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Abstract

Dengue fever remains a major global health threat, and mathematical models are crucial
for predicting its spread and evaluating control strategies. This study introduces a highly
flexible dengue transmission model using a novel piecewise fractional derivative frame-
work, which can capture abrupt changes in epidemic dynamics, such as those caused by
public health interventions or seasonal shifts. We conduct a rigorous comparative analysis
of four widely used but distinct mechanisms of disease transmission (incidence rates): Har-
monic Mean, Holling Type II, Beddington-DeAngelis, and Crowley—Martin. The model’s
well-posedness is established, and the basic reproduction number () is derived for each
incidence function. Our central finding is that the choice of this mathematical mechanism
critically alters predictions. For example, models that account for behavioral changes
(Beddington-DeAngelis, Crowley—Martin) identify different key drivers of transmission
compared to simpler models. Sensitivity analysis reveals that vector mortality is the most
influential control parameter in these more realistic models. These results underscore that
accurately representing transmission behavior is essential for reliable epidemic forecasting
and for designing effective, targeted intervention strategies.

Keywords: piecewise fractional operator; dengue transmission model; numerical analysis;
simulation; incidence functions

1. Introduction

Dengue fever, a mosquito-borne viral illness, poses a significant global health chal-
lenge, particularly in tropical and subtropical regions [1]. Mathematical modeling plays a
crucial role in understanding its transmission dynamics, predicting outbreaks, and evaluat-
ing control strategies [2—4]. Traditional compartmental models often employ simple bilinear
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incidence rates [5,6], which may not adequately capture the complex interaction dynamics
between human and mosquito populations, especially when factors such as saturation
effects, preventive measures, or behavioral changes come into play. Consequently, various
non-linear incidence rates, including Holling type II [7], Beddington-DeAngelis (B-D) [8],
Harmonic Mean [9,10], and Crowley-Martin [11,12], have been proposed to offer more
realistic representations of disease transmission.

The four non-linear incidence rates investigated in this study—Harmonic Mean,
Holling Type II, Beddington—-DeAngelis, and Crowley—-Martin—were specifically cho-
sen to represent a spectrum of increasing complexity in transmission dynamics. They
are canonical forms widely used in mathematical biology and epidemiology to move be-
yond the limitations of simple bilinear assumptions. The Harmonic Mean type provides a
baseline non-linear model where transmission is limited by the lower abundance of the
two interacting populations. The Holling Type II rate introduces the concept of saturation,
accounting for limitations in the contact or handling capacity, such as a mosquito’s finite
biting rate. Building on this, the Beddington-DeAngelis function incorporates interference
or protective behaviors from both susceptible and infectious populations. Finally, the
Crowley-Martin type models mutual interference, where the presence of other individuals
in both populations can reduce contact rates. By systematically comparing these four
well-established functional forms within the same piecewise fractional framework, we can
directly assess how these distinct biological assumptions influence epidemic dynamics and
control implications, providing a robust basis for model selection.

While classical models provide foundational insights [13,14], their assumption of
bilinear incidence often fails to capture real-world complexities. Consequently, the field
has moved toward non-linear incidence rates to better model phenomena like behavioral
changes and saturation effects. The Holling type II function, for instance, is widely used to
represent a saturating infection rate due to factors like limited vector biting capacity [15].
More sophisticated forms, such as the Beddington-DeAngelis (B-D) and Crowley—-Martin
functions, have been proposed to account for mutual interference or protective measures
from both susceptible and infectious populations. At the same time, the importance of
memory and non-local effects in biological systems has led to the increasing use of frac-
tional calculus. Operators like the Atangana—-Baleanu-Caputo (ABC) fractional derivative,
with its non-singular Mittag-Leffler kernel, have proven effective in capturing these long-
range dependencies in epidemiological models [16-18]. However, disease dynamics are
rarely static. The initial phase of an outbreak may follow classical patterns, whereas later
stages can be influenced by cumulative public health interventions or memory effects,
necessitating a more flexible modeling approach. To address this, Atangana and Araz
introduced piecewise differential operators, which uniquely combine classical and frac-
tional derivatives over different time intervals [19]. This “crossover” behavior has been
successfully applied to model various real-world phenomena, including other infectious
diseases [20,21], demonstrating its power in capturing temporal shifts in system dynamics.

The piecewise modified Atangana-Baleanu-Caputo (PMABC) operator [22] provides
this flexibility, allowing for a “crossover” in system behavior. The PMABC fractional opera-
tor is a potent analytical tool, with foundational details provided in key references [23-25].
Its effectiveness has been demonstrated in modeling various phenomena in the real world
and exploring associated crossover behaviors [26,27]. These studies confirm that employ-
ing the PMABC operator yields a deeper understanding of system dynamics, particularly
concerning the underlying characteristics of disease progression. Although fractional
dengue models and various incidence rates have been studied separately [28,29], this
article presents a comprehensive and novel investigation by integrating these concepts
within a unified framework.
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Dengue outbreaks are often multiphasic. For instance, an outbreak may start with
classical exponential growth, but its dynamics can fundamentally change following a
major event, such as the onset of a monsoon season (altering vector breeding sites) or
the implementation of a large-scale public health intervention (e.g., city-wide fogging,
community cleanup campaigns). After such an event, the transmission dynamics might
exhibit memory effects (cumulative impact of vector control) or non-local behavior, which
are better captured by fractional derivatives. The PMABC operator is uniquely suited to
model this “crossover” in system behavior.

Researchers have integrated various nonlinear interaction terms into biological system
models. For example, the concept of saturating interaction rates (like Holling type-II)
has been foundational in studies of consumer-resource dynamics [30] and has also been
applied to investigate strategies for managing disease spread within populations [15].
Alternative functional responses, such as the Beddington—-DeAngelis type incorporating
intracellular processing time [31] or the Crowley—-Martin function accounting for mutual
interference [32], have been used to model virus lifecycles and compartmental disease
progression (SEIR structure), respectively. Analytical attention in these studies often centers
on determining conditions for population persistence, equilibrium states of the system, and
the potential for cyclic dynamics leading to species elimination [33].

Beyond traditional differential equations, noninteger-order calculus provides distinct
modeling tools. The dynamics of infectious agents such as the Ebola virus have been
explored using fractional derivative definitions, specifically the Grunwald-Letnikov ap-
proach, which facilitates efficient analysis of the long-term evolution of the system [34].
The same fractional methodology (Grunwald-Letnikov) was then utilized to examine the
spread characteristics of the COVID-19 pandemic [35]. In addition, fractional-order frame-
works have been applied to understand behavioral patterns, such as smoking habits, using
numerical solution techniques based on iterative calculations, spatial segmentation, and
truncated memory effects [36].

While previous studies have effectively applied fractional calculus to dengue mod-
eling [28,29] or have compared nonlinear incidence rates within classical integer-order
frameworks, a critical gap remains in understanding how these two powerful concepts
interact. To our knowledge, no prior study has conducted a systematic comparative
analysis of multiple sophisticated incidence functions (Harmonic Mean, Holling Type II,
Beddington-DeAngelis, Crowley—Martin) within a piecewise fractional framework.

Our primary and novel contribution is therefore twofold: first, we introduce a dengue
model using the PMABC operator, which uniquely captures temporal heterogeneity by
allowing a transition from classical to fractional dynamics, reflecting shifts in an epidemic’s
evolution. This specific operator enables the model to exhibit classical dynamics initially
(up to a time 1) and fractional dynamics subsequently, reflecting potential changes in
transmission characteristics over the course of an epidemic. Second, by embedding these
four canonical incidence rates into this advanced structure, we provide the first direct
comparison of how different assumptions about transmission mechanisms (e.g., saturation,
behavioral change, and mutual interference) alter key epidemiological outcomes when
memory effects are also considered. This integrated approach allows us to disentangle the
influence of the incidence function from the memory effects, offering novel insights into
model selection and the design of time-dependent control strategies.
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2. Description of the Model

The authors of [37] studied the transmission dynamics of dengue disease between
human and mosquito populations.

DiHs(r) = mupNy—bf(Hs, Vi) — pHs(1),
DfHEg(1) = bf(Hs, Vi) — (un + 1) He (1),
DiH (1) = npHe(e) — (6p + pn)Hi (1),
DiHR(:) = 6pHi(r) — ppHr(1),

DiVs(1) = Ay —bf(Vs,Hy) — usVs(2),
DiVE(r) = bf(Vs,H) — (ko + po)VE(L),
DiVi(1) = koVE(r) —uoVi(e),

Hs(O) > 0, HE(O) >0, H[(O) >0, HR(O) >0,
Vs(O) > 0, VE(O) >0, V[(O) >0,

where the transmission terms are initially defined using standard mass action scaled by the

BunHs (Vi (1)

human population size: f(Hg, V;) = ( N,

) for mosquito-to-human transmission

and f(Vg, Hj) = (%}fﬂ’(’)) for human-to-mosquito transmission. Here, Nj, and Ny,
represent the total constant sizes of the human and mosquito populations, respectively.
The total human population Nj, is stratified into four epidemiological compartments:
susceptible (Hs), exposed (HE), infectious (Hj), and recovered (Hpg). Similarly, the total
mosquito population Ny, is divided into three compartments: susceptible (V), exposed
(Vg), and infectious (V). The model assumes uniform mixing between the populations,
implying that every mosquito has an equal probability of biting any given human host.
The per-mosquito biting rate is denoted by b. Disease transmission occurs only from
infectious humans (Hj) to susceptible mosquitoes (V) and from infectious mosquitoes (V)
to susceptible humans (Hjg).

Let Bj, denote the transmission probability from an infectious mosquito to a susceptible
human per bite, and let 8, denote the transmission probability from an infectious human
to a susceptible mosquito per bite. Consequently, the per capita rate at which susceptible
humans acquire infection (the force of infection) is given by b(%}:m). Similarly, the

per capita rate at which susceptible mosquitoes acquire infection is b %ﬁl) . These
rates, dependent on the relevant population compartments and transmission probabilities,
govern the flux of individuals from susceptible to exposed states in both populations.
Individuals in the exposed compartments (Hg and V) are infected but not yet infectious;
they transition to the infectious state (H and V) at rates #;, (human incubation rate) and
ky (mosquito extrinsic incubation rate), respectively. The model considers a single strain of
the Dengue virus responsible for all infections.
The parameters are defined as follows:

uy - The natural death rate of humans;

Uy © The natural death rate of mosquitoes;

By : The mosquito-to-human transmission probability per bite;
Bo : The human-to-mosquito transmission probability per bite;
0, © Recovery rate of humans;

Ay, : Recruitment rate of mosquitoes;

7, © The human incubation rate (inverse of latent period);
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ky : The mosquito extrinsic incubation rate (inverse of latent period);
b: The mosquito biting rate.

This study aims to investigate a Dengue model incorporating four distinct types of
nonlinear incidence rates to more accurately describe the disease’s evolutionary dynamics.
This analysis is conducted within the framework of piecewise-modified ABC fractional
derivatives. The resulting model equations can be expressed as follows:

PMABD{H (1) = puyNj — bf (Hs, Vi) — ppHs (1),
gMABD%HE([) = bf(Hs,V[) — (‘Mh + Uh)HE(l)/
PMABDEH] (1) = 1, HE (1) — (8, + pn)H (1),
PMABDYHR (1) = 6, H (1) — ppHR (1), (1)
gMABngs(l) = Ay —bf(Vs, H) — 1 Vs(t),
gMABDLgVE(l) = bf(Vs,H[) — (kv + ﬂv)VE(l ’
PMABDEV (1) = koVE(L) — 1o Vi (1),

PMABDS is the piecewise modified fractional derivative of order ¢. At time ¢,

Ny (1) = Hs(¢) + Hg(¢) + Hj(:) + Hg (1) and Ny (1) = Vs (1) + VE(1) + Vi (1).

The mathematical framework presented in model (1), visually clarified by the
schematic in Figure 1, elucidates the system’s temporal dynamics. These representa-
tions detail the interplay between the distinct population groups by defining the specific
parameters for transmission, recuperation, and mortality.

Mn Mn Mn

| bf(Vs,Hi) Ky

Ve > Vi

Figure 1. Flow chart of model (1).

The incidence rate, representing the rate at which new infections occur per unit
time, is a critical component of epidemiological models, as it mathematically encodes
the assumed mechanism of disease transmission. Understanding its functional form is
vital for accurately predicting disease spread. This study explores four distinct non-linear
incidence rate formulations, commonly employed in mathematical biology to capture
different interaction dynamics beyond simple mass action, often selected based on the
specific biological context:
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*  Harmonic Mean type: This formulation assumes transmission is limited by the less
abundant interacting population.

A
_ BoVs(Hi(1)
POV ) = 5 )

¢ Holling Type II (Saturated): Proposed by Holling (1959) [7], this rate represents
saturation in the infection process, e.g., due to limited mosquito biting capacity or
handling time, as the density of infectious individuals (V; or Hj) increases. The form
for mosquito-to-human transmission is

g i) = BRSO,

where 6; > 0 is the saturation constant for infectious mosquitoes. A corresponding
form f(Vg, Hj) = %ﬁ%l) applies for human-to-mosquito transmission, with a
saturation constant 6, > 0.

¢  Beddington-DeAngelis (B-D) type: Introduced independently by Beddington et al.
and DeAngelis et al. (1975) [8], this rate incorporates density dependence related

to both susceptible and infectious populations. The form for mosquito-to-human

B BrHs (1) V(1)
f(Hs, Vi) = 1 +aﬁHISS(1) +Ia2V1(l)’

where a; > 0 reflects inhibition effects due to susceptible human density (e.g., avoid-

transmission is

ance, protective measures) and a4, > 0 represents inhibition/interference among

BoVs ()H; (1) :
Ty Vs () +agy (1) 2PPlies
for human-to-mosquito transmission, with coefficients a3, a4 > 0.

infectious mosquitoes. A corresponding form f(Vg, Hj) =

¢ Crowley-Martin type: Proposed by Crowley and Martin [38], this form models mutual
interference among both interacting populations. The form for mosquito-to-human

BrlHs (1) V(1)
(14 ¢1Hs (1)) (1 4+ $2Vi(1)

where ¢1, ¢ > 0 are positive constants representing the strength of interference from

transmission is

f(Hs, Vi) =

susceptible humans and infectious mosquitoes, respectively. A corresponding form

f(Vg, Hy) = aF 473%??[5)()[()&;@1 0) applies for human-to-mosquito transmission, with

constants ¢3, ¢4 > 0.

Investigating these different functional forms is crucial, as the choice of incidence rate
significantly impacts model dynamics and predictions regarding disease spread and control,
potentially addressing limitations in simpler models of Dengue transmission behavior.

The parameters embedded within the model are crucial representations of the diverse
biological and epidemiological factors driving Dengue transmission. They encapsulate
rates related to disease progression (incubation, recovery), inter-species transmission, vector
behavior (biting), and host/vector vital dynamics. The model utilizes these parameters to
enable a quantitative exploration of the complex interactions between human and mosquito
populations and their influence on the spread of dengue fever.

Crossover Behavior

Epidemiological systems like dengue transmission may exhibit different dynamic
characteristics at various stages. To account for such potential temporal heterogeneity, we
utilize the piecewise modified Atangana-Baleanu—Caputo (PMABC) fractional operator.
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This operator structures the model across distinct time segments. Specifically, the total
time interval [0, T] is divided at a designated crossover point 1. The crossover point, /1,
is intended to represent the precise moment a significant event alters the transmission
dynamics, such as the start of a government-mandated vector control program, a docu-
mented shift in public awareness and behavior, or a key seasonal change. In the initial
segment [0, 11], corresponding perhaps to the early outbreak phase, the system'’s evolution
is described by the classical integer-order derivative. For the subsequent segment [, T], the
dynamics are governed by the modified ABC (mABC) fractional operator. The rationale for
this switch is that phenomena such as long-range memory effects or the cumulative impact
of past states (non-local dependencies) might be more effectively captured by fractional
calculus in the later stages of disease transmission. The PMABC operator thus explicitly
models the crossover behavior, which presents a transition in the governing dynamics
from classical to fractional. This hybrid approach, combining the strengths of both classical
and fractional derivatives within their respective hypothesized domains of applicability,
aims to provide a more nuanced and potentially more accurate description of the complete
epidemic trajectory. A crucial aspect of the piecewise framework is the identification of
the crossover point /1, which marks the transition from classical to fractional dynamics. In
this theoretical study, 1; was chosen illustratively to demonstrate the model’s capacity to
handle such transitions. For practical application to real-world epidemic data, this point
would need to be determined rigorously. There are two primary methods for this. The
first is through epidemiological justification, where ¢; is aligned with a known, significant
event that alters transmission dynamics, such as the implementation of a large-scale public
health intervention (e.g., lockdowns or vector control programs), a documented shift in
population behavior, or a key seasonal change. The second, more data-driven approach
is through statistical identification. Here, 11 is treated as a parameter to be estimated. A
common technique involves performing a grid search over a range of possible values for 1.
Consequently, the model equations based on (1) take the following piecewise form:

SHs (1) = Ny — bf (Hs, Vi) — iy Hs (1), ¢ € [0,1],

PMABG _
D/Hg(:) =
0 (ALS
GABD{H (1) = ppNy — bf (Hg, Vi) — pyHs (1), ¢ € [11, T],
PMAB 4HE(1) = bf (Hs, Vi) — (un + ) HE (1), 1 € [0,01],
DSHE(:) =
0 (ALE
0 APDIHE (1) = bf (Hs, Vi) — (pn + ) He (1), ¢ € [11, T,
AAB QH; (1) = g HE (1) — (8 + pr)Hi (1), 1 € [0,1],
D/H; (1) =
0 LT
0 APDIH (1) = g (1) — (0 + ) Hi (1), 0 € [1, T],
SHR(1) = 64 H1 (1) — pHR (1), ¢ € [0,11],
PMABS _
DiHgR(1) =
0 (R
6”ABD%HR([) = 0, H; (1) — upHg (1), ¢ € [11, T),
PMAB %VS(l) = Am — bf(VS,H[) — ‘uUVS(1>, RS [O, L1],
DiVs(1) =
0 L VS
6”ABDfV5(1) =Au —bf(Vg,Hy) — uoVs(1), 1 € [11,T],
PMAB %VE(l) = bf(Vs,HI) — (kz; + Hv)VE(l), RS [0, 11],
D;VE(r) =
0 1 VE
6”ABDIQVE(1) = bf(Vs,H]) — (ky + ]/lv)VE(l), L € [Ll, T],
MAB e %V[(l) =koVE(r) = uoVi(t), t€10,1],
D;Vi(1) =
0 L VT
MABDYV (1) = koVE(L) — poV1(1), 1 € [11,T),
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where

* 1 is the crossover point, which presents a transition in the governing dynamics from
classical to fractional.

o 41(1) is the classical derivative of a function 7.

o "ABDEy (1) is MABC fractional derivative defined as

"ADG0) = o (10 = 0] + T [T () = n(0))].

3. Mathematical Properties of the PMABC Model (1)

Here, we discuss some important qualitative behavior of PMABC dengue model (1).
Before giving the fundamental properties of the PMABC model (1), we restructure the
PMABC model (1) as a compact form as follows:

K, U(), ¢ € [0,u],

41() -
PMABDS]()) — @i
0”0 { K(,U(), 1€ (11,T], @

mABDgU( )

where U(1) = (Hg (1), HE (1), Hy (1), R(l)rVS(‘)rVE(l)/VI(‘))Tr and

Ky (1, Hs (1)) Ny — bf (Hs, Vi) — upHs (1),
Ko (1, HE (1)) bf (Hs, Vi) — (un =+ 1n)He (1),
Ks(t, Hy(1)) 1 HE (1) — (8 + p) Hp (1),
K(,U(r)) = | Ky4(t, Hg(r)) | = Op (1) — pnHR (1), : (3)
Ks(1, Vs(1)) Am —bf(Vs, Hy) — Vs (1),
Ké(l,VE(l)) bf(Vs, H[) - (kv + }’lv)VE(L ’
K7 (1, V(1)) koVE(1) — uoVi(1),

The integral form of the model (2) is given as follows:
)+ Jo K( ))ds, 1 € [0,1],

Ul) =4 Un)+

SKUW) + simg i (1= 5)7TK(s, U(s))ds
K(11,U(11)) <1 + r(lgfnﬁ)' te (n,T].

(
6]

>_\<l
\_,nmv

Let U(t) be the vector of state variables in the Banach space C[0, T] with the norm

Ul = sup [U(H)].
1€]0,T]
3.1. Lipschitz Property of the Kernels K (¢, U(t))

Theorem 1. Let Hg, Hg, Hj, HR,VS,VE,VI,ﬁs,ﬂE,ﬁI, ]ﬁIRr@Sr@E/@[ e C[0,T]. Let
& >0,i=1,2,..,7 such that

[|[Hs|| = sup [Hs(t)] < &1, |[Hg|| = sup [He(t)| < G2,
1€[0,T] 1€]0,T]

[[H|[ = sup [Hj(t)] <&, [[Hg|| = sup [Hg(t)| <G4,
1€(0,T] 1€[0,T]

[[Vs]| = sup |Vs(t)] <5, [|VEl| = sup [VE(t)] < Ce,
1€[0,T] 1€[0,T]

[Vil[ = sup [Vi(t)] <7

1€]0,T]
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Then, the Kernels K(1,U(t)) satisfy a Lipschitz conditions with Lipschitz constant
¢ = max’_,{{;} > 0, where

Y = b(%) + pn, b2 = pn + M, €3 = O+ iy

P03
g5+ 3

by = Vh,55=b( )+Vhr€6:kv+ﬂv/€7:,uv-
Proof. For the Kernel K; (¢, Hg(

L
Mean type f(Hs, Vi) = ﬁh]H(IS)() ((

)) let Hg, Hg € C[0, T]. Then, in the case of Harmonic
L

and f(Vg, Hj) = % we have

(}”hNh - b(HﬁSw )Hs - hHs
- (VhNh - b(Hﬁsﬂv Hs — hHS

(I ol

(e« o]

|1 () — 4 (1, s ()|

IN

Let {1 = ( (§ﬁ+§7) —i—yh) Then HK1 (1, Hs (1)) — Ky (l Hs(: )H < 0, || ms —]ﬁISH.Similarly,
we can get the following

HKz(L,HE(t))—KQ(L,E\IE(t)) < 0| Hp - He,

| ®a( 1)) = Ka (1 By ()| < a1 — |,

K BR () ~ Ko (s Bir() | < a| B - Bie),

[Ks(, V() —Ks (1 Ts@) | < 4] vs =T,

|Ko(, Vew) ~Ks (1 Ve )| < 6| Ve—Te],

HK7([,V1(1))—K7(1,V1(1)) < 4 VI—@'I(.

Let ¢ = max/_, {¢;} > 0. The Kernels K(;, U(1)) satisfy a Lipschitz condition with Lipschitz
constant £. In the same manner, we can prove that K(;, U(¢)) satisfies a Lipschitz condition
with respect to other incidence rates. [

3.2. Existence of Unique Solutions

Theorem 2. Assume that the Kernel K (1, U(t)) satisfies a Lipschitz conditions with Lipschitz
constant ¢ defined by Theorem 1. Then, the PMABC dengue model (1) has a unique solution,

provided that
1-¢ cT* ) }
0 < max ét,(( + < 1.
{ VIA\V(e) T V(T +1)

Proof. The existence and uniqueness of the solution for the model (1) are established by

applying the Banach Fixed-Point Theorem to the equivalent integral equations. Consider
the bounded, forward-invariant, and biologically feasible region G defined by

v

A
g = {(HS/HEIHIIHRIVS/VEIVI) € RZ,— :HS,HE,HI,HR S K/VS/VE/VI S 2 +€}
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Define an operator P : C[0, T] — C[0, T] as

U(0) + Jy K(s,U(s))ds, ¢ € [0,11],
PU®W) =
U(n) + 55K UW) + g5 Ji (=)7K (s, U(s))ds, ¢ € (1, T].

Let U, U € G. Then, for : € [0, 1], we have

IN

HP(U(z)) —P(@@))H

[

&1HU*®H. @)

K(s,U(s)) — K(s,@(s)) Hds

IN

Next, for ¢ € (11, T], we have

|Pww) -P(0w)| < %HK(AUO))—K(@@O))H
+m[ﬁl(l—s)9*1HK(s,U(s)) —K(s,@(s))Hds
1-— TS ~
. g(wg‘;*wg)?(gﬂ))HU‘UH' ®)
By (4) and (5), we have
o (0)] < mocfin 1 (528 + i) Ho- 9]

Thus, the operator P is a contraction if max< £1q, ¢ (% + %) } < 1. By the Banach

Fixed-Point Theorem, the PMABC dengue model (1) has a unique solution in the interval
[0, T]. For more information, see [20,39]. O

3.3. Boundedness and Positivity of Model (1)

We establish the biological feasibility of the model by showing that solutions starting
with non-negative initial conditions remain non-negative (positive) and bounded for all
future times.

Theorem 3. Let the initial conditions be Hg(0) > 0, Hg(0) > 0, H;(0) > 0, Hg(0) > 0,
Vs(0) >0, VE(0) > 0, and V(0) > 0. Then the solutions of the system (1) remain non-negative
for all times 1 > 0.

Proof. We will prove the non-negativity of each state variable sequentially. From the first
equation of the system (1), we have

PMABDSHg (1) = Ay, — bf (Hs, Vi) — iy Hs (1)

Let us assume there exists a time :* > 0 such that Hg(:*) = 0 and Hg(:) > Oforall: € [0, /*).
At this point, we have

PMABDH (1) |g—0 = A, — bf(0, V) — 0.
For all standard incidence functions, f(0, V;) = 0. Therefore, we have

o MAPDH (1) g —o = A



Fractal Fract. 2025, 9, 400

11 of 38

Since Aj, > 0, the rate of change is positive when the population reaches zero, preventing
it from becoming negative. Thus, Hg(:) > 0 for all 1 > 0. A similar argument holds for
Vs (1), as its equation contains a constant inflow term A,, > 0, ensuring V(1) > 0. From
the second equation of system (1), we have

o MAPDEHE (1) = bf (Hs, Vi) — (up + 1) HE (1).

Since Hg(1), V;(1), and all parameters are non-negative, the incidence term b f (Hg, V) > 0.
This leads to the differential inequality

o MAPDEHE (1) > — (py + i) HE(1). (6)

We analyze this inequality for the two intervals of the PMABC operator.
Case 1: For 1 € (0, 11], the inequality (6) is a classical differential inequality given as

THEW) > (i + ) HE ).

Thus
HE (1) > Hg(0)e Hntm)t,

Since Hg(0) > 0, we have Hg(1) > 0 forall: € (0, 1].

Case 2: For 1 € (11,T], applying the Laplace transform to the mABC version of
inequality (6) (starting from /1) and solving for L{HE (1) } (s), then taking the inverse Laplace
transform, yields a solution involving the Mittag—Leffler function, which is non-negative
for non-negative arguments. This gives

HE (1) > He(n)Ega <_ 1(211(:;:71);:;(_1 li); >

where E_ 1 is the one-parameter Mittag-Leffler function. Since Hg(:1) > 0 from Case 1 and
E.1(z) > 0 for real z, it follows that Hg(:) > 0 for ¢ € (1, T]. Combining both cases, we
conclude Hg(:) > 0 for all 1 > 0.

The proofs for the remaining compartments follow the same logic.

e For Hj(s), the equation is gMABD,GHI = nHEg — (6, + up)H;. Since we have
shown Hg (1) > 0, the inflow term #,Hg > 0. This leads to the inequality
PMABDEH, > —(8), + pp)H;, which, by the same argument as for H, implies
HI(L) Z 0.

e For Hg(:), the equation is gMABDfHR = opH; — u,Hg. With H;(:) > 0, we get
gMABD,gHR > —uyHpg, which implies Hg (1) > 0.

e Similarly, for the vector compartments, having established V(1) > 0 and H;(:) > 0:
- The equation for Vg gives the inequality {MABD} Vg > —(ky + pio) Vg, implying

VE(l) > 0.
- With Vg(1) > 0, the equation for V| gives {MABD;V; > —y, V), implying
V[(t) Z 0.

Since all compartments are shown to be non-negative for all : > 0, the solutions of the
dengue model (1) are positive and biologically meaningful. This completes the proof. [

Theorem 4. The solutions of the dengue model (1) are bounded in the biologically feasible region ().

Proof. Let the total human population be Ny (1) = Hg(z) + Hg(¢) + H;j(:) + Hg(¢) and the
total vector population be Ny (1) = Vg (1) + Vg(1) + V(o).
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Boundedness of the human population Nj(:): We take the sum of the first
four equations of the system (1) to find the rate of change of the total human population:

PMABDS N, (1) —PMAB DSFL () +PMAB DSFL, (1) +EMAB DSH, (1) +-EMAB DEFL (1)
= (unNy — bf (Hs, V) — upHs (1)) + (bf (Hs, V1) — (un + 1) He (1))
+ (e (1) — (On + pn) Hi (1)) + (6pHr (1) — pnHr (1))
= up Ny — p (Hs (1) + He (¢) + Hj () + Hg (1))
= upNp — pnNy (1)

If we assume that the total human population size Nj, in the birth term yj, N}, represents
the constant carrying capacity or initial size, and N,(0) = Nj, then
PMABDEN, (1) = upNy — upNy(1). The solution to this fractional differential equation
tends toward Nj,. Therefore, the human population Nj, () is bounded. (If Ny, is simply
a constant influx rate, the argument is slightly different, but boundedness usually holds
under realistic parameter assumptions.) Assuming N}, is the constant total population size
implies Nj, (1) = Nj, for all 1. Boundedness of the vector population Ny, (1): Summing the
last three equations of model (1), we get

0 MAPDE N (1) =g™MAP DEV (1) +5™AP DEVE() +5™4P DEV (1)
= (Am = bf(Vs, Hy) = 1oVs (1))
+(bf (Vs Hy) = (ko + po) V(1))
+ (koVE() = HoVi1(1))
= Am = po(Vs (1) + VE() + V1(1))

= Ay — uo Ny (1). (7)
By definition /MABDY, the inequality (7) becomes
%Nm(l) < Ay — uoNi (1), 1 € [0,1],
BUAPDEN (1) =

§APDE N (1) < An — N (1), £ € [, T],

Now, for : € [0, 11], we have

d

ZNm( ) < Ay — poNu(1). (8)
Thus, we have
Non(1) < Nun(0)e Ny (1) + fi’” (1—e ko).
v

Consequently, Ny, (1) is bounded by Gl incase L € [0, 11]. On the other hand, for ¢ € [11, T],

we have
@ABDme(l) < Ay — pyNp(1). )

We apply the Laplace transform on both sides of (9), and utilizing the asymptotic behavior
of the Mittag-Leffler function, we obtain
A

Ny (1) < —.
(<
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Thus, in two cases, the solution Ny, (¢) satisfies

Ny (1) < .

Ho
This implies that Ny, (1) is bounded. Thus, in two cases, the solution Ny, (1) satisfies

Ay
N, (1) < —.
’”()_yv

This implies that Ny, (1) is bounded. O

Since all individual compartments are non-negative and the total populations Ny, (1)
and Ny, (1) are bounded, each compartment Hg (), Hg/(¢), Hj (1), Hr (), Vs(2), VE(1), V(1) is
also bounded. Therefore, the solutions of model (1) are bounded and remain within the
biologically feasible region

g = {(HS,HE,HI,HR,Vs,VE,VI) € RZ_ s Hg, Hg, Hp, Hg < K,Vg, Vg, V; < Iim + 6},
v
for some K related to Nj,(0) (often K = Nj,(0)) and any € > 0, provided the solution starts
within G. This region § is positively invariant.

The proof of boundedness is critical for extending the unique local solution, guaranteed
by Theorem 2, to a global solution. For nonlinear fractional systems, the Banach Fixed-Point
Theorem directly ensures existence and uniqueness only on a local interval. However,
since we have shown that all solutions starting in the compact, forward-invariant region G
remain within G for all times, the solution cannot blow up or develop a singularity in finite
time. This allows the unique local solution to be extended for all times ¢ > 0. This standard
argument establishes the existence of a unique global solution for the model.

4. Comparative Analysis of Nonlinear Incidence Models
4.1. Dengue Model with Harmonic Mean Type Incidence Rate
The model (1) with Harmonic Mean type incidence rate is presented as follows:
Hg(1)V
FMAPDEH (1) = o Ny — b( B et ) — maHls (),

SMABDSHE (1) = bR ) — (o, + ) H (1),

(l)’MABDlgHI([> = ﬂhHE([) — ((Sh + ]flh)Hl(l)/
gMABDfHR(l) = o, Hy (1) — upHg (1), (10)

PMABDEY (1) = A, — b(%) — 1,Vs(0),

PMABDSY (1) = b(%) — (ko + po)VE(D),

gMABDfVI(l) =koVE(L) — o V1(1).

4.1.1. Equilibrium Points and Basic Reproduction Number R

To find the equilibrium points, we set all fractional derivatives in (10) to zero. In
the context of fractional calculus, an equilibrium or steady state is a constant solution,
and the Atangana—Baleanu-Caputo derivative of any constant is zero. Therefore, this
condition correctly identifies the points where the system’s dynamics cease to change;
see [40]. Setting [MABD{Hs(1) = IMABDiHE()) = [MABD{H, (1) = PMABD{HR(1)
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= MABD{Vg(1) = FMABDSVE(:) =)MAB D;V (1) = 0, we solve for the disease-free
equilibrium (DFE):

0= pupNy, —0— ppHs(t) = HE =N,
0=0—uHy = H% =0,
A

0=Ay—0—u,Vs(t) = VO:]T,
v

Thus, the DFE is Ej = (Nh, 0,0,0, %, 0,0). We use the next-generation matrix (NGM)
method adapted for fractional-order systems to compute Ry. The infected compartments
are U = (Hg, Hj, Vg, VI)T. The rate of appearance of new infections is given by F, and the

rate of transfer of individuals between compartments is V:

BiHs (OVr (1)
b( &) (3 + 1) HLE (1)
F_ 0 V- (O + p)H; (1) — 1 HE (1)
o b(ﬂst(l)H1(1)> ! o (ko + 1) VE(2)
Vs (1) +H; (1)
0 HoVi(1) — ko VE(1)

The Jacobians F = [0.F;/0U;] and V = [9V;/0dU;] are computed and evaluated at the
DFE E,.

Mn =+ 1 0 0 0
V= V| _ —Hn Ont 0 0
au E(] 0 O kz; + ]’l‘U O
0 0 —ky My
This implies
1
Hp+1p O O O
h 1 0 0
vl (n+np) Op+pn) — Ontin .
0 0 kv+}47; 0
0 0 ky 1

to(kotpo) Mo

The general Jacobian F is

B (1)
b s
0 0 0 < (Hs(l)JrVI(l))z)
0 0 0 0
Feeneral = 0 b BoV2 (1) 0 0
((Vs(l)‘*‘Hl(i))z)
0 0 0 0

Evaluating Fgeyerq at the DFE Eg (where Hg = Ny, Vg = ﬁ—;", H; =0,V;=0),

0 0 0 bp
0O 0 0 O
F = F =
general Eo 0 b,Bv 0 0
0O 0 0 O
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The basic reproduction number is the spectral radius of the next-generation matrix
K = FV~1 [41]. Thus, we have

0 by Niko — bBy Ny
Ho (ko+iv) Mo
0 0 0 0
K= b bB, B 0 0
(n ) Ontpn) Ot
0 0 0 0

The basic reproduction number is the spectral radius of the next-generation matrix
Ro = p(K). This calculation yields

Ro= b ¢ BikoBoln .
to (ko + po) (i =+ 111) (On + pi)

4.1.2. Stability of DFE Point
The stability of the DFE for fractional-order systems relates to 3.

Ho
order 0 < ¢ < 1is locally asymptotically stable if ¥y < 1, and it is unstable if §g > 1.

Theorem 5. The DFE point Ey = (Nh, 0,0,0, M, 0, O) of the dengue model (10) with fractional
Proof. The local asymptotic stability of the Disease-Free Equilibrium (DFE), Ey, is deter-
mined by the eigenvalues of the Jacobian matrix of the system (10) evaluated at Ey. The

DEFE is given by Ey = (Nh, 0,0,0, %, 0, O) . For clarity, let the two incidence functions be

—b ABhHSVI

b BoVsH;
Hs +V;

Hs, V .
fi1(Hs, Vi) Vs + H;

and fz(Vs, H[)

The stability analysis requires the partial derivatives of these functions evaluated at
the DFE. The Jacobian matrix | of the system (10), evaluated at the DFE E, is given by

— 0 0 0 0 0 —bB,
0 —(pun+mn) 0 0 0 0 bBy
0 Mh —@p+p) 0 0 0 0
J(Eo)=1] 0 0 Sn —pp 0 0 0
0 0 By 0 —p 0 0
0 0 bBo 0 0 —(ketpo) O
0 0 0 0 0 ko iy

This is a block-triangular matrix. The eigenvalues are the entries on the main di-
agonal of the blocks. The eigenvalues corresponding to the uninfected compartments
(Hg, Hg, Vg) are

M= —pn, A2=—pp, A3 = —jh.

These eigenvalues are all real and negative. For any fractional order 0 < ¢ < 1, they satisfy
the stability condition |arg(A;)| = m > &F.
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The stability of the DFE is thus determined by the eigenvalues of the sub-matrix
corresponding to the infected compartments (Hg, Hj, Vg, V). This sub-matrix, which we
denote Jy;f, is given by

—(n +1n) 0 0 bBn
Jing = M — (0 + pn) 0 0
0 b,Bz) _(kv + ,uv) 0

0 0 kv _,Mv

The matrix J;,s is exactly the matrix F — V derived from the next-generation matrix
method, where F describes the rate of new infections and V describes the rate of transitions
between infected compartments. For a fractional-order system, the DFE is locally asymp-
totically stable if all eigenvalues A of this sub-matrix satisfy the condition |arg(A)| > <.

This condition is met if and only if the basic reproduction number, defined as the
spectral radius of the next-generation matrix, Ry = p(FV 1), is less than one. If Ry > 1,
then there exists at least one eigenvalue of J;;,; with a positive real part, which means
|arg(A)| < &, rendering the DFE unstable. This concludes the proof. [

4.2. Dengue Model with Holling Type 1I Incidence Rate

Holling proposed the incidence rate of the form f(Hs, V;) = (%), where
61 is the saturation constant. The occurrence of any disease outbreak in Holling type II
begins very low and gradually increases with infection. Furthermore, due to the crowding
effect, when the number of infected people is very large, the infection reaches a peak. The

model (1) with Holling type II incidence rate is presented as follows:

PUADSHS() = Ny — b BERL) — Bl (),
sy o) o ),
PMABDSYH (1) = iy HE (1) — (0 + wn)Hi (1),
PMABDSH . (1) = 8, H; (1) — j HR (1), (11)
PUATDEVS(1) = A — b B - V50,
PMABDSY (1) = b(%) — (ko + po)VE(1),
IMABDE (1) = ko VE(1) — Vi (1).

4.2.1. Positivity and Boundedness of Model (11)

Theorem 6. The solutions of the model (11) starting in the non-negative orthant R, remain
non-negative for all 1 > 0. Furthermore, the solutions are bounded and enter the positively
invariant region

A
g = {(HS,HE,H[,HR,VS,VE,VI) S Ri : HS,HE,HI,HR S K,VS/VE/VI S Tm + 6},
v
for some K related to Nj,(0) (often K = Ny, (0)) and any € > 0, provided the solution starts within
G. This region G is positively invariant.

Proof. Positivity is shown by verifying that on the boundary planes of R, the vector field
points into or is tangent to R’,. For instance, if Hr = 0, YMABD{HE (1) = b (%) > 0.
This holds for all variables. Boundedness follows from analyzing the total human popula-
tion Nj, = Hg + Hf + Hj 4 Hy and total vector population Ny, = Vg 4+ Vg 4 V. Summing

the respective equations yields | MABDEN), = uy Ny, — 1y Ny, (assuming Ny, is constant total
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population) and {MABD} N,, = A, — 1, N;y.. Standard analysis of these fractional equations
shows Nj and N, are bounded, implying boundedness of individual compartments. [

4.2.2. Equilibrium Points and Basic Reproduction Number ¥
The unique Disease-Free Equilibrium (DFE) is found by setting all derivatives and
infected states to zero, yielding Ey = (Nh,O 0,0, 4n 0, 0) Using the next-generation

matrix (NGM) method for the infected compartments U = (Hg, Hj, Vg, VI)T, we define
the new infection terms vector F and the transition term vector V:

BiHls ()V(1)
b( IiJerVI(I‘) ) (i + 11n)He (1)
o 0 v | O+ p)Hi() =i He ()
b(BEy) | (ko + o) Vi (1)
0 #oVi(t) —koVE(1)

The Jacobians F = [0.F;/0U;] and V = [dV;/dU;] evaluated at the DFE Ey are

0 0 0 bBN,
F_F| _[0o 0o 0 o0
Mg, ~ | 0 BB 0 0 |
0 0 0 0
potm 0 0 0
oV —Hn Op+up 0 0
V="
U | 0 0 kotpy O
0 0 —ky Ho

The basic reproduction number £y = p(FV ') is the spectral radius of the NGM:

Too — b (,BhNh)kv(,Bv%)ﬂh
O N wo (ko + pao) G+ 1) O + 1)

This can be rewritten as

Ro = b ( BiNitin > ( BoAmky >
(o + 1) O+ ) ) \ W (ko + po)
4.2.3. Stability of the DFE Point

Theorem 7. The DFE point Eg of the model (11) with fractional order 0 < ¢ < 1 is locally
asymptotically stable if the basic reproduction number Ry < 1, and it is unstable if Ry > 1, where

Ry is given above.

Proof. The stability is analyzed using the next-generation matrix method at the DFE,
Ey = (Nh,O 0,0, 2 0, 0) The incidence functions are

bBHsV
1+0,V;

b, VsH

hi(Hs, Vi) = 1+ 6,H; "

and fz(Vs,HI)

We compute the partial derivatives with respect to the infective populations and
evaluate them at Ey. Then, we get

9ft _ (bBuHs) (1 +6:1Vy) — (b HsV1)(61)
vV (1+6,V;)2

(12)
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At Eg (where V| = 0), this simplifies as follows
of bBu Ny
aTVI|E0 = 1 = b,BhNh/ (13)
and
d9f2. _ (bByVs)(1 4 6,H}) — (bBuVsHY)(607) (14)
oH; (1+ 6,H;)2 '
At Eg (where H; = 0), this simplifies as follows
A
ofr,  _ bBor A,
E)THIJEO =1 = bﬁvﬁ- (15)

These derivatives form the new infection matrix F. The transition matrix V is deter-
mined by the linear terms in the infected compartments.

0 0 0 bBN, w0 0 0

O 0 0 0 —w Sp+mu, 0 0
F = A ’ V =

0 bphz 0 0 0 0  kot+po O

o 0 0 0 0 0 ko o

The basic reproduction number is ) = p(FV~!). The DFE is locally asymptotically
stable if ) < 1, as this ensures all eigenvalues A of the characteristic matrix ] = F -V
satisfy the stability condition | arg(A)| > ¢7r/2. The DFE is unstable if Ry > 1. [

4.3. Dengue Model with Beddington—-DeAngelis Type Incidence Rate

The Beddington-DeAngelis proposed the incidence rate of the form
f(Hs, Vi) = (%) incorporates density dependence from both populations,
where a1 is the coefficient of preventive measures taken by susceptibles, and a, is the
coefficient of an inhibition effect, such as treatment with infectives. The term 1 + a1Hg (1)
in the denominator can be biologically interpreted as a protective effect from the sus-
ceptible human population; for example, as disease awareness grows, more susceptible
individuals may adopt protective measures (e.g., using repellents, installing screens), which
reduces the effective contact rate. The term a, V(1) represents interference among infectious
mosquitoes, such as competition for hosts, which can also limit transmission. The model
(1) with THE Beddington-DeAngelis-type incidence rate is presented as follows:
PMABTYS _ Hg (1)V; (1)
PUATDIHS(0) = iy — b () — ),

Hg()V

PMAPDIHE () = b( b i) — (o I HEQ),

l+ﬂ1Hs (l)+02V[(L)
PMABDEH] (1) = 5, HE (1) — (8, + pn)H (1),
SMABDIHR (1) = 6,1 (1) — uyHR (1), (16)

PUAPDEVS() = A — bR R ) — eVs(0),

PMABDSV (1) = b(%) — (ko + po)VE(1),

gMABDfVI(L) =koVE(L) — o V1(1).
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4.3.1. Positivity and Boundedness

Theorem 8. The solutions of the model (16) with non-negative initial conditions remain non-
negative for all 1 > 0. Solutions are also bounded and eventually enter the positively invariant region

g= {(HS/HE/HI/HRIVS/VE/VI) € R’ : Hg, Hg, H;, Hg < K, Vg, Vg, V| < ‘im +€},
v
for some K related to Ny, (0) (often K = Nj,(0)) and any € > 0, provided the solution starts within
G. This region G is positively invariant.

Proof. Positivity follows from examining the vector field on the boundary of R’, . Since
all terms entering a compartment are non-negative when others are non-negative, and
the denominators 1 + a1Hg(¢) + a2V;(:) and 1 + a3Vg(z) + asH (1) are strictly positive,
the flow is directed inwards or is tangent. Boundedness is shown by analyzing the total
populations N = Hg + Hg + H; + Hg and N, = Vg + Vg + V. Summing equations
yields gMABDho = up Ny — upNy and gMABDme = Ay, — uoNy. These imply Nj, and
Ny, are bounded, SO individual compartments are bounded. [

4.3.2. Equilibrium Points and Basic Reproduction Number R
The unique Disease-Free Equilibrium (DFE), found by setting derivatives and infected
states to zero, is Ey = (Nh,O 0,0, 2z 0, 0) Using the next-generation matrix (NGM)

method for U = (Hg, Hj, Vg, V)T, the new infection vector F and transition vector ) are

BrHs () V(1)
b( e ) (s + 1) HE (1)
0 (O + pn)H (1) — mpHE(1)
F = V=
_ BoVs(Hi(1) ’
b<1+u3vss(,)+aI4H,(,)) (ko + po) VE(1)
0 Ho V(L) — ko VE(L)

The Jacobians F = dF /dU and V = dV/dU evaluated at the DFE E are

bB,N,
0o 0 0 A

0 0 0 0
F= bBo(52) ’

0 ity 0O

0 0 0 0
Mp + 1y 0 0 0
v — —fh Optpn 0 0
0 0 ky + Ho 0
0 0 —ky o

The basic reproduction number Ry = p(FV 1) is

_ BNy T Bo(5) ko
o =" ((1+111Nh) (Vh+’7h)(‘5h‘|‘7/‘h)> ((1+”3yv) po(ko + pio) |

4.3.3. Stability of DFE Point

Theorem 9. The DFE point Ey of the model (16) with fractional order 0 < ¢ < 1 is locally
asymptotically stable if 3y < 1 and unstable if Rg > 1.
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Proof. We analyze the stability at the DFE, Ey, using the next-generation matrix method.
The Beddington-DeAngelis incidence functions are given by

bB,VcH
and f,(Vs, Hj) = Po Vsl

bBHsV
Hg,V;) = = .
f1(Hs, Vp) T Vs 1+ agH

14 aHg 4 a,V;

The partial derivatives with respect to the infective populations, evaluated at Ey, are

given as
Ofy, _ bBuNu(A+aiNy) _ bBN 17)
V' T T (4 arNy, )2 1+aN,’

and N N N
f2 bBo (1 +asi)  bpo
=g = - = . (18)
oH]; (1+a37m)? 1+a3m

These derivatives form the new infection matrix F. The transition matrix V is identical
to the previous cases.

bBy Ny,
0 0 0 =N, [T 0 0
F— 0 bﬁom 0 0 v | “m Ot 0 0
0 l-‘r: ]Xm 0 0 ' 0 0 kU + o 0
3 .
o 0 0 0 0 0 Koo o

The basic reproduction number is Ry = p(FV~1). Local asymptotic stability is guaran-
teed if ¥y < 1, as this satisfies the fractional stability condition for all eigenvalues of the
system’s Jacobian at the DFE. The DFE is unstable if ¥y > 1. O

4.4. Dengue Model with Crowley—Martin Type Incidence Rate

Crowley and Martin proposed the incidence rate of the form

BrlHs (1) V(1) )
(14 ¢1Hs (1)) (1 +2Vi(1) )°

where ¢;,i = 1,2 are positive constants. The model (1) with THE Crowley—Martin-type

f(Hs, V) = (

incidence rate is presented as follows:

Hg(1)Vy(1
o MAPDIHs (1) = Ny — b((lwlgffs(zs)()()llfpz)%(t))) ~ Hals (1),

Hg(1)V
SMAPDIEE() = b{ i ) — (o ) Ee (1),

PMABDEH] (1) = 5, HE (1) — (8, + pn)H (1),
gMABngHR(l) — 5hHI([) —_ ‘uhHR(l), (19)

v Vg ()H
§MADEVs(1) = b = b (ot ) — HeVs()

o Vg (1)H (1
PMAPDEVE() = b( gty ) — (ke + 1) VEQ),

PMABDEV (1) = ko VE(1) — oV (1).

4.4.1. Positivity and Boundedness

Theorem 10. Solutions of model (19) starting in R_ remain non-negative for all 1 > 0. Solutions
are also bounded and eventually enter the positively invariant region

v

A
g = {(HSIHEIHIIHRIVS/VEIVI) € RZ_ : Hg, Hg, H;, Hg < K, Vg, Vg, V; < Tm +€},



Fractal Fract. 2025, 9, 400

21 of 38

for some K related to Nj,(0) (often K = Ny, (0)) and any € > 0, provided the solution starts within
G. This region G is positively invariant.

Proof. Positivity follows from the standard boundary analysis, noting that the incidence terms
are non-negative for non-negative states and the denominators (1 + ¢ Hg (1)) (1 + ¢2 V(1))
and (14 ¢3Vs(1))(1+ ¢4H;(1)) are always strictly positive. Boundedness follows from
analyzing the total populations Nj, = Hg + Hg + H; 4+ Hg and Ny, = Vg 4 Vg 4V, which
satisfy gMABDho = upNy — up Ny and gMABDme = Ay — 4yNy, confirming THAT Nj,
and N, are bounded. O

4.4.2. Stability of Disease-Free Equilibrium Point and Basic Reproduction Number ¥

The unique Disease-Free Equilibrium (DFE) is Ey = (Nh,O, 0,0, %‘,0, 0). We use
the next-generation matrix (NGM) method for U = (Hg, H;, Vg, V;)T. The new infection
vector F and transition vector V are

BLHs ()Y (1)
b( ) (bt + 1) HE (1)
F (()) o v | Ot m)Hi() —iHe ()
b B ' (ko + po)VE(1)
\Y 1 H
((1+¢3 5()8( +¢4 1())) 1oV (1) — KoV (1)

The Jacobians F = d.F /dU and V = dV/dU evaluated at the DFE E are

bB;,N;
0 0 0 1f<}5113h
0 0 0 0
F = bﬂv(Am) ,
0o —&— 0 0
o)
0 0 0 0
Hp + 1y 0 0 0
V= ~Mh Ontpn 0 0
0 0 ko, + Ho 0
0 0 —ky Ho

Note that the Jacobian F evaluated at the DFE for this model is identical to the one obtained
for the Beddington—-DeAngelis model in the previous example. This is because the terms
(1+ ¢Vr) and (1 + ¢4H;) become (1 +0) = 1 in the denominator when taking the
derivative and evaluating at the DFE, effectively matching the derivatives of the B-D
functional response at zero infection levels.

Therefore, the basic reproduction number %y = p(FV~!) is the same as for the
Beddington-DeAngelis model:

Ro = b ( BuN I ) Bolit) ko
’ (T @1Na) G+ 170) (0 + 1) ) \ (14 ga o) po (ko + pro) |

Local stability is determined by the eigenvalues A of the Jacobian ] = F — V at Ej. The con-
dition | arg(A)| > ¢7r/2 for all A (required for stability) is equivalent to g = p(FV 1) < 1.

Theorem 11. The DFE point Eq of the model (19) with fractional order 0 < ¢ < 1 is locally
asymptotically stable if %y < 1 and unstable if Rg > 1.
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Proof. We assess the stability at the DFE, E, using the next-generation matrix method. The
Crowley-Martin incidence functions have a different denominator structure:

) BiFS ()Y (1)
f(Hs, Vi) = b((1+¢1]H1115(S)) 1+¢2V1()))

(
BoVs()H (1) )
1+ ¢3Vs(0)) (1 + PaHy (1))

fZ(VS/HI) = b((

We compute the partial derivatives with respect to the infective populations. Let Us
analyze the first function (the second follows by analogy); we have

ofi _ bBpMs a( Vi ) __bBHs 11+ Vi) — Vi(¢2) 20)
Vi (1+¢is) oV \1+¢V; (1+ ¢ Hs) (1+¢2Vy)?
At the DFE, E( (where V| = 0), this derivative simplifies as follows:
9f e = bEwNy 1 BNy 1)
WV T I+ gN, (1402 1+¢iN,
By the same process, the derivative for the second function at Ey, we have
Al}‘l
9f2 bp O 22)

o, ¢ °_1+¢> y;f

It is a non-trivial result that after linearization at the DFE, the Crowley-Martin in-
cidence function yields the exact same partial derivatives as the Beddington-DeAngelis
function. Therefore, the resulting new infection matrix F is identical:

bB, Ny

0 0 0 1+¢1Nh ]/[h —|—17h 0 O 0
r— 0 bﬁo 0 0 v | M ontim 0 0
0 1+<; L o o | 0 0 kotpo O
0o 0 0 0 0 0 ko

The Beddington-DeAngelis model, the basic reproduction number, Ry = p(FV 1), is
identical. Local asymptotic stability holds if 8y < 1, and the DFE is unstable if ) > 1. O

5. Sensitivity Analysis

Sensitivity analysis helps quantify how changes in input parameters affect the model’s
output, in this case, the basic reproduction number . This is crucial for identifying
parameters that have the most significant impact on disease transmission dynamics and for
prioritizing control strategies. We calculate the normalized forward sensitivity index of R
with respect to each parameter ¢ using the following formula:

Se nﬁRU _ %
Ro ol ’

where / represents one of the parameters listed in Table 1: ¢ € {py, b, By, 1, 01, Am, ko, Yo, Bo }-
A positive sensitivity index indicates that an increase in the parameter value leads to an
increase in Ry, thus promoting disease spread. Conversely, a negative index implies that
increasing the parameter helps reduce disease transmission. An index of +x means a
10% increase in the parameter leads to an approximate 10% increase in R. We calculate
these indices for the R derived for each of the four incidence rate models.
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Table 1. The parameters and their descriptions for the model under consideration.

Parameter Numerical Estimation Unit Ref
o 3.000 per month Estimated
Up 0.0012 per month [42]
Uy 0.8571 per month [43]
A 0.08056 per month [37]
Bn 0.1000 Dimensionless Estimated
B 0.5000 Dimensionless [37]
U 2.3405 per month Estimated
ko 2.1428 per month [44]
b 9.000 per month Estimated

5.1. Model 1: Harmonic Mean Incidence Rate

The sensitivity index of $g with respect to a parameter ¢ is defined as

oo — L o
Ro o
The sensitivity indices for the parameters £ € {uy, b, B, 1, O, Am, ko, o, Bo } are calculated
as follows:
o _ MR _ _ pn (2uh+5h+17h) _
¢ Sen - Wayh B 2( 1+77h 571+Vh) B 000045612
§R _ b Ry __
o Seno—%0 abO_FTO(
Ro_iha%o_ﬂ( Ropy >_ Mo _
o Sen,? = Yo an = % \ 20 P‘h+77h Tt = 0.000256
SRO _ 5;[ 3%0 _ % . 5;,
*  Seng’= Ro 90, — ERO( 2(‘5h+P‘h ) T 20 —0.4958
R kR ky Ropo _
o Semt = fedl = fo (i) = gy = 0.14285For £ = ky:
9? _ Mo Ry _ Mo Ro (ko+2p0) kv+2yv .
o Semi = el — o (— o)) bt 064285
Ro _ Bo Ry __ Bo
L4 SEI’Z‘B:—S};TOB‘BS—FT(Z‘B_U>—05

5.2. Model 2: Holling Type II Incidence Rate

The sensitivity indices for the parameters ¢ appearing in ¥, are calculated as follows.

. Sefozmab b(}) =1

st () -0

* Sen O - %E)%??e; - ﬂh<2’7h(£h+77h)> - 2(#517711) = 0.000256
o Senfo= MOy (411 1) = 0000456
o Senlo o 2 5}1(_2(%1%)) = —0.4998

C sl = () <05

. Sen%i = f}e—ggfg = Ap zém) =05

o Semt = fe O = ko (g ) = 0.14285

. Sen% _ %32[%3 _ yv(—%) = —1.14285

5.3. Model 3: Beddington—DeAngelis Incidence Rate

The sensitivity indices for the parameters ¢ appearing in R are

. Sen%o = (%) =1
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=

. Sen?}? = By (%) =0.5
(W) — 0.000256

1 1 _
ot +P,h) — —0.000456

2
. Senfo = 5h(( 2y ) = 04998

[ )
wn
xQ
3
RS-
ES)
|
|
‘?
=
/_\Q

Ro _ Ho —

i SenA?” = Am (m) = 0.4954
R,

L4 Senkvo - k'U W - 014285

Ro _ 1

-2 Hv+‘13Am + 1 + k

) — 11382

5.4. Model 4: Crowley—-Martin Incidence Rate

The sensitivity indices for the parameters ¢ appearing in Ry are
e Sen, Ro _ ( 1) =1

. Seno—ﬁh( >:O.5

o Senld =y, W) = 0.000256
o Senp = yhiw + 5 ) = —0.000456
o Sem® =5y —gpt ) = —04998
o Sem = pBo(5)) =05
5

Ry _ Ho o
« Senl = Am(i2 T Am)) — 0.4954
) — 0.14285
+14 gheo) = ~11382

A comparative summary of the sensitivity indices of ¥ for different model formulations

Ro _ Ho
*  Sem = kv(zkv(kv-&-y )

. Senff:—1<

]/lv+473Am

is presented in Table 2, while the comparative analysis of dengue models with different
incidence rates under the PMABC fractional framework is presented in Table 3.

Table 2. Comparative sensitivity indices of % for different model formulations. Values calculated
using parameters from Table 1.

Parameter Model 1 Model 2 Model 3 Model 4
0 (Harmonic Mean) (Holling IT) (Beddington-D.) (Crowley—-Martin)
b 1.0000 1.0000 1.0000 1.0000
Bn 0.5000 0.5000 0.5000 0.5000
Bo 0.5000 0.5000 0.5000 0.5000
ko 0.14285 0.1429 0.1429 0.1429
Ho —0.6429 —1.1429 —1.1382 —1.1382
Op —0.4998 —0.4998 —0.4998 —0.4998
i 0.000256 0.0003 0.0003 0.0003
Un —0.00046 —0.000456 —0.0005 —0.0005
Am 0 0.5000 0.4954 0.4954

The choice of incidence rate fundamentally alters the strategic insights for practical
disease control, as revealed by the structural differences in the basic reproduction number
o and the resulting parameter sensitivities. For instance, the Beddington-DeAngelis
and Crowley-Martin models explicitly incorporate behavioral and interference effects
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directly into the 3ty formula through denominator terms. This structural difference is
profound for public policy. It provides a direct, quantifiable link between public awareness
campaigns that promote protective behaviors and a reduction in the epidemic’s potential.
This offers a robust justification for pursuing integrated strategies that combine direct vector
control with public health messaging, a nuance entirely missed by the simpler models.
Similarly, the Crowley—-Martin model’s inclusion of mutual interference suggests that at
high infection densities, transmission efficiency may decrease, a second-order effect that
could explain the faster-than-expected “burnout” observed in some intense outbreaks. The
practical importance of model choice is further underscored by the sensitivity analysis.
A key finding is the consistently high negative sensitivity index for vector mortality
in the three more complex models (Holling 1I, B-D, C-M), which is nearly double that of
the Harmonic Mean model (approximately —1.14 vs. —0.64). This implies that a vector
control measure, such as insecticide spraying, is predicted to be almost twice as effective at
reducing $y when modeled with more realistic saturation or interference assumptions. For
a public health official allocating a limited budget, this provides much stronger evidence to
prioritize and invest in vector control. Conversely, the sensitivity to mosquito recruitment
Ay, in the three models show a significant positive sensitivity (around +0.5), highlighting
that controlling mosquito breeding sites is a critical and effective control lever. A policy
decision based on the simpler model could lead to the dangerous misallocation of resources
away from this vital intervention. Ultimately, these differences demonstrate that while
simpler models offer a baseline, more sophisticated models like Beddington-DeAngelis
and Crowley—Martin provide a more nuanced and actionable picture. They validate a
multi-pronged control strategy by showing that public awareness, direct vector control,
and larval reduction are not just complementary but are all critical, quantifiable levers for
mitigating the spread of dengue.

Table 3. Comparative analysis of dengue models with different incidence rates under the PMABC
fractional framework.

Feature Model 1: Harmonic Model 2: Holling Type Model 3: Beddington— Model 4:
Mean II DeAngelis Crowley—Martin
HsV, HsV HsVI HSVI
Incidence Rate Form f e w; fe iy U e fe (1+¢1Hs) (1+¢2 V1)
f o VsH| f o VsHi f o sH; fo VsH;
Vs+H; 1+6,H; 1+a3Vs+asHy (1+¢3Vs)(1+¢aHp)

Conceptual Meaning

Assumes transmission
rate is limited by the
less abundant
population (human or
vector). Simple
interaction form.

Transmission saturates
as the number of
infectious individuals
increases (vectors Vj or
humans Hj).
Represents limited
biting capacity or
contact rate.

Transmission affected
by density of both
susceptibles (e.g.,
prevention ay,a3) and
infectives (e.g.,
interference ay, ay).

Transmission reduced
by handling
time/interference
effects from both
susceptible and
infectious populations
independently.

Formula involves
,Bh/ ﬁ’l}/ k’l]/ ’7]/1 and

Similar parameters but
structurally simpler
than B-D/C-M. No

Includes terms
(14 a1Ny) and
(14 a3An/py) in

Includes terms
(1+ ¢ Ny) and
(14 ¢3Am/ o) in

BRN (%) d.e ath/incubation rates. saturation terms (6;) denominator, reflecting ~ denominator,
Simpler structure. s . ..
Section 5.1) appear at DFE inhibition/prevention structurally similar to
’ evaluation. ) effects at DFE state. B-D at DFE evaluation.
Identical 3%, formula to Ro exphs:ltly reduced Ro exph'c1tl}'/ reduced
. . . by baseline preven- by baseline interference
. Harmonic Mean in this . . ..
. . Simplest R form. .. tion/interference coefficients (¢1, ¢3)
Key Differences in iy . . derivation .
Directly proportional to . - coefficients (a1, a3) related to total
Formula (linearization at DFE . .
b, By, Bo, i, ko. related to total susceptible populations

removes saturation
terms).

susceptible populations
at DFE.

at DFE. Identical form
to B-D’s R.
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Table 3. Cont.
Feature Model 1: Harmonic Model 2: Holling Type Model 3: Beddington- Model 4:
Mean II DeAngelis Crowley-Martin
Highest sensitivity to Highest sensitivity to
Not sensitive to Ay,. Highest sensitivity to fo (—1.14). Sensitive o py (—1.14). Sensitive to
e . . A . A (0.5). Includes Ay (0.5). Includes
Sensitivity Analysis High sensitivity to iy Uy (—1.14). Sensitive to e L
(—0.64) A (05) sensitivity to a1, a3 (not  sensitivity to ¢y, ¢3 (not
o AT shown in Table 2 but shown in Table 2 but
implied by ). implied by ).

6. Numerical Scheme of PMABC Dengue Fractional Model

In this section, we employ the numerical method introduced in [19] to solve the

model (1). This scheme is based on the fundamental definition of the pmABC fractional

derivative [19], leading to the following discrete formulation:

Hs (1) =

Hs(0) + foll Gi(t,Hg(7))dT, 0 <1<,

Hs(n) + 575G (L Hs (1) + Wﬁl(l— )

1—
—17£.G1(0, Hs(0)) (1 + ey )

f GzTHE ))dT, 0<:1<n,

He (1) + 575 G2 (6 He (1) + g Sy (10— 0)F

H[(O) + foll G3(T,H[(T))d1’, 0<:1<y,

Hl(ll) T Gat Hi(1) + 5 S (1= 0)F

Hg(0) + [o! Ga(t, Hg(1))dT, 0 <1 <13,

Hg (11) + v(g)G4(lHR )+ 5o Ja =T

(¢
1—¢ 9
~ 25640, Hr(0) (1+ 1ty )

Vs(0) + fo! Gs(T,Vs(1))dt, 0 <1 <1y,

n<t<T,

7)571Gy (1, Hg (1) )dT

LGy (1, He (1))dT
1- 19
~S5G(0HE(0) (1+ rie iy ), m <1< T,

Gs(t, Hy(1))dt
15Gs(0,H (0 ))(1+ = gr(g+1)), n<i<T,

$T1Gy(1, Hg (1))dT
n<t<T,

Vs(n) + 5565 (1, Vs (1) + W[[‘l(l—r)gflc5(r,vs(r))dr
—5Gs(0,Vs(0) (14t ity ) n <1< T,

VE(0) + fo! Go(T, VE(T))dT, 0 <1<,

Ve(n) + 555 Gs (1 VE() + siefmg S (6= 777 Ge(7, VE(T))dT

1—
— 15 Ge(0,VE(0) (1+ 15 gy ) 1 <t < T,
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Hs(1j41) =

He(1j41) =

and
Vi(0) + [y G7(T, Vi(1))dt, 0<1<1,
Vi) =4 Vi) + 3 )c7<l Vi() + s (0= 0 Ga(T, Vi(1))dT
_;Zg) 7(0,V (0))(14—1 gr(g+1))' n<t<T,
where

G1(t, Hs (1)) = ppNp — bf (Hs, Vi) — ppHs (1),
Go(t, Hg (1)) = bf (Hs, Vi) — (o + 1) HEe (1),
G (1, Hy (1)) = mpHE (1) — (O + pn) Hi (1),
Ga (1, Hr (1)) = 6pH (1) — pupHR (1), (23)
Gs(b Vs (1) = Am — bF(Vs, Hy) — 1Vs (1),
Ge(, VE(1)) = bf(Vs, Hy) — (ko + po)VE(1),
G7(1, V(1)) = ko VE() — 4o Vi (1).

By discretizing the above equations at 1 = 1311 = (k + 1)h, where & represents the time step
size and by using Lagrange’s interpolation polynomial with two steps [45] in terms of the
PMABC, we can represent them as follows:

Hs(0) +¥_, [%Gl(lifz/HS(lz#Z)) — 3G (ti—1, Hs (1)) + Gl(‘i/HSOi))}/
0< Lit1 <1,

+ 61 (4, Hs (1)
e (+1—0)52+j+c—1i) (24)
+WZ¥:1 Gl(lirHS(li))< ](]—l) ( +2j—2g—z) )

j+1—i)st!
—Gl(lil/HS(lil))< —(j—éjl—i-g—)i)(j—i)g )

_ h
— TG0, Hs(0) (1 + e s ) <1y < T

Hs(11) +

HE(0) + 25:2 [%Gz(li—z,HE(li—z)) — 3Go(ti—1, HE(1i1)) + G (i) HE(‘i))} ,
0< lit1 <,

+%G2(l',HE(l'))

(G+1—i)2+j+¢—i) )

+V(G)F(€+2) Ko |Galli He(s ))< TU DA 22— )
(j+1—i)H

_G2 lz 1,HE ll 1 ( ]+1+€*1)(]71) >

1(€)Gz(0 HE (0 1 + i r ll<lj+1§T

HE (1) +
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Hy(1j41) =

HR (1j41) =

Vs(1j41) =

VEe(1j41) =

H;(0) + 2522 [%63(1i—2/HI(li—2)) — 3G3(tim1, Hy(4i1)) + GS(lirHI(li))} ,

Hy () +

Hr(0) +

Hg (11) +

Vs(0) +

Vs(u) +

0< i1 <1,

+ 915 Ga (4, Hi (1))

y w82+ )
+ Q =) Z G3(11,HI(1))< _(]'—i)g(j+2—|—2(;—i) )

i+ 1—i)st!
GS(lil/HI(lil))< —(jfl+g—2’)(j—i)€ )
£ G3(0,H;(0 ))(14-# (h)* ) 11 <131 <T
V(g) 3 I T—¢T(c+1) )’ 1 j+1 =

Zle [%GNFZ,HR(HJ)) — 3Gy (11, Hr(1-1)) + G4(li,HR(li))}/

0<tj41 <1,

+%G4(l]‘,HR(lf))

oty £ ata [ 1046
T2 & —( =G +24+25—1)

_ (j+1—i)Ht

G4 ll l/HR ll 1 ( ]—|—1+Q_l)(]_l)

()G4(0 HR 1 % (g+l)> Ll<l]+1<T

£, {%Gm,z,vsoi,z)) — 4Gs(ti-1, Vs (ti-1)) + Gs (11, Vs (1)),
0< l]'+1 <y,
17
+55Gs (4, Vs (4))
1) jtc—i
+ €h2+2 Z GS(lirVS(li))< (] ) ( ]JT6 ) )

—( -0 +2+25—1)

i+1—i)st!
_G5(Li_1,Vs(li—1))< _(]'_|§]1+g—)i)(j—i)€ )

—1£Gs(0,Vs(0) (1+ 1572 ) n < gja < T

VE(0) + Z{ZZ [%G6(li—2rVE(li—2)) — 3Ge(ti-1, VE(1i-1)) + G6(li,VE(li))] ,

Ve(n) +

0< l]'+1 <y,

+%Ge (1, VE(1))

G+1—-9)Q2+j+¢—1)
+V(G)rg+2)21[ ol Vel < —(j—1)F (]+2+2<;—i)>

(G+1—1i)st!
_G 1 /V 1
o1, Velia) ( 1t =G =i

V(g) G6(0 VE 1 1g ) 1 <tjyq <T

(26)

(27)

(28)

(29)
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and
Vi(0) + Z{:ZZ {%Gﬂlpz,Vl(lpz)) — 3G (11, Vi(tio1)) + G7(li,V1(li))} ,
0< Li+1 <1,
+(—9)G7(LJ,V1 (4))
Vi(tj1) = ghg , W G+1=05Q+j+¢—i) (30)
+eaitiers T | G Vi G e a hag )
V[(ll) + (] +1— i)g+1
—Gy(ti-1,V1(1i-1))
—(+14+g—i)(j—1)F
_ in
_%G7(O,V[(O))<l + = QFEgJZl)) 1< i1 <T
where

G1(, Hs (1)) = ppNp — bf (Hs, Vi) — ppHs (1),
Go (1, HEg (1)) = bf (Hs, Vi) — (p + ) HE (1),
Ga(l Hy (1)) = e () = (6 + pn)Hi (1),

Ga(t, Hr( )) = OpHr (1) — pnHR (1),
Gs(1, Vs(1)) = Ay — bf(Vs, Hy) — poVs (1),
Ge(1, VE(1)) = bf(VS/HI) — (jo + 1o)VE(D),

G7(1,Vi(1)) = koVE(1) — poV1(1).

=

E,—\

7. Numerical Simulations and Discussion

Let V(g) =1, and ¢ = 0.6,0.65,0.7,0.75. Consider the approximate solutions (24)—(30);
we simulate the following four types of incidence rates in the piecewise modified fractional
dengue model. The parameter values used for the numerical simulations, presented in
Table 1, are a combination of values established in the existing dengue literature [37,42—44]
and illustrative estimates designed to demonstrate the model’s comparative dynamics. A
full calibration to a specific outbreak dataset is a key direction for future work.

The initial human total population Nj,(0) = 1,91, 82,856 and the initial mosquito total
population are assumed as Ny, (0) = 2 x Nj,(0). The initial conditions are

Hs(O) > 0, HE(O) >0, H[(O) >0, HR(O) >0,
Vs(O) > 0, VE(O) >0, V[(O) > 0.
Figure 2 ts the cl ith the h ic incid t = (AEsOVil)
gure 2 presents the classes wi e harmonic incidence rate f(Hg, Vi) s ()+V1 ()

and f(Vg, Hp) = (M) Figure 3 presents the classes with the Holling inci-

V() +H; (1)
dence rate f(Hg, V) = (%) and f(Vg, Hy) = (%) where 6; and 6,

are saturation constants. Figure 4 presents the classes with the Beddington incidence
— BnHs () Vi (1) — BnVs () (1)

rate f(Hs, V1) = (i in i ) and f(Vs Hi) = (st ) where a0,

ay are positive constants. Figure 5 presents the classes with the Crowley incidence

_ £, Hg (V1 (1) _ B, Vs (OH ()
rate f(Hs, V1) = (g ) ad f(Vs i) = (gl itipmay ) where

¢i, i =1,2,3,4 are positive constants.
Figures 2-5 present the numerical simulations for each of the four incidence rates.

Qualitatively, the dynamics of the infected compartments in each model exhibit a pattern
consistent with typical single-strain epidemic outbreaks: an initial exponential rise in cases,
followed by a peak and a subsequent decline as the susceptible population is depleted. The
key differences, as we will discuss, lie in the magnitude and timing of these peaks and the
long-term equilibrium behavior, which are directly influenced by the choice of incidence
function and the fractional order.



Fractal Fract. 2025, 9, 400 30 of 38

Dengue Model Simulation (Harmonic Incidence, Switch at t=20.0)
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Figure 2. Numerical solutions of susceptible individuals, exposed individuals, infected individuals,
recovered individuals, susceptible mosquitoes, exposed mosquitoes, and infected mosquitoes at
various fractional orders with the harmonic incidence rate.
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Dengue Model Simulation (Holling Incidence, Switch at t=20.0)
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Figure 3. Numerical solutions of susceptible individuals, exposed individuals, infected individuals,
recovered individuals, susceptible mosquitoes, exposed mosquitoes, and infected mosquitoes at
various fractional orders with The Holling incidence rate.
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Dengue Model Simulation (Beddington Incidence, Switch at t=20.0)
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Figure 4. Numerical solutions of susceptible individuals, exposed individuals, infected individuals,
recovered individuals, susceptible mosquitoes, exposed mosquitoes, and infected mosquitoes at
various fractional orders with the Beddington incidence rate.
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Dengue Model Simulation (Crowley Incidence, Switch at t=20.0)

1e7 Compartment: HS 1e3 Compartment: HE
1 1
1 — =03 1.0 1 — =03
! — 0=04 ! — =04
1.91805 ! — =05 ! — =05
| — a=0.6 0.8 ! — 0=0.6
: — =07 : — a=0.7
1.91800 1 — 0=0.8 1 — =0.8
1 1
1 — 0=0.9 1 — =09
c < 0.6
S | ——- Switch Time t=20.0 | S | -—- Switch Time t=20.0
® 1.91795 1 & 1
35 ! E i
Q 1 Q 1
& £ o4 !
1.91790 !
1
1
0.2 1
1.91785 !
1.91780 0.0 :
0 20 0 60 80 100 0 20 20 60 80 100
Time (days) Time (days)
1e3 Compartment: HI 1e3 Compartment: HR
T 6
1.0 i — =03
: — 0=0.4
| — =05 5
1 — =
0.8 I a=0.6
: — =07
1 — =08 4
1
c06 ! = 903 c
s i ——- Switch Time t=20.0 ke |
=] =]
© 1 © 3 1
> ! = !
o 1 [=% 1
204 ! 8 !
2 1
1
1
1
1
0.2 ] !
|
|
0.0 o ! - Switch Time t=20.0
] ]
0 20 40 60 80 100 0 20 40 80 100
Time (days) Time (days)
167 Compartment: VS 1e3 Compartment: VE
4.0 T T
: — a=0.3 2.00 : —_— a=0.3
35 1 — =0.4 1 e (=04
- 1 ) 1 -
H — a=05 175 H — =05
30 1 — a=06 | — «=0.6
: : — 0=0.7 1.50 : — a=0.7
| — =08 | — =08
2 1 — =09 o125 | — =09
s ' === Switch Time t=20.0 | ' -=+ Switch Time t=20.0
= =
520 ! T 1.00 |
=3 =]
o I o 1
1 1
15 : & 475 |
1 1
10 1 1
. | 0.50 1
1 1
1 1
0.5 H 0.25
i
0.0 0.00
T | T T T T T u T y T T
0 20 40 60 80 100 0 20 40 60 80 100
Time (days) Time (days)
1e3 Compartment: VI
1
1 — 0=0.3
i — a=04
20 ! — =05
: — 0=0.6
! — =07
] — o=0.8
15 1 — =09
o ! ——- Switch Time t=20.0
© |
3 1
1o E
1
0.5
0.0
1
0 20 40 60 80 100

Time (days)

Figure 5. Numerical solutions of susceptible individuals, exposed individuals, infected individuals,
recovered individuals, susceptible mosquitoes, exposed mosquitoes, and infected mosquitoes at
various fractional orders with the Crowley incidence rate.
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Figures 2—4 collectively serve as the visual output of the numerical simulations per-
formed in this study. Each figure is dedicated to illustrating the dynamics of the dengue
transmission model under one specific non-linear incidence rate formulation, all within
the framework of the piecewise modified Atangana—-Baleanu—Caputo (PMABC) fractional
derivative. Figure 2 (Harmonic Mean) simulates the model using the Harmonic Mean
incidence rate. It displays the time evolution of all seven compartments (susceptible hu-
mans Hg, exposed humans Hp, infectious humans Hj, recovered humans Hp, susceptible
mosquitoes Vs, exposed mosquitoes VE, infectious mosquitoes V7). The curves within each
subplot represent simulations performed with varying fractional orders in the plots. The
plots mark the “Switch Time ¢ = 20”, indicating the point where the model transitions
from classical to fractional dynamics as defined by the PMABC operator. The dynamics
shown reflect the specific transmission behavior assumed by the Harmonic Mean rate.
Figure 3 (Holling Type II), analogous to Figure 3, presents the simulation results when the
Holling Type II (saturation) incidence rate is employed. Again, the temporal dynamics of
all compartments are shown for various fractional orders under the PMABC framework
with the same switch time. The expected visual difference compared to Figure 2 would
stem from the saturation effect inherent in the Holling II function, potentially leading to
different peak sizes or stabilization levels, especially under high infection pressure. Figure 4
(Beddington-DeAngelis) corresponds to the simulations using the Beddington-DeAngelis
(B-D) incidence rate. This rate incorporates effects related to both susceptible and infectious
populations (e.g., preventive measures by susceptibles and interference among infectious
individuals/vectors). The resulting curves, plotted for different fractional orders within the
PMABC structure, would visually differ from Figures 2 and 3 due to these more complex
interaction assumptions. Finally, Figure 5 (Crowley-Martin) shows the model dynamics
when the Crowley—Martin incidence rate is used, which introduces mutual interference
terms for both interacting populations. As with the previous figures, it illustrates the
compartment evolutions over time for various fractional orders “s” under the piecewise
operator. The specific form of this rate would lead to distinct dynamic patterns compared
to the other three scenarios. The critical value of presenting these four figures side-by-side
lies in their comparative potential. By keeping the underlying model structure (compart-
ments, parameters, PMABC framework, and switch time) constant and only changing
the incidence rate function, these figures are designed to visually highlight how signif-
icantly this single structural choice—representing the assumed mechanism of infection
transmission—can alter the predicted course of the dengue epidemic. A visual comparison
of the simulations reveals critical differences in predicted outbreak dynamics. The Holling
Type Il model (Figure 3), for instance, exhibits a saturation effect that results in a lower
but more prolonged epidemic peak compared to the sharp, intense outbreak predicted
by the Harmonic Mean model (Figure 2). Furthermore, the Beddington-DeAngelis and
Crowley—Martin models (Figures 4 and 5), which account for interference, predict a more
rapid decline post-peak, suggesting that behavioral changes can significantly shorten an
outbreak’s duration. Differences in peak infection levels, the timing of peaks, the rate of
decline, and the final equilibrium states across Figures 2-5 would underscore the impor-
tance of selecting an appropriate incidence rate based on biological realism and data fitting.
Furthermore, observing how the fractional order modifies the dynamics within each figure
demonstrates the added layer of complexity and potential realism offered by the fractional
calculus approach.
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8. Conclusions

We have developed and comprehensively analyzed a dengue fever transmission model
utilizing the novel piecewise modified Atangana—-Baleanu—Caputo (PMABC) fractional
derivative framework. The primary contribution involved a systematic comparative inves-
tigation of the model’s dynamics under four distinct and sophisticated non-linear incidence
functions: Harmonic Mean, Holling Type II, Beddington-DeAngelis, and Crowley-Martin.
This specific PMABC operator was employed to capture potential temporal heterogeneity
in transmission dynamics, allowing for an initial classical phase followed by a fractional
phase potentially reflecting memory effects or accumulated impacts over the course of an
epidemic. We have established the model’s well-posedness (positivity and boundedness of
solutions), determined the basic reproduction number () for each incidence rate variant
using the next-generation matrix method, and assessed the stability of the disease-free
equilibrium based on iy. Furthermore, a comparative sensitivity analysis quantified how
key epidemiological parameters influence $y across the four different model structures.
These analytical findings were complemented by numerical simulations, using a tailored
scheme derived from the fundamental definition of the PMABC operator, which visualized
the distinct dynamic behaviors resulting from each incidence rate choice under varying
fractional orders. The central finding of this study underscores that the selection of the
non-linear incidence rate function critically impacts key epidemiological predictions, even
when embedded within the same sophisticated PMABC fractional framework. While the
Beddington-DeAngelis and Crowley—Martin models yielded identical %y expressions and
similar sensitivity profiles at the DFE within this framework, the underlying non-linear
dynamics, particularly away from the DFE suggested by simulations, can differ. The Har-
monic Mean and Holling Type Il models also presented unique characteristics regarding g
structure and parameter sensitivities (e.g., differing sensitivities to mosquito recruitment
A, and mortality p,). This comparative analysis demonstrates the necessity of carefully
considering the biological assumptions underpinning the choice of incidence rate, as it
significantly alters model outcomes concerning transmission thresholds, parameter impor-
tance, and overall system dynamics. The study also highlights the utility of the PMABC
operator in providing a flexible structure to model potential crossover behavior in epidemic
dynamics, offering a more nuanced approach than traditional integer-order or standard
fractional models alone. The findings provide valuable insights for model selection in
future dengue research and for the assessment of potential intervention strategies, empha-
sizing that predictions and inferred control targets can be highly sensitive to the chosen
mathematical representation of the transmission mechanism. Despite the comprehensive
nature of this comparative analysis, we acknowledge several limitations. First, this study is
primarily theoretical; the parameter values were adopted from existing literature and not
fitted to a specific epidemiological dataset. Real-world applications would require rigorous
parameter estimation and model validation against dengue incidence data. Second, the
model assumes homogeneous mixing, neglecting heterogeneities such as age structure,
spatial distribution, and variations in socioeconomic conditions, which can significantly
impact transmission. Finally, our model does not account for other important biological fac-
tors, such as different dengue serotypes, co-infections, or the influence of climate variables
on mosquito populations.

From a public health perspective, our findings have direct policy implications. The
consistently high sensitivity of 3 to the vector mortality rate (y,) across the more complex
models (Holling II, B-D, Crowley—Martin) provides robust theoretical support for priori-
tizing vector control strategies, such as insecticide spraying and larval source reduction.
Furthermore, the explicit inclusion of behavioral parameters in the Beddington-DeAngelis
and Crowley-Martin models demonstrates that public health campaigns aimed at re-
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ducing human-vector contact can significantly lower the transmission potential. Our
framework provides a tool for quantitatively estimating the potential effectiveness of such
combined interventions.

In conclusion, this work not only provides a robust comparison of common incidence
functions but also demonstrates the power of the PMABC fractional framework to advance
the modeling of complex, evolving disease dynamics, offering a significant improvement
in realism over models that assume static dynamics, whether integer-order or constant-
order fractional.

Future work should aim to address the following points.

*  Model Calibration and Validation: Applying the framework to real-world dengue
incidence data from a specific region to estimate parameters and validate predictions.

*  Multi-Strain Dynamics: Extending the model to include the co-circulation of multiple
dengue serotypes, which is crucial for understanding antibody-dependent enhancement.

¢  Spatial Heterogeneity: Incorporating spatial dynamics to model transmission between
different geographical areas (e.g., urban vs. rural).

¢  Stochastic Formulation: Developing a stochastic version of the model to account for
random fluctuations and generate prediction confidence intervals.

¢ Sensitivity to ¢1: Performing a rigorous sensitivity analysis of the crossover point (1 to
quantify the impact of intervention timing.
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