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Abstract: In this paper, we investigate the dynamics of the generalized Chen–Lee–Liu
(gCLL) equation utilizing the Riemann–Hilbert method to derive its N-soliton solution.
We incorporate a self-steepening term and a Kerr nonlinear term to characterize nonlin-
ear light propagation in optical fibers based on the Chen–Lee–Liu (CLL) equation more
accurately. The Riemann–Hilbert problem is addressed through spectral analysis derived
from the Lax pair formulation, resulting in an N-soliton solution for a reflectance-less
system. We also present explicit formulas for solutions involving one and two solitons,
thereby providing theoretical support for stable long-distance signal transmission in optical
fiber communication. Furthermore, by adjusting parameters and conducting comparative
analyses, we generate three-dimensional soliton images that warrant further exploration.
The stability of soliton solutions in optical fibers offers novel insights into the intricate
propagation behavior of light pulses, and it is crucial for maintaining the integrity of
communication signals.

Keywords: generalized Chen–Lee–Liu equation; Lax pair; Riemann–Hilbert approach;
N-soliton solutions

1. Introduction
The following Chen–Lee–Liu (CLL) equation,

iut + uxx − i|u|2ux = 0, (1)

with i2 = −1, is recognized as a well-known integrable system in mathematics and
physics [1]. Since it may be produced from the nonlinear Schrödinger (NLS) equation using
the bi-Hamiltonian method [2], it is also known as the derivative nonlinear Schrödinger II
(DNLS II) equation [3]. There are also two further variants of derivative NLS equations [4,5].
One of them is the KN or DNLS I equation given by

iut + uxx + i
(
|u|2u

)
x
= 0,

and the other is the DNLS III equation, often known as the Gerdjikov–Ivanov (GI) equa-
tion [6],

iut + uxx − iu2u∗ +
1
2

(
|u|4u

)
= 0,

where the symbol ∗ denotes the complex conjugate.
The observation of plasma lattice vibration patterns and the simulation-based genera-

tion and control of optical soliton pulses are two applications of the DNLS-type equations
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in plasma physics and nonlinear optics fibers [7]. The Chen–Lee–Liu (CLL) Equation (1)
is a crucial tool for understanding the nonlinear propagation process of optical pulses in
optical fibers. However, as the field of ultra-short and high-power optical pulse research
develops, the CLL Equation (1) is no longer sufficient to precisely characterize the prop-
agation properties of optical pulses in specific situations [8]. In order to overcome this
limitation, we investigate the propagation of an optical pulse inside a monomode fiber,
which is described by the generalized Chen–Lee–Liu (gCLL) equation [9]:

iut +
1
2

uxx − |u|2u + iδ|u|2ux = 0, (2)

where parameter δ > 0 is typically linked to the phenomenon of self-steepening [10].
We incorporated a self-steepening term and a Kerr nonlinear term that has a significant
impact on the transmission of high-intensity optical pulses by modifying the group velocity
and pulse shape. The gCLL Equation (2) can accurately capture the dynamic changes in
group velocity resulting from variations in pulse intensity [11] with this modification. This
enhancement improves our ability to predict and evaluate the optical pulse propagation
behavior in optical fibers more precisely. Furthermore, this equation is utilized for studying
modulated wave dynamics of waves traveling through a single nonlinear transmission
network, with potentially valuable implications [12].

Several scientific studies have been conducted on the CLL Equation (1). It has been
studied using the Laplace–Adomian decomposition method [13], the inverse scattering
transform [14], the Riemann–Hilbert method [15], and other methods [16–18]. At present,
there are few studies on gCLL Equation (2), including applying Lie symmetries to determine
the algebraic solution [9], applying Whitham modulation theory to solve the Riemann
problem [11], applying numerical calculation to find exact solution [19], etc. However,
the soliton solution of the gCLL Equation (2) and its stability have not been studied.

The soliton solution represents a class of localized traveling-wave solutions char-
acterized by a strict mathematical definition within nonlinear integrable systems. Its
fundamental feature lies in the precise balance between nonlinearity and dispersion effects,
which enables the solution to maintain lasting stability in waveform, velocity, and ampli-
tude during propagation. Furthermore, it exhibits complete elastic scattering properties
when colliding with other solitons; only a phase shift occurs without altering its dynamic
parameters [20–22]. The N-soliton solution, as an exact solution of the system contain-
ing N interacting soliton components, can be constructed through rigorous mathematical
methods such as the inverse scattering transform (IST) [23], Hirota’s bilinear method [24],
Darboux transformation [25], Bäcklund transformation [26], and so on. In the asymptotic
limit (t → ±∞), it manifests as a linear superposition of N-soliton solutions propagating
at distinct speeds. Notably, all collision processes adhere to stringent conservation laws
regarding kinematic parameters, thereby providing an essential mathematical foundation
for assessing the integrability of the system.

Previous studies have demonstrated the applicability of the Riemann–Hilbert method
in solving the CLL Equation (1) [7], indicating its potential for solving the gCLL
Equation (2). The main purpose of this paper is to research a new integrable extension of
the gCLL Equation (2) and to derive its N-soliton solution. The soliton solutions existence
proves the complete integrability of gCLL equations, which makes it possible to study
nonlinear waves by analytical methods. The stability of solitons means that they can
maintain the integrity of the signal over long distances, which is particularly important for
fiber optic communication technology. In addition, the study of the stability and interaction
of soliton solutions has promoted an in-depth understanding of the theory of nonlinear
dynamical systems.



Fractal Fract. 2025, 9, 282 3 of 20

The structure of this document is as follows. In Section 2, we will present the Lax pair
for the generalized Chen–Lee–Liu Equation (2). Subsequently, we will conduct a spectral
analysis leading to the formulation of a Riemann–Hilbert problem on the λ-plane for this
equation. The specific Riemann–Hilbert problems with vanishing scattering coefficients will
be solved in Section 3. In Section 4, we will obtain N-soliton solutions for the generalized
Chen–Lee–Liu Equation (2) and provide partial three-dimensional schematic diagrams
illustrating single-soliton and two-soliton solutions. Finally, our conclusions are presented
in Section 5.

2. The Riemann–Hilbert Problem
2.1. The Lax Pair of gCLL Equation

Similar to the inverse scattering approach, the Riemann–Hilbert approach is thought
of as a direct scattering problem. Formulating the relevant Riemann–Hilbert problem is a
step in this process. Consequently, we apply the Jost solution to create the Riemann–Hilbert
problem at the outset of this study.

The Lax pairs of the gCLL Equation (2) are matrices defined as follows [11]:

Φx(x, t; λ) = U(x, t; λ)Φ(x, t; λ), Φt(x, t; λ) = V(x, t; λ)Φ(x, t; λ). (3)

Here,

U(x, t; λ) =

(
U11 U12

U21 −U11

)
, V(x, t; λ) =

(
V11 V12

V21 −V11

)
,

where

U11 = − i
2δ

(
λ2 − δ2|u|2 + 1

)
, U12 = uλ, U21 = −u∗λ,

V11 = − i
4δ2

(
λ2 − δ2|u|2 + 1

)2
− δ

4
(uxu∗ − uu∗

x)−
i
2
|u|2,

V12 =
1
2δ

(
λ2 + δ2|u|2 + 1

)
uλ − i

2
uxλ,

V21 = − 1
2δ

(
λ2 + δ2|u|2 + 1

)
u∗λ − i

2
u∗

xλ,

Subsequently, Equation (2) is demonstrated to be equivalent to the gCLL Equation (2)
through a straightforward computation. The standard matrix commutator, in this case, is
denoted as [U, V] = UV − VU, and illustrated by the use of square brackets.

2.2. Spectral Analysis

The Lax pairs (3) of the gCLL Equation (2) may be obtained by applying the compati-
bility condition of the following two linear spectrum problems

Φx(x, t; λ) =− i
2δ

(λ2 + 1)σΦ +

[
λQ − iδ

2
Q2σ

]
Φ,

Φt(x, t; λ) =− i
4δ2 (λ

2 + 1)2σΦ +

{
1
2δ

λ3Q − i
2

λ2Q2σ + λ

[
δ

2
Q3 +

1
2δ

Q − i
2

Qxσ

]
− Y

}
Φ,

where

Q = uσ+ − u∗σ−, Y =
iδ2

4
Q4σ +

δ

4
[Q, Qx],

σ =

(
1 0
0 −1

)
, σ+ =

(
0 1
0 0

)
, σ− =

(
0 0
1 0

)
.
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In the discussion that follows, it is found to be more convenient to introduce a new
2 × 2 matrix spectral function J = J(x, t; λ) defined as follows rather than working with
the original version of the Lax pair (3)

Φ = J exp
[
− i

2δ
(λ2 + 1)σx − i

4δ2 (λ
2 + 1)2σt

]
.

Here, we define

Ũ = λQ − iδ
2

Q2σ,

Ṽ =
1
2δ

λ3Q − i
2

λ2Q2σ + λ

[
δ

2
Q3 +

1
2δ

Q − i
2

Qxσ

]
− Y.

(4)

Then, we obtain the equivalent Lax pair of J(x, t; λ)

Jx +
i

2δ
(λ2 + 1)[σ, J] = Ũ J, (5)

Jt +
i

4δ2 (λ
2 + 1)2[σ, J] = Ṽ J, (6)

where [σ, J] = σJ − Jσ.
We now build two 2 × 2 matrix Jost solutions for the spectrum problem (5) taking into

account the direct scattering process, as shown in [27]:

J± = ([J±]1, [J±]2),

where [J±]1 and [J±]2 denote the first and second columns of the matrix [J±], respectively.
In other words, both of them are 2 × 1 column vectors.

Under boundary conditions

J± → I, x → ±∞, (7)

where I is the 2 × 2 identity matrix. [J±] are uniquely determined by the Volterra integral
equations [28], and the Jost solutions that could be solved are

J±(x, λ) = I+
∫ x
±∞ exp

[
i

2δ (λ
2 + 1)σ(ξ − x)

]
Ũ(ξ, λ)J±(ξ, λ) exp

[
i

2δ (λ
2 + 1)σ(x − ξ)

]
dξ.

The diagonal form of σ and the structure of Ũ in (4) allow us to observe that the first

column of J± contains the exponential factor exp
[

i
δ (λ

2 + 1)(x − ξ)
]
, while the second

column contains the element exp
[

i
δ (λ

2 + 1)(ξ − x)
]
. This suggests that [J−]1 and [J+]2

are analytic for λ ∈ C+ and continuous for λ ∈ C+ ∪ R ∪ iR. As an alternative, [J+]1 and
[J−]2 are analytic for λ ∈ C− and continuous for λ ∈ C− ∪ R ∪ iR [29], where

C+ =

{
λ | arg(λ) ∈

(
0,

π

2

)
∪
(

π,
3π

2

)}
,

C− =

{
λ | arg(λ) ∈

(
π

2
, π

)
∪
(

3π

2
, 2π

)}
.

Here, we note that R ∪ iR denotes the union of real numbers and pure imaginary numbers
within the complex plane.
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After defining E = exp
[
− i

2δ (λ
2 + 1)σx

]
, we can easily compute J−E and J+E. Since

these two solutions to (5) are distinct, they are connected by a scattering matrix S(λ) [29]:

J−E = J+ES(λ), λ ∈ R ∪ iR. (8)

It can also be written as
J− = J+ES(λ)E−1, λ ∈ R ∪ iR. (9)

From (9), det S(λ) = 1 is obtained.
The determinants of J± are constants for all x, provided that tr(Q) = 0 and Abel’s

identity are satisfied [30]. Combining (7) with the boundary conditions, we can obtain

det J± = 1.

Then, for x → +∞, scattering matrix S(λ) can be given as

S(λ) = (sij)2×2 = lim
x→+∞

E−1 J−E

= I+
∫ +∞

−∞
exp

[
i

2δ
(λ2 + 1)σξ

]
Ũ J−(ξ, λ) exp

[
− i

2δ
(λ2 + 1)σξ

]
dξ, λ ∈ R ∪ iR.

To obtain the behavior of the Jost solution for a very large λ, we need to consider the
following expansion [31]:

J = J0 +
J1

λ
+

J2

λ2 +O
(

1
λ3

)
, λ → ∞. (10)

After comparing the coefficients of λ and substituting (10) into the spectral problem (5),
it becomes

O(λ2) :
i

2δ
[σ, J0] = 0,

O(λ) :
i

2δ
[σ, J1] = QJ0,

O(1) : J0x +
i

2δ
[σ, J0] +

i
2δ

[σ, J2] = QJ1 −
iδ
2

Q2σJ0.

Upon observing the diagonal element of O(1), we obtain

i
2δ

[σ, J1] = QJ0, J0x = 0.

There exists a solution Q of the gCLL Equation (2), and it can be easily seen that J0 = I, so
we have

i
2δ

[σ, J1] = Q.

To formulate the Riemann–Hilbert problem, it is necessary to establish a new Jost
solution for (5) as

P+ = ([J−]1, [J+]2) = J+E

(
s11 0
s21 1

)
E−1 = J+ES+E−1,

which exhibits asymptotic behavior at large λ and is analytic for λ ∈ C+ as

P+ → I, λ ∈ C+ → ∞.
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The analytic matrix P− in C− is then constructed, taking into account the adjoint scattering
equation of (5) [32]:

Kx +
i

2δ
(λ2 + 1)[σ, K] = −KŨ. (11)

The adjoint Equation (11) and the boundary conditions J−1
± → I as x → ±∞ are clearly

satisfied by J−1
± . Furthermore, it can be observed that the matrix function ([J−1

− ]1, [J−1
+ ]2)T

is analytic in λ ∈ C− using a similar approach as before. For convenience, we designate
the k-th row vector of J−1

± as [J−1
± ]k, k = 1, 2. This allows us to define a matrix function

as follows

P− = ([J−1
− ]1, [J−1

+ ]2)T = E

(
r11 r12

0 1

)
E−1 J−1

+ = ER+E−1 J−1
+ ,

where
R(λ) = (rij)2×2 = S−1(λ).

P− exhibits asymptotic behavior and is analytic in C− as

P− → I, λ ∈ C− → ∞.

For each λ ∈ C±, there exist two analytic matrix functions P±(x, λ). Furthermore, it
has been established that the solution to the gCLL Equation (2) can be obtained by solving
a Riemann–Hilbert problem using these two functions as described below [31]:

P−P+ = G(x, λ) = ER+S+E−1 = E

(
1 r12

s21 1

)
E−1

=

 1 exp
[
− i

δ (λ
2 + 1)x

]
r12

exp
[

i
δ (λ

2 + 1)x
]
s21 1

.

(12)

We apply the identity s11r11 + s12r21 = 1 in (12). For this specific Riemann–Hilbert
problem, the jump matrix is denoted as G = G(x, λ) in (12), and the canonical normalizing
conditions are: P+ → I, λ ∈ C+ → +∞, and P− → I, λ ∈ C− → −∞.

3. Inverse Scattering Transform
The Riemann–Hilbert problem (12) needs to be solved in order to investigate the

inverse scattering transformation of (2). It is evident that, generally, the problem (12) does
not have a unique solution unless the zeros of det P+ and det P− are specified. The kernel
structures at these locations can be found in [31,33–35]. To proceed with this examination,
we will now consider the potential zeros of det P+ and det P−. By recalling the definitions
of P+ and P−, we have

det P+(λ) = s11(λ), λ ∈ C+, (13)

det P−(λ) = r11(λ), λ ∈ C−. (14)

To obtain these zeros of P±, we observe the symmetric relationships of Q,

σQσ = −Q, Q† = −Q,

where the superscript † denotes the Hermitian conjugate. Therefore, we obtain

J±(x, t,−λ) = σJ±(x, t, λ)σ, and J†
±(x, t, λ∗) = J−1

± (x, t, λ), λ ∈ R ∪ iR.
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There, it follows from (8),

S(−λ) = σS(λ)σ, and S†(λ∗) = S−1(λ) = R(λ), λ ∈ R ∪ iR,

which gives the following relationships

s11(−λ) = s11(λ), λ ∈ C+, (15)

−s21(−λ) = s21(λ), λ ∈ R ∪ iR,

s∗11(λ
∗) = r11(λ), λ ∈ C−, (16)

s∗21(λ
∗) = r21(λ), λ ∈ R ∪ iR.

Moreover, we can derive the following relationship from the definitions of P+ and P−:

P+(λ) = σP+(−λ)σ, λ ∈ C+, (17)

P†
+(λ

∗) = P−(λ), λ ∈ C−. (18)

From (13)–(16), it can be inferred that if λ is a zero of the determinant of P+, then λ∗ is
a zero of the determinant of P−, and −λ is another zero of the determinant of P+. It is
assumed that the determinant of P+ has 2N simple zeros, denoted as λj (1 ≤ j ≤ 2N),
satisfying the condition that λN+l = −λl (l = 1, 2, . . . , N), and all these zeros are in
region C+. Simultaneously, the determinant of P− possesses 2N simple zeros denoted as λ̂j

(1 ≤ j ≤ 2N) in region C−. Furthermore, it holds that λ̂j = λ∗
j [36,37].

To solve the Riemann–Hilbert problem (12), we define vj as a non-zero column vector
and v̂j as a non-zero row vector, both satisfying

P+(λj)vj = 0, v̂jP−(λ̂j) = 0. (19)

From (17)–(19), we can derive the following relationship

vj = σvj−N , (N + 1 ≤ j ≤ 2N), (20)

v̂j = v†
j , (1 ≤ j ≤ 2N). (21)

Then, we obtain the vectors vj, (1 ≤ j ≤ N). By taking the partial derivative of
P+(λj)vj = 0 with respect to x and applying (5), we derive

P+(λj)(vj,x +
i

2δ
(λ2

j + 1)σvj) = 0, (1 ≤ j ≤ N),

vj = exp
[
− i

2δ
(λ2 + 1)σx

]
vj,0, (1 ≤ j ≤ N). (22)

So far, we have focused solely on solving the gCLL Equation (2) at a fixed time.
In order to find solutions of (2) at any given time, it is necessary to understand the temporal
evolutions of the scattering data [38]. Utilizing (6) and (9), along with the rapid decay of u
on the boundary, we derive

St = − i
4δ2 (λ

2 + 1)2[σ, S]. (23)
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Equation (23) yields the time evolution of the scattering matrix entries,

s11,t = s22,t = 0,

s12 = s12(λ, 0) exp
[
− i

2δ2 (λ
2 + 1)2t

]
,

s21 = s21(λ, 0) exp
[

i
2δ2 (λ

2 + 1)2t
]

.

Taking in account (6), we gain

vj,t = − i
4δ2 (λ

2 + 1)2σvj,
dλj

dt
= 0.

Therefore, vj,0 is independent of x.
In this paper, we only consider the RH problem without reflection. As explained

in [36,39–41], to derive soliton solutions for the gCLL Equation (2), we choose the jump
matrix G to be the 2 × 2 identity matrix. This guarantees that the reflection does not exist in
the scattering problem by setting the vanishing coefficient s21 = s12 = 0. Thus, the solution
to this Riemann–Hilbert problem can be represented as [15,31,33,36]:

P+(λ) = I−
2N

∑
k=1

2N

∑
j=1

vk v̂j(M)−1
kj

λ − λ̂j
, (24)

P−(λ) = I+
2N

∑
k=1

2N

∑
j=1

vk v̂j(M)−1
kj

λ − λk
,

where M is a 2N × 2N matrix with entries that are

mkj =
v̂kvj

λj − λ̂k
, 1 ≤ k, j ≤ 2N. (25)

With the assistance of (25), we will restructure the potentials u. In fact, it is necessary
to consider the asymptotic expansion of P+ as

P+ = I+
P(1)
+

λ
+

P(2)
+

λ2 +O
(

1
λ3

)
, (26)

when λ → ∞, from which we derive

Q =
i

2δ

[
σ, P(1)

+

]
.

Subsequently, a direct calculation yields the potential function

u =
i
δ

(
P(1)
+

)
12

, (27)

where
(

P(1)
+

)
12

denotes the entry in the (1, 2) position of the matrix function P(1)
+ . Combin-

ing (26) with (24), we can derive the function P(1)
+ as follows

P(1)
+ = −

2N

∑
k=1

2N

∑
j=1

vk v̂j(M)−1
kj . (28)
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4. Soliton Solutions
4.1. N-Soliton Solutions

To deduce the solutions for the gCLL Equation (2), it is necessary to derive the temporal
evolutions of the scattering data. Combining (20)–(22), we obtain

vj =

exp
(

θjσ
)

vj,0, 1 ≤ j ≤ N,

σ exp
(

θj−Nσ
)

vj−N,0, N + 1 ≤ j ≤ 2N,
(29)

v̂j =

v†
j,0 exp

(
θ∗j σ
)

, 1 ≤ j ≤ N,

v†
j−N,0 exp

(
θ∗j−Nσ

)
σ, N + 1 ≤ j ≤ 2N,

(30)

where θj = − i
2δ

(λ2
j + 1)x − i

4δ2 (λ
2
j + 1)2t, with λj ∈ C+, and vj,0 being complex constant

vectors. The complex constant vectors vj,0 are then defined as (αj, β j)
T, for (j = 1, 2, ..., N).

Utilizing (27)–(30), the N-soliton solution formula for the gCLL Equation (2) is derived
as follows

u = i
δ

(
P(1)
+

)
12

= − i
δ ∑N

k=1 ∑N
j=1 αkβ∗

j exp
[
θk − θ∗j

](
M−1)

kj

+ i
δ ∑N

k=1 ∑2N
j=N+1 αkβ∗

j−N exp
[
θk − θ∗j−N

](
M−1)

kj

− i
δ ∑2N

k=N+1 ∑N
j=1 αk−N β∗

j exp
[
θk−N − θ∗j

](
M−1)

kj

+ i
δ ∑2N

k=N+1 ∑2N
j=N+1 αk−N β∗

j−N exp
[
θk−N − θ∗j−N

](
M−1)

kj,

(31)

where M = (mkj)2N×2N is a non-singular matrix with

mkj =



α∗k αj exp
[
θ∗k + θj

]
+ β∗

k β j exp
[
− θ∗k − θj

]
λj − λ∗

k
,

1 ≤ k, j ≤ N,

α∗k αj−N exp
[
θ∗k + θj−N

]
− β∗

k β j−N exp
[
− θ∗k − θj−N

]
−λj−N − λ∗

k
,

1 ≤ k ≤ N, N + 1 ≤ j ≤ 2N,

α∗k−Nαj exp
[
θ∗k−N + θj

]
− β∗

k−N β j exp
[
− θ∗k−N − θj

]
λj + λ∗

k−N
,

N + 1 ≤ k ≤ 2N, 1 ≤ j ≤ N,

α∗k−Nαj−N exp
[
θ∗k−N + θj−N

]
+ β∗

k−N β j−N exp
[
− θ∗k−N − θj−N

]
−λj−N + λ∗

k−N
,

N + 1 ≤ k, j ≤ 2N.

and θj = − i
2δ

(λ2
j + 1)x − i

4δ2 (λ
2
j + 1)2t, λj ∈ C+, j = 1, 2, . . . , N.

In order to satisfy the condition λN+l = −λl , (l = 1, 2, . . . , N), it was postulated
that det P+ has a total of 2N simple zeros in C+. This hypothesis led to the derivation
of the formula for the N-soliton solution (31). According to this assumption, each zero
λj possesses a non-zero real component. We will now consider another type of zeros of
det P+ in order to obtain alternative soliton solutions for (2). In this scenario, we assume
that each λj is purely imaginary, and that det P+ has a maximum of N simple zeros in C+.
Consequently, we denote by λ̂j = λ∗

j that det P− contains N simple zeros. The column
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vectors vj and the row vectors v̂j, which satisfy P+(λj)vj = 0, are obtained similarly
as (29) and (30). The expressions v̂jP−(λ̂j) = 0 can be computed in each case as follows

vj = exp
(

θjσ
)

vj,0, v̂j = v†
j,0 exp

(
θ∗j σ
)

, 1 ≤ j ≤ N,

where θj = − i
2δ

(λ2
j + 1)x − i

4δ2 (λ
2
j + 1)2t, and vj,0 = (αj, β j)

T are complex constant
vectors. Then, analogous to the derivation of the N-soliton solution (31), another N-soliton
solution for the gCLL Equation (2) is obtained.

u = − i
δ

N

∑
k=1

N

∑
j=1

αkβ∗
j exp

[
θk − θ∗j

](
M−1

)
kj

, (32)

where mkj =
(

mkj

)
N×N

=
α∗k αjexp

[
θ∗k + θj

]
+ β∗

k β jexp
[
− θ∗k − θj

]
λj − λ∗

k
, 1 ≤ k, j ≤ N.

4.2. Single-Soliton Solutions

The simplest scenario arises when N = 1 in the formula for the N-soliton solution (31).
To illustrate the single-soliton solution explicitly, we specifically assume that λ1 = a1 + ib1,
where (a1 ̸= 0, b1 > 0). As a result, an exact soliton solution of the gCLL Equation (2) is
derived from (31):

u =− i
δ

α1β∗
1exp

[
θ1 − θ∗1

]m22 + m12 − m21 − m11

|M| ,

where M =
(

mkj

)
2×2

with

m11 =
|α1|2 exp

[
θ∗1 + θ1

]
+ |β1|2 exp

[
− θ∗1 − θ1

]
2ib1

,

m12 =
|α1|2 exp

[
θ∗1 + θ1

]
− |β1|2 exp

[
− θ∗1 − θ1

]
−2a1

,

m21 =
|α1|2 exp

[
θ∗1 + θ1

]
− |β1|2 exp

[
− θ∗1 − θ1

]
2a1

,

m22 =
|α1|2 exp

[
θ∗1 + θ1

]
+ |β1|2 exp

[
− θ∗1 − θ1

]
−2ib1

,

and θ1 = − i
2δ

[(a1 + ib1)
2 + 1]x − i

4δ2 [(a1 + ib1)
2 + 1]2t, while m11m22 − m12m21 ̸= 0.

Similarly, we can obtain another single-soliton solution from (32). Setting

β1β∗
1

α1α∗1
= e−2η1 ,

then we obtain

u =
b1β∗

1
δα∗1

exp
[
θ1 − θ∗1 + η1

]
sech

(
θ1 + θ∗1 + η1

)
. (33)

The propagation characteristics of single-soliton solution u in (33) are shown in
Figure 1.
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(a) (b)

(c) (d)

Figure 1. (a) Modulus of the single-soliton solution u in (33) with a1 = 0.5, b1 = 1, α1 = 2i,
β1 = −5i, δ = 1. (b) Modulus of the single-soliton solution u in (33) with a1 = 1, b1 = 1, α1 = 2,
β1 = i, δ = 1. (c) The soliton along the x-axis with different times in panel (a). (d) The soliton along
the x-axis with different times in panel (b).

Single-soliton solutions are of great importance in fiber optic communications because
they are able to maintain signal integrity over long distances. By analyzing the propagation
properties of solitons, we find that there are two types of solitons: periodic collapse solitons
and non-singular solitons.

In the case of periodic collapse solitons, their amplitude increases periodically to
infinity or decreases to zero. It is a property that may be used in practical applications for
specific optical signal modulation techniques. Non-singular solitons maintain constant
amplitude and do not collapse during propagation. This stability makes them an ideal
information carrier in optical fiber communication.

Figure 1 shows the modulus of two single-soliton solutions. It can be seen from
Figure 1a,c that periodic collapse solitons exhibit periodic amplitude changes during
propagation. In Figure 1b,d, the amplitude of the non-singular solitons remains stable
at different times. The stability characteristics of these two soliton solutions provide a
theoretical basis for the design of optical fiber communication systems, especially in the
high-power, ultra-short pulse transmission scenarios.

4.3. Double-Soliton Solutions

By taking N = 2 in (31), we can obtain the double-soliton u

u = − i
δ ∑2

k=1 ∑2
j=1 αk exp

[
θk − θ∗j

](
M−1)

kj +
i
δ ∑2

k=1 ∑4
j=3 αk exp

[
θk − θ∗j−2

](
M−1)

kj

− i
δ ∑4

k=3 ∑2
j=1 αk−2 exp

[
θk−2 − θ∗j

](
M−1)

kj +
i
δ ∑4

k=3 ∑4
j=3 αk−2 exp

[
θk−2 − θ∗j−2

](
M−1)

kj,
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where M = (mkj)4×4 with

m11 =
|α1|2 exp

[
θ∗1 + θ1

]
+ |β1|2 exp

[
− θ∗1 − θ1

]
λ1 − λ∗

1
,

m12 =
α∗1α2 exp

[
θ∗1 + θ2

]
+ β∗1β2 exp

[
− θ∗1 − θ2

]
λ2 − λ∗

1
,

m13 =
|α1|2 exp

[
θ∗1 + θ1

]
− |β1|2 exp

[
− θ∗1 − θ1

]
−λ1 − λ∗

1
,

m14 =
α∗1α2 exp

[
θ∗2 + θ1

]
− β∗1β2 exp

[
− θ∗2 − θ1

]
−λ2 − λ∗

1
,

m21 =
α∗2α1 exp

[
θ∗2 + θ1

]
+ β∗2β1 exp

[
− θ∗2 − θ1

]
λ1 − λ∗

2
,

m22 =
|α2|2 exp

[
θ∗2 + θ2

]
+ |β2|2 exp

[
− θ∗2 − θ2

]
λ2 − λ∗

2
,

m23 =
α∗2α1 exp

[
θ∗2 + θ1

]
− β∗2β1 exp

[
− θ∗2 − θ1

]
−λ1 − λ∗

2
,

m24 =
|α2|2 exp

[
θ∗2 + θ2

]
− |β2|2 exp

[
− θ∗2 − θ2

]
−λ2 − λ∗

2
,

m31 =
|α1|2 exp

[
θ∗1 + θ1

]
− |β1|2 exp

[
− θ∗1 − θ1

]
λ1 + λ∗

1
,

m32 =
α∗1α2 exp

[
θ∗1 + θ2

]
− β∗1β2 exp

[
− θ∗1 − θ2

]
λ2 + λ∗

1
,

m33 =
|α1|2 exp

[
θ∗1 + θ1

]
+ |β1|2 exp

[
− θ∗1 − θ1

]
−λ1 + λ∗

1
,

m34 =
α∗1α2 exp

[
θ∗1 + θ2

]
+ β∗1β2 exp

[
− θ∗1 − θ2

]
−λ2 + λ∗

1
,

m41 =
α∗2α1 exp

[
θ∗2 + θ1

]
− β∗2β1 exp

[
− θ∗2 − θ1

]
λ1 + λ∗

2
,

m42 =
|α2|2 exp

[
θ∗2 + θ2

]
− |β2|2 exp

[
− θ∗2 − θ2

]
λ2 + λ∗

2
,

m43 =
α∗2α1 exp

[
θ∗2 + θ1

]
+ β∗2β1 exp

[
− θ∗2 − θ1

]
−λ1 + λ∗

2
,

m44 =
|α2|2 exp

[
θ∗2 + θ2

]
+ |β2|2 exp

[
− θ∗2 − θ2

]
−λ2 + λ∗

2
,

and θj = − i
2δ

(λ2
j + 1)x − i

4δ2 (λ
2
j + 1)2t, while j = 1, 2.

Similarly, when N = 2 in (32), we can obtain another double-soliton solution u

u = − i
δ

2

∑
k=1

2

∑
j=1

αk exp
[
θk − θ∗j

](
M−1

)
kj

= − i
δ|M| (α1β∗

1m22 + α1β∗
2m12 − α2β∗

1m21 − α2β∗
2m11), (34)
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where M =
(

mkj

)
2×2

with

m11 =
|α1|2 exp

[
θ∗1 + θ1

]
+ |β1|2 exp

[
− θ∗1 − θ1

]
λ1 − λ∗

1
,

m12 =
α∗1α2 exp

[
θ∗1 + θ2

]
+ β∗1β2 exp

[
− θ∗1 − θ2

]
λ2 − λ∗

1
,

m21 =
α1α∗2 exp

[
θ∗2 + θ1

]
+ β1β∗2 exp

[
− θ∗2 − θ1

]
λ1 − λ∗

2
,

m22 =
|α2|2 exp

[
θ∗2 + θ2

]
+ |β2|2 exp

[
− θ∗2 − θ2

]
λ2 − λ∗

2
,

and m11m22 − m12m21 ̸= 0.
Research on the double-soliton solutions of gCLL Equation (2) are mainly divided

into two categories: collision of solitons and non-collision of solitons. The propagation
characteristics of double-soliton solution u in (34) are shown in Figures 2–9.

In the actual optical fiber communication system, the optical pulses may interact with
each other, so it is important to study the interaction characteristics of the double-soliton
solution. By analyzing the solution of double solitons, we find that the interaction is mainly
divided into collision and non-collision cases.

When two solitons do not collide, their directions of motion may be parallel or offset
due to interaction. In the case of parallel motion, as shown in Figure 2, the double soliton
solution has similar stability to the single soliton solution, and its amplitude does not
change with time.

(a) (b) (c)

Figure 2. (a) Modulus of the double-soliton solution via (34) with δ = 2, and λ1 = 1
2 (
√

3 − i),
λ2 = − 1

2 (
√

3 + i), α1 = −0.2, α2 = −0.5, β1 = −0.1, β2 = −0.3. (b) The density distribution of
double-soliton solution in panel (a). (c) The double-soliton solution along the x-axis with different
times in panel (a).

In the other case, when the direction of motion is shifted, the solitons’ stability is still
maintained despite the interaction between them (see Figure 3).

When two solitons in a double soliton solution collide, there are three main cases: the
cross collision produced by the breath, the energy at the collision increased, and the energy
at the collision decreased.

Figure 4 shows that under the cross collision of solitons, the solitons appear as
breathers, as shown in Figure 4a,b. With the change in the real part of λ1, the respira-
tory characteristics of the breathers disappear, and the respirators transform into periodic
waves, as shown in Figure 4c,d.
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(a) (b)

Figure 3. Moduli graphic of the double-soliton solution (a) and its density distribution (b) with
δ = 2, λ1 = −1 + 0.5i, λ2 = 0.5 − i, α1 = 1, α2 = i, β1 = i, β2 = 1.

(a) (b) (c) (d)

Figure 4. Moduli graphics of the double-soliton solution and its density distribution via (34)
with δ = 2 and (a,b) λ1 = 1 + 0.5i, λ2 = i, α1 = 1, α2 = 1, β1 = 1, β2 = 1; (c,d) λ1 = 1.5i,
λ2 = 1.1i, α1 = 1, α2 = 1, β1 = 1, β2 = 1.

Due to the nonlinear superposition effect of the two solitons and the interaction of
the two solitons, the energy is concentrated in the central collision region, and the energy
of the collision point is increased. In Figure 5, the energy of the two solitons in Figure 5a
is enhanced only at the collision, and the energy remains unchanged before and after the
collision, showing good stability. In Figure 5b, we can observe that one of the periodically
collapsed solitons decays its amplitude after the collision, while the other non-singular
soliton maintains its amplitude before and after the collision. Both solitons in Figure 5c
have amplitude attenuation after collision.

In contrast to the increased energy, the energy will be dispersed at the collision center
due to nonlinear effects, which will reduce the energy at the collision point. Similar to
the situation in Figure 5a, the energy of the two solitons in Figure 6a only decreases at
the collision, and the energy remains unchanged before and after the collision; they also
have good stability over a long period of time. One soliton in Figure 6b is unchanged in
amplitude, while the other is stabilized after attenuation. The two periodically collapsed
solitons in Figure 6c, both experienced attenuation.

In particular, as shown in Figure 7, when the two collider solitons are periodically
collapsed solitons, the energy increase or decrease at the collision center is small, and it
has good stability, which will also provide meaningful theoretical support for the gCLL
Equation (2) and the study of simulating ultra-short and high-intensity pulse transmission
in nonlinear optical media.

In scenarios where there is an increase or decrease in energy at the collision point,
the nonlinear superposition effect and interactions between solitons lead to a concentration
or dispersion of energy within the collision region. By adjusting various parameters, we
observe the stability of solitons under different energy variations. These findings offer
significant theoretical support for analyzing the stability of multi-pulse transmission in
optical fiber communication.
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(a) (b) (c)

(d) (e) (f)

Figure 5. Moduli graphics of the double-soliton solution and its density distribution via (34)
with δ = 2 and (a,d) λ1 = −0.5 + i, λ2 = 1 − 0.5i, α1 = 1, α2 = 1, β1 = 1, β2 = 1;
(b,e) λ1 = 1 + 2i, λ2 = 1 − i, α1 =

√
2

2 (4 + i), α2 = 2i, β1 =
√

2
2 (1 − 8i), β2 = 0.5; (c,f) λ1 = −0.5 + i,

λ2 = 1 − 0.5i, α1 = 1, α2 = 1 + i, β1 = 1, β2 = 1.

(a) (b) (c)

(d) (e) (f)

Figure 6. Moduli graphics of the double-soliton solution and its density distribution via (34) with
δ = 2 and (a,d) λ1 = 0.7 + 0.2i, λ2 = −0.2 + 0.7i, α1 = −i, α2 = 0.5i, β1 = i, β2 = −0.5i;
(b,e) λ1 = 1 + 0.5i, λ2 = −0.5 + i, α1 = 0.7i, α2 = 0.7 + 0.3i, β1 = 0.3i, β2 = 0.3 + 0.7i;
(c,f) 1 + 0.5i, λ2 = −0.5 + i, α1 = −i, α2 = 0.5 + 0.5i, β1 = i, β2 = −0.5i.

For the research of soliton solution dynamics, it is necessary to consider the influence
of rogue waves on soliton stability. After study, Figures 8 and 9 show several representative
strange waves in the gCLL Equation (2).

The three rogue waves in Figure 8 are produced when soliton collisions occur.
The strange wave in Figure 8a is the most common type, and the energy of the soliton in
the collision increases dramatically, several times higher than the original amplitude of the
soliton. The solitons in Figure 8b are decaying in central energy. Before the collision, we
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can observe a surge in energy and then a sharp decline in amplitude. Unlike Figure 8a,b,
the solitons in Figure 8c do not experience a spike in energy at the center of the collision.
The spike in energy is experienced at some point before the collision occurs, and then
returns to normal.

(a) (b)

Figure 7. Moduli graphic of the double-soliton solution (a) and its density distribution (b) via (34)
with δ = 2, λ1 = 1 + 2i, λ2 = 2 − i, α1 = 1, α2 = i, β1 = i, β2 = 1.

(a) (b) (c)

(d) (e) (f)

Figure 8. Moduli graphics of the double-soliton solution and its density distribution via (34)

with δ = 2 and (a,d) λ1 = 1 + 0.5i, λ2 = 0.5 − i, α1 =
√

2
2 (2 + i), α2 = i, β1 =

√
2

2 (1 − 3i),

β2 = 1; (b,e) λ1 = 1 + 2i, λ2 = 1 − i, α1 =
√

2
2 (4 + i), α2 = i, β1 =

√
2

2 (1 − 4i), β2 = 0.5i;

(c,f) λ1 =
√

2
2 (1 + 4i), λ2 =

√
2

2 (1 − 2i), α1 = i, α2 = 1, β1 = 0.5i, β2 = 1.

The two rogue waves in Figure 9 are produced when the two solitons do not collide.
In Figure 9a, the energy of the two solitons increases significantly when the two solitons
are closest to each other under the interaction. Similar to Figure 8c, in Figure 9b, solitons do
not experience a sudden increase in energy at the closest point but a sudden, sharp increase
at some point and then a return to normal.

Clearly, by adjusting different parameters, numerous phenomena worthy of further
study can still be observed. We will continue this discussion in subsequent research
endeavors.
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(a) (b) (c) (d)

Figure 9. Moduli graphics of the double-soliton solution and its density distribution via (34)
with δ = 2 and (a,b) λ1 = −1 + 0.5i, λ2 = 0.5 − i, α1 = 1, α2 = −i, β1 = −i, β2 = 1;
(c,d) λ1 = −1 + 0.5i, λ2 = 0.5 − i, α1 = 1, α2 = −i, β1 = 0.5i, β2 = −0.5.

Remark 1. We observe that by removing the self-gradient term and setting δ = 1
2 , the resulting

N-soliton solution (31) aligns with the N-soliton solution of the CLL Equation (1).

u =− 2i
N

∑
k=1

N

∑
j=1

αkβ∗
j exp

[
θk − θ∗j

](
M−1

)
kj

+ 2i
N

∑
k=1

2N

∑
j=N+1

αkβ∗
j−N exp

[
θk − θ∗j−N

](
M−1

)
kj

− 2i
2N

∑
k=N+1

N

∑
j=1

αk−N β∗
j exp

[
θk−N − θ∗j

](
M−1

)
kj

+ 2i
2N

∑
k=N+1

2N

∑
j=N+1

αk−N β∗
j−N exp

[
θk−N − θ∗j−N

](
M−1

)
kj

,

where M = (mkj)2N×2N is a non-singular matrix with

mkj =



α∗k αj exp
[
θ∗k + θj

]
+ β∗

k β j exp
[
− θ∗k − θj

]
λj − λ∗

k
,

1 ≤ k, j ≤ N,

α∗k αj−N exp
[
θ∗k + θj−N

]
− β∗

k β j−N exp
[
− θ∗k − θj−N

]
−λj−N − λ∗

k
,

1 ≤ k ≤ N, N + 1 ≤ j ≤ 2N,

α∗k−Nαj exp
[
θ∗k−N + θj

]
− β∗

k−N β j exp
[
− θ∗k−N − θj

]
λj + λ∗

k−N
,

N + 1 ≤ k ≤ 2N, 1 ≤ j ≤ N,

α∗k−Nαj−N exp
[
θ∗k−N + θj−N

]
+ β∗

k−N β j−N exp
[
− θ∗k−N − θj−N

]
−λj−N + λ∗

k−N
,

N + 1 ≤ k, j ≤ 2N,

and θj = −iλ2
j x − iλ4

j t, λj ∈ C+, j = 1, 2, . . . , N.
Although the coefficient of the second-order partial derivative term of u with respect to x differs

from that of the CLL Equation (1), resulting in a different form for θj, the characterization of the
N-soliton solution remains consistent.

Furthermore, setting δ = 1
2 and removing the self-gradient term, (32) reduces to another

N-soliton solution for the CLL Equation (1).

u = −2i
N

∑
k=1

N

∑
j=1

αkβ∗
j exp

[
θk − θ∗j

](
M−1

)
kj

,
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where mkj =
(

mkj

)
N×N

=
α∗k αjexp

[
θ∗k + θj

]
+ β∗

k β jexp
[
− θ∗k − θj

]
λj − λ∗

k
, 1 ≤ k, j ≤ N.

5. Conclusions
In this paper, we study a variant of the Chen–Lee–Liu Equation (2) and obtain its

N-soliton solution by the Riemann–Hilbert approach. We start by conducting spectral
analysis of the Lax pair of the generalized Chen–Lee–Liu Equation (2), and then formulate
a Riemann–Hilbert problem on the λ-plane. By solving specific Riemann–Hilbert problems
with vanishing scattering coefficients, corresponding to reflection-less cases, we obtain
N-soliton solutions for (2). The main procedure involves utilizing the symmetry relations
of the potential matrix Q. Using these symmetry relations enables us to analyze the zeros of
det P+ and det P−. It is noteworthy that the well-known Chen–Lee–Liu equation, an impor-
tant model in fiber optics, is a special case of our proposed generalization. Consequently,
N-soliton solutions for the Chen–Lee–Liu Equation (1) can be derived by reducing those
for (2). Furthermore, by adjusting parameters and conducting comparative analyses, we
generate three-dimensional soliton images that warrant further exploration. The stability
of soliton solutions is essential for maintaining communication signal integrity, offering
new insights into light pulse propagation behavior within optical fibers.

Finally, it is worth noting that a thorough investigation of the long-term asymptotic
behavior of soliton solutions can be attempted via the Riemann–Hilbert approach to ex-
amine the asymptotic stability of the solutions [42], particularly when the generalized
Chen–Lee–Liu Equation (2) is irregular. However, there are various other efficient tech-
niques available for obtaining accurate solutions for nonlinear evolution equations, such as
the Darboux transformation [43], the dressing method [44], the bilinear method [45], and so
on. The consideration of whether these methods apply to the generalized Chen–Lee–Liu
Equation (2) will be reserved for later discussion.
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