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Abstract: In this study, we analyze a time-fractional spatiotemporal SIR model in a
specific area (). Taking into account the available resources, vaccines are allocated to
region wy C () and treatments to region w, C (), which may or may not coincide. Our
objective is to minimize infections and costs by implementing an optimal regional control
strategy. We establish the existence of optimal controls and related solutions, providing a
characterization of optimal control in terms of state and adjoint functions. We employ the
forward-backward sweep method to solve the associated optimality system numerically.
The findings indicate that a combined strategy of vaccination and treatment is more effective
in reducing disease transmission from adjacent regions.

Keywords: spatial-temporal transmission; epidemic model; time-fractional derivative;
forward-backward sweep method; regional optimal control

1. Introduction

The study of infectious disease dynamics through mathematical modeling has played
a crucial role in decision-making and public health intervention planning. The SIR model,
originally developed by McKendrick and Kermack in 1927 [1], provided a fundamental
framework for understanding the transmission of certain diseases. However, traditional
models often assume a simplified homogeneous distribution of the population, neglect-
ing the complexities of real-world scenarios characterized by spatial heterogeneity. To
overcome the limitations of classical compartmental models and enhance the accuracy
of disease transmission modeling, researchers have increasingly incorporated spatial dy-
namics through diffusion terms. For instance, Huang et al. studied a reaction-diffusion
system for an SIR epidemic model with a free boundary [2,3]. Similarly, Mehdaoui et al.
addressed optimal control strategies for a multi-group reaction—diffusion SIR model with
heterogeneous incidence rates [4]. Karim et al. developed a spatiotemporal SIR model
for COVID-19, proposing a regional optimal control approach [5]. Furthermore, El Alami
Laaroussi et al. investigated the regional control of a reaction—diffusion SIR system [6]. In re-
cent years, fractional-order systems have attracted considerable attention in the modeling of
biological and epidemiological processes due to their unique ability to incorporate memory
effects and hereditary properties that are often present in complex systems. Unlike classical

Fractal Fract. 2025, 9, 382

https://doi.org/10.3390/ fractalfract9060382


https://doi.org/10.3390/fractalfract9060382
https://doi.org/10.3390/fractalfract9060382
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com
https://orcid.org/0000-0002-3691-8628
https://orcid.org/0000-0002-9416-8300
https://orcid.org/0000-0002-2263-8510
https://orcid.org/0000-0002-3376-7238
https://orcid.org/0000-0002-0365-1891
https://orcid.org/0000-0002-5118-2786
https://doi.org/10.3390/fractalfract9060382
https://www.mdpi.com/article/10.3390/fractalfract9060382?type=check_update&version=1

Fractal Fract. 2025, 9, 382

20f17

integer-order models, fractional-order models account for the influence of past states over
extended periods, enabling a more comprehensive and realistic description of dynamic
behaviors [7]. This capability allows these models to better capture long-range temporal
correlations and anomalous diffusion phenomena, which are common in biological pro-
cesses. Consequently, fractional-order models provide improved predictive performance
and a more accurate translation of real-world dynamics, making them particularly valuable
for understanding and controlling complex biological and epidemiological systems [8-12].

Motivated by the need to improve the accuracy and practical applicability of infectious
disease models, this work is dedicated to the mathematical investigation of fractional
spatiotemporal optimal control. By integrating fractional calculus into spatiotemporal
frameworks, the study aims to capture complex dynamics more effectively and develop
control strategies with enhanced precision and relevance.

The main aim is to characterize and identify optimal control strategies that minimize
the density of infected individuals while maximizing the density of recovered individuals,
along with the associated costs of treatment and vaccination programs. To incorporate
realism, we assume in this work that our control strategies are restricted to specific regions
within the domain of our study. Importantly, our approach differs from the previous
studies mentioned in this article, such as [10,13-15], by utilizing regional controls and
adopting fractional-time derivatives. By addressing the limitations of the previous models
and incorporating fractional-order dynamics and distributional controls, our work aims
to provide valuable insights and practical guidance for effective disease control strategies.
Through this research, we contribute to the current efforts in combating infectious diseases
by offering a more precise and comprehensive understanding of their dynamics and
providing scientifically grounded recommendations to optimize public health interventions.

In this paper, we organize our content as follows: Section 2 introduces the optimal
control problem that is the subject of our study. Sections 3 and 4 of our work are focused
on addressing the solution’s existence for the system under consideration, along with
determining the optimal control solution for our optimization problem. In Section 5, we
establish the optimality system from which we derive the optimal control minimizing our
cost function. To illustrate the practical implications of our theoretical results, we provide,
in Section 6, an application to a COVID-19 model where the numerical simulations are
successful due to the FBSM. Finally, in Section 7, we conclude the article by summarizing
our key findings.

2. Problem Setting

In this study, we address a regional optimal control problem utilizing a fractional
spatiotemporal epidemic model. Building upon existing models [5,6], we extend their
frameworks by incorporating spatial diffusion and fractional-time derivatives.

Let M =[0,T] x Q,Y = [0, T] x 0Q), where [0, T] is a finite interval and { belongs in
a bounded domain Q C R?, and 9Q refers to the boundary of the spatial domain Q. The
dynamics of the regional fractional SIR system under control can be described as follows:

§DES(K Q) = A+ diAS(K,T) - BS(k, D)I(K, L) — mS(k, L) — u(k)xe (0)S (K, 0),

§D{1(k,0) = dpAI(k, &) + BS(K, £)I(K, §) — (m + 1+ g)I(k, ) —v(k)xw, (D)I(K), (k) €M, (1)

SDER(k, ) = dsAR(K,Z) — mR(k, ) + g1(k,£) + (k) X, (8)S(k,2) + 0(K) X (D) (K, )

under Neumann’s homogeneous boundary conditions

3 al R

Fri il M (k, Q) €Y, 2)
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and, for biological reasons, the three classes’ initial conditions ought to be as follows:
5(0,{) =S >0, I1(0,{)=Ip)>0 , R(0,{)=Rp>0, VZeO. 3)

For positive constants A, B, m, r, and g, these correspond, respectively, to the birth rate,

infection rate, natural mortality rate, mortality rate caused by viral infection, and cure rate.

Notation A = % + % is the classical Laplacian operator in 2D space, and dy, d3, d3 denotes
1 2

the diffusion coefficient of the susceptible, the infected, and the removed individuals.
n denotes the outward unit normal vector at the boundary. g Dy is the time-fractional

derivative of order « in the Caputo sense, where 0 < « < 1 given in [8] by

408
GDES(k,.) =0 L™= (k. ),
a—1
where (Il7%S(k,.) = fok (k}a) S(t,.)dt represents the Riemann-Liouville time-

fractional integral.

We adopt a regional treatment program by incorporating two controls, u(-)Xw, (*)
and v()Xw,(+), into the model (1). Here, u(+) and v(-) are functions in L?(0, T, R), and
X« denotes the indicator functions associated with w. The control u(-)x«, () refers to the
percentage of susceptible people vaccinated by time unit in the w; region, and the control
v(+)Xw, () represents the percentage of infected people receiving treatment in the w, region,
where wi and w, are two subsets of the (2 domain. Our aim is to minimize the density
of infected people and maximize the number of cured people in the two regions, w1 and
wy, while reducing the overall cost of vaccination and treatment programs. The issue we
address is to minimize the functional objective

T(S, LR u,0) = || Tl[F2000) = | R IIF2000) + %H (17207 eon) + %lH 0 220, xn) @)

where || I || and || R || correspond to the L?-norms of these functions over M, and p; and
p2 are positive weights associated with controls # and v belonging to the set

uﬂd: {(“quUsz) ELZ([O/T]/wl) XLZ([O’T])’CUZ)’ OSM <1’ Ogvél} (5)
of admissible controls.

3. Existence of a Global Solution
Here, our focus is on investigating the existence and boundedness of solutions for
systems (1)—(3). Since our mathematical model concerns population evolution, it is essential
that populations S, I, and R remain non-negative and bounded due to biological considera-
tions. Lety = (y1,y2,y3) = (S,LR), y° = (v1,93,3) = (So,Io,Ro), d = (d1,d2,d3).
Consider the linear operator A defined from D(A) C H(Q)) to H(Q)) by

Ay = dAy = (dlAyll dszz, dgAyg),Vy S D(A)

5]

where D(A) = {z = (z1,22,23) € (HZ(Q))3, ainl = iﬂz = 8%3 =0, a.elinoQ)}, and
H(Q) denotes (LZ(Q))3.
We also put f(y(-)) = (fi(¥(-)))1<i<s where
Fi(y(K) = A = Byry2 — my1 — uxew yi-

f2(y(k)) = Byry2 — (m + 71+ )y2 — VXw,Y2-
f3(y(k)) = gy2 + uxw y1 — Mmys + 0xXw,Y2-
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Subsequently, the problem can be reformulated in the following expression

{ §Dy = Ay + f(y(K)) ©

y(0) =yo

Remark 1. The proposition (3.3) in [16] establishes the existence, uniqueness, and non-negativity
of the solutions to problem (6).

Theorem 1. Let « €]0,1], for y° € D(A), and problem (6) has a positive unique solution y
belonging to W2([0, T]; H(Q)) with

y(k) = /O " B (0)S(K0)y 6 + F(K),

and F(k) = a fo [ 0(k — )" 10y (0)S((k — 7)*0) f(v)d6d, where @y (8) represents a proba-
bility denszty function deﬁned on the interval (0, c0).

Proof. The function f is continuous and Lipschitz-continuous in y uniformly with respect
tot € [0,T] [10,17], and A denotes a linear, dissipative, and self-adjoint operator that gen-
erates a Cy semigroup of contractions on H((Q}), as discussed in [16,18-20]. Consequently,
problem (6) admits a unique positive solution. Our next objective is to demonstrate that
this solution is bounded. To accomplish this, we proceed as follows:

N(D) = [ (R(KQ)+ 1K E) +S(k ).
The related fractional derivative of order « in the sense of Caputo is then expressed as

+§DgS(k,¢)]dC
AR(k ¢))dg

GDEN(k, Q) = [o[§DfR (k&) +GDyI(k,
( 3
S(k,¢)) —ri(k,)]dg

)+
= fQ d]AS(k § +d2AI( )+d
+ JalA =m(R(k, Q) + I(k, ) +

By applying Green’s formula and considering the initial conditions, we derive the
following result:

/Q (AR (K, ) + d2AI(k, 0) + dsAS(k,£))dg < 0,

and hence

SDEN(K,Q) = [olA—m(R(k, Q)+ 1(k Q)+ S(k,Q)) — rI(k,{)]d]
A

<A Q H —mN(k ¢)-

After performing the Laplace transformation, the resulting expression is as follows:
o A 0
N<k) < N(O)Ea(_mk ) + %(1 - Ea(_mk ))
Since 0 < E, < 1,s0 N(k) < N(0) + % Consequently, we demonstrate that S, I, and R

are bounded. [J

4. Existence of Optimal Control

Our aim is to demonstrate the existence of an optimal control pair for problems (1)-(3)
within the context of a reaction—diffusion system, where w = (u,v) € Uyy.
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Theorem 2. According to the conditions stated in Theorem (1), we ensure the existence of at least
one optimal solution denoted by y* (w*) € L® (M) satisfying (1)—(3) and minimizing (4).

Proof. Let (y",w") be a minimizing sequence of J(y, w), satisfying the condition

lim 7(y", ") =Ty" w*) = inf T(y,w).

n—+00

where w" = (u",0") € Uy, y" = (v}, y5,y4), satisfying the corresponding system to (1)

§DRy" —ddy" = f(y") in M
aaiﬂ =0onY
v'(0,0) =y% e

Based on Theorem (1), we can establish that the sequence (y") is bounded regardless of the
value of nin L?(0, T, H(Q))) and fulfills the inequalities

|| yn ”LZ(O,T,Hl(Q)) < Cl (H f ||L2(M) + || 3/0 ||H8(Q))’ (7)

1" iz < G (I F lizaag + 1150 iz ®)
in which C; and C; represent two positive constants. Hence, we obtain the boundedness of
(y") in L®(0, T, L?(QY)) and L?(0, T, H}(Q2)), so, by using the boundedness of ¥ (|y;| < N,
i € {1,2,3}), the second term f belongs to the space L*(M); consequently, for a constant
(3 independent of 1, we have

I §Diy" — dby" 20y < Cs

and, therefore, there is a subsequence of ", and we will continue to denote it as (y") and
(w") € Uyg, for which

SDfy" — dAy" converges weakly to @, in the space L? (M))

and
y" converges weakly to y*, in the space L2 (O, T, Hé(Q))

Through estimation (8) and Lemma 5.2 in [13], we obtain the boundedness of d;y" in
L'(0,T,L'(Q)). From (7), it also follows that y" is bounded in L2 (0, T, H} (Q2)).

Since H}(Q) is compactly embedded in L2(Q)), we deduce that y} (k) is compact in
L?(Q)). To show that {y (k),n > 1} is equicontinuous in C ([0, T}, L?>(Q2)), we note that %
is bounded in L?(M) for i = 1,2,3. This implies that, for all k,s € [0, T],

P60z~ [ s, 0] < Kik =) ©

By applying the Ascoli-Arzela theorem (refer to [18]), we deduce that i} is compact in
the space C([0, T}, L2(€2)). Consequently, we can conclude the existence of a subsequence,
again denoted as y/, for which i} converges to v}, uniformly with respect to k, in L2(Q2).

Similarly, we obtain analogous results for vy, where i = 2,3. Using the estimates
leads to

v — y*weakly in L™ (0, T, LZ(Q)), i=1,2,3

y! — y*weakly in L>(M), i=1,2,3

y?%y*a'ELz(M)/ 1211213
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Let D'(M) represent the dual space of D(M), which consists of functions C* on M of
compact support. In this context, we have

§Dty" — dAy"™ — §Dgy* — dAy*weakly in D'(M).

writing yvh —viys = (Vf —vi)vs + vi(v5 —y3) and making use of the convergence
y! =y in L2(M), i = 1,2, and the boundednees of v,y in L*(M), we arrive at
yiy3 — yiy; in L®(M); we also have u" — u* in L®(M) and 0" — u* in L?(M) ona
subsequence named u", v".

Given that U, is a closed convex set of L2(M), it is weakly closed. As a result,
(u*,v*) € Uyy; therefore,

u" X,y — u*xa,lyi‘,inﬁ([o, T) X wy), andv"xw,ys — v*)(waE,ian([O, T] X wy).

Additionally,
SDy" — dAay™ — SDfy* — dAy*weakly in D'(M).

Based on the uniqueness of the limit, we obtain the following result
GDRy" —dny" = ¢

By taking the limit as # tends to +o0, we conclude that y* is a solution of (1). Addition-
ally, the lower semi-continuity of 7 implies that 7 (y*, w*) = inf 7 (y, w). Consequently,
(y*, (u*,v*)) represents an optimal solution. [J

5. Necessary Conditions for Optimality

We will derive the optimality conditions for problem (1) and investigate the character-
ization of the optimal control. For this purpose, let (y*, w*) represent an optimal pair, and,
for every positive ¢, define w® = w* 4+ ew € L2(M). Let y* = (v5),_;_3 = (Vi)1<jc3(w")
and y* = (yf);<;<3 = (Yi)1<i<3(w") be the solutions of systems (1)~(3) associated with w*
and w*, respectively.

By expressing y§ = y; + €z° and subtracting the system corresponding to y* from the
system corresponding to y°, we obtain that

gw(ff)m(fW):fWQﬂf) (10)

€ €

So, system (10) can be rewritten as

(():D;?ZE — dAZE = f(]f) _f(y*)

- , where z° = (z§,25,25).

associated with the Neumann boundary conditions

a & € €
9% _9% _ 9% ooy,
ay  dy Iy
and initial condition
z2=0in Q,



Fractal Fract. 2025, 9, 382 7 of 17

in addition to

BWIAWD) = (—Bys — m — uxw, (D)2 — BYiZ5 — U Xeo, ()Y}

BRI = pygzt 4 (Byy —m — g —r — 0% (D)2

€ = *U*sz(g)yﬁ
LW)=fy") — e e e e _ € _ ok *
z u Xan(g)zl + (8 + ¥ Xw, ()75 MZzy =V Xw, (Q)ys
‘H‘*Xaq (g)yT
Setting
—By3 —m — uxw, (7) —Byi 0
Fe = Bv> Byi —m—g—r—0xw,() O
MSle (g) g+ Uesz(g) —m
and
—Y1 Xy (0) 0
G= 0 —Y3Xaw, (D)

yTle (g) y;sz (g)

Hence, system (10) can be reformulated in the following form

SD§zf — dAzf = Féz° + Gw, k € [0, T]
z¢(0) = 0.

Since all the elements of the matrix F® are uniformly bounded with respect to ¢, it follows
by Theorem (1) and estimates (7) and (8) that zf = Y% is bounded in L* (0, T; L*(Q)) N
12 (O, T, H! (Q)) Hence, there exists a subsequence of z° such that, as ¢ tends to 0, we get

z¢ — z*weakly in L* (0, T, L*(Q))
z¢ — z*weakly in L2(0, T, H'(Q)) (11)
% — %weakly in L*(0,T,H1(Q))

Set
—m — By — u* X, (0) —Byi 0
F* = B> —m =8 —1 =0 xw, () +By; O
U Xy (€) 0" Xy (0) + 8 —m

Observe that, as ¢ — 0, all elements of the matrix F* converge to their corresponding
elements in the matrix F in L?(M).

From above, we have

/Q /O " e ptztodkdg + /Q /0 " AV 2V odkd? — /Q /O ' Mvdkdg.

Let ¢ — 0, and we obtain

T T T
/ / €Dt zodkd] — / / dAzodkd] = / / (Fz + Gw)odkd(
OJo OJo OJo
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where z(0) = 0, and, using Green’s formula, we get

T T T
/ / Dt zodkd — / / dAzodkd] = / / (Fz + Gw)odkd.
O Jo 0OJo 0OJo

Then, z verifies the following system

§D¢z—dAz=Fz+ Gw, inQ

g; =0, ondQ (12)

z(0) =0.
Let p = (p1, p2, p3) be the adjoint variable, and we have
/ / ! (§Dz - daz) pakdg = / (Fz + Gew) pdkd.
aJo Jo
As a result, the dual system related to our problem can be expressed as follows:
—SD%p —dAp — Fp =K*KZ*, ke [0,T]

p(k, ) = K*Ky*(k,{) (13)

(5]

—5 =0, ondQx(0,T).

in which K is the matrix defined as

We can demonstrate the existence of a solution for the adjoint system (13) using the follow-
ing lemma.

Lemma 1 ([5]). Assuming the conditions of Theorem (1) hold, if (y*, (u*,v*)) represents an
optimal control pair, then there is only one strong solution p € W'2([0, T], H(Q)) for the dual
system (13).

Now, the first-order necessary condition can be derived by employing conventional
optimization methods, examination of the objective functional, and taking advantage of
the links between equations of state and adjoint-state equations [21,22].

Theorem 3. Suppose we have an optimal control pair denoted as w* = (u*,v*), and y* is the
related state. Then, there is a solution p to the related adjoint system. Moreover, we can explicitly
characterize w* = (u*,v*) in the form

u* = min(l,maX(O, W(Pl - PS))

(14)

vt = min(l,max (0, yéxpwzz(g) (p2 — P3)>

Proof. The proof of this theorem is conventional and follows the identical reasoning as
presented in [5,6,23-26]. Use the fact that the objective function 7 reaches its minimum
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at w*, and we can demonstrate that, for a small € such that w® = w* +¢h € Uy, it is
straightforward to prove that

T(w* +eh) =T
€

(w) T )
>0<:>/ (G*p + pw*, hydk >0, Vh € Uy
0

01
02

involving the variation in h. [

where p = . The characterization result is achieved through standard arguments

6. Numerical Implementation and Results

In this section, we the present numerical results, which demonstrate the effectiveness
of our control strategy, which involves implementing two regional control measures: vacci-
nation programs and treatment programs. These measures are designed to mitigate the
spread of an epidemic, such as the COVID-19 disease.

We developed a code in MATLAB™ (https:/ /www.mathworks.com/products/
matlab.html) to perform simulations using various datasets. To iteratively solve our
optimality system, we employed the forward-backward sweep method (FBSM) [27]. For
the time integration of the state equations, we used the explicit Euler method as a direct
approach. Furthermore, to discretize the second-order derivatives, ASt, Alr, and ARy,
during the iterative process, we applied the second-order explicit Euler method.

At the outset, we make initial guesses regarding the control variables. Subsequently,
we solve the adjoint equations backward in time. Upon obtaining the current state and
adjoint solutions, we update the control variables. This iterative procedure continues until
a predefined tolerance criterion is met.

The grid points for the space (; 1 = {; +i6¢ fori € {0,1, ..., N} and for the time are
ki = mdk based on Grunwald-Letnikov method [28], which is used in [29]. The Caputo
fractional time derivative can be approximated by

1 & —
DES(km, §i) = 51z ;3 ¢3S (km—j. i) — Sm, (15)
where the fractional binomial coefficients are given by Sm = %, and 1/1}?‘ are the

]

x
fractional binomial coefficients < > with the recurring formula

o= (1= )y =1
To highlight the importance of our study, we define a rectangular region measuring
40km x 30 km, labeled as Q). For simplicity and without loss of generality, we assume a
uniform distribution of susceptible individuals, with 45 individuals in each 1km x 1km
subregion, except for the central subregion () = cell(20; 15), where the disease outbreak
begins. In this specific subregion, we introduce five infectious individuals while keeping
forty susceptible individuals. The simulations in this study are based on the parameter
values listed in Table 1.
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Table 1. The parameters and initial condition values.
Parameter Value Description
So 45 for () Initial sensitive population
40 for ()
Iy 0 for Q) Initial infected population
5for (4
Ro 0 Initial immune population
! 0.8 The order of the fractional derivative
r 0.01 Mortality due to infection
m 0.02 Natural mortality rate
B 0.24 Transmission rate
g 0.02 Recovery rate
A 0.01 birth rate
di,i=1,2,3 0.6 Diffusion coefficient

(@)

(b)

(©)

45

40
40

t=1
k/
00 o

t=1

/A 30 40
1 20

In the figures presented below, the color gradients represent population distribution,
with the red areas indicating a higher concentration of individuals and the blue areas
representing fewer individuals.

Figure la—c illustrate the dynamics of susceptible, infected, and recovered individuals
in a scenario where no control measures have been applied (as described by the differential
system (1)). These figures provide a clear view of how the disease spreads when the
infection starts in the central area. This setup allows us to emphasize the role of spatial
factors and mobility in the transmission of COVID-19. Furthermore, the inclusion of
the fractional derivative in our model is essential. It allows us to accurately represent
the nonlocal temporal dynamics of the disease, providing a deeper understanding of its
behavior and spread patterns.

=50 =100 =150 =200 =250

50
0
40 - 40

20 20 °
00 10

t=50 =100 t=150 =200

k/‘ .
40
20 /{ 20 30

00

=200

N
/20 30 4

20
00 10

Figure 1. System states without control. (a) Susceptible. (b) Infected. (c) Removed.

The simulation results indicate a noticeable decrease in the number of susceptible
individuals, accompanied by a rapid spread of the disease across the entire population. This
concerning trend highlights the severity of the outbreak. As for the number of individuals
classified as recovered, only a small fraction (approximately five individuals) are observed.
These critical findings emphasize the urgent need to develop and implement an effective
control strategy.
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To demonstrate the effectiveness and practicality of our COVID-19 transmission con-
trol strategy, we propose a regional control approach designed to protect a specific area from
the spread of COVID-19 originating from neighboring regions. This approach highlights the
significance and efficacy of our proposed control measures for containing the disease within
targeted zones. We define two treatment areas: a rectangular region w; = [20,30] x [0, 15]
located at the border and w, = [10,20] x [15,25] situated in the center. This strategy
involves two control measures: the first focuses on vaccination to reduce the spread of
infection, and the second involves integrated treatment to lower the number of active
infections. By implementing this approach, we aim to effectively control the transmission
of the disease and minimize its impact on the population. The primary objective of this
study is to demonstrate the effectiveness of our vaccination and treatment procedures in
managing the spread of COVID-19 in two distinct regions. It is assumed that a patient
will receive treatment in a designated region wj, i = 1,2, immediately after contracting the
COVID-19 virus.

Figures 2 and 3 vividly demonstrate the significant impact of our innovative fractional
spatiotemporal control strategy, which integrates vaccination and treatment. Upon imple-
menting this strategy, its effectiveness in substantially reducing the spread of infection in the
regions w;, where i = 1,2, becomes unmistakably clear. These figures provide a compelling
visual representation of the success of our approach in controlling COVID-19 transmission
within the targeted areas: wy = [20,30] x [0, 15] at the border and w, = [10,20] x [15,25] in
the center. The noticeable decline in the number of susceptible individuals in these regions
highlights the tangible benefits of our region-specific control measures. This critical insight
underscores the importance of tailored interventions for containing the spread of the virus,
equipping public health authorities and policymakers with evidence-based strategies to
protect communities and strengthen the global response to this ongoing health crisis.

t=1 =50 =100

44 40 40

42 20 - 20 \
40
40 -
L 0l 0.l
40 T 40 T ~. 40 T . 3
e — ~ el T 3
i — 20 T
~— 10
()

=250 20

=150

Figure 2. Behavior of susceptible in () using control in the w; region.

Figures 4 and 5 demonstrate the impact of our fractional spatiotemporal control strat-
egy, integrating vaccination and treatment, on infection spread in the designated regions
w1 and wy. The rectangular treatment areas at the border and center, respectively, highlight
the effectiveness of targeted controls in reducing infection transmission. These findings
provide valuable evidence for the efficacy of region-specific interventions, contributing to
the development of effective measures to combat the COVID-19 pandemic.
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Figure 3. Behavior of susceptible in 2 using control in the wy region.
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Figure 4. Behavior of infected in () using control in the w; region.
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Figure 5. Behavior of infected in () using control in the w; region.

Figures 6 and 7 provide compelling evidence of the effectiveness of our fractional
spatiotemporal control strategy, which integrates vaccination and treatment measures, in in-
fluencing the recovery dynamics within the designated regions w; and w,. The rectangular
areas wj at the border and wy in the center allow us to visualize the impact of our targeted
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controls on accelerating the recovery process from infection. The observed patterns clearly
demonstrate a notable reduction in recovery time for individuals residing in these specific
regions, indicating the success of our strategic intervention.

t=1 =50 =100

x10

t=150 =200 =250 20

t=1 =50 =100

t=150 =200 =250 20

Figure 7. Behavior of recovered in () using control in the wy region.

Finally, the figures demonstrate the effectiveness of our fractional spatiotemporal
control strategy, integrating vaccination and treatment measures. The visualized impact of
targeted controls indicates a significant reduction in infection transmission and a notable
acceleration of the recovery process in these specific areas. These findings emphasize the
importance of region-specific interventions for containing the spread of COVID-19 and
providing valuable insights for shaping effective public health policies and interventions in
combating the pandemic.

Figure 8 illustrates the behavior of susceptible individuals in region () using controls in
regions wy and w; over time. The six graphs show the evolution of susceptible individuals
at different time points (t =1, t =50, t = 100, t = 150, t = 200, and t = 250). Att =1, the
susceptible population is uniformly high across region (). At times t = 50 and t = 100,
notable reductions in the susceptible population are observed, particularly marked in
regions wj and w», indicating the effect of control measures. At t = 150, the reduction
continues, with very low susceptible populations in wj and w,. Finally, at times t = 200 and
t = 250, the susceptible population is almost eliminated, with extremely low values across
the entire region (), demonstrating the sustained effectiveness of the controls.
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Figure 8. Behavior of susceptible people in () using control in both w; and w; regions.

Figure 9 provides a detailed temporal analysis of the response to control measures and
the prevalence of infection in the region (3, focusing specifically on subregions w; and wy.
Initially, at t = 1, infection incidence is minimal across (). However, through methodical
and effective implementation of control strategies, a significant decrease in prevalence is
observed at t = 200 and t = 250, characterized by notable reductions in the number of
infected individuals in both targeted areas. This analysis underscores the efficacy of the
control interventions, resulting in a gradual and substantial decline in infection spread over
the observation period.

t=1 =50 =100

=150 =200 =250 20

40 \\ o 40
W
0 o

Figure 9. Behavior of infected people in () using control in both w; and w regions.

Figure 10 illustrates the temporal behavior of recovered individuals in the region
() using control measures in both subregions w; and w». Initially, at t = 1, the number
of recoveries is almost non-existent across the region. However, with the methodical
and effective implementation of control strategies, significant increases in the number of
recovered individuals are observed at t = 50, t = 100, and even more notably at ¢ = 150,
t = 200, and t = 250. These increases are particularly pronounced in the targeted areas,
demonstrating the efficacy of the control interventions. The visible progression of recoveries
over time highlights the tangible benefits of the measures taken, leading to a substantial
improvement in the health situation within the studied region.
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Figure 10. Behavior of recovered people in () using control in both w; and w, regions.

Finally, we acknowledge that the introduction of fractional derivatives increases the
mathematical and numerical complexity of the model, which may present a challenge for
its direct adoption by public health professionals. However, this complexity is justified by
the unique ability of fractional derivatives to capture memory effects and nonlocal spatial
dynamics—features that are essential for a realistic description of epidemic spread. To
facilitate the understanding and practical use of the model, our results are presented in an
interpretable form, with clear visualizations of the impacts of regional control strategies.

7. Conclusions

This paper introduces a novel application of fractional optimal control theory to inves-
tigate the optimal combination of vaccination and treatment strategies in spatiotemporal
epidemic models. The study focuses on systems governed by partial differential equations,
where the control variable represents the spatial and temporal distribution of vaccines
and treatments. The research establishes the existence of solutions to the state system
and demonstrates the existence of optimal controls. Notably, optimizing the treatment
timing proves highly effective in reducing the overall number of infections. These findings
highlight the potential of fractional optimal control to enhance resource allocation and
inform more effective epidemic management strategies. Despite the added mathematical
and numerical complexity associated with fractional models, the outputs are presented
in an interpretable form, allowing for meaningful use by public health decision-makers.
Looking forward, we recognize the importance of conducting a comprehensive sensitivity
analysis to evaluate the robustness of the optimal strategies in the presence of parameter
uncertainties. Additionally, applying the proposed model to real epidemiological data and
developing new numerical schemes will be essential steps to address the current limitations
and further strengthen the practical relevance of this approach.
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