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Abstract: This paper presents a modified Euler—Maruyama (EM) method for mixed
stochastic fractional integro—differential equations (mSFIEs) with Caputo—type fractional
derivatives whose coefficients satisfy local Lipschitz and linear growth conditions. First, we
transform the mSFIEs into an equivalent mixed stochastic Volterra integral equations
(mSVIEs) using a fractional calculus technique. Then, we establish the well—posedness of
the analytical solutions of the mSVIEs. After that, a modified EM scheme is formulated to
approximate the numerical solutions of the mSVIEs, and its strong convergence is proven
based on local Lipschitz and linear growth conditions. Furthermore, we derive the modified
EM scheme under the same conditions in the L2 sense, which is consistent with the strong
convergence result of the corresponding EM scheme. Notably, the strong convergence order
under local Lipschitz conditions is inherently lower than the corresponding order under
global Lipschitz conditions. Finally, numerical experiments are presented to demonstrate
that our approach not only circumvents the restrictive integrability conditions imposed by
singular kernels, but also achieves a rigorous convergence order in the L2 sense.

Keywords: mixed stochastic fractional integro—differential equations; fractional calculus;
mixed stochastic Volterra integral equation; modified Euler—Maruyama method; convergence
rate analysis

1. Introduction
Mixed stochastic fractional integro—differential equations (mSFIEs) are essential tools

for understanding certain system properties that cannot be captured with a deterministic
framework; for example, such equations can capture the long—memory effects arising
from macroeconomic factors or systemic trends [1–3].

Many numerical methods have been developed for SFIEs, such as the EM method [4–7],
stopped Euler—Maruyama method [3,8], truncated Euler—Maruyama method [9–11], Mil-
stein method [12,13]), θ−Maruyama method [14,15], explicit Euler method [16], and implicit
Euler method [17]. In particular, the authors of [3] considered a class of mixed SDEs driven
by both Brownian motion and fractional Brownian motion (fBm) with the Hurst parameter
H ∈ (1/2, 1), and they obtained the convergence rate

√
δ (the diameter of partition) using

a modified Euler method. In [4], the authors proved strong first—order superconvergence
for linear SVIEs with convolution kernels when the kernel of the diffusion term becomes
0. In [5], nonlinear SFIEs were considered under non—Lipschitz conditions, and the EM
solutions of SFIDEs shared strong first—order convergence. The authors of [7] introduced
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the initial value problem of Caputo—tempered SFIEs and proved the well—posedness of
its solution, and the strong convergence order of the derived EM method was reported
to be α − 1

2 , with the fractional derivative’s order α ∈ (1/2, 1). Additionally, a fast EM
method based on the sum—of—exponentials approximation was developed. However,
most SDE models in real—world applications do not satisfy the global Lipschitz condition
in the analysis of numerical solutions, especially Caputo—type fractional SDEs [5,18,19],
where the local Lipschitz condition alone is insufficient to guarantee the existence of a
global solution [12,20,21]. In [21], the authors found that, under linear growth conditions
(Khasminskii—type conditions), both the exact and numerical solutions obtained via the
EM or stochastic theta method satisfy the moment—boundedness condition, thereby estab-
lishing the strong convergence of the numerical solutions to the exact solution under local
Lipschitz and linear growth conditions [9–11]. As the classical explicit EM method has a
simple structure, is not time—consuming, and has an acceptable convergence rate under
the global Lipschitz condition, it has attracted significant attention [16,17,22].

Additionally, research on the above numerical methods for SFIEs or SVIEs has con-
centrated on convergence under global Lipschitz and linear growth conditions, but the
numerical stability properties of SFIEs or Hölder continuous kernels under local Lipschitz
and linear growth conditions are rarely discussed. Specifically, no results have been re-
ported on the mean—square stability of the analytical solutions of mSFIEs with singular
kernels. Based on the Caputo—type fractional SDE, we consider the following mSFIE in
Itô’s sense:

Dαy(t) = k0(t, y(t)) + k1(t, s, y(s))
ds
dt

+ k2(t, s, y(s))
dWt

dt
+ k3(t, s, y(s))

dWH
t

dt
,

t ∈ T , y(0) = y0,
(1)

where Dα represents the Caputo—type fractional derivative of order α ∈ (1/2, 1) on
T ≜ [0, T], k0 ∈ L1(T × Rd;Rd), k1 ∈ L1({(t, s) : 0 ≤ s ≤ t ≤ T} × Rd;Rd), k2 ∈
L2({(t, s) : 0 ≤ s ≤ t ≤ T} ×Rd;Rd×r), and k3 ∈ L2({(t, s) : 0 ≤ s ≤ t ≤ T} ×Rd;Rd×r).
Wt is defined as an r−dimensional standard Brownian motion on the complete probability
space (Ω,F ,P) with an algebra filtration {Ft, t ≥ 0}, where Ft is right—continuous, and
F0 contains all P-null sets. y0 is an F0−measurable Rd−valued random variable, which
is defined on the same probability space and satisfies E|y0|2 < ∞. WH

t is an fBm defined
on (Ω,F ,P). As observed above, mSFIE (1) includes the Riemann—Liouville fractional
integral operator and the fBm process. It becomes more complex to compare classical SDEs
containing Brownian motion and fBm. Two major difficulties arise when investigating
stochastic equations driven by WH

t ; namely, the presence of correlated increments and
the absence of the martingale property, which compromises the validity of the classical
convergence theorem [12] in numerical analysis. In addition, it is challenging to deter-
mine the stability properties of analytical and numerical solutions, necessitating further
in—depth research.

To the best of our knowledge, few studies have investigated the convergence rate of
the numerical solutions of mSFIE (1) under local Lipschitz and linear growth conditions. To
overcome the above difficulties and obtain the strong convergence rates in additive noise
cases when H ∈ (1/2, 1), we first loosen the assumption of the global Lipschitz condition to
the local Lipschitz condition and proceed to prove the well—posedness, and then we study
the strong convergence order of the numerical method. We first transform the mSFIEs
into the equivalent mSVIEs using a fractional calculus technique, and then we present
the well—posedness of the analytical solutions of the mSVIEs. After that, a modified
EM method is devised to approximate the numerical solutions of mSVIEs, and its strong
convergence is obtained under local Lipschitz and linear growth conditions. Furthermore,
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we derive the modified EM scheme under the same conditions in the L2 sense, which is
consistent with the strong convergence result of the corresponding EM scheme. Notably,
the strong convergence order under local Lipschitz conditions is inherently lower than the
corresponding order under global Lipschitz conditions. Finally, numerical experiments are
presented to demonstrate that our approach not only circumvents the restrictive integrabil-
ity conditions imposed by singular kernels, but also achieves a rigorous convergence order
in the L2 sense.

The structure of this paper is as follows. In Section 2, some basic notations, preliminary
facts on stochastic integrals for fBm, and some special functions are given, and some mild
hypotheses are constructed. In Section 3, we transform the mSFIE into an equivalent mSVIE
using a fractional calculus technique and Malliavin calculus. In Section 4, we employ a
modified EM approximation to study the well—posedness of the solution to the mSVIE. In
Section 5, we derive the strong convergence order of the modified EM method under local
Lipschitz and linear growth conditions in the mean—square sense. Numerical experiments
are presented in Section 6. Finally, we end with a brief conclusion in Section 7.

2. Preliminaries
In this paper, E denotes the expectation corresponding to P. Let | · | be the Euclidean

norm |x| =
√

∑d
i=1 x2

i on Rd and the trace norm ∥ · ∥ on Rd×r. We define matrix A, and

then ∥A∥ =
√
trace(AT A) for A ∈ Rd×r. Consider a complete probability space (Ω,F ,P)

with a filtration {Ft}t≥0 that satisfies common assumptions. For the real numbers a, b, and
c, we write a ∧ b ∧ c := min{a, b, c} and a ∨ b ∨ c := max{a, b, c}. The following notations
and preliminaries are provided in [23,24].

Definition 1 ([23,24]). Let a, b ∈ R and a < b, and let f ∈ L1([a, b]) and 0 < α < 1. The
α−order left—sided fractional Riemann—Liouville integral of f on [a, b] is defined as

Iα
a+ ft =

1
Γ(α)

∫ t

a
(t − s)α−1 fsds,

and the α−order right—sided fractional Riemann—Liouville integral of f on [a, b] is defined as

Iα
b− ft =

exp{−iπα}
Γ(α)

∫ b

t
(s − t)α−1 fsds,

where Γ(·) denotes the Gamma function.

Consider two continuous functions f , g ∈ L1([a, b]) and 0 < α < 1. For almost all
t ∈ (a, b), we define the following fractional derivatives:

(Dα
a+ fa+)(t) =

1
Γ(1 − α)

[
ft

(t − a)α
+ α

∫ t

a

ft − fs

(t − s)α+1 ds
]

1(a,b)(t),

(D1−α
b− gb−)(t) =

exp{−iπα}
Γ(α)

[
gt

(b − t)1−α
+ (1 − α)

∫ b

t

gt − gτ

(τ − t)2−α
dτ

]
1(a,b)(t).

Assume that Dα
a+ fa+ ∈ L1([a, b]) and D1−α

b− g ∈ Lp([a, b]), where fa+(t) = ft − fa and
gb−(t) = gt − gb. Under these assumptions, the generalized (fractional) Lebesgue—Stieltjes
integral

∫ b
a ftdgt is defined as

∫ b

a
ftdgt = exp{−iπα}

∫ b

a
(Dα

a+ fa+)(t) · (D1−α
b− gb−)(t)dt, (2)
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Note that, for all 0 < ε < H, fBm WH
t has the (H − ε) Hölder regularity of continuous paths.

Then, for f ∈ Lε([a, b]) and 1 − H < α < ε < 1/2, the explicit expression in (2) becomes

∫ b

a
ftdWH

t = exp{−iπα}
∫ b

a
(Dα

a+ fa+)(t) · (D1−α
b− WH

b−)(t)dt, (3)

where WH
b−(t) = WH

b − WH
t .

Definition 2. We define the following norms for α ∈ (1 − H, 1/2):

∥ f ∥0,α;t = sup
0≤u<v<T

(
| ft − fs|
(t − s)1−α

+
∫ v

u

| fu − fz|
(z − u)2−α

dz
)

,

∥ f ∥2
2,α;t =

∫ t

0
∥ f ∥2

α;sg(t, s)ds,

∥ f ∥∞,α;t = sup
s∈[0,t]

∥ f ∥α;s,

where g(t, s) = s−α + (t − s)−α−1/2, and

∥ f ∥α;t = | ft|+
∫ t

0

| ft − fs|
(t − s)1+α

ds,

∥ f ∥∞,0,T;α = sup
0≤t≤T

| ft|+ sup
0≤s<t≤T

| ft − fs|
(t − s)α

.

Next, we formulate some necessary mild hypotheses, which will be used in the
next section.

Assumption 1. There exists a constant L1 > 0 that, for any t1, t2, s ∈ T , y ∈ Rd, such that ki

(i = 1, 2, 3), satisfies the following condition:

|k1(t1, s, y)− k1(t2, s, y)|+ |k2(t1, s, y)− k2(t2, s, y)|
+ |k3(t1, s, y)− k3(t2, s, y)| ≤ L1(1 + |y|) · |t2 − t1|.

Assumption 2. There exists a constant L2 > 0 that, for any t, s1, s2 ∈ T , y ∈ Rd, such that
ki(t, s, y(s)) (i = 1, 2, 3), satisfies the following condition:

|k0(s1, y)− k0(s2, y)| ∨ |k1(t, s1, y)− k1(t, s2, y)| ∨ |k2(t, s1, y)− k2(t, s2, y)|
∨ |k3(t, s1, y)− k3(t, s2, y)| ≤ L2(1 + |y|) · |s2 − s1|.

Assumption 3. There exists a constant Lm > 0 (m ≥ 1) that is dependent on m and,
for any s, t ∈ T , y1, y2 ∈ Rd and |y1| ∨ |y2| ≤ m, such that ki (i = 1, 2, 3), satisfies the
following condition:

|k0(s, y1)− k0(s, y2)| ∨ |k1(t, s, y1)− k1(t, s, y2)| ∨ |k2(t, s, y1)− k2(t, s, y2)|
∨ |k3(t, s, y1)− k3(t, s, y2)| ≤ Lm(1 + |y|) · |y2 − y1|.

Assumption 4. There exists a constant L4 > 0 that, for any s, t ∈ T , y ∈ Rd, such that ki

(i = 1, 2, 3), satisfies the following linear growth condition:

|k0(s, y)| ∨ |k1(t, s, y)| ∨ |k2(t, s, y)| ∨ |k3(t, s, y)| ≤ L4(1 + |y|).
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Remark 1. In Assumption 3, we point out that this local Lipschitz condition is significantly weaker
than the following global Lipschitz condition; that is, there exists a constant L > 0 that, for any
s, t ∈ T , y1, y2 ∈ Rd, such that ki (i = 1, 2, 3), satisfies the following condition:

|k0(s, y1)− k0(s, y2)| ∨ |k1(t, s, y1)− k1(t, s, y2)| ∨ |k2(t, s, y1)− k2(t, s, y2)|
∨ |k3(t, s, y1)− k3(t, s, y2)| ≤ L · |y2 − y1|.

3. An Equivalent mSVIE
In this section, an equivalent mSVIE of mSFIE (1) is formulated for the deterministic

fractional integral equation see [25] Section 2.2.2. page 119, [26] Section 3.1.3. page 204,
and the integral Equation (2.14) of [27]. The integral equation form of mSFIE (1) can be
rigorously defined to form the following mSVIE:

y(t) = y0 +
1

Γ(α)

∫ t

0
(t − τ)α−1k0(τ, y(τ))dτ

+
1

Γ(α)

∫ t

0
(t − τ)α−1

[ ∫ τ

0
k1(τ, s, y(s))ds

]
dτ

+
1

Γ(α)

∫ t

0
(t − τ)α−1

[ ∫ τ

0
k2(τ, s, y(s))dWs

]
dτ

+
1

Γ(α)

∫ t

0
(t − τ)α−1

[ ∫ τ

0
k3(τ, s, y(s))dWH

s

]
dτ.

(4)

Similar to the solution definition of the stochastic integral equation in [20] (Section 2.2.
page 48, Definition 2.1), the solution of mSFIE (1) can be defined as follows.

Definition 3. Let {y(t) : t ∈ T } be an Rd−valued stochastic process if it satisfies the
following conditions:

(1) {y(t)} is Ft−adapted and continuous;
(2) k0 ∈ L1(T ×Rd;Rd), k1 ∈ L1({(t, s) : 0 ≤ s ≤ t ≤ T} ×Rd;Rd), k2 ∈ L2({(t, s) :

0 ≤ s ≤ t ≤ T} ×Rd;Rd×r), and k3 ∈ L2({(t, s) : 0 ≤ s ≤ t ≤ T} ×Rd;Rd×r);
(3) mSVIE (4) holds for every t ∈ T with probability 1.

A solution {y(t)} is determined to be unique if any other solution {ỹ(t)} is indistin-
guishable from {y(t)}, such that

P{y(t) = ỹ(t) for all t ∈ T } = 1.

Under Assumption 1, we can use the stochastic Fubini theorem (ref. [2] Theorem 1.13.1.
page 57) for mSVIE (4); then,

y(t) = y0 +
1

Γ(α)

∫ t

0
(t − τ)α−1k0(τ, y(τ))dτ

+
1

Γ(α)

∫ t

0
(t − τ)α−1

[ ∫ τ

0
k1(τ, s, y(s))dτ

]
ds

+
1

Γ(α)

∫ t

0
(t − τ)α−1

[ ∫ τ

0
k2(τ, s, y(s))dτ

]
dWs

+
1

Γ(α)

∫ t

0
(t − τ)α−1

[ ∫ τ

0
k3(τ, s, y(s))dτ

]
dWH

s .

(5)

We let
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K0(t, s, y(s)) =
1

Γ(α)

∫ t

0
(t − τ)α−1 · k0(s, y(s))dτ,

K1(t, s, y(s)) =
1

Γ(α)

∫ t

0
(t − τ)α−1 · k1(τ, s, y(s))dτ,

K2(t, s, y(s)) =
1

Γ(α)

∫ t

0
(t − τ)α−1 · k2(τ, s, y(s))dτ,

K3(t, s, y(s)) =
1

Γ(α)

∫ t

0
(t − τ)α−1 · k3(τ, s, y(s))dτ,


(6)

and then mSVIE (5) is equivalent to the following mSVIE:

y(t) = y0 +
∫ t

0
K0(t, s, y(s))ds +

∫ t

0
K1(t, s, y(s))ds +

∫ t

0
K2(t, s, y(s))dWs

+
∫ t

0
K3(t, s, y(s))dWH

s .
(7)

For technical reasons, we need the following auxiliary lemmas.

Lemma 1. Let g : T → Rd be an ε−Hölder continuous function. We define gc(t) = 1
c

∫ t
0∨t−c g(τ)dτ

for c > 0 and t1, t2, s1, s2 ∈ T . Then, for α ∈ (1− ε, 1), there exists a constant C∗ > 0 such that

∥g(t)− gc(t)∥p,0,T;α ≤ C∗Lε(g)cε+α−1, t ∈ T ,

where

Lε(g) = sup
0≤|s1−s2|<|t1−t2|≤T

∣∣g(|t1 − t2|)− g(|s1 − s2|)
∣∣

(|t1 − t2| − |s1 − s2|)ε

is the ε-Hölder constant of g(t).

The proof can be seen in Appendix A.

Lemma 2. Under Assumptions 1–4, for any α ∈ (1 − H, 1
2 ), mSVIE (7) has a unique solution

y(t) such that {y(t), t ∈ T } ∈ Lα,p
0 (T ,Rd) a.s. Furthermore, for any 0 < η < 1

2 and s ≤ t ∈ T ,
there exists a constant C > 0 such that

∥y(t)− yc(t)− y(s) + yc(s)∥p,0,T;α ≤ CL2α+( 1
2−η)(y)c

2α+( 1
2−η), (8)

where

L2α+( 1
2−η)(y) = sup

0≤s<t≤T

y(t)− y(s)

(t − s)2α+( 1
2−η)

is the [2α + ( 1
2 − η)]-Hölder constant of y(t).

The proof can be seen in Appendix B.

4. Existence and Uniqueness of Solution to mSVIE (7)
In this section, we employ a modified EM approximation with the aim of proving the

existence, uniqueness, and stability of the solution to mSVIE (7).

4.1. A Modified EM Scheme

For every integer N ≥ 1, we let TN ≜ {tn ≜ nT
N = nh : n = 0, 1, . . . , N} be a given

uniform mesh on T . Then, we can define a stopping time τN = T ∧ inf{t : ∥W∥0,t ≥ N}



Fractal Fract. 2025, 9, 296 7 of 31

and a stopped process WN
t = Wt∧τN . The solution of mSVIE (7) is denoted by yN , with W

replaced by WN . For t = tn, mSVIE (7) becomes

y(tn) = y0 +
∫ tn

0
K0(tn, s, y(s))ds +

∫ tn

0
K1(tn, s, y(s))ds

+
∫ tn

0
K2(tn, s, y(s))dWs +

∫ tn

0
K3(tn, s, y(s))dWH

s

= y0 +
n−1

∑
i=0

∫ ti+1

ti

K0(tn, s, y(s))ds +
n−1

∑
i=0

∫ ti+1

ti

K1(tn, s, y(s))ds

+
n−1

∑
i=0

∫ ti+1

ti

K2(tn, s, y(s))dWs +
n−1

∑
i=0

∫ ti+1

ti

K3(tn, s, y(s))dWH
s

≈ y0 +
n−1

∑
i=0

∫ ti+1

ti

K0(tn, s, y(ti))ds +
n−1

∑
i=0

∫ ti+1

ti

K1(tn, s, y(ti))ds

+
n−1

∑
i=0

∫ ti+1

ti

K2(tn, s, y(ti))dWs +
n−1

∑
i=0

∫ ti+1

ti

K3(tn, s, y(ti))dWH
s ,

(9)

and
yN(tn)

= yN
0 +

n−1

∑
i=0

∫ ti+1

ti

K0(tn, s, yN(ti))ds +
n−1

∑
i=0

∫ ti+1

ti

K1(tn, s, yN(ti))ds

+
n−1

∑
i=0

∫ ti+1

ti

K2(tn, s, yN(ti))dWs +
n−1

∑
i=0

∫ ti+1

ti

K3(tn, s, yN(ti))dWH
s ,

(10)

for n = 1, . . . , N and yN(t0) = y0. Let ŷN(t) = ∑N
n=0 yN(tn)I[tn ,tn+1)

(t), t ∈ T . Then, the
modified EM scheme is as follows:

yN(t) = y0 +
∫ t

0
K0(t, s, ŷN(s))ds +

∫ t

0
K1(t, s, ŷN(s))ds

+
∫ t

0
K2(t, s, ŷN(s))dWs +

∫ t

0
K3(t, s, ŷN(s))dWH

s .
(11)

Obviously, the [2α+( 1
2 − η)]−Hölder continuous trajectory yN(t) satisfies yN(tn) = ŷN(tn)

for n = 0, 1, . . . , N.

4.2. Existence and Uniqueness

Lemma 3. Under Assumption 4, there exists a constant CN > 0 that is independent of N, and for
any p ≥ 2/θ, θ ∈ (0, α + H − 1

2 ), it satisfies

E[∥yN(t)∥p
∞,0,T;α] ≤ CN and E[∥ŷN(t)∥p

∞,0,T;α] ≤ CN , t ∈ T ,

where N ≥ 1.

The proof can be seen in Appendix C.

Lemma 4. Under Assumptions 1 and 4, for any integer p ≥ 2/θ, θ ∈ (0, α + H − 1
2 ), there exists

a constant CN > 0 such that

E[∥yN(t)− yN(t∗)∥p
∞,0,T;α] ≤ CN |t − t∗|αp, 0 ≤ t∗ < t ≤ T,

where N ≥ 1.

The proof can be seen in Appendix D.
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Theorem 1. Based on Assumption 1, Assumption 3, and Assumption 4, mSFIE (1) has a unique
solution y(t), and for any p ≥ 2/θ (p is positive integer), θ ∈ (0, α + H − 1

2 ), it satisfies

E[|y(t)|p] < ∞, t ∈ T . (12)

The proof is provided in Appendix E.

5. Strong Convergence Analysis of the Modified EM Approximation
Note that the numerical approximation provided by EM Scheme (11) in Section 4

will incur significant computational overhead with stochastic fractional integrals. In this
section, we propose a modified version of Euler—Maruyama (EM) Scheme (11) that reduces
computational complexity while preserving the desired strong convergence rates.

Given the setting with scheme (11), we design the modified version by using
left—endpoint approximation [4]:

Y(t) = y0 +
∫ t

0
K0(t, s, Ŷ(s))ds +

∫ t

0
K1(t, s, Ŷ(s))ds

+
∫ t

0
K2(t, s, Ŷ(s))dWs +

∫ t

0
K3(t, s, Ŷ(s))dWH

s ,
(13)

where s = tn for s ∈ [tn, tn+1), Ŷ(t) = ∑N
n=0 Y(tn)I[tn ,tn+1)

(t). Our modified EM method
can be defined as follows:

Yn : = Y(tn)

= y0 +
n−1

∑
j=0

K0(tn, tj, Yj)h +
n−1

∑
j=0

K1(tn, tj, Yj)h +
n−1

∑
j=0

K2(tn, tj, Yj)∆Wj

+
n−1

∑
j=0

K3(tn, tj, Yj)∆WH
j , 0 ≤ n ≤ N,

Y0 = y0,

(14)

where ∆Wj = Wtj+1 −Wtj and ∆WH
j = WH

tj+1
−WH

tj
, j = 0, 1, · · · , N − 1. Obviously, we only

simulate ∆Wj and ∆WH
j without computing stochastic integrals. Noticing that the discrete

of the fBm increment in the interval [j∆t, (j + 1)∆t) can be using a binomial approach
(see [28]), such as

∆WH
j∆t =


√
(j + 1)2H − j2H∆tH , with probability 1/2

−
√
(j + 1)2H − j2H∆tH , with probability 1/2

,

and the fBm value on the interval [0, i∆t] is computed as

WH
i∆t =

i−1

∑
j=0

∆WH
j∆t, with WH

0 = 0 and i = 1, · · · , n,

which effectively reduces the calculations.

5.1. The Mean—Square Convergence Theorem of the Modified EM Method (14)

To analyze the strong convergence of the modified EM method (14), the boundedness
of the numerical solution can be established using the following lemma.

Lemma 5. Under the same conditions as Lemma 2, for any t ∈ [tn, tn+1], n = 1, 2, · · · , N − 1,
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∥y(t − s)− yc(tn − s)∥p,0,T;α ≤ CL2α+( 1
2−η)(y)h

2α+( 1
2−η),

∥y(t − s)− yc(t − s)∥p,0,T;α ≤ CL2α+( 1
2−η)(y)h

2α+( 1
2−η),

where

L2α+( 1
2−η)(y) = sup

c≥0

y(c)

c2α+( 1
2−η)

is the [2α + ( 1
2 − η)]−Hölder constant of y(t).

The proof can be seen in Appendix F.

Lemma 6. Under Assumption 4, for any t ∈ T , there exists a constant C > 0, which is independent
of h, for any integer p ≥ 2/θ, θ ∈ (0, α + H − 1

2 ), such that

E[∥Y(t)∥p
∞,0,T;α] ≤ C, E[∥Ŷ(t)∥p

∞,0,T;α] ≤ C.

The proof is similar to that of Lemma 4.

Lemma 7. Under Assumptions 1 and 4, for any t ∈ T , there exists a constant C > 0 that,
independent of h, satisfies

E[∥Y(t)− Ŷ(t)∥2
∞,0,T;α] ≤ Ch2α.

The proof can be seen in Appendix G.
Next, we study the mean-square convergence of the modified EM method (14) under

Assumptions 3 and 4. More details of the properties of the local Lipschitz condition can be
seen in Remark 2.1 of [29]. Notice that Lm is an increasing function depending on m, and
we need to consider Lm ↑ ∞ as m → ∞. Therefore, we let ∆∗ > 0 be sufficiently small for a
strictly positive decreasing function ν : (0, ∆∗] → (0, ∞) such that

lim
h→0

ν(h) = ∞, lim
h→0

L2
ν(h)h

2O = 0, (15)

where O denotes the order of the modified EM method under the global Lipschitz condition
(Remark 1).

Theorem 2. Based on Assumptions 3 and 4, for the arbitrary constant ζ ∈ (0, 2) and p > 2
θ ,

θ ∈ (0, α + H − 1
2 ), we assume that there exists an h that satisfies

ν(h) ≥ [L2
ν(h)h

O ]
− p

2(p−2) , where O =

{
min{2 − ζ, 2α + 1 − 2θ}, α − θ = 1/2,

min{2, 2α + 1 − 2θ}, α − θ ̸= 1/2

and for any h < ∆∗, there exists a constant C > 0, which is independent of h. Then, the modified
EM solution Y(t) to mSVIE (14) converges to the exact solution y(t), that is,

E[|Y(t)− y(t)|2] ≤ CL2
ν(h)h

O , for all t ∈ T .

Proof. We define the error as
e(t) = Y(t)− y(t)

and the stopping time as
t = inf{t ≥ 0 : |Y(t)| ≥ m}.
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According to Theorem 1 and Lemma 7, for any δ > 0, we have

E[∥e(t)∥2
2,0,T;α] = E[∥e(t)∥2

1{t>T,τ∗m>T}
] +E[∥e(t)∥2

1{[t>T]∪[τ∗m>T]}
]

≤ E[∥e(t ∧ t ∧ τ∗
m)∥2

1{(t∧τ∗m)>T}
] +

2δE[|e(t)|p]
p

+
p − 2

pδ2/(p−2)
P{[t > T] ∪ [τ∗

m > T]}

≤ E[∥e(t ∧ t ∧ τ∗
m)∥2

1{(t∧τ∗m)>T}
] +

2δ · 2pε

p
+

p − 2
pδ2/(p−2)

· 2ε

mp (Young’s inequality)

≤ E[|e(t ∧ t ∧ τ∗
m)|2] +

δ2p+1ε

p
+

2(p − 2)ε
pδ2/(p−2)mp

,

(16)

where the constant ε > 0 is independent of δ and m. Furthermore, we can estimate
E[|e(t ∧ t ∧ τ∗

m)|2] in the last expression of inequality (16). With a Hölder—type inequality,
we have

E[|e(t ∧ t ∧ τ∗
m)|2]

≤ 8E
{∣∣∣∣ ∫ t∧t∧τ∗m

0
[K0(t ∧ t ∧ τ∗

m, s, Ŷ(s))− K0(t ∧ t ∧ τ∗
m, s, Ŷ(s))]ds

∣∣∣∣2
+

∣∣∣∣ ∫ t∧t∧τ∗m

0
[K0(t ∧ t ∧ τ∗

m, s, Ŷ(s))− K0(t ∧ t ∧ τ∗
m, s, y(s))]ds

∣∣∣∣2
+

∣∣∣∣ ∫ t∧t∧τ∗m

0
[K1(t ∧ t ∧ τ∗

m, s, Ŷ(s))− K1(t ∧ t ∧ τ∗
m, s, Ŷ(s))]ds

∣∣∣∣2
+

∣∣∣∣ ∫ t∧t∧τ∗m

0
[K1(t ∧ t ∧ τ∗

m, s, Ŷ(s))− K1(t ∧ t ∧ τ∗
m, s, y(s))]ds

∣∣∣∣2
+

∣∣∣∣ ∫ t∧t∧τ∗m

0
[K2(t ∧ t ∧ τ∗

m, s, Ŷ(s))dWs − K2(t ∧ t ∧ τ∗
m, s, Ŷ(s)])dWs

∣∣∣∣2
+

∣∣∣∣ ∫ t∧t∧τ∗m

0
[K2(t ∧ t ∧ τ∗

m, s, Ŷ(s))dWs − K2(t ∧ t ∧ τ∗
m, s, y(s)])dWs

∣∣∣∣2
+

∣∣∣∣ ∫ t∧t∧τ∗m

0
[K3(t ∧ t ∧ τ∗

m, s, Ŷ(s))dWH
s − K3(t ∧ t ∧ τ∗

m, s, Ŷ(s))]dWH
s

∣∣∣∣2}
+

∣∣∣∣ ∫ t∧t∧τ∗m

0
[K3(t ∧ t ∧ τ∗

m, s, Ŷ(s))dWH
s − K3(t ∧ t ∧ τ∗

m, s, y(s))]dWH
s

∣∣∣∣2}
=: 8{K1 + K2 + K3 + K4 + K5 + K6 + K7 + K8}.

(17)

Using the Cauchy—Schwarz—type inequality and Itô isometry, under Assumption 1,
Assumption 2, Assumption 4, and Lemmas 6–7, we have

K1 + K3 + K5 + K7 ≤ Ch2α. (18)

With the Cauchy—Schwarz—type inequality and Itô isometry, under Assumption 3, com-
bined with Theorem 1, we have

K2 + K4 + K6 + K8

≤ CL2
m

∫ t∧t∧τ∗m

0
[(t ∧ t ∧ τ∗

m)− s]α−1E[|Y(s)− Ŷ(s)|2 + |e(s ∧ t ∧ τ∗
m)|2]ds.

(19)

Applying Lemma 7 and the weakly singular Gronwall—type inequality (ref. [30],
Theorem 3.3.1. page 349), we have

E[|e(t ∧ t ∧ τ∗
m)|2] ≤

{
Cmhmin{2−ζ,2α+1−2θ}, α − θ = 1/2,

Cmhmin{2,2α+1−2θ}, α − θ ̸= 1/2
.
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Note that the constant Cm depends on m, and it is independent of h and δ. Then, (16) becomes

E[∥e(t)∥2
2,0,T;α] ≤ Cmh2α +

δ2p+1ε

p
+

2(p − 2)ε
pδ2/(p−2)mp

.

We can then choose h, δ = L2
ν(h)h

min{2,2α+1−2θ}, and

m = [L2
ν(h)h

min{2,2α+1−2θ}]
− p

2(p−2) ≤ ν(∆∗).

Next, let h → 0, for any given ε∗ > 0, such that

E[∥e(t)∥2
2,0,T;α] ≤ Cmh2α +

δ2p+1ε

p
+

2(p − 2)ε
pδ2/(p−2)mp

≤ ε∗

3
+

ε∗

3
+

ε∗

3
= ε∗.

Hence, for arbitrary t ∈ T ,
lim
h→0

E[|Y(t)− y(t)|2] = 0,

and the proof is complete.

Remark 2. The limitation expression in (15) indicates the strong convergence of the modified
EM method (14). Unfortunately, it is challenging to derive the exact orders of strong convergence
since Lν(h) → ∞. The precise orders of strong convergence can only be obtained under the global
Lipschitz condition. Using Theorem 2, we investigate the strong convergence order with the local
Lipschitz condition, which is inherently lower than the strong convergence order O/2 with the
global Lipschitz condition.

5.2. Strong Convergence Order Analysis

In order to analyze the strong convergence order of the modified EM method (14),
the following theorem is used to demonstrate the computational efficiency of the
numerical scheme.

Theorem 3. Based on Assumptions 3 and 4, let p > 2/θ, θ ∈ (0, α + H − 1
2 ), and suppose that

there exists an h satisfying

ν(h) ≥ [L2
ν(h)h

O ]
− p

2(p−2) , where O =

{
min{2 − ζ, 2α + 1 − 2θ}, α − θ = 1/2,

min{2, 2α + 1 − 2θ}, α − θ ̸= 1/2.

Then, there exists a constant C > 0, which is independent of h and ϵ, such that

E[|Y(t)− y(t)|2] ≤ CL2
ν(h)(h

O + ϵ2), for all t ∈ T .

Proof. With mSVIE (7) and (13), we have

E[|Y(t)− y(t)|2] ≤ 8E
{∣∣∣∣ ∫ t

0
[K0(t, s, Ŷ(s))− K0(t, s, Ŷ(s))]ds

∣∣∣∣2
+

∣∣∣∣ ∫ t

0
[K0(t, s, Ŷ(s))− K0(t, s, y(s))]ds

∣∣∣∣2
+

∣∣∣∣ ∫ t

0
[K1(t, s, Ŷ(s))− K1(t, s, Ŷ(s))]ds

∣∣∣∣2
(20)
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+

∣∣∣∣ ∫ t

0
[K1(t, s, Ŷ(s))− K1(t, s, y(s))]ds

∣∣∣∣2
+

∣∣∣∣ ∫ t

0
[K2(t, s, Ŷ(s))dWs − K2(t, s, Ŷ(s))]dWs

∣∣∣∣2

+

∣∣∣∣ ∫ t

0
[K2(t, s, Ŷ(s))− K2(t, s, y(s))]dWs

∣∣∣∣2
+

∣∣∣∣ ∫ t

0
[K3(t, s, Ŷ(s))− K3(t, s, Ŷ(s))]dWH

s

∣∣∣∣2}
+

∣∣∣∣ ∫ t

0
[K3(t, s, Ŷ(s))d − K3(t, s, y(s))]dWH

s

∣∣∣∣2}
=: 8{K∗

1 + K∗
2 + K∗

3 + K∗
4 + K∗

5 + K∗
6 + K∗

7 + K∗
8}.

Using similar derivation steps for inequalities (18) and (19), we also have

K∗
1 + K∗

3 + K∗
5 + K∗

7 ≤ Ch2α, (21)

and
K∗

2 + K∗
4 + K∗

6 + K∗
8

≤ CL2
m

∫ t

0

E[|Y(s)− Ŷ(s)|2 + sups∈T |e(s ∧ t)|2]
(t − s)1−α

ds,
(22)

where e(t) = Y(t)− y(t), and t is the same stopping time as before. Notice that

E[|e(T)|2] ≤ E[|e(T)|21(t∧τ∗m)>T ] +E[|e(T)|21(t∧τ∗m)≤T ]

≤ E[|e(T ∧ t ∧ τ∗
m)|2] +E[|e(T)|21(t∧τ∗m)≤T ].

Using the Young—type inequality, let p > 2/θ. Then,

E[|e(T)|21(t∧τ∗m)≤T ] ≤
2δE|e(T)|p

p
+

p − 2
pδ2/(p−2)

P{(t ∧ τ∗
m) ≤ T}.

According to Theorem 2, Lemma 7, and the BDG inequality, we obtain

E[|e(T)|p] ≤ C and P{(t ∧ τ∗
m) ≤ T} ≤ C

m2 .

Thus, we choose δ = L2
ν(h)h

min{2,2α+1−2θ}, and

m =


[L2

ν(h)h
min{2−ζ,2α+1−2θ}]

− p
2(p−2) , α − θ = 1/2,

[L2
ν(h)h

min{2,2α+1−2θ}]
− p

2(p−2) , α − θ ̸= 1/2.

≤ ν(∆∗).

Then, we have
E[|e(T)|2] ≤ CL2

ν(h)(h
O + ϵ2), for all T ∈ T .

6. Numerical Experiments
In this section, we consider two examples to verify the strong convergence orders of

our modified EM scheme (11). We characterize the mean—square errors at the terminal
time tN as
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Eh,T =

√√√√ 1
6500

6500

∑
i=1

|Yh(T, ωi)− Yh/2(T, ωi)|2,

where ωi denotes the ith single sample path. Furthermore, the computing order is
defined as

Order =
log(Eh,N/Eh/2,N)

log 2
.

Example 1. We consider the following one-dimensional mSVIE:

y(t) = y0 +
∫ t

0
(t − s)α sin(y2(s))ds +

∫ t

0
(t − s)α cos(y2(s))dWs

+
∫ t

0
(t − s)α cos(y2(s))dWH

s ,

t ∈ [0, 1], y(0) = y0 = 1.

It is obvious that K1 = sin(y2(s)), K2 = cos(y2(s)), and K3 = cos(y2(s)) are locally Lipschitz
continuous with Lm = 2m and satisfy linear growth conditions. For p > 2/θ, we choose

ν(x) = x exp
{
− min{2, 2α + 1 − 2θ}

4(p − 1)

}
, x < 1.

We let ν(h) → ∞ and

L2
ν(h)h

min{2,2α+1−2θ} = [2ν(h)]2hmin{2,2α+1−2θ}

≤ Ch−
min{2,2α+1−2θ}

2(p−1) hmin{2,2α+1−2θ}

≤ Ch
2p−3

2(p−1) min{2,2α+1−2θ} → 0

As h → 0 and p → ∞, the limitation expression in (15) holds, and

[L2
ν(h)h

min{2,2α+1−2θ}]
− p

2(p−2) ≤ Ch−
p·min{2,2α+1−2θ}

4(p−1) ≤ ν(h),

which means that ν(h) satisfies the condition ν(h) ≥ [L2
ν(h)h

O ]
− p

2(p−2) in Theorem 3. Figure 1
shows the mean—square errors, which become smaller as h decreases. Furthermore, we find that
the Hurst parameter H has a significant impact on the convergence order, such that an increase
in H results in a higher convergence order. To be specific, when α = 0.9, the strong convergence
order of our modified EM method is close to 1, and for the cases of H = 0.8 and H = 0.9, the
strong convergence orders of our modified EM method is also close to 1, respectively. To illustrate
this result, we recall the example 6.1 of [5], which is similar to our Example 1. Ref. [5] verified
that the mean—square errors of explicit EM method applied to SFIDEs has strong first—order
convergence. They also pointed out that the convergence rate of the numerical scheme used the
global Lipschitz condition, but under non—Lipschitz condition, to prove the convergence rate is
still an open problem. In our test, we fixed θ = 0.5 and varying α, we find that an increase in α

results in a higher convergence order. The convergence orders with fixed θ = 0.3 and varying α are
shown in Figure 2 and are consistent with the theoretical analysis. These numerical results verify
that the strong convergence order with the local Lipschitz condition is inherently lower than the
strong convergence order O/2 with the global Lipschitz condition.
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Figure 1. (Left): the mean—square errors of the modified EM scheme with θ = 0.5 and H = 0.6.
(Middle): the mean—square errors of the modified EM scheme with θ = 0.5 and H = 0.8. (Right): the
mean—square errors of the modified EM scheme with θ = 0.5 and H = 0.9.
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Figure 2. (Left): the mean—square errors of the modified EM scheme with θ = 0.3 and H = 0.6.
(Middle): the mean—square errors of the modified EM scheme with θ = 0.3 and H = 0.8. (Right): the
mean—square errors of the modified EM scheme with θ = 0.3 and H = 0.9.

Example 2. We consider the one—dimensional mixed fractional Volterra O—U (Ornstein—Uhlenbeck)
equation (also see [31,32]), which is a special case of mSVIE (7) with Hölder continuous kernels. A mixed
fractional Volterra Ornstein—Uhlenbeck equation is defined by

y(t) = y0 +
∫ t

0
K(t − s)(b0 + b1y(s))ds +

∫ t

0
K(t − s)σ1dWs +

∫ t

0
K(t − s)σ2dWH

s ,

where b0, b1, σ1, σ2 ∈ R.

K(t − s) =
(t − s)α− 1

2

Γ(α + 1
2 )

, α >
1
2

.

According to Theorems 2 and 3, the convergence order is O/2. We choose the following parameters:

y0 = 1, b0 = 1, b1 = −0.3, σ1 = 0.1, σ2 = 0.05, α = 0.6, H = 0.65,

The computed results are shown in Figure 3, which demonstrates that our modified EM method
for the mixed fractional Volterra O-U equation can achieve strong first-order convergence when
α = 0.9.
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Figure 3. (Left): the mean—square errors of the modified EM scheme with θ = 0.5 and H = 0.65.
(Middle): the mean—square errors of the modified EM scheme with θ = 0.5 and H = 0.8. (Right): the
mean—square errors of the modified EM scheme with θ = 0.5 and H = 0.9.
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Remark 3. Example 1 and Example 2 shows that the convergence rate of our modified EM scheme
using the local Lipschitz condition is much more complex than using the global Lipschitz condition.
Since our error e(t) consists of two components, the first one is the error of a modified EM method,
and the second one is the error of Monte Carlo method, thus, it is challenging to derive the exact
orders of strong convergence under the local Lipschitz condition, even the exact orders of strong
convergence is completely invisible. The precise orders of strong convergence can only be obtained
under the global Lipschitz condition. We only show that the strong convergence order with the local
Lipschitz condition, which is inherently lower than the strong convergence order O/2 with the
global Lipschitz condition. To prove the convergence rate under non—Lipschitz condition is still an
open problem.

7. Conclusions
In this study, we relaxed the assumption of the global Lipschitz condition to the

local Lipschitz condition and showed the strong convergence order of a modified EM
method for mSFIEs. We first transformed the mSFIEs into an equivalent mSVIEs using
a fractional calculus technique, and then proved the well—posedness of the analytical
solutions to mSFIEs with weakly singular kernels. Moreover, a modified EM method was
developed for numerically solving mSVIEs, and the strong convergence of the solutions was
proven under local Lipschitz and linear growth conditions, as well as the well—posedness.
Furthermore, we obtained the accurate convergence order of this method under the same
conditions in the mean—square sense. Notably, the strong convergence order under
local Lipschitz conditions is inherently lower than the corresponding order under global
Lipschitz conditions. Finally, numerical experiments were presented to demonstrate that
our approach not only circumvents the restrictive integrability conditions imposed by
singular kernels, but also achieves a rigorous convergence order in the L2 sense.
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Appendix A. The Proof of Lemma 1
We let g(0) = 0 and g(x) = 0 for x < 0. Taking any t1, t2, s1, s2 ∈ T , for

∣∣|t1 − t2| −
|s1 − s2|

∣∣ ≥ c, there exists a constant C∗ > 0 such that



Fractal Fract. 2025, 9, 296 16 of 31

∣∣g(|t1 − t2|)− gc(|t1 − t2|)− g(|s1 − s2|) + gc(|s1 − s2|)
∣∣

=
1
c

∣∣∣∣ ∫ |t1−t2|

|t1−t2|−c
[g(|t1 − t2|)− g(u)]du −

∫ |s1−s2|

|s1−s2|−c
[g(|s1 − s2|)− g(v)]dv

∣∣∣∣
≤ Lε(g)

1
c

[∣∣∣∣ ∫ |t1−t2|

|t1−t2|−c
(|t1 − t2|)εdu

∣∣∣∣− ∣∣∣∣ ∫ |s1−s2|

|s1−s2|−c
(|s1 − s2|)εdv

∣∣∣∣] ≤ C∗Lε(g)cε,

and for
∣∣|t1 − t2| − |s1 − s2|

∣∣ < c, we also have∣∣g(|t1 − t2|)− gc(|t1 − t2|)− g(|s1 − s2|) + gc(|s1 − s2|)
∣∣

≤
∣∣g(|t1 − t2|)− g(|s1 − s2|)

∣∣+ 1
c

∣∣∣∣ ∫ 0

−c
[g(|t1 − t2|+ u)− g(|s1 − s2|+ u)]du

∣∣∣∣
≤ C∗Lε(g)

∣∣|t1 − t2| − |s1 − s2|
∣∣ε,

and hence,∣∣g(|t1 − t2|)− gc(|t1 − t2|)− g(|s1 − s2|) + gc(|s1 − s2|)
∣∣

≤ C∗Lε(g)
[
c ∧

∣∣|t1 − t2| − |s1 − s2|
∣∣]ε,

that is,
∥g(t)− gc(t)∥p,0,T;α

≤ sup
0≤u<v≤T

|g(u)− gc(u)− g(v) + gc(v)|
(v − u)1−α

+ sup
0≤u<v≤T

∣∣∣∣ ∫ v

u

|g(u)− gc(u)− g(x) + gc(x)|
(x − u)2−α

dx
∣∣∣∣

≤ C∗Lε(g)
[

sup
0≤u<v≤T

c ∧ |v − u|ε
(v − u)1−α

+ sup
0≤u<v≤T

∫ v

u

[c ∧ (x − u)]ε

(x − u)2−α
dx

]
≤ C∗Lε(g)

[
cε+α−1 + sup

0≤u<v≤T
[c ∧ (x − u)]ε+α−1

]
≤ CLε(g)cε+α−1.

Appendix B. The Proof of Lemma 2
Let s < t ∈ T . We write (8) as

∥y(t)− yc(s)∥p,0,T;α ≤ Ccε+2α−1
[∣∣∣∣ ∫ .

0
K0(t, s, y(s))ds

∣∣∣∣+ ∣∣∣∣ ∫ .

0
K1(t, s, y(s))ds

∣∣∣∣
+

∣∣∣∣ ∫ .

0
K2(t, s, y(s))dWs

∣∣∣∣+ ∣∣∣∣ ∫ .

0
K3(t, s, y(s))dWH

s

∣∣∣∣].

Obviously,∣∣∣∣ ∫ .

0
K0(t, s, y(s))ds

∣∣∣∣ ∫ t

0
|K0(t, s, y(s))|ds +

∫ t

0

∫ t

s
|K0(t, u, y(u))|du

1
(t − s)α

ds

≤ C
[ ∫ t

0
(1 + |y(s)|)ds +

∫ t

0

∫ t

s
(1 + |y(u)|)du

1
(t − s)α

ds
]
≤ C

[
1 +

∫ t

0

∥y(s)∥p,0,T;α

(t − s)α
ds

]
,

and
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∣∣∣∣ ∫ .

0
K1(t, s, y(s))ds

∣∣∣∣ ≤ ∫ t

0
|K1(t, s, y(s))|ds +

∫ t

0

∫ t

s
|K1(t, u, y(u))|du

1
(t − s)α+1 ds

≤ C
[ ∫ t

0
(1 + |y(s)|)ds +

∫ t

0

∫ t

s
(1 + |y(u)|)du

1
(t − s)α+1 ds

]
≤ C

[
1 +

∫ t

0
|y(s)|ds +

∫ t

0

|y(u)|
(t − u)α+1 du

]
≤ C

[
1 +

∫ t

0

∥y(s)∥p,0,T;α

(t − s)α+1 ds
]

.

Furthermore,∣∣∣∣ ∫ .

0
K2(t, s, y(s))dWs

∣∣∣∣ ≤ ∫ t

0
|K2(t, s, y(s))|dWs +

∫ t

0

∫ t

s
|K2(t, u, y(u))|dWu

1

(t − s)α+( 1
2−η)

ds

≤ C
[ ∫ t

0
(1 + |y(s)|)ds +

∫ t

0

∫ t

s
(1 + |y(u)|)du

1

(t − s)α+( 1
2−η)

ds
]

≤ C
[

1 +
∫ t

0
|y(s)|ds +

∫ t

0

|y(u)|
(t − u)α+( 1

2−η)
du

]
≤ C

[
1 +

∫ t

0

∥y(s)∥p,0,T;α

(t − s)α+( 1
2−η)

ds
]
≤ CLα+( 1

2−η)(y)(t − s)α+( 1
2−η),

where

Lα+( 1
2−η)(y) = sup

0≤s<t≤T

y(t)− y(s)

(t − s)α+( 1
2−η)

is the [α + ( 1
2 − η)]-Hölder constant of y(t).

Similarly,∣∣∣∣ ∫ .

0
K3(t, s, y(s))dWH

s

∣∣∣∣
≤

∫ t

0
|K3(t, s, y(s))|dWH

s +
∫ t

0

∫ t

s
|K3(t, u, y(u))|dWH

u
1

(t − s)α+( 1
2−η)

ds

≤ C
{ ∫ t

0

[
1 + |y(s)|

(t − s)α+( 1
2−η)

+
∫ s

0

|y(s)− y(u)|
(s − u)α+( 1

2−η)
du

]
ds

+
∫ t

0

∫ t

s

[
1 + |y(v)|

(v − s)α+( 1
2−η)

+
∫ v

s

|y(v)− y(v)|
(v − v)α+( 1

2−η)
dv

]
1

(t − s)α+( 1
2−η)

ds
}

≤ C
[

1 +
∫ t

0

∥y(s)∥p,0,T;α

(t − s)α+( 1
2−η)

ds +
∫ t

0

∫ t

s

∥y(v)∥p,0,T;α

(v − s)α+( 1
2−η)

dv
1

(t − s)α+( 1
2−η)

ds
]

≤ C
[

1 +
∫ t

0

∥y(s)∥p,0,T;α

(t − s)α+( 1
2−η)

ds +
∫ t

0

∥y(s)∥p,0,T;α

(t − s)2α+( 1
2−η)

ds
]

≤ CL2α+( 1
2−η)(y)(t − s)2α+( 1

2−η),

where

L2α+( 1
2−η)(y) = sup

0≤s<t≤T

y(t)− y(s)

(t − s)2α+( 1
2−η)

is the [2α + ( 1
2 − η)]−Hölder constant of y(t).

Combining the above estimates, for |t − s| < c, we have

∥y(t)− yc(s)∥p,0,T;α ≤ CL2α+( 1
2−η)(y)[c ∧ (t − s)]2α+( 1

2−η)

≤ CL2α+( 1
2−η)(y)c

2α+( 1
2−η).
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Appendix C. The Proof of Lemma 3
We first consider the boundedness of ∥yN(t)∥2

2,0,T;α. Using Lemma 2 and the
Gronwall—type inequality, for |t − s| < c, we have

E[∥yN(t)∥2
2,0,T;α]

≤ CN2
[

1 +
∫ t

0

∥yN(u)∥2
2,0,T;αg(t, s)

|t − s|α+( 1
2−η)

du +
∫ t

0

∥yN(v)∥2
2,0,T;αg(t, s)

|t − s|2α+( 1
2−η)

dv
]

≤ CNL2α+( 1
2−η)(y

N)(c ∧ |t − s|)2α+( 1
2−η)

≤ CNL2α+( 1
2−η)(y

N)c2α+( 1
2−η),

(A1)

where

L2α+( 1
2−η)(y

N) = sup
0≤s<t≤T

yN(t)− yN(s)

(t − s)2α+( 1
2−η)

is the [2α + ( 1
2 − η)]-Hölder constant of yN(t). Then, according to Lemma 1.17.1

in [2] (page 88, the estimates for fractional derivatives of fBm and the Wiener pro-
cess via the Garsia—Rodemich—Rumsey inequality), we can assume that, for arbitrary
θ ∈ (0, α + H − 1

2 ),∣∣∣∣ ∫ t

0
fsdWH

s

∣∣∣∣ ≤ CξN
θ (r)|t − r|

1
2−θ , r ∈ T ,

ξN
θ (t) =

( ∫ t

0

∫ t

0

|
∫ v

v K2(t, s, yN(s))dWs|2/θ

|v − v|1/θ
dvdv

)θ/2

.

Then, for p ≥ 2/θ, we have∣∣∣∣ ∫ t

s
K2(t, s, yN(s))dWs

∣∣∣∣p

≤ CN

[
E
(

sup
t∈T

∣∣∣∣ ∫ t

0
K2(t, s, yN(s))dWs

∣∣∣∣p)
+E

(
sup
t∈T

∫ t

0

∫ t

0

|
∫ v

v K2(t, s, yN(s))dWs|p

|v − v|p/2 dvdv
)]

≤ CN

[( ∫ t

0
E|K2(t, s, yN(s))|2ds

)p/2

+

( ∫ t

0

∫ t

0

|
∫ v

v E[K2(t, s, yN(s))]2ds|p/2

|v − v|p/2 dvdv
)]

≤ CN

[
C + CE(|ξN

θ (t)|p) sup
t∈T

( ∫ t

0

1

(c ∧ |t − s|)( 1
2−θ)+α

ds
)p]

.

Obviously,

∥yN(t)∥p
∞,0,T;α ≤ CN sup

s∈T

∣∣∣∣ ∫ t

s
K2(t, s, yN(s))dWs

∣∣∣∣p

. (A2)

Next, we prove the case for p > 2/θ. We define the following stopping time:

τN,ι = T ∧ inf{t : ∥yN,ι(t)∥t ≥ ι},

where the integer ι ≥ 1, τN,ι ↑ T as ι → ∞. We set yN,ι(t) = yN,ι(t ∧ τN,ι),
ŷN,ι(t) = ŷN,ι(t ∧ τN,ι) for all t ∈ T . Under Assumption 4 and (A2), we have
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E[∥yN,ι(t)∥p
2,0,T;α]

≤ 5p−1

Γp(α)

{
Γp(α)E[|y0|p] +E

(∣∣∣∣ ∫ t∧τN,ι

0
[(t ∧ τN,ι)− s]α−1k0(s, ŷN,ι(s))ds

∣∣∣∣p)
+E

(∣∣∣∣ ∫ t∧τN,ι

0
[(t ∧ τN,ι)− s]α−1 sup

s≤u≤[t∧τN,ι ]

|k1(u, s, ŷN,ι(s))|ds
∣∣∣∣p)

+E
(∣∣∣∣ ∫ t∧τN,ι

0
[(t ∧ τN,ι)− s]2(α+

1
2−θ) sup

s≤u≤[t∧τN,ι ]

|k2(u, s, ŷN,ι(s))|2ds
∣∣∣∣p/2)

+E
(∣∣∣∣ ∫ t∧τN,ι

0
[(t ∧ τN,ι)− s]2(α+

1
2−θ) sup

s≤u≤[t∧τN,ι ]

|k3(u, s, ŷN,ι(s))|2ds
∣∣∣∣p/2)

≤ CN

{
1 +

∫ t∧τN,ι

0
[(t ∧ τN,ι)− s]2(α+

1
2−θ)E[ξN

θ (t ∧ τN,ι)
p]

· sup
t∈T

( ∫ t

0

1

|(t ∧ τN,ι)− s|( 1
2−θ)+α

ds
)p}

≤ CN

{
1 +

∫ t∧τN,ι

0
[(t ∧ τN,ι)− s]2(α+

1
2−θ)E[|ŷN,ι(s)|p]ds

}
,

where CN is independent of N and ι. Then, for |t − s| < c, we have

sup
0≤ι∗≤t

E[∥yN,ι(ι∗)∥p
2,0,T;α]

≤ CN

{
1 + sup

0≤ι∗≤t

∫ ι∗∧τN,ι

0
[c ∧ ((ι∗ ∧ τN,ι)− s)]2(α+

1
2−θ) sup

0≤ζ≤s
E[|ŷN,ι(ζ)|p]ds

)}
.

Using the weakly singular Gronwall—type inequality [30] (Theorem 3.3.1. page 349),
we have

E[|ŷN,ι(t)|p] ≤ CN , (A3)

and according to Fatou’s Lemma, for ι → ∞, (A3) implies that

E[|ŷN(t)|p] ≤ CN and E[|yN(t)|p] ≤ CN .

For p = 2/θ, by using the Cauchy—Schwarz—type inequality, as well as Assumption 4
and (A2), we can obtain the results.

Appendix D. The Proof of Lemma 4
Using mSVIE (11), we have

E[∥yN(t)− yN(t∗)∥p
∞,0,T;α]

≤ 4p−1
{
E
[∣∣∣∣ ∫ t

0
K0(t, s, ŷN(s))ds −

∫ t∗

0
K0(t, s, ŷN(s))ds

∣∣∣∣p]
+E

[∣∣∣∣ ∫ t

0
K1(t, s, ŷN(s))ds −

∫ t∗

0
K1(t∗, s, ŷN(s))ds

∣∣∣∣p]

+E
[∣∣∣∣ ∫ t

0
K2(t, s, ŷN(s))dWs −

∫ t∗

0
K2(t∗, s, ŷN(s))dWs

∣∣∣∣p]
+E

[∣∣∣∣ ∫ t

0
K3(t, s, ŷN(s))dWH

s −
∫ t∗

0
K3(t∗, s, ŷN(s))dWH

s

∣∣∣∣p]}
=: 4p−1{K0 +K1 +K2 +K3}.
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Applying the Hölder—type inequality, Assumption 1, Assumption 4, Lemma 2, and
Lemma 3, we have

K0 ≤ 2p−1
{
E
[∣∣∣∣ ∫ t∗

0
[(t − s)α−1 − (t∗ − s)α−1] · k0(s, ŷN(s))ds

∣∣∣∣p]
+E

[∣∣∣∣ ∫ t

t∗
(t − s)α−1k0(s, ŷN(s))ds

∣∣∣∣p]}
≤ C

{∣∣∣∣ ∫ t∗

0
[(t − s)α−1 − (t∗ − s)α−1]ds

∣∣∣∣p−1

·
∫ t∗

0
|(t − s)α−1 − (t∗ − s)α−1| · [1 +E(|ŷN(s)|p)]ds

+

∣∣∣∣ ∫ t

t∗
(t − s)α−1ds

∣∣∣∣p−1

·
∫ t

t∗
(t − s)α−1[1 +E(|ŷN(s)|p)]ds

≤ CN |t − t∗|αp,

and

K1 ≤ CN |t − t∗|[1∧(α+
1
2−θ)]p.

Applying the Burkholder—Davis—Gundy (BDG)—type inequality (Theorem 7.3 of [20],
page 40), we also have

K2 ≤ C
{
E
[∣∣∣∣ ∫ t∗

0
[(t − s)α−1 − (t∗ − s)α−1]2 sup

s≤u≤t
|k2(u, s, ŷN(s))ds|2

∣∣∣∣p/2]
+E

[∣∣∣∣ ∫ t∗

0
(t∗ − s)2(α+ 1

2−θ) sup
0≤u≤1

|k2((t − s)u + s, s, ŷN(s))

− k2((t∗ − s)u + s, s, ŷN(s))ds|2
∣∣∣∣p/2]

+E
[∣∣∣∣ ∫ t∗

0
(t − s)2(α+ 1

2−θ) sup
s≤u≤t

|k2(u, s, ŷN(s))|2ds
∣∣∣∣p/2]}

≤ C
{∣∣∣∣ ∫ t∗

0
[(t − s)α−1 − (t∗ − s)α−1]2ds

∣∣∣∣(p−2)/2 ∫ t∗

0
[(t − s)α−1 − (t∗ − s)α−1]2

· [1 +E(|ŷN(s)|p)]ds + |t − t∗|2
∣∣∣∣ ∫ t∗

0
(t∗ − s)2(α+ 1

2−θ)ds
∣∣∣∣(p−2)/2

·
∫ t∗

0
(t∗ − s)2(α+ 1

2−θ)[1 +E(|ŷN(s)|p)]ds

+

∣∣∣∣ ∫ t∗

0
(t − s)2(α+ 1

2−θ)ds
∣∣∣∣(p−2)/2

·
∫ t

t∗
(t − s)2(α+ 1

2−θ)[1 +E(|ŷN(s)|p)]ds
}

≤
{

C|t − t∗|(2−ϵ)p/2, α − θ = 1/2

C|t − t∗|[2∧(2α+1−2θ)]p/2, α − θ ̸= 1/2.

Observing that θ ∈ (0, α + H − 1
2 ), if θ = 1/2, then 0 < 2 − 2α < 1, and for ϵ = 2 − 2α,

K2 ≤ CN |t − t∗|αp.

Using (A2), we also estimate K3 as follows:
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K3 ≤ C
{
E
[∣∣∣∣ ∫ t∗

0
[(t − s)α−1 − (t∗ − s)α−1]2 sup

s≤u≤t
|k3(u, s, ŷN(s))ds|2

∣∣∣∣p/2]
+E

[∣∣∣∣ ∫ t∗

0
(t∗ − s)2(α+ 1

2−θ) sup
0≤u≤1

|k3((t − s)u + s, s, ŷN(s))

− k3((t∗ − s)u + s, s, ŷN(s))ds|2
∣∣∣∣p/2]

+E
[∣∣∣∣ ∫ t∗

0
(t − s)2(α+ 1

2−θ) sup
s≤u≤t

|k3(u, s, ŷN(s))|2ds
∣∣∣∣p/2]}

≤ C
{
E
[∣∣∣∣ ∫ t∗

0
[(t − s)α−1 − (t∗ − s)α−1]2 sup

s≤u≤t
|K2(u, s, ŷN(s))ds|2

∣∣∣∣p/2

+
∫ t∗

0
[(t − s)α−1 − (t∗ − s)α−1]2 · sup

s≤u≤t

( ∫ t

0

∫ t

0

|
∫ v

v E[K2(u, s, yN(s))]2ds|p/2

|v − v|p/2 dvdv
)]

+E
[∣∣∣∣ ∫ t∗

0
(t∗ − s)2(α+ 1

2−θ) sup
0≤u≤1

|K2((t − s)u + s, s, ŷN(s))

− K2((t∗ − s)u + s, s, ŷN(s))ds|2
∣∣∣∣p/2]

+E
[∣∣∣∣ ∫ t∗

0
(t − s)2(α+ 1

2−θ) sup
s≤u≤t

|K2(u, s, ŷN(s))|2ds
∣∣∣∣p/2

+
∫ t∗

0
(t − s)2(α+ 1

2−θ) sup
s≤u≤t

( ∫ t

0

∫ t

0

|
∫ v

v E[K2(u, s, yN(s))]2ds|p/2

|v − v|p/2 dvdv
)]}

≤ C
{∣∣∣∣ ∫ t∗

0
[(t − s)α−1 − (t∗ − s)α−1]2ds

∣∣∣∣(p−2)/2

·
∫ t∗

0
[(t − s)α−1 − (t∗ − s)α−1]2

· [1 +E(|ŷN(s)|p) +E(|ξN
θ (s)|p)]ds + |t − t∗|2

∣∣∣∣ ∫ t∗

0
(t∗ − s)2(α+ 1

2−θ)ds
∣∣∣∣(p−2)/2

·
∫ t∗

0
(t∗ − s)2(α+ 1

2−θ)[1 +E(|ŷN(s)|p) +E(|ξN
θ (s)|p]ds

+

∣∣∣∣ ∫ t∗

0
(t − s)2(α+ 1

2−θ)ds
∣∣∣∣(p−2)/2

·
∫ t

t∗
(t − s)2(α+ 1

2−θ)[1 +E(|ŷN(s)|p) +E(|ξN
θ (s)|p]ds

}

≤
{

C|t − t∗|(2−ϵ)p/2, α − θ = 1/2

C|t − t∗|[2∧(2α+1−2θ)]p/2, α − θ ̸= 1/2.

≤ CN |t − t∗|αp, (where ϵ = 2 − 2α).

Hence,

E[∥yN(t)− yN(t∗)∥p
∞,0,T;α] ≤ 4p−1{K0 +K1 +K2 +K3} ≤ CN |t − t∗|αp.

Appendix E. The Proof of Theorem 1
From the case of the global Lipschitz condition (Remark 1), inspired by Theorem 3.4

of [20] (Section 2.3. page 56), we define the following truncation function:

Km
i (t, s, y) =

{
Ki(t, s, y), if |y| ≤ m

Ki(t, s, my/|y|), if |y| > m,
i = 0, 1, 2, 3.
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For each m ≥ 1, Ki(t, s, y) satisfies the Lipschitz and linear growth conditions, and there is
a unique solution Km

i (t, s, y) ∈ L2{(t, s) : 0 ≤ s ≤ t ≤ T} ×Rd;Rd×r) to the equation

ym(t) = y0 +
∫ t

0
Km

0 (t, s, ym(s))ds +
∫ t

0
Km

1 (t, s, ym(s))ds

+
∫ t

0
Km

2 (t, s, ym(s))dWs +
∫ t

0
Km

3 (t, s, ym(s))dWH
s , t ∈ T .

We can define the stopping time as

τ∗
m = T ∧ inf{t ∈ T : |ym(t)| ≥ m}.

Note that τ∗
m is increasing and

ym(t) = ym+1(t) if t ∈ T .

We use the linear growth condition to show that, for almost all ω ∈ Ω, there exists an
integer m0 = m0(ω) such that

y(t ∧ τ∗
m) = y0 +

∫ t∧τ∗m

0
Km

0 (t, s, y(s))ds +
∫ t∧τ∗m

0
Km

1 (t, s, y(s))ds

+
∫ t∧τ∗m

0
Km

2 (t, s, y(s))dWs +
∫ t∧τ∗m

0
Km

3 (t, s, y(s))dWH
s .

Let m → ∞; then, y(t) is a solution of mSFIE (1).
Uniqueness. We define y(t) and ỹ(t) as two solutions of mSFIE (1) on L2({(t, s) :

0 ≤ s ≤ t ≤ T} ×Rd;Rd×r) with y(0) = ỹ(0). According to Lemma 2, y(t) and ỹ(t) are
solutions to mSVIE (7), and according to Lemma 3, for |t − s| < c, we have

E[∥y(t)− ỹ(t)∥2
2,0,T;α]

≤ C
{
E
(∣∣∣∣ ∫ t

0
(t − s)α−1[k0(s, y(s))− k0(s, ỹ(s))]ds

∣∣∣∣2)
+E

(∣∣∣∣ ∫ t

0
(t − s)α−1 sup

s≤u≤t
|k1(u, s, y(s))− k1(u, s, ỹ(s))|ds

∣∣∣∣2)
+E

(∣∣∣∣ ∫ t

0
(t − s)2(α+ 1

2−θ) sup
s≤u≤t

|k2(u, s, y(s))− k2(u, s, ỹ(s))|2ds
∣∣∣∣)

+E
(∣∣∣∣ ∫ t

0
(t − s)2(α+ 1

2−θ) sup
s≤u≤t

|k3(u, s, y(s))− k3(u, s, ỹ(s))|2ds
∣∣∣∣)

≤ C
∫ t

0
[c ∧ (t − s)]α−1E[∥y(t)− ỹ(t)∥2

2,0,T;α]ds.

(A4)

Hence, for arbitrary t ∈ T , using the weakly singular Gronwall—type inequality [30]
(Theorem 3.3.1. page 349), we have

E[∥y(t)− ỹ(t)∥2
2,0,T;α] = 0,

which means

P{|y(t)− ỹ(t)| = 0 for all t ∈ T } = 1.

Uniqueness has been obtained.



Fractal Fract. 2025, 9, 296 23 of 31

Existence. We let N′ ≥ N ≥ 1. Using mSVIE (11) and estimating (A4), for any p ≥ 2/θ,
we have

E[∥yN′
(t)− yN(t)∥p

2,0,T;α] ≤ C
∫ t

0
(t − s)α−1E[∥yN′

(t)− yN(t)∥p
2,0,T;α]ds.

Next, we show that yN(t) is a Cauchy sequence almost surely and has a limit in Lα,2(T ;Rd).
We first construct a Picard sequence {yN,n(t) : N ≥ 1, n = 1, 2, · · · }, which satisfies mSFIE
(1), and let τN,n = T ∧ inf{t : ∥yN,n(t)∥t ≥ n}, yN,n(t0) = y0, that is,

yN,n(t) = y0 +
∫ t

0
K0(t, s, ŷN,n−1(s))ds +

∫ t

0
K1(t, s, ŷN,n−1(s))ds

+
∫ t

0
K2(t, s, ŷN,n−1(s))dWs +

∫ t

0
K3(t, s, ŷN,n−1(s))dWH

s .
(A5)

• Step 1: The Picard sequence {yN,n(t) : N ≥ 1, n = 1, 2, · · · } ∈ Lα,2(T ;Rd). For
arbitrary t, s ∈ [0, τN,n), using inequality (15), let K2(t, s, yN,n−1(s)) ∧ [−Cp,θ(n − 1) ∨
Cp,θ(n − 1)]. Then, we have

E[∥yN,n(t)∥2
∞,0,T;α]

≤ |y0|2 +
∣∣∣∣ ∫ t

0
K0(t, s, yN,n−1(s))ds

∣∣∣∣2 + ∣∣∣∣ ∫ t

0
K1(t, s, yN,n−1(s))ds

∣∣∣∣2
+

∣∣∣∣ ∫ t

0
K2(t, s, yN,n−1(s))dWs

∣∣∣∣2 + ∣∣∣∣ ∫ t

0
K3(t, s, yN,n−1(s))dWH

s

∣∣∣∣2
≤ CN,nL2α+( 1

2−η)(y
N,n)(c ∧ |t − s|)2α+( 1

2−η) ≤ CN,p,θ .

• Step 2: The Picard sequence {yN,n(t) : N ≥ 1, n = 1, 2, · · · } ∈ Lα,2(T ;Rd) is a
Cauchy sequence almost surely.

We define arbitrary n, m ≥ 1 and 1t = 1t<τN,n∧τN,m . We need to argue that, for any
m > n ≥ 1, yN,n(t) = yN,m(t) (a.s.) for t, s ∈ [0, τN,n ∧ τN,m), or

E[|yN,m(t)− yN,n(t)|2] a.s.−→ 0, as m, n → +∞.

We write

|yN,m(t)− yN,n(t)|1t<τN,n∧τN,m

=: |y0|1t +

∣∣∣∣ ∫ t

0
[K0(t, s, yN,m−1(s))− K0(t, s, yN,n−1(s))︸ ︷︷ ︸

∆K0(t,s,y(s))

]ds
∣∣∣∣
1s

+

∣∣∣∣ ∫ t

0
[K1(t, s, yN,m−1(s))− K1(t, s, yN,n−1(s))︸ ︷︷ ︸

∆K1(t,s,y(s))

]ds
∣∣∣∣
1s

+

∣∣∣∣ ∫ t

0
[K2(t, s, yN,m−1(s))− K2(t, s, yN,n−1(s))︸ ︷︷ ︸

∆K2(t,s,y(s))

]dWs

∣∣∣∣
1s

+

∣∣∣∣ ∫ t

0
[K3(t, s, yN,m−1(s))− K3(t, s, yN,n−1(s))︸ ︷︷ ︸

∆K3(t,s,y(s))

]dWH
s

∣∣∣∣
1s

.

Using the Cauchy—Schwarz inequality and Lemma 1, we have the estimate
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E
∣∣∣∣ ∫ t

0
∆K0(t, s, y(s))ds

∣∣∣∣2
1s

≤
∫ t

0
E|∆K0(t, s, y(s))|21s

ds

≤ C
[ ∫ t

0
g(t, s)|∆K0(t, s, y(s))|21s

ds +
∫ t

0
g(t, s)

( ∫ s

0

|∆K0(t, v, y(v))|21v

(s − v)α
dv

)
ds

]
≤ CK0

∫ t

0
g(t, s)|∆K0(t, s, y(s))|2cs ds,

and

E
∣∣∣∣ ∫ t

0
∆K1(t, s, y(s))ds

∣∣∣∣2
cs

≤
∫ t

0
E|∆K1(t, s, y(s))|2cs ds

≤ C
[ ∫ t

0
g(t, s)|∆K1(t, s, y(s))|2cs ds +

∫ t

0
g(t, s)

( ∫ s

0

∫ s

u

|∆K1(t, v, y(v))|2cv

(s − u)α+1 dvdu
)

ds
]

≤ C
[ ∫ t

0
g(t, s)|∆K1(t, s, y(s))|2cs ds +

∫ t

0
g(t, s)

( ∫ s

0

|∆K1(t, v, y(v))|2cv

(s − v)α+1 dv
)

ds
]

≤ CK1

∫ t

0
g(t, s)|∆K1(t, s, y(s))|2cs ds.

(A6)

Furthermore, according to Lemma 2,

E
∣∣∣∣ ∫ t

0
∆K2(t, s, y(s))dWs

∣∣∣∣2
cs

≤
∫ t

0
E|∆K2(t, s, y(s))|21s

dWs

≤ C
[ ∫ t

0
g(t, s) ·E[|∆K2(t, s, y(s))|2cs ]ds

+
∫ t

0
g(t, s) ·E

( ∫ s

0

∫ s

u

|∆K2(t, v, y(v))|2cv

(s − u)α+1 dWvdu
)

ds
]

≤ C
[ ∫ t

0
g(t, s)|∆K2(t, s, y(s))|2cs ds

+
∫ t

0
g(t, s) ·

( ∫ s

0

∫ s

u

E|∆K2(t, v, y(v))|2cv

(s − u)α+1 dWvdu
)

ds
]

≤ C
[ ∫ t

0
g(t, s)|∆K2(t, s, y(s))|2cs ds

+
∫ t

0

∫ s

0

g(t, s) · (
∫ s

u E|∆K2(t, v, y(v))|2cv dv)

(s − u)α+( 1
2−η)

duds
]

≤ C
[ ∫ t

0
g(t, s)|∆K2(t, s, y(s))|2cs ds

+
∫ t

0
g(t, s)

∫ s

0

E|∆K2(t, v, y(v))|2cv

(s − v)α+( 1
2−η)

dvds
]

≤ CK2

∫ t

0
g(t, s) ·E|∆K2(t, s, y(s))|2cs ds.

(A7)

Similarly, according to Lemma 2,
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E
∣∣∣∣ ∫ t

0
∆K3(t, s, y(s))dWH

s

∣∣∣∣2
cs

≤
∫ t

0
E|∆K3(t, s, y(s))|2cs dWH

s

≤ CN

[ ∫ s

0

g(t, u) ·E[|∆K3(t, u, y(u))|2cs ]

(t − u)α
du

+

( ∫ s

0

∫ u

0

g(u, v) ·E|K3(t, u, yN,m−1(u))− K3(t, v, yN,n−1(v))|2cu

(u − v)2α+1 dudv
)]

≤ CN

{ ∫ s

0

g(t, u) ·E[|∆K3(t, u, y(u))|2cu ]

(t − u)α
du

+

[ ∫ s

0

∫ u

0
g(u, v) ·E

(
(|K3(t, u, yN,m−1(u))− K3(t, v, yN,n−1(v))|cu)

+ |K3(t, u, yN,m−1(u))− K3(t, u, yN,n−1(u))|cu

· (|K3(t, u, yN,m−1(u)) + K3(t, v, yN,n−1(v))|cu)

)
(u − v)−(ε+2α+1)dudv

]2}
=: CN

{ ∫ s

0

g(t, u) ·E[|∆K3(t, u, y(u))|2cu ]

(t − u)α
du + ∆K̂3(t, u, yN(u))

}
.

(A8)

Notice that

∆K̂3(t, u, yN(u))

≤ C
{[ ∫ s

0
E
(

g(u, v) · (∥K3(t, u, yN,m−1(u))− K3(t, v, yN,n−1(v))∥cu)

(u − v)2α

+
g(t, u) · |K3(t, u, yN,m−1(u))− K3(t, u, yN,n−1(u))|cu

(t − u)2(ε−α)

)
du

]2

+

[ ∫ s

0
E
(

g(t, u) · |K3(t, u, yN,m−1(u))− K3(t, u, yN,n−1(u))|cu

(t − u)2α

· g(u, v) · (∥K3(t, u, yN,m−1(u)) + K3(t, v, yN,n−1(v))∥∞,u)cu

(u − v)2ε

)
du

]2}
≤ C

[ ∫ s

0

(
g(t, u) ·E∥K3(t, u, yN,m−1(u))− K3(t, u, yN,n−1(u))∥2

cu

(t − u)2(ε−α)
du

+ (m + n − 2)2
∫ s

0

g(t, u) · |K3(t, u, yN,m−1(u))− K3(t, u, yN,n−1(u))|2cu

(t − u)2α

)
du

]
≤ CN

∫ s

0
g(t, u) ·E∥K3(t, u, yN,m−1(u))− K3(t, u, yN,n−1(u))∥2

cu du,

and thus,

E
∣∣∣∣ ∫ t

0
∆K3(t, s, y(s))dWH

s

∣∣∣∣2
cs

≤ CK3

∫ t

0
g(t, s) ·E|∆K3(t, s, y(s))|2cs ds. (A9)

Combining (A3), (13), and (A5), we have

E[∥yN,m(t)− yN,n(t)∥2
ct · g(t, s)] ≤ C

∫ t

0
g(t, s) ·E∥yN,m(s)− yN,n(s)∥2

1s
ds. (A10)

This means that ∥yN,m(s)− yN,n(s)∥2
1s

= 0 a.s., hence, ∥yN,m(t)− yN,n(t)∥2
1t
= 0 a.s.

for t ∈ [0, τN,n ∧ τN,m), especially τN,m > τN,n a.s., as yN,n(t) ≤ n < m for t < τN,n.
Then, we conclude that the Picard sequence {yN,n(t) : N ≥ 1, n = 1, 2, · · · } ∈
Lα,2(T ;Rd) is almost surely a Cauchy sequence.

• Step 3: Since T > 0, and τN increases with N and ultimately reaches T, we find that
there exists a Cauchy sequence that almost surely satisfies mSVIE (11), and mSVIE
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(14) has a unique solution for t ∈ [0, τN ∧ τN,n). Noticing that y(t) ∈ Lα,2(T ;Rd), such
that yN(t) a.s.−→ y(t) uniformly as N → ∞, we take expectations on both sides, that is,

lim
N→∞

E[∥y(t)− yN(t)∥2
∞,0,T;α] = 0.

Moreover, according to Lemma 4, we have

E[∥y(t)− y(t∗)∥p
2,0,T;α] ≤ C|t − t∗|αp.

Then, the process y(t) is a continuous solution of mSFIE (1). According to Lemma 3, let
N → ∞, and then for any t ∈ T ,

E[|y(t)|p] < ∞.

Appendix F. The Proof of Lemma 5
According to Lemma 2, we have

∥y(t − s)− yc(tn − s)∥p,0,T;α

≤
[∣∣∣∣ 1

Γ(α)

n−1

∑
i=0

∫ ti+1

ti

[(tn+1 − ti)
α−1 − (tn − ti)

α−1] · k0(s, y(s))ds
∣∣∣∣

+

∣∣∣∣ 1
Γ(α)

n−1

∑
i=0

∫ ti+1

ti

[(tn+1 − ti)
α−1 − (tn − ti)

α−1] · k1(t, s, y(s))ds
∣∣∣∣

+

∣∣∣∣ 1
Γ(α)

n−1

∑
i=0

∫ ti+1

ti

[(tn+1 − ti)
α−1 − (tn − ti)

α−1] · k2(t, s, y(s))dWs

∣∣∣∣
+

∣∣∣∣ 1
Γ(α)

n−1

∑
i=0

∫ ti+1

ti

[(tn+1 − ti)
α−1 − (tn − ti)

α−1] · k3(t, s, y(s))dWH
s

∣∣∣∣]

≤ C
{∣∣∣∣h n−1

∑
i=0

∫ ti+1

ti

[((n − i + 1)h)α−1 − ((n − i)h)α−1]ds ·
[

1 +
n−1

∑
i=0

∫ ti+1

ti

∥y(s)∥p,0,T,α

cα
ds

]∣∣∣∣
+

∣∣∣∣h n−1

∑
i=0

∫ ti+1

ti

[((n − i + 1)h)α−1 − ((n − i)h)α−1]ds

·
[

1 +
n−1

∑
i=0

∫ ti+1

ti

∥y(s)∥p,0,T,α

[c ∧ (tn+1 − ti − tn + ti)]α
ds

]∣∣∣∣+ ∣∣∣∣h n−1

∑
i=0

∫ ti+1

ti

[((n − i + 1)h)α−1

− ((n − i)h)α−1]ds ·
[

1 +
n−1

∑
i=0

∫ ti+1

ti

∥y(s)∥p,0,T,α

[c ∧ (tn+1 − ti − tn + ti)]
α+( 1

2 −η)

]
ds

∣∣∣∣
+

∣∣∣∣h n−1

∑
i=0

∫ ti+1

ti

[((n − i + 1)h)α−1 − ((n − i)h)α−1]ds ·
[

1 +
n−1

∑
i=0

∫ ti+1

ti

∥y(s)∥p,0,T,α

· 1

[c ∧ (tn+1 − ti − tn + ti)]
α+( 1

2 −η)
ds

+
n−1

∑
i=0

∫ ti+1

ti

∥y(s)∥p,0,T,α

[c ∧ (tn+1 − ti − tn + ti)]
2α+( 1

2 −η)

]
ds

∣∣∣∣}

≤ C
{∣∣∣∣Lα(y)cα

n−1

∑
i=0

[((n + 1)h)α−1 − hα−1]

∣∣∣∣+ ∣∣∣∣Lα(y)cαh
n−1

∑
i=0

[((n + 1)h)α−1 − hα−1]

∣∣∣∣
+

∣∣∣∣Lα+( 1
2 −η)(y)c

α+( 1
2 −η)h

n−1

∑
i=0

[((n + 1)h)α−1 − hα−1]

∣∣∣∣
+

∣∣∣∣L2α+( 1
2 −η)(y)c

2α+( 1
2 −η)h

n−1

∑
i=0

[((n + 1)h)α−1 − hα−1]

∣∣∣∣
≤ CL2α+( 1

2 −η)(y)c
2α+( 1

2 −η)h.



Fractal Fract. 2025, 9, 296 27 of 31

Similarly,

∥y(t − s)− yc(t − s)∥p,0,T;α

≤
[∣∣∣∣ 1

Γ(α)

n−1

∑
i=0

∫ ti+1

ti

[(tn+1 − ti)
α−1 − (tn − ti+1)

α−1] · k0(s, y(s))ds

+
∫ t

tn

[(t − s)α−1 − (t − s)α−1] · k0(s, y(s))ds
∣∣∣∣

+

∣∣∣∣ 1
Γ(α)

n−1

∑
i=0

∫ ti+1

ti

[(tn+1 − ti)
α−1 − (tn − ti+1)

α−1] · k1(t, s, y(s))ds

+
∫ t

tn

[(t − s)α−1 − (t − s)α−1] · k1(t, s, y(s))ds
∣∣∣∣

+

∣∣∣∣ 1
Γ(α)

n−1

∑
i=0

∫ ti+1

ti

[(tn+1 − ti)
α−1 − (tn − ti+1)

α−1] · k2(t, s, y(s))dWs

+
∫ t

tn

[(t − s)α−1 − (t − s)α−1] · k2(t, s, y(s))ds
∣∣∣∣

+

∣∣∣∣ 1
Γ(α)

n−1

∑
i=0

∫ ti+1

ti

[(tn+1 − ti)
α−1 − (tn − ti+1)

α−1] · k3(t, s, y(s))dWH
s

+
∫ t

tn

[(t − s)α−1 − (t − s)α−1] · k3(t, s, y(s))ds
∣∣∣∣]

≤ C
{∣∣∣∣h n−1

∑
i=0

∫ ti+1

ti

[((n − i + 1)h)α−1 − ((n − i − 1)h)α−1]ds

·
[

1 +
n−1

∑
i=0

∫ ti+1

ti

∥y(s)∥p,0,T,α

cα
ds

]
+

∫ t

tn

(t − s)α−1ds

·
[

1 +
n−1

∑
i=0

∫ ti+1

ti

∥y(s)∥p,0,T,α

cα
ds

]∣∣∣∣+ ∣∣∣∣h n−1

∑
i=0

∫ ti+1

ti

[((n − i + 1)h)α−1

− ((n − i − 1)h)α−1]ds ·
[

1 +
n−1

∑
i=0

∫ ti+1

ti

∥y(s)∥p,0,T,α

[c ∧ (tn+1 − ti − tn + ti)]α
ds

]

+
∫ t

tn

(t − s)α−1ds ·
[

1 +
n−1

∑
i=0

∫ ti+1

ti

∥y(s)∥p,0,T,α

[c ∧ (tn+1 − ti − tn + ti)]α
ds

]∣∣∣∣
+

∣∣∣∣h n−1

∑
i=0

∫ ti+1

ti

[((n − i + 1)h)α−1 − ((n − i − 1)h)α−1]ds

·
[

1 +
n−1

∑
i=0

∫ ti+1

ti

∥y(s)∥p,0,T,α

(tn+1 − ti − tn + ti)
α+( 1

2 −η)
ds

]

+
∫ t

tn

(t − s)α−1ds ·
[

1 +
n−1

∑
i=0

∫ ti+1

ti

∥y(s)∥p,0,T,α

[c ∧ (tn+1 − ti − tn + ti)]
α+( 1

2 −η)
ds

]∣∣∣∣
+

∣∣∣∣h n−1

∑
i=0

∫ ti+1

ti

[((n − i + 1)h)α−1 − ((n − i − 1)h)α−1]ds

·
[

1 +
n−1

∑
i=0

∫ ti+1

ti

∥y(s)∥p,0,T,α

[c ∧ (tn+1 − ti − tn + ti)]
α+( 1

2 −η)
ds +

n−1

∑
i=0

∫ ti+1

ti

∥y(s)∥p,0,T,α

· 1

[c ∧ (tn+1 − ti − tn + ti)]
2α+( 1

2 −η)
ds

]
+

∫ t

tn

(t − s)α−1ds

·
[

1 +
n−1

∑
i=0

∫ ti+1

ti

∥y(s)∥p,0,T,α
1

[c ∧ (tn+1 − ti − tn + ti)]
α+( 1

2 −η)
ds

+
n−1

∑
i=0

∫ ti+1

ti

∥y(s)∥p,0,T,α

[c ∧ (tn+1 − ti − tn + ti)]
2α+( 1

2 −η)
ds

]∣∣∣∣}
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= C
{∣∣∣∣h[((n + 1)h)α−1 + (nh)α−1 − hα−1]ds ·

[
1 +

n−1

∑
i=0

∫ ti+1

ti

∥y(s)∥p,0,T,α

cα
ds

]

+
∫ t

tn

(t − tn)
α−1ds ·

[
1 +

n−1

∑
i=0

∫ ti+1

ti

∥y(s)∥p,0,T,α
1
cα

ds
]∣∣∣∣

+

∣∣∣∣h[((n + 1)h)α−1 + (nh)α−1 − hα−1]

·
[

1 +
n−1

∑
i=0

∫ ti+1

ti

∥y(s)∥p,0,T,α

[c ∧ (tn+1 − ti − tn + ti)]α
ds

]
+

∫ t

tn

(t − tn)
α−1ds

·
[

1 +
n−1

∑
i=0

∫ ti+1

ti

∥y(s)∥p,0,T,α

[c ∧ (tn+1 − ti − tn + ti)]α
ds

]∣∣∣∣
+

∣∣∣∣h[((n + 1)h)α−1 + (nh)α−1 − hα−1]

·
[

1 +
n−1

∑
i=0

∫ ti+1

ti

∥y(s)∥p,0,T,α

[c ∧ (tn+1 − ti − tn + ti)]
α+( 1

2 −η)
ds

]

+
∫ t

tn

(t − tn)
α−1ds ·

[
1 +

n−1

∑
i=0

∫ ti+1

ti

∥y(s)∥p,0,T,α

[c ∧ (tn+1 − ti − tn + ti)]
α+( 1

2 −η)
ds

]∣∣∣∣
+

∣∣∣∣h[((n + 1)h)α−1 + (nh)α−1 − hα−1] ·
[

1 +
n−1

∑
i=0

∫ ti+1

ti

∥y(s)∥p,0,T,α

· 1

[c ∧ (tn+1 − ti − tn + ti)]
α+( 1

2 −η)
ds

+
n−1

∑
i=0

∫ ti+1

ti

∥y(s)∥p,0,T,α

[c ∧ (tn+1 − ti − tn + ti)]
2α+( 1

2 −η)
ds

]
+

∫ t

tn

(t − tn)
α−1ds

·
[

1 +
n−1

∑
i=0

∫ ti+1

ti

∥y(s)∥p,0,T,α

[c ∧ (tn+1 − ti − tn + ti)]
α+( 1

2 −η)
ds

+
n−1

∑
i=0

∫ ti+1

ti

∥y(s)∥p,0,T,α

[c ∧ (tn+1 − ti − tn + ti)]
2α+( 1

2 −η)
ds

]∣∣∣∣}
≤ C

{∣∣∣∣2hcα−1 + hα

∣∣∣∣+ ∣∣∣∣2Lα(y)cα−1h + hα

∣∣∣∣+ ∣∣∣∣2Lα+( 1
2 −η)(y)c

α+( 1
2 −η)h + hα

∣∣∣∣
+

∣∣∣∣2L2α+( 1
2 −η)(y)c

2α+( 1
2 −η)h + hα

∣∣∣∣
≤ CL2α+( 1

2 −η)(y)c
2α+( 1

2 −η)h.

The proof is complete.

Appendix G. The Proof of Lemma 7
Using the modified EM method (14), there exists a unique integer n for t ∈ [tn, tn+1)

and Y(tn) = Ŷ(t). For arbitrary t ∈ T , we have

E[∥Y(t)− Ŷ(t)∥2
2,0,T;α] = E[∥Y(t)− Ŷ(tn)∥2

2,0,T;α]

≤ 4
{
E
[∣∣∣∣ ∫ t

0
K0(t, s, Ŷ(s))ds −

∫ tn

0
K0(tn, s, Ŷ(s))ds

∣∣∣∣2]
+E

[∣∣∣∣ ∫ t

0
K1(t, s, Ŷ(s))ds −

∫ tn

0
K1(tn, s, Ŷ(s))ds

∣∣∣∣2]
+E

[∣∣∣∣ ∫ t

0
K2(t, s, Ŷ(s))dWs −

∫ tn

0
K2(tn, s, Ŷ(s))dWs

∣∣∣∣2]
+E

[∣∣∣∣ ∫ t

0
K3(t, s, Ŷ(s))dWH

s −
∫ tn

0
K3(tn, s, Ŷ(s))dWH

s

∣∣∣∣p]}
=: 4{K̃0 + K̃1 + K̃2 + K̃3}.
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Applying the Hölder—type inequality, Assumption 1, Assumption 4, Lemma 6, and
Lemma 7, we have

K̃0 ≤ 2
{
E
[∣∣∣∣ ∫ tn

0
[(t − s)α−1 − (tn − s)α−1] · k0(s, Ŷ(s))ds

∣∣∣∣2]
+E

[∣∣∣∣ ∫ t

tn
(t − s)α−1k0(s, Ŷ(s))ds

∣∣∣∣2]}
≤ C

{ ∫ tn

0
|[(t − s)α−1 − (tn − s)α−1]|ds

·
∫ tn

0
|(t − s)α−1 − (tn − s)α−1| · [1 +E(|Ŷ(s)|2)]ds

+
∫ t

tn
(t − s)α−1ds ·

∫ t

tn
(t − s)α−1[1 +E(|Ŷ(s)|2)]ds

≤ Ch2α,

and

K̃1 ≤ Ch2∧(2α+ 1
2−θ) ≤ Ch2α.

Applying the BDG—type inequality, we also have

K̃2 ≤ C
{
E
[ ∫ tn

0
[(t − s)α−1 − (tn − s)α−1]2 sup

s≤u≤t
|k2(u, s, Ŷ(s))|2ds

]

+E
[ ∫ tn

0
(tn − s)2(α+ 1

2−θ) sup
0≤u≤1

|k2((t − s)u + s, s, Ŷ(s))

− k2((tn − s)u + s, s, Ŷ(s))|2ds
]
+E

[ ∫ t

tn
(t − s)2(α+ 1

2−θ) sup
s≤u≤t

|k2(u, s, Ŷ(s))|2ds
]}

≤ C
{ ∫ tn

0
[(t − s)α−1 − (tn − s)α−1]2ds · [1 +E(|Ŷ(s)|2)]ds

+ h2
∫ tn

0
(tn − s)2(α+ 1

2−θ)ds[1 +E(|Ŷ(s)|2)]ds +
∫ t

tn
(t − s)2(α+ 1

2−θ)[1 +E(|Ŷ(s)|2)]ds
}

≤
{

Ch(2−ϵ), α − θ = 1/2

Ch2∧(2α+1−2θ), α − θ ̸= 1/2
≤ Ch2α, (where ϵ = 2 − 2α).

Similarly,

K̃3 ≤ C
{
E
[∣∣∣∣ ∫ tn

0
[(t − s)α−1 − (t∗ − s)α−1]2 sup

s≤u≤t
|k3(u, s, Ŷ(s))|2ds

∣∣∣∣]
+E

[∣∣∣∣ ∫ tn

0
(tn − s)2(α+ 1

2−θ) sup
0≤u≤1

|k3((t − s)u + s, s, Ŷ(s))

− k3((tn − s)u + s, s, Ŷ(s))|2ds
∣∣∣∣]

+E
[∣∣∣∣ ∫ tn

0
(t − s)2(α+ 1

2−θ) sup
s≤u≤t

|k3(u, s, Ŷ(s))|2ds
∣∣∣∣]}

≤ C
{
E
[∣∣∣∣ ∫ tn

0
[(t − s)α−1 − (tn − s)α−1]2 sup

s≤u≤t
|K2(u, s, Ŷ(s))|2ds

∣∣∣∣
+

∫ tn

0
[(t − s)α−1 − (tn − s)α−1]2
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· sup
s≤u≤t

( ∫ t

0

∫ t

0

|
∫ v

v E[K2(u, s, Y(s))]2ds|
|v − v| dvdv

)
ds

]
+E

[∣∣∣∣ ∫ tn

0
(tn − s)2(α+ 1

2−θ) sup
0≤u≤1

|K2((t − s)u + s, s, Ŷ(s))

− K2((tn − s)u + s, s, Ŷ(s))|2ds
∣∣∣∣]

+E
[∣∣∣∣ ∫ tn

0
(t − s)2(α+ 1

2−θ) sup
s≤u≤t

|K2(u, s, Ŷ(s))|2ds
∣∣∣∣

+
∫ tn

0
(t − s)2(α+ 1

2−θ) sup
s≤u≤t

( ∫ t

0

∫ t

0

|
∫ v

v E[K2(u, s, Y(s))]2ds|
|v − v| dvdv

)
ds

]}
≤ C

{∣∣∣∣ ∫ tn

0
[(t − s)α−1 − (tn − s)α−1]2ds

∣∣∣∣ · ∫ tn

0
[(t − s)α−1 − (tn − s)α−1]2

· [1 +E(|Ŷ(s)|2) +E(|ξθ(s)|2)]ds + |t − tn|2
∣∣∣∣ ∫ tn

0
(tn − s)2(α+ 1

2−θ)ds
∣∣∣∣

·
∫ tn

0
(tn − s)2(α+ 1

2−θ)[1 +E(|Ŷ(s)|2) +E(|ξθ(s)|2]ds

+

∣∣∣∣ ∫ tn

0
(t − s)2(α+ 1

2−θ)ds
∣∣∣∣ · ∫ t

tn
(t − s)2(α+ 1

2−θ)[1 +E(|Ŷ(s)|2) +E(|ξθ(s)|2]ds
}

≤
{

C|t − tn|(2−ϵ), α − θ = 1/2

C|t − tn|[2∧(2α+1−2θ)], α − θ ̸= 1/2.

≤ CN |t − tn|2α, (where ϵ = 2 − 2α).

Then,

E[∥Y(t)− Y(tn)∥2
∞,0,T;α] ≤ CN |t − tn|2α,

and hence,

E[∥Y(t)− Ŷ(t)∥2
2,0,T;α] ≤ 4{K̃0 + K̃1 + K̃2 + K̃3} ≤ Ch2α,

and the proof is complete.
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