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Abstract: This paper proposes a weak Galerkin (WG) finite element method for solving
a multi-dimensional evolution equation with a weakly singular kernel. The temporal
discretization employs the backward Euler scheme, while the fractional integral term is
approximated via a piecewise constant function method. A fully discrete scheme is con-
structed by integrating the WG finite element approach for spatial discretization. L2-norm
stability and convergence analysis of the fully discrete scheme are rigorously established.
Numerical experiments are conducted to validate the theoretical findings and demonstrate
optimal convergence order in both spatial and temporal directions. The numerical results

confirm that the proposed method achieves an accuracy of the order O
(

τ + hk+1
)

, where
τ and h represent the time step and spatial mesh size, respectively. This work extends
previous studies on one-dimensional problems to higher spatial dimensions, providing a
robust framework for handling evolution equations with a weakly singular kernel.

Keywords: evolution equation; weakly singular kernel; weak Galerkin finite element
method; backward Euler method; stability and convergence

1. Introduction
In recent years, fractional calculus has gained substantial prominence due to its critical

role in modeling complex physical and engineering phenomena such as viscoelasticity,
anomalous diffusion, and fluid dynamics [1,2]. This study focuses on the numerical solu-
tion of a multi-dimensional evolution equation with a weakly singular kernel which can
be found in applications to the above different fields, especially concerning multidimen-
sional problems of such equations. Specifically, we consider the initial boundary value
problem [3–7]:

ut(x, t)− 1
Γ(α)

∫ t

0
(t − s)α−1∆u(x, s)ds = f (x, t), x ∈ Ω, t ∈ (0, T], (1)

for 0 < α < 1, with the initial condition

u(x, 0) = ψ(x), x ∈ Ω, (2)

and the boundary condition

u(x, t) = 0, x ∈ ∂Ω, 0 < t ≤ T, (3)
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where Ω is an open bounded domain in Rd(d = 2, 3), and ψ(x) and f (x, t) are given
smooth functions.

Numerous numerical strategies have been proposed for such Equations (1)–(3). Early
contributions include finite difference schemes by Chen and Xu [3], who analyzed stability
and convergence, and piecewise linear finite element methods combined with backward
Euler temporal discretization by Chen and Thomée [4], who established rigorous error
estimates. In [5], Mclean and Thomée employed the finite difference method in time and
Galerkin finite element method in space for equations and gave regularity, stability, and
error estimates. Also, we can find other methods for evolution equations with a weakly
singular kernel such as the compact finite difference method [6,7], spectral method [8],
discontinuous Galerkin finite element method [9], finite volume method [10], two-grid algo-
rithm [11], Sinc collocation method [12], and orthogonal spline collocation method [13,14],
each addressing specific challenges in accuracy or computational efficiency. In these studies,
scholars have systematically developed corresponding numerical solution schemes for the
equations, performed rigorous theoretical analyses and numerical computations of the
schemes, and provided numerical examples for verification. There are also other computa-
tional techniques [15,16] for studying and calculating evolution equations. Despite these
developments, extending these methods to multi-dimensional settings while maintaining
optimal convergence rates remains nontrivial, particularly for problems involving weakly
singular kernels.

Recently, the WG finite element method has attracted much attention in the numerical
calculation community; this method was first introduced in [17] by Wang and Ye for the
second-order elliptic problem. It is an extension of the standard Galerkin finite element
method, and the difference between them is that the classical derivatives are replaced
by weakly defined derivatives on functions with discontinuity. More information on
differences between this method and other finite element methods can be found in the
article [18]. Since then, the WG finite element method had been extensive applied for
solving PDEs [19–25].

Regarding research related to this problem, our existing research was published
in [26–28]. In [26], we presented the WG finite element scheme for one-dimensional
parabolic integro-differential equations with a weakly singular kernel and gave the stability
and convergence of the scheme. In [27], we employed the finite difference method in time
and the WG finite element method in space for the multi-term time-fractional diffusion
equation and gave the stability and error estimates. Finally, numerical examples were given
to verify the correctness of the theory. In [28], the WG finite element method was used
for the time-fractional quasi-linear diffusion equation with a Caputo time derivative. The
Caputo time derivative was discretized by the L1 method and the Newton linear method
was used for the quasi-linear term with graded meshes in the time direction. These existing
studies have all performed sufficient preparatory theoretical and computational work for
our current research.

In our prior work [26], the WG finite element method demonstrated efficacy for
one-dimensional parabolic integro-differential equations with a weakly singular kernel.
However, its application in multi-dimensional evolution equations has not been explored,
and systematic research is needed on stability, convergence, and computational feasibility.
This paper bridges this gap by constructing a fully discrete scheme for multi-dimensional
evolution equations which combines the WG finite element method in space with backward
Euler temporal discretization and a piecewise constant approximation for the fractional
integral term.

Our contributions in this work are summarized as follows.
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• A WG finite element fully discrete scheme is constructed for a multi-dimensional
evolution equation with a weakly singular kernel.

• The stability and convergence of the discrete approximation are proved.

This paper is organized as follows. In Section 2, the WG finite element method is
introduced and the fully discrete scheme is presented. In Sections 3 and 4, we analyze
stability and convergence of the fully discrete scheme. In Section 5, some numerical
experiments to verify our analysis are given.

Throughout this paper, we cite the usual Sobolev space; the notation Hs(Ω) means
the norm ∥ · ∥s = ∥ · ∥Hs(Ω) on Ω. We denote the L2(Ω)-inner product and L2(Ω)-norms
by (·, ·) and ∥ · ∥, respectively. The letter C, which denotes a positive constant independent
of τ and h, represents different values in different appearances.

2. Weak Galerkin Finite Element Scheme
Let Th =

⋃{T } denote a shape-regular mesh partitioning the domain Ω ⊂ Rd. In two
dimensions, we consider triangular or rectangular meshes, and in three dimensions, we
mainly consider tetrahedral and hexahedral meshes. We set the mesh size h = maxT ∈Th hT ,
where hT is the diameter of the element T . The union of all elements is denoted by
Ω̄ =

⋃
T ∈Th

T . For each element T ∈ Th with the boundary ∂T , let |T | represent its area
and |e| denote the length of an edge, e. A weak function, v = {v0, vb}, is defined on T such
that v0 ∈ L2(T ) represents the value of v in T and vb ∈ L2(∂T ) represents the the value of
v on ∂T , which is not necessarily the trace of v0 on ∂T .

The space of weak functions on T is defined as

W(T ) =
{

v = {v0, vb}
∣∣ v0 ∈ L2(T ), vb ∈ L2(∂T )

}
.

For each element T ∈ Th, the local polynomial weak function space is given by

W(T , k, l) =
{

v = {v0, vb}
∣∣ v0|T 0 ∈ Pk(T 0), vb|∂T ∈ Pl(∂T )

}
,

where T 0 and ∂T denote the interior and boundary of T , respectively. Here, Pk(T 0) and
Pl(∂T ) represent polynomial spaces of a degree no more than k and l defined on T 0 and
∂T . In these polynomial space, the basis functions can take piecewise polynomials.

The WG finite element space and its subspace with homogeneous boundary conditions
are defined as

Sh(k, l) =
{

v = {v0, vb}
∣∣ v|T ∈ W(T , k, l), ∀T ∈ Th

}
,

S0
h(k, l) =

{
v ∈ Sh(k, l)

∣∣ vb|∂T ∩∂Ω = 0
}

.

Note that vb is single-valued on each edge and continuous on ∂T , meaning that vb has
the same value on edge or flat faces which are a common edge or flat face of two adjacent
elements.

We denote by (·, ·)T and ⟨·, ·⟩∂T the inner product in L2(T ) as follows:

(v, w)T =
∫

T
vwdT, ∀ v, w ∈ L2(T ),

and
⟨v, w⟩∂T =

∫
∂T

vwds, ∀ v, w ∈ L2(T ).



Fractal Fract. 2025, 9, 368 4 of 14

We define a space:

H(div, T ) =
{

v : v ∈ [L2(T )]d, ∇ · v ∈ L2(T )
}

.

The norm in H(div, T ) is

∥v∥H(div,T ) =
(
∥v∥2 + ∥∇ · v∥2

) 1
2
.

Following the definition of weak gradient introduced in [17], we give a weak gradient
operator as follows.

Definition 1 ([17]). For any v ∈ W(T ), we define the weak gradient ∇wv of v in the dual space
of H(div, T ) which satisfies

(∇wv, q) = −(v0,∇ · q)T + ⟨vb, q · n⟩∂T , ∀q ∈ H(div, T ).

where n is the outward normal direction to ∂T .

According to Definition (1), for each element T , we can obtain the discrete weak
gradient operator ∇w,r on Sh(k, l) which satisfies the following equation:

(∇w,rv, q) = −(v0,∇ · q)T + ⟨vb, q · n⟩∂T , ∀q ∈ [Pr(T )]d, (4)

where ∇w,rv ∈ [Pr(T )]d, and Pr(T) is the set of polynomials with a degree no more than r
on T . Thus, we define the notation of each element to be (Pk(T ), Pl(∂T ), [Pr(T )]2).

In addition, we introduce two L2 projection operations in this section.

• Qh : W(T ) → W(T , k, l) such that

Qhv =
{

Q0v0, Qbvb

}
, ∀ v = {v0, vb} ∈ W(T ). (5)

where Q0 is the L2 projection from L2(T ) onto Pk(T ) for T 0 and Qb is the L2 projection
operator from L2(∂T ) onto Pl(∂T ) for ∂T .

• Qh : H(div, T ) → [Pr(T )]d as follows:

∫
T
Qhv · qdT =

∫
T

v · qdT , ∀q ∈ [Pr(T )]d. (6)

Now, we define two bilinear forms on Sh: for any v, w ∈ Sh,

s(v, w) = ∑
T ∈Th

h−1
T ⟨Qbv0 − vb, Qbw0 − wb⟩∂T , (7)

and
aw(v, w) = ∑

T ∈Th

(∇wvh,∇ww)T + s(v, w). (8)

Then, we have the WG finite element semi-discrete scheme for (1)–(3) by finding uh ∈ S0
h,

such that(
(uh)t, v0

)
− 1

Γ(α)

∫ t

0
(t − s)α−1aw(uh, v)ds = ( f , v0), ∀ v ∈ S0

h, t ∈ (0, T], (9)

uh(x, 0) = Ehψ(x), x ∈ Ω, (10)

where the operator Eh is an elliptic projection onto the discrete weak space Sh, that is,
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aw(Ehu, v) = (−∆u, v), ∀ v ∈ Sh, u ∈ H1
0 ∩ H2. (11)

Let N be a positive integer and τ = T/N be a time step. We can obtain the time level
tn = nτ, 0 ≤ n ≤ N and use un

h ∈ S0
h to approximate u(x, tn), n = 0, 1, · · · , N. Considering

the time discretion process of (9)–(10) at the point t = tn, using backward Euler method to
approximate ut(x, tn), we obtain

ut(x, tn) ≈ δtun
h =

1
τ

(
un

h − un−1
h

)
, x ∈ Ω, 1 ≤ n ≤ N. (12)

To approximate the integral term , we use the piecewise constant method in which φ is
replaced by the value of φ(tj) in (tj−1, tj), according to [4]; then, we obtain

∫ tn

0
(tn − s)α−1 φ(s)ds =

n

∑
j=1

∫ tj

tj−1

(tn − s)α−1 φ(s)ds ≈
n

∑
j=1

φ(tj)
∫ tj

tj−1

(tn − s)α−1ds

=
τα

α

n−1

∑
p=0

cp φ(tn−p),

(13)

where cp = (p + 1)α − pα, p ≥ 0.
Now, we find un

h = {un
h,0, un

h,b} ∈ S0
h; it follows that the WG finite element fully discrete

scheme of the problem (1)–(3) such that

(δtun
h,0, v0) +

τα

Γ(α + 1)

n−1

∑
p=0

cpaw(u
n−p
h , v) = ( f n, v0), ∀ v ∈ S0

h, 1 ≤ n ≤ N, (14)

u0
h = Ehu0(x), x ∈ Ω. (15)

where δtun
h,0 = 1

τ

(
un

h,0 − un−1
h,0

)
and the operator Eh are introduced in (11).

3. Stability of Weak Galerkin Finite Element Scheme
In this section, we will study the stability of the WG finite element fully discrete scheme.

To this end, some lemmas which are used in the stability analysis will be introduced.

Lemma 1 ([5]). Suppose that {cn}∞
n=0 is a sequence of real numbers which satisfy the following

inequalities:
cn ≥ 0, cn+1 − cn ≤ 0, cn+1 − 2cn + cn−1 ≥ 0. (16)

For any positive integer, M, and real vector, (W1, W2, · · · , WM), with M real entries,

M

∑
n=1

(
n−1

∑
p=0

cpWn−p

)
Wn ≥ 0. (17)

Lemma 2 ([26,29]). The sequence {cp}∞
p=0 is defined after (13) satisfies (16).

Now, we will establish the L2-norm stability of the scheme (14)–(15) by the energy
method.

Theorem 1. Let
{

un
h ∈ S0

h | 0 ≤ n ≤ N
}

b in the solution of the fully discrete schemes (14)–(15);
then, it holds that

∥un
h,0∥ ≤ ∥u0

h,0∥+ 2τ
n

∑
j=1

∥ f j∥. (18)
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Proof. Taking v = un
h in (14), we obtain

(δtun
h,0, un

h,0) +
τα

Γ(α + 1)

n−1

∑
p=0

cpaw(u
n−p
h , un

h) = ( f n, un
h,0), 1 ≤ n ≤ N. (19)

Clearly

(δtun
h,0, un

h,0) =
1

2τ
∥un

h,0 − un−1
h,0 ∥2 +

1
2τ

(
∥un

h,0∥
2 − ∥un−1

h,0 ∥2
)

≥ 1
2τ

(
∥un

h,0∥
2 − ∥un−1

h,0 ∥2
)

.
(20)

Combining (19) and (20), we have

1
2τ

(
∥un

h,0∥
2 − ∥un−1

h,0 ∥2
)
+

τα

Γ(α + 1)

n−1

∑
p=0

cpaw(u
n−p
h , un

h) ≤ ( f n, un
h,0). (21)

For 1 ≤ n ≤ N, summing up (21), we have

1
2τ

(
∥uN

h,0∥
2 − ∥u0

h,0∥
2
)
+

τα

Γ(α + 1)

N

∑
n=1

n−1

∑
p=0

cpaw(u
n−p
h , un

h) ≤
N

∑
n=1

( f n, un
h,0). (22)

Suppose that gn
h = Qbun

h,0 − un
h,b; from the definition of (8), Lemma 1, and Lemma 2, the

second term on the left-hand side of (22) is equivalent to

N

∑
n=1

n−1

∑
p=0

cpaw(u
n−p
h , un

h) =
N

∑
n=1

n−1

∑
p=0

cp

(
∑

T ∈Th

(∇wun−p
h ,∇wun

h)T + ∑
T ∈Th

h−1
T ⟨Qbun−p

h,0 − un−p
h,b , Qbun

h,0 − un
h,b⟩∂T

)

= ∑
T ∈Th

∫
T

N

∑
n=1

(
n−1

∑
p=0

cp∇wun−p
h

)
∇wun

h dT + ∑
T ∈Th

h−1
T

∫
∂T

N

∑
n=1

(
n−1

∑
p=0

cpgn−p
h

)
gn

nds

≥ 0.

(23)

Substituting (23) into (22), using the Cauchy–Schwarz inequality, it is easy to show that

∥uN
h,0∥

2 ≤ ∥u0
h,0∥

2 + 2τ
N

∑
n=1

∥ f n∥∥un
h,0∥.

With J chosen so that ∥uJ
h,0∥ = max

0≤n≤N
∥un

h,0∥, we obtain

∥uJ
h,0∥

2 ≤ ∥u0
h,0∥∥uJ

h,0∥+ 2τ
J

∑
n=1

∥ f n∥∥uJ
h,0∥ ≤ ∥u0

h,0∥∥uJ
h,0∥+ 2τ

N

∑
n=1

∥ f n∥∥uJ
h,0∥.

We easily obtain

∥uN
h,0∥ ≤ ∥uJ

h,0∥ ≤ ∥u0
h,0∥+ 2τ

N

∑
n=1

∥ f n∥.

The proof is completed.

4. Convergence of Weak Galerkin Finite Element Scheme
In this section, we will consider the convergence of the schemes (14)–(15) in

the L2-norm.
First, the error estimations between the approximation un

h and the L2 projection Qhun

of the exact solution u are given. Applying the idea of Wheeler’s projection in [30,31] to
our convergence analysis, we can obtain an optimal order of estimate in the L2-norm. From



Fractal Fract. 2025, 9, 368 7 of 14

Equation (11) above, Ehu can be viewed as the WG finite element approximate solutions of
the following elliptic problem which has an exact solution, u.

−∆u(x) = f (x), x ∈ Ω,

u(x) = 0, x ∈ ∂Ω.
(24)

Now, if u ∈ Hk+1(Ω) , we have the following lemmas which are applied from [31].

Lemma 3 ([21,31]). Assume that the dual problem of (24) has H2-regularity. Then, we have the
following conclusion:

∥Ehu − Qhu∥ ≤ Chk+1∥u∥k+1, (25)

where C is a positive constant.

We denote the error from approximating the integral term at t = tn by

ϵn(φ) =
τα

α

n

∑
p=1

cn−p φ(tp)−
∫ tn

0
(tn − s)α−1 φ(s)ds, (26)

where cp = (p + 1)α − pα, p ≥ 0. Then, we have the following lemma from [4].

Lemma 4 ([4]). For any T > 0, there is a constant, CT , such that

N

∑
n=1

∥∥∥ϵn(φ)
∥∥∥ ≤ CT

∫ tN

0
∥φt(s)∥ds, for Nτ = T, (27)

where φt(t) ∈ L1(0, T; L2).

Now, we will establish the L2-norm convergence of the schemes (14)–(15) by the energy
method.

Theorem 2. Assume that un ∈ H2(0, T; H2(Ω)
⋂

Hk+1(Ω)) and un
h are the solutions of the

problem (1)–(3) and the WG finite element fully discrete schemes (14)–(15), respectively. Then,
there exists a positive constant, C, such that

∥un
h − Qhun∥ ≤ C

{
hk+1

(
∥u0∥k+1 +

∫ tn

0
∥ut∥k+1ds

)
+ τ

( ∫ tn

0
∥utt∥ds +

∫ tn

0
∥(∆u)t∥ds

)}
. (28)

Proof. Let
ρn = Ehun − Qhun, θn = un

h − Ehun,

and then
un

h − Qhun = ρn + θn.

Because of Lemma 3, we have

∥ρn∥ ≤ Chk+1∥un∥k+1 ≤ Chk+1

(
∥u0∥k+1 +

∫ tn

0
∥ut∥k+1dt

)
. (29)



Fractal Fract. 2025, 9, 368 8 of 14

Considering the error θn; for ∀v ∈ S0
h, notice that

(δtθ
n, v0) +

τα

Γ(α + 1)

n−1

∑
p=0

cpaw(θ
n−p, v)

= (δtun
h , v0) +

τα

Γ(α + 1)

n−1

∑
p=0

cpaw(u
n−p
h , v)− (δtEhun, v0)−

τα

Γ(α + 1)

n−1

∑
p=0

cpaw(Ehun−p, v). (30)

Substituting (1), (14), (11), and (27) into (30), it is easy to obtain

(δtθ
n, v0) +

τα

Γ(α + 1)

n−1

∑
p=0

cpaw(θ
n−p, v)

= ( f n, v0)− (δtEhun, v0) +
τα

Γ(α + 1)

n−1

∑
p=0

cp(∆un−p, v0)

= (un
t , v0)−

(
1

Γ(α)

∫ t

0
(t − s)α−1∆uds, v0

)
− (δtEhun, v0) +

(
τα

Γ(α + 1)

n−1

∑
p=0

cp∆un−p, v0

)
= (un

t − δtun, v0) + (δtun − δtEhun, v0) + (ϵn(∆u), v0),

i.e.,

(δtθ
n, v0) +

τα

Γ(α + 1)

n−1

∑
p=0

cpaw(θ
n−p, v) = (Πn, v0), (31)

where
Πn = (un

t − δtun) + (δtun − δtEhun) + ϵn(∆u) = Πn
1 + Πn

2 + Πn
3 ,

with

Πn
1 = un

t − δtun, Πn
2 = δtun − δtEhun, Πn

3 = ϵn(∆u).

According to Theorem 1 and triangular inequality, we obtain

∥θn∥ ≤ ∥θ0∥+ 2τ
n

∑
j=1

(
∥Πj

1∥+ ∥Πj
2∥+ ∥Πj

3∥
)

. (32)

Using (15), it follows that

∥θ0∥ = ∥u0
h − Ehu0∥ = 0. (33)

Note that

τ
n

∑
l=1

∥∥∥Πj
1

∥∥∥ =
n

∑
j=1

∥∥∥∥∥
∫ tj

tj−1

(s − tj−1)uttds

∥∥∥∥∥
≤ τ

n

∑
j=1

∫ tj

tj−1

∥utt∥ds = τ
∫ tn

0
∥utt∥ds,

(34)

By the definition of Qh and (29), we yield

τ
n

∑
j=1

∥∥∥Πj
2

∥∥∥ = τ
n

∑
j=1

∥∥∥δtQhun − δtEhun
∥∥∥

= τ
n

∑
j=1

∥∥∥δtρ
j
∥∥∥ds ≤

n

∑
l=1

∫ tl

tl−1

∥ρt∥ds

≤ Chk+1
∫ tn

0
∥ut∥k+1ds,

(35)
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Similarly, from Lemma 4, we have

τ
n

∑
j=1

∥∥∥Πj
3

∥∥∥ = τ
n

∑
j=1

∥∥∥ϵj(∆u)
∥∥∥ ≤ CTτ

∫ tn

0
∥(∆u)t∥k+1ds. (36)

Consequently, combining (32)–(36), we arrive at the conclusion that

∥un
h − Qhun∥ ≤ ∥ρn∥+ ∥θn∥

≤ C

{
hk+1

(
∥u0∥k+1 +

∫ tn

0
∥ut∥k+1ds

)
+ τ

( ∫ tn

0
∥utt∥ds +

∫ tn

0
∥(∆u)t∥k+1ds

)}
.

(37)

The proof is completed.

5. Numerical Experiments
In this section, we will describe some numerical experiments to verify our theory.
In the calculation, we set d = 2, T = 1, and the domain Ω as the unit square

[0, 1] × [0, 1], and we computed the problem (1)–(3) by using the WG finite element
schemes (14)–(15). In order to calculate the WG finite element scheme, we selected the
parameters k = 1, l = 0, and r = 0. We chose the element (Pk(T ), Pl(∂T ), [Pr(T )]2) as
(P1(T ), P0(∂T ), [P0(T )]2). The basis functions we calculated and selected were {1, x, y}.
And the mesh size was h = 1/M for triangular meshes.

We let un and un
h be the exact solution for (1)–(3) and numerical solution for (14)–(15),

respectively. According to the Theorem 2, we gave an error function definition, denoted as

Error(h, τ) = ∥un
h − Qhun∥,

and

ratex = log h1
h2

Error(h1, τ)

Error(h2, τ)
, ratet = log τ1

τ2

Error(h, τ1)

Error(h, τ2)
.

Example 1. In this example, the exact solution was chosen to be

u(x, y, t) = sin(πx) sin(πy)− tα+1

Γ(α + 2)
sin(2πx) sin(2πy),

so that we could obtain the initial condition

ψ(x, y) = sin(πx) sin(πy),

and the inhomogeneous term

f (x, y, t) =
tα

Γ(α + 1)
2π2 sin(πx) sin(πy)− tα

Γ(α + 1)
sin(2πx) sin(2πy)− 8π2t2α+1

Γ(2α + 2)
sin(2πx) sin(2πy).

First, we set τ = 1/212 and we obtained the L2-norm error and the convergence order
of the WG finite element fully discrete schemes (14)–(15) for α = 0.25, 0.5, 0.75, respectively.
According to the data of Table 1, it is easy to see that the space convergence order was 2.
Then, we fixed the space step h = 1/27, we obtained the errors, and the time convergence
order was 1 in the L2-norm from Table 2. Figure 1 describes the spatial and temporal
convergence orders, and it was plotted based on the data (α, M, ratex, and ratet) given in
Tables 1 and 2, using the “loglog” function in Matlab. Figure 2 displays the distributions of
the numerical solutions and the exact solutions for Example 1, created using the “mesh”
function in Matlab 2022a. From Figure 1, we can clearly see that the convergence order
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of the scheme was 2 in space and 1 in time, and the numerical results conform well to
our theoretical analysis. From Figure 2, we can see that the exact solutions and numerical
solutions of Example 1 at t = 0.5 show that the numerical solutions approximate the exact
solutions well.

Table 1. The L2 error and space convergence orders when τ = 1/212 at t = 0.5.

α M ∥un
h − Qhun∥ ratex

0.25

22

23

24

25

1.500299 ×10−1

3.761225 ×10−2

9.396687 ×10−3

2.340609 ×10−3

1.99598
2.00098
2.00527

0.5

22

23

24

25

1.453775 ×10−1

3.634613 ×10−2

9.078598 ×10−3

2.265468 ×10−3

1.99993
2.00126
2.00266

0.75

22

23

24

25

1.435374 ×10−1

3.588690 ×10−2

8.966046 ×10−3

2.239688 ×10−3

1.99990
2.00091
2.00117

Table 2. The L2 error and time convergence orders when h = 1/27 at t = 0.5.

α N ∥un
h − Qhun∥ ratet

0.25

24

25

26

27

8.807003 ×10−3

4.846912 ×10−3

2.599962 ×10−3

1.367762 ×10−3

0.86159
0.89858
0.92667

0.5

24

25

26

27

1.050071 ×10−2

5.538527 ×10−3

2.856477 ×10−3

1.457183 ×10−3

0.92291
0.95527
0.97106

0.75

24

25

26

27

9.710630 ×10−3

5.066485 ×10−3

2.568006 ×10−3

1.289339 ×10−3

0.93858
0.98034
0.99402

5 10 15 20 25 30
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-1

L
2
 e

rr
o
r

Order=2

=0.25

=0.5

=0.75

(a)

20 30 40 50 60 70 80 90 100110120

 t

10
-3

L
2
 e

rr
o
r

Order=1

=0.25

=0.5

=0.75

(b)

Figure 1. The convergence orders when k = 1. (a) The space convergence orders. (b) The time
convergence orders.
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(a) (b)

Figure 2. The exact solutions and numerical solutions at t = 0.5. (a) The exact solutions. (b) The
numerical solutions.

Example 2. For the second example, we gave exact solution

u(x, y, t) =
tα+1

Γ(α + 2)
x(1 − x)y(1 − y),

with the initial condition
ψ(x, y) = 0,

and the right-hand term

f (x, y, t) =
tα

Γ(α + 1)
x(1 − x)y(1 − y) +

2t2α+1

Γ(2α + 2)

(
x(1 − x) + y(1 − y)

)
.

First, we fixed the time step τ = 1/212 and obtained the error in the L2-norm. Table 2
shows the error and space convergence with the rate O(h2) in L2-norms. Then, we fixed
the mesh size h = 1/210 and obtained the error in the L2-norm. Table 3 shows that the
convergence rate with respect to the time step was O(τ) which conforms well to our
theoretical analysis. Also, from Figure 3, it can be clearly observed that the convergence
order of the scheme was O(h2) in space and O(τ) in time, which is consistent with our
theoretical analysis. Figure 3 describes the spatial and temporal convergence orders, and
it was plotted based on the data (α, M, ratex, and ratet) given in Tables 3 and 4, using the
“loglog” function in Matlab. Figure 4 displays the distributions of the numerical solutions
and the exact solutions for Example 2, created using the “mesh” function in Matlab. From
Figure 4, we can see that the exact solutions and numerical solutions of Example 2 at t = 0.5
show that the numerical solutions approximate the exact solutions well.

We present two numerical examples with distinct characteristics. The numerical
results, obtained under varying initial conditions, are in agreement with our theoretical
findings. Furthermore, by comparing the figure representations of the numerical solutions
and the exact solutions, it is evident that the numerical solutions closely approximate the
exact solutions.
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Table 3. The L2 error and space convergence orders when τ = 1/212 at t = 0.5.

α M ∥un
h − Qhun∥ ratex

0.25

22

23

24

25

8.493773 ×10−4

2.244136 ×10−4

5.575981 ×10−5

1.291414 ×10−5

1.92025
2.00886
2.11027

0.5

22

23

24

25

5.223547 ×10−4

1.400798 ×10−4

3.496892 ×10−5

8.450654 ×10−6

1.89878
2.00210
2.04894

0.75

22

23

24

25

3.364420 ×10−4

9.127113 ×10−5

2.311183 ×10−5

5.849509 ×10−6

1.88213
1.98153
1.98224

Table 4. The L2 error and space convergence orders when h = 1/27 at t = 0.5.

α N ∥un
h − Qhun∥ ratet

0.25

24

25

26

27

5.631114 ×10−4

3.189182 ×10−4

1.743488 ×10−4

9.295012 ×10−5

0.82023
0.87121
0.90745

0.5

24

25

26

27

6.561934 ×10−4

3.695099 ×10−4

1.998514 ×10−4

1.049854 ×10−4

0.82851
0.88669
0.92874

0.75

24

25

26

27

4.929918 ×10−4

2.669213 ×10−4

1.396821 ×10−4

7.162491 ×10−5

0.88515
0.93427
0.96361

5 10 15 20 25 30

 t

10
-5

10
-4

10
-3

L
2
 e

rr
o
r

Order=2

=0.25

=0.5

=0.75

(a)

20 30 40 50 60 70 80 90 100110120

 t

10
-4

10
-3

L
2
 e

rr
o
r

Order=1

=0.25

=0.5

=0.75

(b)

Figure 3. The convergence orders when k = 1. (a) The space convergence orders. (b) The time
convergence orders.
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(a) (b)

Figure 4. The exact solutions and numerical solutions at t = 0.5. (a) The exact solutions. (b) The
numerical solutions.

6. Conclusions
In this article, we extend the WG finite element method to multi-dimensional evolution

equations with a weakly singular kernel. A WG finite element fully discrete scheme is
presented, accompanied by detailed proofs of its stability and convergence in the L2-norm.
To validate the theoretical results, two numerical examples with different initial conditions
were implemented. The numerical results confirm both the accuracy of the proposed
method in solving evolution equations with weakly singular kernels and the correctness of
the theoretical proof. The conclusion supports our research.

Future research will concentrate on extending the current method to nonlinear evolu-
tion equations with a weakly singular kernel. And the corresponding numerical theoretical
analysis and calculation will be carried out in future work.
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