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Abstract: In this paper, we are studying a class of nonlinear fractional difference equations
with time-varying delays in Banach space. By means of mathematical induction and the
Picard iteration method, we first obtain the existence result of this fractional difference
system. Under some new criteria along with the Schauder’s fixed point theorem, we then
derive the attractivity conclusions. Subsequently, with the aid of Grénwall’s inequality, we
prove that the system is globally attractive. Finally, we give two examples to prove the
validity of our theorems.
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1. Introduction

Over the past few decades, fractional calculus has gained increasing attention from
researchers worldwide. Fractional difference equations (FDEs) have found extensive appli-
cations across various fields, including physics, dynamics, medicine, and communication
engineering. Current research trends indicate a growing interest in fractional difference
equations, with significant advancements being made in this area. For a comprehensive
discussion on this subject, refer to this monograph [1] and these related studies [2-6].

Analyzing solution existence in FDEs remains a highly relevant and compelling
subject in mathematical research. Recently, many researchers have obtained the exis-
tence and unique results [7,8] by using the Banach contraction principle and fixed point
theorem [9-11], and other technologies.

In recent years, fractional calculus has received a lot of attention because of its unique ad-
vantages in describing systems with memory and heredity. Compared with integral calculus,
fractional calculus can more accurately describe the dynamic behavior of complex systems,
so it has been widely used in physics, biology, economics, and engineering. As an important
branch of fractional calculus, FDEs play an important role in the modeling of difference
systems, especially in dealing with non-locality and long-range dependence problems.

The existence and attraction of the solution of an FDE are the core problems in theoret-
ical research. The existence of the solution guarantees the rationality of the model, while
the attraction reveals the stability of the long-term behavior of the system. In recent years,
many scholars have conducted in-depth research on the solution of FDEs and achieved
a series of important results. For example, studies have researched the existence of solu-
tions to linear fractional difference equations, and explored the attractability conditions

Fractal Fract. 2025, 9, 362

https://doi.org/10.3390/ fractalfract9060362


https://doi.org/10.3390/fractalfract9060362
https://doi.org/10.3390/fractalfract9060362
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com
https://doi.org/10.3390/fractalfract9060362
https://www.mdpi.com/article/10.3390/fractalfract9060362?type=check_update&version=1

Fractal Fract. 2025, 9, 362

20f11

for nonlinear FDEs. However, for more general FDEs, especially those with nonlinear or
delay terms, there are still many unanswered questions about the existence and attraction
of their solutions.

This paper focuses on establishing the existence and attraction of solutions for a
specific class of generalized FDEs. By establishing new analytical tools and techniques,
we will give the existence conditions of solutions and study their attractive behavior. The
research in this paper not only enriches the theoretical system of FDEs but also provides
theoretical support for the application in related fields.

In the context of fractional systems, attractivity analysis constitutes another essential
research theme, with several studies [10,12-15] addressing this aspect. In Paper [10], the
authors studied the fractional difference equations

Ay qu(p) = glo +a,up+a)), p € No, a € (0,1], )
Ai‘ju(p) lo=0 = U0,
where A* is the Riemann-Liouville fractional difference, g : N, x R — R, g(p, 1) is contin-
uous with respect to p and u, and Ny = {a,« + 1,0 +2,...}. The existence and attractivity
properties were established through the application of Picard iteration techniques and
Schauder’s fixed point theorem. Moreover, some other attractivity results for fractional sys-
tems have also been discussed by many researchers (see [12-15] and the references therein).
However, we are particularly interested in fractional systems involving time-varying delays,
which have a huge impact on the whole system.
Motivated by the above papers, in this article, we are concerned with the existence
and attractivity of solutions for the following FDEs with time-varying delays

CAlx(p) = Ax(p) + Bx(p — h(p)) + &(p, x(0), x(0 — h(p))), p € J1,

2

() = plo,x(p)) peh, ?

where CAgl denotes the Caputo fractional difference operator with ¢ € (0,1], A, B are

n—dimensional constant matrices, and k(t) is a delay function and its upper bound is

heRt,andJ; ={p€Zja<p<+oo}tand o = {p € Zla—h < p < a} witha € Z,
J=T1UJ. x(p) € R" is the state vector, ¢ : [, x R" — R", and ¢ : J; x R" x R" — R".

In comparison with existing results in the literature [10,12-15], this work makes

three contributions:

(1) In[10], the study examined the existence and attractivity of FDEs with constant delays.
However, our work considers a more general case where the delay term in System (2)
is expressed as a function of the variable p. This represents a substantial advancement
in the analysis of fractional systems with time-varying delays.

(2) The model we investigate represents a more generalized formulation, encompassing
several existing cases in the literature as special instances. Previous studies [10,12-15]
examined fractional systems with one-dimensional real coefficients, which may be
overly simplistic for accurate mathematical modeling. In contrast, our work em-
ploys constant matrix coefficients in System (2), establishing a novel framework for
analyzing generalized fractional systems.

(3) This study use an innovative analytical approach combining the Lagrange mean-
value theorem with generalized Gronwall’s inequality to investigate the attractivity
and global attractivity of solutions for FDEs with time-varying delays. The derived
theoretical results represent fundamentally novel contributions to the field.
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The remainder of this paper is structured as follows. Section 2 presents preliminary
results, including essential definitions and lemmas that form the theoretical foundation
for our analysis. In Section 3, we establish existence criteria for solutions to the proposed
fractional difference system. Section 4 extends this analysis to investigate solution stability
properties. Finally, Section 5 illustrates the theoretical findings through two representative
numerical examples.

2. Preliminaries

We define t¥ := r(rt(ﬁri)v) , for any t and v for which the right-hand side is defined. We

also appeal to the convention that if t +1 — v is a pole of the Gamma function and t + 1

is not a pole, then t* = 0. We now present the necessary preparations, including relevant
definitions and lemmas, etc.

Definition 1 ([8]). The 0-th fractional sum of a function f, for ¢ > 0, is defined to be

. . 1 R -
8.°5(0) = 8. 8 (pim) = s Y- (0 =5 = 1)Pg(s),
( )S:ﬂ]
where p € {ay +8,a1 + 0 +1,...} =: Ny 9. Wealso define the O-th fractional difference, where
#>0and0<K—1<9<KuwithK € N, tobe A%¢(p) := ANA*Ng(p), where p € Ny, ;9.

The following delta discrete Leibniz integral law is Proposition 15 in [16].

Lemma 1 ([16,17]). Assume that y > 0 and g is define on Ng,. Then

n—1

k
_ — a1 ) _
AT'AYg(p) = g(p) — ZL k,l) Ag(ar) = g(p) + Ao+ Ao+ + Ay_gp™L,
k=0 :

MERi=0,1,2-,n—1

Lemma 2 ([18,19]). Let & € Rand p, s € R such that (p — s) is well defined, then As(p — s)* =
9-1

—d(p—s—1)—.

Definition 2 ([10,20]). The discrete Mittag-Leffler function is defined by

pM
F 7 = 117’
x(ep) 2;06 I'(na+1)

where o € R™ and ¢ € C; then the series is absolutely convergent for |c| < 1.

Some other representations for the discrete delta Mittag-Leffler function were given
in [16,19] and the nabla version was presented in [19,21].

Lemma 3 ([22]). Let & > 0, and u(p), v(p) be nonnegative functions and w(p) be a nonnegative,
nondecreasing function for p € Ny, . If

p—u
u(p) <v(p) +w(p) Y (p—s—1)u(s), 3)

S=aq

then
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A nabla discrete version of Gronwall’s inequality can be found in Theorem 1 of [11].

Definition 3 ([13]). The solution x(p) of System (2) is attractive if there exists a constant K such
that |¢(p, x(p))| < K (forall p € J, ) implies that x(p) — 0as p — oo.

Definition 4 ([13]). The solution x(p) of System (2) is said to be globally attractive, if there are

lim (x(p) — @(p)) = 0,

p—r0
for any solution @ = @(p) of System (2).

Definition 5 ([10]). A subset A C E of bounded real sequences is called uniformly Cauchy if for
every € > 0, there exists a positive integer N = N(¢) such that for all sequences x = {x(n)} € A
and all indices p,q > N, the oscillation satisfies |x(p) — x(q)| < &.

Theorem 1 ([23]). Let A be a closed, convex, and nonempty subset of a Banach space X. If
T : A — A is a continuous operator with TA being relatively compact in X, then T possesses at
least one fixed point in A.

According to Definition 1 and Lemma 1, a function x(p) is called the solution of (2) if
x(p) satisfies

x(p) =
—9
ﬁ Z;a (0 —s —1)®=[Ax(s) + Bx(s — h(s)) + g(s,x(s), x(s — h(s)))] + ¢p(ar, x(a1)), @)
P €,
P(o,x(p)), pE .

3. Existence Results
Assume that || A|| denotes the spectral norm defined by \/Amax(ATA) and Amax(ATA)

represents the maximum eigenvalue of the matrix AT A, and let |x|| be the norm of
n 2
x(p) = (x1(0),x2(p), - - -, xn(p))" € R" defined by ||x|| = maIx( Y x?) . Suppose that
pel \i=1

B*(]) denotes the set of all nonnegative bounded functionson | = 1UJ, = {p €
Zia < p < +oo}U{p € Zla—h < p < a}. Assume that the nonlinear function
g: ] xR" x R" — R" satisfies the condition as:

(Hy). there exists a function [(p) € B*(]) such that

18(p, x1,@1) = 8(p, %2, @2)[| < 1{p) (X1 — 2| + [[@1 = @2]]),
where g(p,0,0) = 0. We assume that:

|Al =a1, |B|=a2, sup I(s)=L, pe].

selay,p—v]

Now, we use mathematical induction and the Picard iteration method to obtain the
existence result of FDE (2).

Theorem 2. Assume that 0 < aj + a5 + 2L < 1, then the FDE (2) has at least one solution if the
condition (Hy) holds.
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Proof. For all p € |, we define the sequence {¢,(-) : n € Ny} as follows:

po(p) =¢(a1,x(ar)),
1 = 9-1
Pn(p) =go(p) + T8 Y (p—s—1)

s=aq

X [A@n-1(8) + Bep-1(s —h(s)) + &(s, pn-1(s), pu—1(s — h(s)))],

and sup ||@o(p)|| = ¢, ¢ € RT. By induction we have

pe]
a+ap+20)" 9
lou—gnal < CLREZL Pt e, ®)
In fact, for n = 1, one can obtain that
o1 — @oll
1 9-1
<o Y (p-s -1t
( )S:ﬂl (6)

X (a1l go(s)[l + a2l[po(s — h(s))Il +1(s) (| po(s) ]| + [l@o(s — (s))[])]

ai+m+2L) -9 P _ H+am+20) - (o—a)t- o
(a1+a;(j;) )go_sg](p_s_l)“_(a1+a2+r(l9)+(1;; ar) ?

<

Without loss of generality, we set

7—}-7—1—21 n—l.f .
lpn—1(p) = @u2(p)ll < (alr((ffl)ﬂ)ﬂ) Plo—a)=?, pe. @)

X [@1+1(s)) [ @n-1(5) = n—2(s) || + @2+ 1(s))[[@n-1(s = h(s)) — @u-2(s — h(s))l]

@+ID)(@+m+20)" g A0 ) -
= 1T(l9)'T1((ni1)l9+1) Y (p—s— 1)L (s —a)tn=l)?

S=aq

n—1 _

_ f S ZZ n—1 = p-0 N
O Tt L (=5 = U s ) a1 ®
m+m+2l)"p L N
_F((IZ;~F?E;1_1))I9_|_(P1) ’ Z(p_s_l)ﬂ;l~(s—a1)( nd
@+m+20)" 5, e

T T((n—1)8+1) B (o — )
_(@+m+2)" 5 T((n-1)o 1)

T T((n-1)8+1) 'r((n_1)l9+l9+1)(p—a1)
_(@+m+2l)" g "

R

ng
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Let
¢(p) = lim ¢u(p) = lim (¢n(p) = ¢o(p)) + po(p)
=Y (¢c(p) — ¢x—1(0)) + 9o(p)
=1 ©)
0 ko
N (e k(e am)

By Definition 2, the series is absolutely convergent if 0 < a7 + a; + 2L < 1, and then
the existence of solutions for the System (2) is proved. The proof is completed. [

4. Attractivity Results

In this section, we will derive the attractivity conclusions with the help of Schauder’s
fixed point theorem. Subsequently, with the aid of Gronwall’s inequality, we will prove
that the system is globally attractive.

Before the proving, we define the operator T as follows:

Tx(p) =
—8
ﬁ Zga (0 —s —1)®L[Ax(s) + Bx(s — h(s)) + &(s,x(s), x(s — h(s)))] + p(ay, x(a1)), (10)
o€
oo, x(p)), pE o

and clearly, x(p) serves as a solution to System (2) if and only if it constitutes a fixed point
of the operator T.

Theorem 3. Suppose the validity of condition (Hy ), then following assumptions (Hy) : ¢(p, x(p))
satisfies the Lipschitz condition, namely, there exists a nonnegative function Ly(p) such that

90, %) = ¢lo, @) < Ly(p)l|x — @I, and ¢(p,0) = 0, and (Hs): for Yo & 1, then

the inequality
sup{ Ly (p) + @+@m+20)-(p—a)’|
oo | r(6+1) -

holds. Then System (2) has at least one solution in space
S={xeC(,R") :|x(p)|| <r,r e R forallp € J}.
Furthermore, the solutions of (2) are attractive.
Proof. Define the set S C C(J,R") by
S={xeC(,R"): [|x(p)| <r,r € R forallp € J}.

Obviously, we can obtain that the set S is a nonempty, closed, bounded, and con-
vex subset of C(J,IR"). The existence of solutions to System (2) can be established by
demonstrating that the operator T admits at least one fixed point in S.
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Now we show that T is continuous in S. Let {u, },cn be a sequence of functions such
thatu, € Sforalln € Nand u, - uasn — oo, foranyp € J,

| Tun(p) — Tu(p)||

1 =0
<o) ln(0) = @] + g7 L (p 5 - 1)
< [Alln(s) — ()| + Bllun(s — h(s)) — u(s — ()|
I, tn(s), s — h(s))) — (5, (5),uls — his)))] )
— . — llu - p—10
<Lyl s )~ (o) |+ EEEEZDO O et
(@ + @ +2L) (p — a1)*|[un(p) — u(p) |

<Ly (o) n(en) — u(er)| +

r(e+1)
—0asn — oo,

which implies that operator T is continuous.
Next, we show that T(S) is equicontinuous. For all py, p1 € Jand pp > p1,

ITx(p2) — Tx (1) |

< 1 pliﬁ 1 9—1 1 9-—1
_@S:a[(PZ_S_ ) _(Pl—S— )7]
X [@+ 1) 1) + (B +1(5)) [ x(s — h(s)) ] (2
02—1
H@)mesNﬁw+WMM%+w+WMM5MmM
S=p1—

value theorem, there exists

Let h(p,s) = (o —s —1)2=L
P12 € [t1, 2], and we have

(p2—s— 1)L — (o1 —s — 1)L = h(pa,5) — h(p1,5) =W (p12,5) (p2 — p1)-  (13)

Therefore, through (12) and (13), one can obtain
ITx(p2) — Tx(p1)|

72 (0o,8) (02 — 1) [(@1 + 1(s)) [ x(s)[| + (a2 + 1(s)) || x(s — h(s))[[] (14)

I r(119) Yo (p2—s =)@ +1(s)) () | + (@ +1())|x(s — (s))]I],

s=p1—0

which tends to zero when p; — p,, and we conclude that T(S) is equicontinuous on J.
In the following, we prove that T maps S into S. Forall x € S, p € J;, we have
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ITx(p)
1 9-1
ST(ey & (0 s DT AX(S) + Bx(s = h(s)) + (s, x(s), x(s = h(s))) | + ¢, x(an)) |
S=aq
1 A 9-1
Strgy & (0 s = D)7l Ax(s) + Bx(s —h(s)) +1(s) (x(s) +x(s = (s))) | + Ly (p)[|x(a1) |
(9) =, (15)
(@ +a+2L) - r i o1
< —s—1)—+L T
(o) Sgl (o ) #(p)
(@ + @ +20) - (0 —ay)®
< <r.
(L"’(p)+ r@+1) =7
If p € J», itis easy for us to verify
ITx()l| <,
which implies that T(S) C S, p € J. Therefore, T(S) is a relatively compact set in C(J, R")
and all the conditions of Schauder’s fixed point theorem are fulfilled. Hence, the operator T
has a fixed point which is the solution of System (2). All functions in S tend to 0 as p — oo,
and we can obtain that the solution of (2) is attractive. The proof is completed. [
Remark 1. If should be noted that the stability results established in Theorem 3 do not necessarily
guarantee global attractivity as defined in Definition 4.
S (@)t Y x . o
Theorem 4. If Ly(p) + ¥ W Y (o — s — 1)X=LL,(s) vanishes at infinity, then the
k=1 s=m
solution x(p) of System (2) is said to be globally attractive in view of assumptions (Hy ) and (Hp).
Proof. For any solution y(p) of System (2), we get
[@(p) = x(p)l
1 A 9-1
<Lyp(p)ll@(ar) = x(a1) | + =755 Y (p—s —1)*= (16)
1—'(19) s=a1
x [(A+1(s))[[@(s) = x(s)[| + (B +1(s))[l@(s = h(s)) — x(s = h(s))]l]-
Letz(p) = [[@(p) — x(p)|, then
1 0
2(p) <Lyp(p)z(a) + Frgy Y (p—s = D)PH(A+1(s))z(s) + (B+1(s))z(s — h(s))]
S=aq
_ _ (17)
a+ LAY 9-1 m+LA 9-1
<Ly(p)z(a1) + —s—1)"—z(s) + —s—1)"—z(s — h(s)).
oloetm) + T o= s = 10120) + B Lo == 1)%2als k()
Assume that z* = sup z(p +0), then we have
0e[—h,0]
)
2 (p) < Lylp)alay) + T F (o -5 - )22 (o). 18)

s§=ay
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Through Lemma 3, we have

k p—ko

Y (o —s—1)K=L(s)

= (a1 +a —|—2L
k=1 s5=aq

—0 as p — +oo,

which implies that lim (x(p) —@(p)) = 0; then the solution x(p) of System (2) is said to be
p (e 9)
globally attractive. [

5. Illustrative Examples

Two numerical examples are presented in this section to validate the proposed theory.

Example 1. Consider the Fractional System (2) with ¢ € (0,1], and g(-) = 0.08sinx(p) +
0.08 cos x(p — h(p)) with x = (x1(p), x2(p))", where

011 O
A= , 2
( 0 0.08 > (20)

g_ (01 04 1)
02 0.1
We have ||A|| =a = 0.11, ||B|| = b = 0.44, and L = 0.08, which imply that the condition

0 < aj +az +2L = 0.71 < 1 referred in Theorem 2 holds. Consequently, there exists at least one
solution to the specified System (2).

Remark 2. The existing literature on nonlinear FDEs with time-varying delays remains limited,
as evidenced by previous studies [8,10,12,13,15,24]. Notably, none of these established results can
be directly applied to Example 1, which consequently highlights the novel contributions of our
current work.

Example 2. Assuming that v = 0.01, a = 0, all other data are the same as in the above Example 1,
and let ¢(p, x) = 5112‘0’;& L, then e is a natural constant. We can get that Ly(p) = »5e P and

(@ +m+2L) (p—ay)®
supq Ly (p) + =089 <1,
peh{ ’ T(8+1)
and 0
1) k 0—
+2 611+a2+2L) Z(p—s—l)kﬂ*1L¢(s)—>Ol
S=aq

as p — +oo. Hence, Theorems 3 and 4 are satisfied, proving that the solutions of the Fractional
System (2) are attractive and globally attractive.

6. Conclusions

This paper investigates a novel class of nonlinear FDEs characterized by time-varying
delays. The inclusion of functional delay terms represents a significant departure from
conventional formulations with constant delays examined in prior studies [10,12-15]. By
means of mathematical induction and the Picard iteration method, we first obtain the
existence result of this fractional difference system. Under some new criteria along with
Schauder’s fixed point theorem, we then derive the attractivity conclusions. Subsequently,
with the aid of Gronwall’s inequality, we prove that the system is globally attractive.
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Finally, several representative examples are presented at the end of this paper to illustrate
the validity and practicality of the proposed criteria.

In our subsequent work, we will consider obtaining the existence of the solution by
using the discrete Laplace transform [25] and take into account the influence of the fuzzy
environment on attractivity.
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