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Abstract: This paper investigates the bifurcation dynamics and optical soliton solutions
of the integrable quintic Kundu-Eckhaus (QKE) equation with an M-fractional derivative.
By adding quintic nonlinearity and higher-order dispersion, this model expands on the
nonlinear Schrodinger equation, which makes it especially applicable in explaining the
propagation of high-power optical waves in fiber optics. To comprehend the behavior
of the connected dynamical system, we categorize its equilibrium points, determine and
analyze its Hamiltonian structure, and look at phase diagrams. Moreover, integrating
along periodic trajectories yields soliton solutions. We achieve this by using the simplest
equation approach and the modified extended Tanh method, which allow for a thorough
investigation of soliton structures in the fractional QKE model. The model provides
useful implications for reducing internet traffic congestion by including fractional temporal
dynamics, which enables directed flow control to avoid bottlenecks. Periodic breather
waves, bright and dark kinky periodic waves, periodic lump solitons, brilliant-dark double
periodic waves, and multi-kink-shaped waves are among the several soliton solutions that
are revealed by the analysis. The establishment of crucial parameter restrictions for soliton
existence further demonstrates the usefulness of these solutions in optimizing optical
communication systems. The theoretical results are confirmed by numerical simulations,
highlighting their importance for practical uses.

Keywords: bifurcation analysis; optical fiber; integrable quintic Kundu-Eckhaus equation;
telecommunication system

1. Introduction

Nonlinear science has become a crucial domain for comprehending the cosmos as it
elucidates the intriguing nonlinear phenomena present in nature. It is important to look into
different nonlinear partial differential equations (NLPDEs) to describe complex systems
that are quantitatively dynamic. Since the mid-18th century, scholars have concentrated
on elucidating intricate physical processes for application in NLPDEs, hence enhancing
the importance of this field of study. Scientists often use nonlinear differential models to
study how nonlinear optical fibers work [1-6], to study how particles move in solid-state
physics [3], how high-amplitude waves travel, to study fluid dynamics [7], bahavior of
nanofluid [8], and how plasma behaves [9].

It is important to obtain analytical and accurate solutions to nonlinear models. Exam-
ining the solutions and properties of NLPDEs deepens our comprehension of their founda-
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tional structures. These work are all connected in a complex way by solitary wave theory,
which shows how important soliton solution techniques are for solving NLEEs, including
inverse scatting [10], generalized (G’ /G)-expansion [11], the extended modified direct alge-
braic method [12], extended trial function [13], semi-inverse method [14], new extended di-
rect algebraic method [15], enhanced direct algebraic approach [16], reliable expansion [17],
modified Sardar sub equation [18], simplified Hirota bilinear method [19], simplified Hi-
rota’s method [20], generalized Riccati equation mapping method [21], Nonlinearization
technique [22], tri-Hamiltonian approach [23], imporved F-expansion method [24], MSE
mthod [25], tanh and the extended tanh [26], Hirota bilinear [27], new MSE technique [28],
nonlinearization method [29,30], eigenvalue variational method [31], next-generation ma-
trix method [32], and Improved Modified Extended Tanh-Function technique [33].

Fiber optic technologies are the foundation of contemporary information technology,
serving a crucial function in communication networks and internet infrastructure. Optical
fiber communication methods have transformed long-distance data transfer by offering
remarkable capacity and little signal loss. These developments facilitate the effortless
transmission of information across extensive distances. Advancements in optical signal
processing have enhanced the efficacy of all-optical communication systems. Active optical
components allow control and transmission to work together in a single fiber, which has
many benefits. These parts, which are made using fiber drawing methods, are not limited
by the sizes of chip-based devices, which makes them useful for certain tasks like optical
buffering. Because fiber optic equipment works with all-fiber reconfigurable networks,
there is very little insertion loss during integration. Solitons are very useful in fiber optic
systems because they keep their particle-like properties even when there are big changes,
they are not affected by polarization modes or dispersion, and they can send data as
optical bits by nature. The characteristics of solitons render them an ideal candidate for the
development of efficient all-optical switching systems.

Fractional derivatives, which extend standard integer-order differentiation, have gar-
nered considerable interest across multiple disciplines, including mathematics, physics, and
engineering. When compared to normal derivatives, which show local rates of change, frac-
tional derivatives allow us to include memory and genetic traits in complex systems [34].
This distinctive characteristic renders them appropriate for modeling anomalous diffusion,
viscoelastic substances, and nonlinear wave processes [35]. The notion of fractional differenti-
ation originated in the 17th century when Leibniz and L’'Hopital explored the feasibility of
a derivative of non-integer order. Nonetheless, stringent mathematical formulations arose
somewhat later, influenced by the contributions of Liouville, Riemann, and Caputo [36]. There
are many ways to define fractional derivatives, such as the Riemann-Liouville, Caputo, and
Griinwald-Letnikov derivatives, which are all designed for different purposes [37].

In recent years, fractional calculus has been widely utilized in nonlinear evolution
equations, soliton theory, and optical physics. The nonlinear Schrédinger equation can
be changed to fractional forms that help us understand how waves move in chaotic and
dispersed environments [38]. Also, numerical and analytical methods like the Adomian
decomposition and variational iteration approaches have been proven to work well with
fractional differential equations [39].

This paper examines dynamical behavior through bifurcation analysis and the im-
portance of fractional derivatives on the optical soliton solution of the M-fractional QKE
equation through MEH and SE techniques and also focuses on how they affect the dynamics
of soliton particles and the criteria for integrability. We provide a comparative analysis of
M-fractional operators to clarify their role in regulating complex physical systems.



Fractal Fract. 2025, 9, 334

30f24

2. Governing Model

The quintic Kundu-Eckhaus (QKE) equation is a nonlinear evolution equation that
describes how complicated optical waves move, especially when light with a lot of power
moves through optical fibers. It adds to the nonlinear Schrodinger equation by including
quintic nonlinearity and higher-order dispersion. This makes it necessary to study solitons,
rogue waves, and modulational instability in nonlinear optical systems. The QKE equation
controls how pulses move through optical fibers. It does this by using quintic terms to
make soliton stability better and to handle nonlinear effects like self-phase modulation and
energy transfer. It is very important to understand rogue waves, which are strong increases
in optical turbulence, and modulational instability, which cause periodic waves to form.
Higher-order dispersion effects also make pulse splitting and nonlinear wave mixing easier,
which are important for making super continuums and making progress in fiber-optic
communication. The QKE equation [40] gives us a way to look at and improve the patterns
of light waves in fiber optics, laser—plasma interactions, and photonic systems. Its solutions
make signal stability, pulse shaping, and nonlinear wave management better, which makes
it an important tool for modern photonics and optical communication technologies.

02H(x,t)

iDR\H(x, 1) + A .

+ B|H(x, t)|*H(x, t) + E(|H(x, £)[*) H(x,t) =0. (1)

Equation (1) is the time M-fractional QKE equation [36], where Df/ﬁ is the M-fractional
differential operator, and H(x, t) is the dependent variable and denotes the soliton pulse
profile and generally aligns with the envelope of the optical field. The initial term in
Equation (1) delineates the temporal evolution of the nonlinear wave, whereas the term
AazHi(f’t) accounts for the spatial curvature of the wave profile, signifying dispersive
effects within the medium. The nonlinear interaction of the wave is dictated by the
expression B|H(x, t) |*H(x, t), where |H(x, t)|* denotes the wave intensity. Furthermore,
the expression E (|H(x, t) |2)XH (x,t) includes the spatial derivative of the wave intensity
|H(x, t)|?, signifying higher-order dispersion effects or the impact of a nonlocal nonlinearity.
The real-valued coefficients A, B, and E pertain to group velocity dispersion, quintic
nonlinearity, and associated physical phenomena. Now, we use a traveling wave variable
as follows:

Mtﬁ 4. 2)

H(x,t) = H(yp)e'?; p = K(x - thﬁ), ¢p=—px+v
Where H(y) is the amplitude of the wave, ¢'? is the phase term, K is the scaling parameter
influencing the shape of the traveling wave, w is the velocity affecting the wave speed, p is
the wave number, v is the phase velocity parameter, and J is a phase constant.

Now, Equation (2) is inserted into Equation (1), and the real and imaginary portions
are separated to yield

Real : AK2H" — (v n Apz) H +2EKH?H' + BH® =0, 3)

and imaginary: w = —2Ap.
If we balance H” and H®, then we obtain N = 1. So, consider H(y) = R?2. If we insert

H(yp) = R? into Equation (3), then we obtain the following equation:

2AK?RR" 4+ 4EKR?R' — AK?(H')? — 4(0+ Ap?) R? + 4BR™. (4)
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3. Dynamic Analysis
Equation (4) can be written into the following form:
(v+ Ap?) 2EK . »,., B _ s
H" = H - H°H — —BH’> =0.
AK2 AK? AK? 0 ©)

Now, we apply the Galilean Transformation to Equation (5), and we obtain the follow-
ing system of equations:

dH _
dG zdtp 5 . (6)
a5 = X1H G +)H> + x3H
v+Ap?
Where x; = —2E8 y) = —-B; and x3 = %

Now, we explain the diverse phenomena of the system in Equation (6) by using
bifurcation theory. The bifurcation theory plays a vital role in exploring the behavior of
the system shown in Equation (6). The H(¢) has continuous solutions of Equation (5) for
Y € R with wETmH (p) =aand lpl—i>r£100H () = b. Wave function H (1) represents solitary

wave phenomena if 4 = b and H(J) represents kink wave (anti-kink) phenomena if a # b.
In general, the homoclinic orbit represents solitary wave solutions, and the heteroclinic
orbit represents kink or anti-kink phenomena for the system shown in Equation (6). From
Equation (6), for equilibrium points,

G=0
2 5 ol 7)
x1H°G+ xoH> + x3H =0

By solving the system in Equation (7), we obtain
No = (0,0), Nj = (0,14/7‘2) N, = (o, - 7‘2)
X3 X

0 1
= <2X1HG+5X2H4+X3 X1H2>’

G 2
D(e) = — <—c1 S+ G +C3Me>.
M,

According to the theory of planar, the observations are as follows: If D(e) < 0, then
e is the point of the saddle. If D(e) > 0 and T(e) = 0, then point e is the center point. If
D(e) = 0, then e is the cup’s point.

Case 1: for 22 > 0.
X3
Subcase 1.1: For x1 > 0, x2 >0, x3 > 0.

In Figure 1, the trajectories are not closed at the point Ny = (0,0). So, the point
Np = (0,0) is a saddle point and unstable.

Subcase 1.2: For x1 >0, x» <0, x3 <0.

In Figure 2, the trajectories are not closed at the point Ny = (0,0). So, the point
Np = (0,0) is a saddle point and unstable.
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Figure 2. Phase portrait of system in Equation (6) forA=k=p=1,v=-25,B=05,E=—0.5.

Case 2: for 22 > 0.
X3

Subcase 2.1: For x1 >0, x» <0, x3 > 0.
In Figure 3, the trajectories are not closed at the point Ny = (0,0). So, the point

Np = (0,0) is a saddle point and unstable. The trajectories are closed at the points
N; = (0, Ve %) and N, = (O, - %) . So, these points are center points and stable.

| Stable Limii

W=
=

B 1| AN

|

\

Figure 3. Phase portrait of system in Equation (6) forA=k=p=1,v=-25,B=—-05,E=—-0.5.

Subcase 2.2: For x1 <0, x2 <0, x3 > 0.

In Figure 4, the trajectories are not closed at the point Ny = (0,0). So, the point
Np = (0,0) is a saddle point and unstable. The trajectories are closed at the points

N; = (O, — %/—7% ) and N, = (O, (‘/—7;6—; ) . So, these points are center points and stable.



Fractal Fract. 2025, 9, 334

6 of 24

Stable Limit Cycles
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Figure 4. Phase portrait of system in Equation (6) forA=k=p=1,v=-25B=—-05,E=0.5.

Subcase 2.3: For x1 >0, x» >0, x3 <0.

In Figure 5, the trajectories are closed at the point Ny = (0,0). So, the point Ny = (0,0)

is a center point and stable. The trajectories are not closed at the points Nj = (O, -/ = %) ,

and Np = <0, & —ﬁ>. So, these points are saddle points and unstable.

X3

Stable Limit Cycles

N
N
L
%/?

Figure 5. Phase portrait of system in Equation (6) for A=k=p=1,v=0.5B=05,E=-0.5.

Subcase 2.4: For x1 <0, x2 >0, x3 <0.
In Figure 6, the trajectories are closed at the point Ny = (0,0). So, the point Ny = (0,0)

is a center point and stable. The trajectories are not closed at the points Ny = (0, — ¢/ — ﬂ) ,

X3
and N, = <O, & —%) So, these points are saddle points and unstable.

Stable Limit Cacles

L 2 2\
i =\
Q\ i%\&\\\\w

A=

Figure 6. Phase portrait of system in Equation (6) forA=k=p=1,v=-25,B=-05,E=—-0.5.
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4. Sensitivity and Damping Effect

Numerical solutions with designated initial conditions can be derived using MATLAB-
2023 utilizing the fourth-order Runge-Kutta method. This study investigates the influence
of the dispersive coefficient, represented as A, which functions as a damping factor in the
ordinary differential equation. As A — 0 with A # 0, the wave structure demonstrates
heightened oscillations (see Figure 7a—c). As A grows over time (¢), these oscillations
are progressively reduced (refer to Figure 7a—c). Furthermore, velocity (v) affects motion
in the presence of A, resulting in asymptotic instability, asymptotic stability, or perhaps
neutralizing the damping effect. When v is positive, it triggers phase transitions at
the critical point and progressively enhances aperiodic circulations, finally leading to an
asymptotically unstable state (Figure 8a—c). In contrast, negative values of v lead to an
asymptotically stable state, wherein the system gradually converges to the critical point
over time (Figure 9a—c). Significantly, for elevated values of v, relative to A, the periodic
orbits maintain proximity to the critical point, yielding a periodic solution (Figure 10a—c).

-0.4
-0.6

-0.8

(b) (©

Figure 7. Numerical solution and sensitivity as A takes greater value of system in Equation (7) for K =1,
A=1,p=1,0v=-25B=—-05,E = —0.5: (a) sensitivity in 2D shape, (b) 3D phase plot, (c) 2D phase plot.

Figure 8. Cont.
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(b)

Figure 8. Numerical solution and sensitivity as A takes a smaller value of the system in Equation (7) for
K=1,A=01,p=10v=-25,B=-0.5, E = —0.5: (a) sensitivity in 2D shape, (b) 3D phase plot, (c) 2D
phase plot.

(b) (c)

Figure 9. Asymptotically unstable and sensitivity of system in Equation (7) forK=1,A=1,p=1,
v=—2.5,B=—-0.5, E =0.5: (a) sensitivity in 2D shape, (b) 3D phase plot, (c) 2D phase plot.
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-0.8

(b)

Figure 10. Asymptotical stability and sensitivity of system in Equation (7) for K=1,A=1,p=1,
v=—2.5,B=—-0.5, E =0.5: (a) sensitivity in 2D shape, (b) 3D phase plot, (c) 2D phase plot.

5. Methodology

This section explains the procedure of two efficient techniques, the modified extended
Tanh and simplest equation methods, to solve NLEES. For this purpose, consider NLEESs as

L(Ht/ HHx/ Hxxx/ Htx ) =0. (8)

Consider the transformation variable ¢y = Kx — vt; H(x,t) = H(¢) to convert Equation (8)
as follows:
L(—vHy, KHHy, K* Hypy, —0K Hyy ) = 0. 9)

5.1. Fundamental Stage of Modified Extended Tanh Method [41]

The solution of Equation (9) is

s é
H) = o+ Ty (B0 + 5057 ) (10)
The function F(¢) satisfied Equation (10):
dF(y) _ 2
“a =OFEW) (11)

By inserting Equations (10) and (11) into Equation (9), we obtain the values of B, Js,
K, and v. We can insert these obtained values into Equation (10) and find the required solutions.
The solutions of Equation (11) are
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For® <0,
F(y) = —mtanh(@(lb +ll>o)), or F(y) = —V/-0 coth(@(w +11)0)).
For® <0,
F(yp) = \F@tan(\/@(lb +11)o)>, or F(p) = —@cot(x@(ll) +1bo)).

For® =0,
1

BRTERTS

5.2. Fundamental Stage of Simplest Equation Method [42,43]

E(y)

Consider the trial solution of Equation (9) in the following:

H() = Po+ Yoy [BF(1)°]. (12)
The wave function F(1p) in Equation (12) satisfied a subsequent differential equation:

F'(p) = O1F(¢) + O2F (). (13)

By inserting Equations (12) and (13) into Equation (9), we obtain the values of B¢, B¢,
K, and v. We can insert these obtained values into Equation (12) and find the required solutions.
The solutions of Equation (13) are

019 1%0)
F(y) = 10,017 90) 0, <0, ®; > 0.

— @01 (¥+y0)
ﬂndF(l/J):m, @2>0, @1 < 0.

If we set ©@, = —1, Equation (9) is

F'(p) = O1F(y) — F(9).

The solutions are

F(y) =G

21 ;01 > 0.
F(y) =%

;01 < 0.

1+ tanh (G (1 + o))
1-— coth(%(l[] + l/Jo)>

6. Optical Soliton Solutions of Quintic M-Fractional Kundu-
Eckhaus Equation

In this section, we solve the quintic M-fractional Kundu-Eckhaus equation by using
the modified extended Tanh method and the simplest equation method.

6.1. Application of the Modified Extended Tanh Method

In this subsection, we apply the modified extended Tanh method to solve the quintic
M-fractional Kundu-Eckhaus equation. The balance number of Equation (4) is s = 1. So,
the solution of Equation (4) is

H(y) = Bo+ B1F(y) + ) (14)
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Equation (14) is substituted into Equation (4) along with Equation (11), and we can
obtain the following solution sets:

K=\/zEB v——%, /30: Bm 50—0 6 =14 4E'
K = mB, p = BZ?XEIEU ‘B = = 0 51 - 4E .
Set-01: K = ﬁB, v = —W, po = - 4E
For ® < 0,
Ve BO z
H(x,t) B 4;@) — 4E e'e. (15)
\/—ﬁtanh(\/—z?(lb +1J)0))
~® BO z
H(x,t) = B 4;8 _ Y3 s (16)
\/—ﬁcoth(\/—b‘(lj) +1J)0))
For ® < 0, X
~® BO 7
H(x,t) = CAA 4E ey, (17)
4E \/Etan(\/ﬁ(ll) +11’o))
1
e BO z
H(x,t) = Bv-® _ 4E e'?. (18)
4E \/Ecot(\/@(ll) +1|)o))
Here, ¢ = 4AEB<X +2Ap (ngrl)tﬁ) = —px— wnngl)tﬁ + 4.
Set-02: K =/ {4z B, p = |/ —BQHEY g, =0, 6 = 59
For ® < 0,
1
[ 2
H(x,t) = (B iE BG)\/ tanh(\/ -0 +1Po))> e'?. (19)
BV—0 BO 2 i
H(x,t) = < e — Vo oth(x/—ﬂ(lb +11>o)>> e, (20)
For ® < 0,
1
/_ 2
H(x,t) = (B i B®ft n(\/ﬁ(w+wo>)> e'?. (1)
1
_ (BV-© BO ? i
H(x,t) = ( T if ﬁcot(\/@(lb +1P0)>> e'?. (22)

Here, ¢ = ﬁB(x%—Zprtﬁ), Q= —1/ —BZ?X£EVx+vr("§1)tﬁ +0.

6.2. Application of the Simplest Equation Method

In this subsection, we apply the simplest equation method to solve the quintic M-
fractional Kundu-Eckhaus equation. The balance number of Equation (4) is N = 1. So, the
solution of Equation (4) is

H(y) = o+ B1F (). (23)



Fractal Fract. 2025, 9, 334

12 of 24

Equation (23) is substituted into Equation (4) along with Equation (13), and we obtain
the following solution sets:

_ /1 _ B*O]-16EAp> , _ _BO BO
K=\/za£B, v = —gar —— Po= — 451/ B1 = —%
. 1 . —B2@3+16Ev . B@
K=\/z2gB, P =V ——T6a8 — Bo = 4E . B1=—TF
v _ B2@?—16EAp? B®2
Set-01: K = 4AEB U= T 16AE 50 4E 7 ﬁl
BO; BO, ©;eC1(W+bo) 2
H =| - — 19, . 24
(x£) ( A4E  4E 1—@,e@(btwg) | €7 ©2<0,6,>0 @4
BO; BO, — @21 (¥+9o) \ 2
H(x,t) = 7.0 0, ® 0. 25
(x8) ( IE  4E 14 @0 wigy ) © /0270 S @3)

BO®; BO,O® Q) ;.
Hent) = (gt~ G g [+ e G wo)) ) ey >

0. (26)
1
BO BO, © Q) 2
H(x,t) = (_41-]1 — 4712271 [1 - coth(zl(lb —i—ll)o)) ) e'?;01 < 0. (27)
Here, [P = ﬁB(x + 2prtﬁ), @ =—px— Mr(flgl) t/B + 9.
" p2@?
Set-02: K = \/ g B, p = \/ — b g, — B9 g _BO,
BO®, BO®, @100 +bo) z .
ot = ( T if 1 —1®2e®1<w+wo) ¢'?; 0, <0, 0, >0. (28)
B BO®; BO, —@e®1¥+i) \?2 io.
H(x,t) = ( i 4 Ty eem ) ¢ ;@ >0, O < 0. (29)
1
BO; BO,0© C) LAy
H(x,t) = (_4;_4;21[1“ (21(1p+xp0)>D e'?;@; > 0. (30)
BO BO, © 2.
H(x,t) = (4151 - 4—;71 [1 —co (21(11) +1|)0)> ) el?;@; < 0. (31)
Here, p = ﬁB(x—I—Zprtﬁ), Q= —px — @r("};”tﬁ +4.

7. Numerical Discussion and Graphs

This study provides both dynamical behaviors using bifurcation theory and exact
optical soliton solutions using the METH and SE techniques to the QKE equation with
the M-fractional derivative. The derived solutions include many solitary wave types,
such as exponential, rational, trigonometric, and hyperbolic functions. The bifurcation
analysis of the quintic Kundu-Eckhaus (QKE) equation is essential for comprehending
nonlinear wave dynamics in optics, fluids, and Bose-Einstein condensates. It categorizes
soliton structures, forecasts stability and modulational instability, and delineates transitions
among dynamical states. This study facilitates the identification of chaos and critical
thresholds in wave evolution through two-dimensional phase portraits and stable circles in
Figures 1-6. It also facilitates the optimization of pulse propagation in optical fibers and
the modeling of capillary waves in fluids. It mathematically advances the examination of
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QKE equations, offering insights into integrability and symmetry-breaking processes. It is
crucial for theoretical progress and practical implementations in nonlinear wave physics. In
Figures 7-21, we also present some novel optical wave patterns of the derived solution for
the special ideals of free parameters. The three-dimensional and two-dimensional diagrams
illustrate the effect of M-fractional parameters on the obtained wave solutions. We compare
the effect of M-fraction parameters with the original form of the derived solutions for the
QKE equation with the values § = 0.2, 0.6, 0.8.

Re(H(x,t))
Re(H(x, 1))
Re(H(x, 1))

Re(H(x,t))

Im(H(x,t))
Im(HEx,:))
Im(H(x,t))
Im(H(x,t))

abs (H(x,t))
abs (H(x,t))
abs(H(x,t))
abs(H(x,t))

B=0.8

Figure 11. Three-dimensional profile of solution for Equation (15), plotted in (x,t)-plane for A = -2,
®=-1,1=01,B=-15p=01,E=1,0=-01,u=1,n=13.

In(H(x,t))

-5 ~10 5 10 15

s 5 B
t
=02, [l p=v.. Ml p=0.s, Wl -1

-5 o 5 10

X x X
M 5-0.2, [l p-o.6, [l p-o.s, M p-1 M p-o0.2, M p=o.c. M p-0.5, M p-1 Il p-0.2, M p-o.6, M p-o.3. M p-1
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Figure 17. Three-dimensional profile of solution for Equation (20) plotted in (x,f)-plane for A = 2,
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Figure 19. Three-dimensional profile of solution for Equation (24) plotted in (x,t)-plane for A = -2,
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Figure 21. Three-dimensional profile of solution for Equation (26) plotted in (x,t)-plane for A = —0.1,
©=-050,=-1,1=-002,B=3,p=—1,E=1,0=01,n=13.

7.1. Modified Extended Tanh Method

To comprehend the dynamics of the results, one must understand the physical explana-
tion of the acquired solutions. This section presents visual representations of the solutions
we developed, utilizing three-dimensional density plots and two-dimensional plots to elu-
cidate our findings. Given that the QKE equation is analogous to the Schrédinger equation,
we concentrate on three fundamental elements: the real, imaginary, and absolute values
of the resultant solutions. Utilizing the modified extended Tanh method, we illustrate
various profiles of kinky periodic waves with dark characteristics, periodic breather waves,
anti-kinky periodic waves with dark characteristics, periodic waves, multi-kink shape
waves, and others. These profiles have significant applications in areas such as nonlinear
optics, plasma physics, and fuzzy dynamics. Kinky periodic and anti-kinky periodic waves
with dark properties show changes between separate wave states. This is important for un-
derstanding nonlinear domain walls, optical switching, and phase transitions in condensed
matter systems and fiber optics. Periodic breather waves demonstrate confined energy
oscillations, which are imperative in optical rogue waves and pulsing solitons that happen
in nonlinear waveguides and hydrodynamics. Periodic waves make it easier to look at
comprehensible wave patterns in nonlinear media, which changes how optical signals are
sent and how plasma waves travel. The multi-kink shape wave model helps us under-
stand how solitons collide and interact, giving us clues about how energy moves and how
things stay stable in nonlinear dispersive media. Figure 11 depicts three-dimensional
plots with density plots of the solution to Equation (15), which signifies a periodic
breather wave soliton. The graphic is produced for particular parametric values, namely
A=-20=-1,1=01,B=-15p=01,E=160=-01, uy=1,andn =13,
illustrating the soliton’s structural attributes and wave dynamics. The fractional parametric
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(B) effect is also shown in this figure for § = 0.2, 0.6, and 0.8, and without fractional form,
we plotted a diagram for = 1. The real and imaginary parts depict the periodic breather
waves, and the absolute part depicts the kinky periodic waves with dark characteristics.
Figure 12 is presented alongside the associated two-dimensional projection of Figure 11.
Here, we provide a comparative diagram of the fractional derivative and the classical
form of the solution in Equation (15). Figure 13 illustrates the three-dimensional repre-
sentations alongside density charts of the solution to Equation (15), indicating a periodic
breather wave soliton. The graphic is generated for specific parametric values, namely
A=20=-1,1=01,B=15 p=01 E=05 0=01, u =1, and n = 1.3, depicting
the soliton’s structural characteristics and wave dynamics. The fractional parametric (p)
impact is illustrated in this figure for B values of 0.2, 0.6, and 0.8 beside a diagram for § =1
without the fractional form. The real and imaginary components illustrate the periodic
breather waves, whereas the absolute component represents the anti-kinky periodic waves
with dark attributes. Figure 14 is displayed alongside the corresponding two-dimensional
projection of Figure 13. Here, we provide a comparative diagram of the fractional deriva-
tive and the classical form of the solution in Equation (15). Figure 15 explains the three-
dimensional representations alongside density charts of the solution to Equation (18),
indicating a periodic wave soliton. The graphic is generated for specific parametric values,
namely A=05 0=1,1=-01,B=05p=1E=160=-01, pu=1,andn =13,
depicting the soliton’s structural characteristics and wave dynamics. The fractional paramet-
ric (B) impact is illustrated in this figure for  values of 0.2, 0.6, and 0.8 beside a diagram for
B = 1 that is the classical form. The real and imaginary components illustrate the periodic
waves, whereas the absolute component represents the kinky periodic waves with dark at-
tributes. Figure 16 is displayed alongside the corresponding two-dimensional projection of
Figure 11. Here, we provide a comparative diagram of the fractional derivative and the clas-
sical form of the solution in Equation (18). Figure 17 illustrates the three-dimensional plots
alongside density plots of the solution to Equation (20), indicating a periodic wave soliton
forthevalues A=2,®=-1,1=01,B=150v=01, E=3,0=-01, pu=1, n=13.
The fractional parametric () impact is illustrated in this figure for B values of 0.2, 0.6, and
0.8 beside a diagram for f = 1 without the fractional form. The real and imaginary compo-
nents illustrate the periodic waves, whereas the absolute component signifies the multi-kink
shape waves. Figure 18 is displayed alongside the corresponding two-dimensional projec-
tion of Figure 18. Here, we provide a comparative diagram of the fractional derivative and
the classical form of the solution in Equation (20).

7.2. Simplest Equation Method

This section presents a visual analysis of the acquired solutions through 3D density
and 2D charts. Given that the QKE equation parallels the Schrodinger equation, we analyze
the real, imaginary, and absolute values of the solutions. Utilizing the modified extended
Tanh approach, we demonstrate a range of soliton profiles, encompassing periodic breather
waves, anti-kinky periodic waves with bright attributes, periodic lump wave soliton, and
bright-dark double periodic waves. These structures are utilized in nonlinear optics,
plasma physics, and fuzzy dynamics, facilitating light modulation and the comprehension
of turbulence in chaotic systems. Periodic breather waves provide confined amplitude
oscillations, crucial for comprehending rogue waves, energy localization, and pulse propa-
gation in nonlinear optical systems. They assist in modeling transient energy concentration
and recurring events. Periodic shifts between several bright soliton states are shown by
anti-kinky periodic waves with luminous properties. These waves are significant for optical
switching processes, nonlinear domain wall configurations, and plasma wave behavior.
Periodic lump wave solitons are confined, non-singular structures that stay stable over long
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distances. They are very important in plasma physics, optical communication, and fluid
dynamics, all of which involve multidimensional wave interactions. Bright-dark double pe-
riodic waves show how areas of high and low intensity (bright) interact in nonlinear media.
They make it easier to study optical waveguides, fiber lasers, and the dynamics of matter
waves in Bose-Einstein condensates. Figure 19 depicts three-dimensional plots with density
plots of the solution to Equation (24), which signifies a periodic wave and breather wave
soliton. The graphic is produced for particular parametric values, namely A = -2, ®; =1,
©®,=-051=01B=-15p=01E=1,0=-01, u =1, and n = 1.3, illustrating
the soliton’s structural attributes and wave dynamics. The fractional parametric (8) effect is
also shown in this figure for § = 0.2, 0.6, and 0.8, and without fractional form, we plotted
a diagram for = 1. The real and imaginary parts depict the periodic wave with breather
waves, and the absolute part depicts the bright-dark double periodic waves. Figure 20 is
presented alongside the associated two-dimensional projection of Figure 19. Here, we pro-
vide a comparative diagram of the fractional derivative and the classical form of the solution
in Equation (24). Figure 21 illustrates the three-dimensional representations alongside den-
sity charts of the solution to Equation (26), indicating a periodic breather wave soliton for
A=-01,0,=-050,=-1,1=-002, B=3,p=—-1,E=1,0=0.1, andn =1.3.
The fractional parametric (8) impact is illustrated in this figure for § values of 0.2, 0.6, and
0.8 beside a diagram for § = 1 without the fractional form. The real and imaginary components
illustrate the periodic breather waves, whereas the absolute component represents the anti-
kinky periodic waves with bright attributes. Figure 22 is displayed alongside the corresponding
two-dimensional projection of Figure 22. Here, we provide a comparative diagram between the
fractional derivative and the classical form of the solution in Equation (26).
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Figure 22. Two-dimensional profile of solution for Equation (26) plotted along x-axis and t-axis.

Figure 23 explains the three-dimensional representations alongside density charts of the
solution to Equation (31), indicating a periodic lump wave soliton. The graphic is generated
for specific parametric values, namely A = -1, ®; = —0.5, ©®, = -1, [ = 0.1, B = —0.5,
v=2,E=02 0=-01, u =1, and n = 1.3, depicting the soliton’s structural characteristics
and wave dynamics. The fractional parametric () impact is illustrated in this figure for
B values of 0.2, 0.6, and 0.8 beside a diagram for § = 1 that is the classical form. The
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real and imaginary components illustrate the periodic lump waves, whereas the absolute
component represents the periodic lump waves with dark attributes. Figure 24 is displayed
alongside the corresponding two-dimensional projection of Figure 23. Here, we provide a
comparative diagram between the fractional derivative and the classical form of the solution
in Equation (31).
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Figure 23. Three-dimensional profile of solution for Equation (31) plotted in (x,t)-plane for A = —1,
0®;=-050;=-1,1=01,B=-05v=2,E=02,0=-01,u=1,n=13.
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8. Conclusions

The examination of the QKE equation establishes a theoretical basis for signal trans-
mission in contemporary optical systems intended for ultrafast communication and high-
density data storage. Optical solitons and their related effects are essential for enabling
effective and dependable data transfer. Engineers can optimize system designs to improve
communication performance and storage efficiency by analyzing diverse alternatives. Soli-
ton solutions facilitate high-speed data transmission, periodic solutions are essential for
multi-channel communication, and solitary and unbounded solutions contribute to the
development of interference-resistant systems. In this manuscript, the dynamical behaviors
of the QKE equation were successfully analyzed by using bifurcation analysis with the
two-dimensional phase portrait. In Figures 1-6, the stable circle and phase portraits are
presented. We showed the stable and unstable critical points under some parametric con-
ditions. This study examined optical solitons in the QKE equation, integrating fractional
temporal evolution. Employing the modified extended Tanh and simplest equation tech-
niques, a complete soliton spectrum was derived, accompanied by the requisite parameter
conditions for their existence. The soliton spectrums are periodic breather waves, anti-kinky
periodic waves with bright attributes, periodic lump wave solitons, bright-dark double
periodic waves, kinky periodic waves with dark characteristics, anti-kinky periodic waves
with dark characteristics, periodic waves, and multi-kink shape waves, which are presented
in Figures 7-20 with 3D and 2D diagrams. The retrieved solutions exhibit considerable
potential for alleviating internet congestion. The fractional parametric (f) effect on the
optical solitons is also shown in Figures 7-20 for § = 0.2, 0.6, 0.8, and we plotted the
classical form of these solitons for 8 = 1. The findings establish a robust basis for further
studies, encompassing an examination of the dispersive concatenation model, anticipated
to produce analogous answers.
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