hyers—Rassias stability
BCMP Banach contraction mapping principle
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