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Abstract: We discuss the existence criteria and Ulam-Hyers stability for solutions to a
nonlocal integral boundary value problem of nonlinear coupled Hilfer-Hadamard-type
fractional Langevin equations. Our results rely on the Leray—Schauder alternative and
Banach’s fixed point theorem. Examples are included to illustrate the results obtained.
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1. Introduction

Fractional differential equations find extensive applications in the mathematical mod-
eling of several phenomena occurring in natural, technical and social sciences. Examples
include immune systems [1], chaotic synchronization [2], diffusion processes [3,4], ecologi-
cal systems [5], neural networks [6], financial economics, etc. In contrast to the classical
derivative, different types of fractional derivatives exist, like Riemann-Liouville, Liouville-
Caputo, Hadamard, Hilfer, etc. The Hilfer fractional derivative introduced in [7] is reduced
into the Riemann-Liouville and Caputo fractional derivatives, respectively, for the small-
est and largest values of its parameter. For further details on the Hilfer derivative, we
refer the reader to [8,9], while some results on boundary value problems involving the
Hilfer fractional derivate can be found in the review article [10]. The Hadamard fractional
derivative [11] contains a logarithmic function in its definition, and Caputo-Hadamard and
Hilfer-Hadamard are regarded as variants of this derivative. One notices that the Hilfer—
Hadamard fractional derivative is specialized into the Hadamard and Caputo-Hadamard
fractional derivatives for the smallest and largest values of its parameter, respectively. For
a detailed account of the work on Hadamard fractional differential equations, inclusions
and inequalities, we refer the reader to the text [12]. One can find interesting results on
Caputo-Hadamard fractional boundary value problems in [13,14]. The authors studied
Hilfer-Hadamard fractional differential equations with multi-point and integral boundary
conditions in [15,16].

Langevin [17] presented Newton’s second law of motion for stochastic physics during
his study of Brownian motion, which is known as the Langevin equation. He was of
the view that his approach to Brownian motion was “infinitely more simple” than that
offered by Einstein. Later, it was discovered that the Langevin equation failed to represent
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complex systems. This was the pretext for offering certain generalizations of the Langevin
equation to describe physical phenomena in disordered regions [18], statistical physics [19],
fluctuation—dissipation configurations [20], etc. A fractional counterpart of the Langevin
equation was proposed in [21] by replacing the ordinary derivative it contains with a
fractional counterpart, while a Langevin equation of two different fractional orders was
presented in [22]. One can find other variants of the Langevin equation in [23,24]. For
results on boundary value problems involving a fractional-order Langevin equation, we
refer the reader to [25-27]. Considerable interest has also been shown in studying nonlinear
systems of fractional-order Langevin equations involving different fractional derivatives
and boundary conditions; for instance, see [28,29] and the references cited therein.

The notion of Ulam-Hyers stability [30,31] appears in several areas of research, such
as functional equations [32], the Black-Scholes equation [33], etc. The Ulam’s stability of an
integral boundary value problem of coupled fractional differential equations was studied
in [34]. The authors of [35] discussed the Hyers—Ulam stability for fractional differential
equations using the Mittag—-Leffler kernel. Some results on the Ulam-Hyers stability of
Langevin fractional differential equations can be found in [36,37].

In this paper, influenced by the work described in the preceding paragraphs, we
introduce a new set of nonlocal integral boundary conditions and study a coupled system
of Hilfer-Hadamard fractional Langevin equations supplemented with these conditions.
Precisely, we develop the existence theory and Ulam-Hyers stability for the system

HHDYA (FHDY® 4 ) )x(t) = filt, x(1),y(1), te€ T,

1)
HHDYE (HHDES 4 xa )y (1) = folt, x(1),y(1), t€ T,
equipped with the nonlocal integral boundary conditions
Vo H ¥ “in
X(1) =0, x(u) = LAMRy(n), *(T)= L g [ y(o)ds
i=1 j=1 i )
2 _HyBi ;! “i1
y1) =0, y() = & " fx(m), y(T) = L[ ix(s)ds,
= j= j
where H D;ﬁ’én denotes the Hilfer-Hadamard fractional derivative operator of order x,

and type £, (0 < ¢, <1); p = 1,2,3,4, and Hli‘; (i=1,...,my) and Hlfi (I=1,...,mp)
are the Hadamard fractional integral operators of orders «;, f; > 0, respectively, with
1 <xp,x3 <2 and 0 < K, kg <1, X1, X2 > 0, )\i,O'l,p]',Tj eR,J = [1, T], M1, M2 € (1,T),
ni, V) € 1,7),1 < Q < wj < T,2 < y1+%x <3,2< 1+xrs <3,and f1, fr» €
C(J xR xR,R).

We make use of the Leray—Schauder alternative and Banach’s fixed point theorem to
derive results on the existence and uniqueness of the given problem, respectively. It is well
known that the fixed point technique is an effective and fruitful method for developing a
variety of results on the existence of boundary value problems under different criteria.

We have arranged the remaining content of this paper as follows. Some related
concepts from fractional calculus and auxiliary results are presented in Section 2. Section 3
contains the main results, while examples illustrating these results are given in Section 4.
We discuss the Ulam-Hyers stability for problem (1) and (2) in Section 5. New results for
special cases are indicated in the final section.

2. Subsidiary Results

We begin this section with some definitions.
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Definition 1 ([38]). For a continuous function g : [a,00) — R, we define the Hadamard fractional
integral of order q > 0 as

HIq 1/ lo " l—)als t>a
) g s '

where log(.) = log,(.).

Definition 2 ([38]). For a continuous function g : [a,00) — R, the Hadamard fractional derivative
of order q > 0 is defined by

DI g(t) = 0" (ML g) (1), n =g +1,

tnd

n
where & T,

and [q] denotes the integer part of the real number q.

Lemma 1 ([38]). For 0 < a < co,and p,q > 0, we have
1

1. ( H1l, (log & )p )(x) = (F;Si)q) (log X )p+q L
-1 iy

2. (HDZJr(lOgE)p )(x): (r( ))(og )p ”

In particular, for p = 1, we have

(D3, 1) (x) = F(ll—q) (log§>iq £0, 0<g<1.

Definition 3 ([7]). We define the Hilfer—-Hadamard fractional derivative of order g € (n — 1, n]
and type p € [0,1] for g € L'(a,b),0 < a < b < o, as

(HHDq+g>() _ (HIP(” q)(;nHIn 7)(1- pg)
_ HIP(” Q)(gnHI(" W)g)(t
= (MY VHDY ) (1), v =q+mnp—ap,

where 1 (2 and H D(l are given in Definitions 1 and 2, respectively.

Theorem 1 ([39]). For g € L(a,b) and ( it g)( ) € AC}[a, b], we have

1 (MDY (1) = 1T (MDY, g) (1)
n—1 (sn—j-1) H[Z*Wg (a)
—g(t)—ZO( rgﬁ-*) V(105 )57,
j=

where 0 < a < b < oo,andy =q+np—qp,n=1[q)+1,9>0,p € [0,1] and ACJ[a,b] =
{f:]a,b] = R:6"L[f(t)] € AC[a,b]}. Notice that T(7y — j) exists forall j = 1,2,...,n— 1
and 7y € [q,n].

In the current work, we write the Hadamard fractional integral operator 1 IZ+ and the
Hilfer-Hadamard fractional derivative operator "H DZ . as 17 and "1 D1, respectively.

In the following lemma, we solve the linear version of system (1) complemented
with boundary data (2). This lemma plays a key role in transforming the given nonlinear
problem into a fixed point problem.
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Lemma 2. For hy, hy € C(J,R), the unique solution of the linear system

HHDK1,§1 (HHDKZ/gZ + Xl)x(t) = I’ll (t), t e j/
HHDK3,§3 (HHDK4,§4 +X2)y(t) = hz(t), te J,

subject to the boundary conditions in (2) is given by

t k14K -1 Kp—1
x(t) = /1{(10g§)12h1(5)_xl(log§)2 x(s)}ds

T(x1+12) s T(cp) s

+M (¢ { [(log )T ) (g )T s

T'(aj+r3+x4) s X2 T(aj+x4)

)
|: 10g K1+K2 hl(s) B Xl (log )Kz 1 x(s)]ds}
)
(log

T (rq +K2 E (Kz)

Wig (5 (og3) ™ hp) (log§)™” 1y(u>
M (t Zp]/é / [ r(K3+K4 Ty e T(ky)

lo K1 +Kkp—1 h lo og ! Ky —1
/1 [ F(K1)+1<2) 1§S) —X1 ( (KZ) X(SS):| ds}

Byt +rp—1 Byt+rp—1
D A 1O NN (53 M

K (log
M (t Z"l/ TTGee) s AU TR s

s T'(xg)

w 1 K1+K2 1 s Kz—l
+My (¢ {Z T/g 11/ [ %8 i ;<1+;<2 hl(u) - X1 (loi(u,()z) x(uu)} duds

)

1 K3+K4 1 log 12 Kg—1
Rt )
(t)

(log

lo K3ty — log
/l [ F(K3)+K4) 2s(S) _XZ( F(Kz);) y(S)]ds} teJ,

and

t logé k3+Kg—1 h log 11 s
y(t> = /1 |:( r(K2+K4) ZS(S) - XZ ( F(Ki) ]/():| dS

[¥)

i 0(+K3+K4 1 ajtrg—1
o B [ e

(aj+K3+1q) E T +1q)

-/ t {(log DT ) (o) X(S)}ds
1

T (k1 +1%2 s ['(x7) s
(

noo (9 5 (og2)S ™ ) (log 2)™ T yw)
+Nz t){zp]/g /[ K3+K4 zuu T A2 T (ky) o

log K1tk 1h logg kp—1
_/1 [( r(xil)m) g‘?ﬁi( r<KZ) £ |as

)
vy

T(r3+xy) s T(xy4)

_/#2 {(log’?)@m}l ha(s) o (log ’%)Krl y(:)} ds}
1

j log £ Kﬁxz ! h log £ r-1
+N4 t){ L T/§ 1/ { INCECY) lb(lu) _X1< T(K)z) @

TTlarR) s ey s

_/T[(logs)”““ hz(s>_xz(b<‘%s)“<s>]ds}, te g,
1

where

1
2 (log 1)1 2 g () (log )12 (s)
+N3(t>{z§”l/1 e B B (T R

®)

(4)

)
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M; (t) = ra(log t)71+K2—1 +r3(log t)'Yl+K2—2’ My (t) = z4(log t)71+K2—1 4+ 23(log t)%'H(Z_Z
Ms(t) = uy(logt) "7 uz(log 1)1 T2 72, My (t) = s4(logt)" T 4 s3(logt) 2,
= (logt)’mﬂ‘“*l—|—r1(logt)72+’{472, () (10gt)72+x4 1+Z (10gt)72+’<4 2
= (]Og t)72+K471 + ul(log t)72+1c472 N4(t) _ 52(10g t)72+1<4 1 1 (log t)72+x4 2
n= ﬁ[ 3(Er + Bidy) + k(L Bibo)l, 12 = By — Avkars + B,
- _A%[Bl +(AaBy — B4A1)r1 + (A3B1 — B3Ar)ry], 14 = A (—Aars + Agry + Asra + 1),
z1 = +(ksdy —kiAy), zp = o LA +hozy), 23 = A%[fh (A4By — ByA1)z1 — (A3By — B3A;)z2],
24 = ZT(AZZs —Aszy— Auzy), w =2, up= (1 kzul)
uz = — - [(A3B1 — B3A1)ua + (AyBy — BeAr) 1], ug = A [—Agus + Azuy + Aguy], s1 = %1,
2= 22, 3= — x5 [k1(AsB1 — BeAr) — ka(A3B1 — BsA1), 4= A (Ass1 — Azss + Assa),
A = Ai(AzEl —EAy), M= A%(Ale —LyA1), A3 = Ai{By—BiAy #0, A=kyky—koks #0,
1
A

ki = 7-[(A1E3 — E1A3) — A1(A3By — B3A1)], ko = A%[(AlEA; — E1Ay) — M (A4By — B4Ay)],
ks = 4;[(A1ls — L1A3) = Ao(A3By — B3A)], ks = 7 [(A1Ls — L1Ag) = Ao(A4By — BaAy)], (6)
— _ ml ) 4
(Ogyl)’h-&-xz 1, A, = (logyl)’h-&-xz 2, Z #ﬁ%(logm>a,+vz+@ )

el +rg—1 ; 2 1 -2
Ai= L (i Qg )T, B — (log T, By — (g Y2

B = ke 55 ogeo) ™ flog )],

LG -1 -1
By = D) Lei [(logw;) ™™ — (log g) ™™ 1],

my my
ol 71+K2) 1+y1t+re—1 ol (y1+xp —1) 1+y1+K—2
= L TBrnte) (logu) ™1, By = = L TErnte ) (tog)? ’

Fo = Goge) ™1, By = (og™ %, L= o1 j & [0 ) " — (10g2) "],

-1 1
L, = (71+K2 1 Z T [(logwj)%ﬂ2 - (logéj)%ﬂz },
L; = (log T)72+K4 1 Ly = (log T)"2 1 2,

Proof. Using the Hadamard integral operators 71*1 and % on the first and second
equations in (3), respectively, we obtain

@)

(MHDR22 4 xy)x(t) = FIhy (£) + ¢, (log )+ cp(log " 2, te T,
(FHDR8s 4 3y y(t) = IRy () + dy (log )2 + da(logt)? 2, te J,

where 71 = 11 + (2 —1x1)81,72 = K3+ (2—1x3){3, and c¢1,¢2,d1,d> € R are unknown
arbitrary constants.

Now, applying the Hadamard integral operators 11*2 and H I*# to the first and second
equations in (7), respectively, we obtain

x(t) —HIK1+K2h1(t)—XlHIKZx(t)+C1 (1) (logt)%—“z_l

T'(y1+#2)
1 +Kp—2 1
et (log 1)1 2 s (log ), te T, o
y(t) = HIK3+K4h2( ) — X2H1K4y( )+ d; T(V(n) )(10g t)72+1<471
o ol (log ) 742 4 dy(log ), te T,

where v3 = k2 + (1 — x2)82, 74 = x4 + (1 — x4){4, and c3,d3 € R are unknown arbitrary
constants.
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Combining the conditions x(1) = 0 = y(1) with (8), we find that c3 = d3 = 0 as

Y3 € [k, 1] and 74 € [y, 1]. Letting ¢ = ¢; r(w(ly-;;)cz)f? =0 %ﬁl =d; r(g(ﬁ’)q), and

dy = dy %, system (8) together with c3 = d3 = 0 takes the form

x(t) = Hraten (1) -y Hrex(t) + ¢ (log )2 1 & (log )22, te g, o)
y(t) = Hratany(t) — x4y (t) + dy (log )1 + dy(log )22, te J.
Now, using (9) for the remaining conditions given by (2), we obtain
Aq1c1 + Axcp — A3£§ — A4E§ =J,
Bic¢y + Bycpy — 33{1 — B4liz =Jp, (10)
—Ei¢c1 — Exer + E3(£1 + E4liz =Js,
—Lic1 — Locy + Lady + Ladr, = Iy,
where Ay, By, Ep, Ly, p = 1,2,3,4, are given in (6), and
my
=X [Fremss®any () — )M 1y ()] = [P 19720 (1) — xa P 1% ()],
i=
n wi
I = Zl Pj/g TLIH sty (s) — ot IMy(s))ds — [H 19420y (T) — o 12x(T)),
U (11)
my
.,]]3 — lgl 0 [H1ﬁ1+K1+K2h1 (Vl) _ XlHIﬁZ-H(zx(VZ)} _ [HIK3+K4h2<y2) _ X2H1K4y(}12)]/
n wj
Ja= 1 [ (6) = e (s)]ds — (M1 a(T) = M 1T,
j= j
Solving system (10) for ¢7, ¢p, Lﬂ, and LE, we find that
c1 = r4d1 + 24 + ugds + 5404,
¢y = 13d1 + z3Jo + usds + s3Js, (12)

di = rJ1 + 2000 + upds + 5204,
d2 = 1’1.,]]1 + ZlJz + M1J3 + 51J4‘

Using (12) together with (6) and (11) in (9), we obtain the solution (4) and (5). The converse
of the lemma follows through direct computation. [

3. The Main Results

According to Lemma 2, problem(1) and (2) can be transformed into a fixed point
problem as (x,y) = A(x,y), where A : X x X — X x X is an operator defined by

Axy)() = (ﬁ;”;gg) (13)

with
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lo K-l lo Kp—1
A(xy) () = /1 {( B et _  (og ) w} i

i lo a+K3+K4—1 Io ;i aj+rg—1 7
+Ml t){zz /\/ {( g“+K3+K4) fz(s,X(S)’y(S)) _XZ( th{(261')+’<4) y(TS) ds
log K1+K2 s,x(s),y(s log )
[ rmm LAl O, (o8 2)? )7 x0)] g
j log & K3+K4 w,x(u),y(u log 7 e u) |
M, t){zp]/é 1/ [ 5)°" ' <u>y< ))_XZ( i) 0 s
108 R s,x(s),y(s logg 2l
/1 {( rm)m) AlexEus) _ oy F(Kz) 26) | g5 (14)
(log )12t g (ox(ae) _ oy, (o )2 )
+M3(t){207/ T(Bririt72) = n T(B+x2) 5 ds
10 Mz K3+ry—1 log 1452 Kg—1
5 mm RlexEE) _ o r(7(4)) ﬂ;)}ds}
w: 10 K]+K2 -1 log & ky—1
)] £ [ [ oty o g
IogT A ’ b log% rq=1 (s)
/1 {( rm)m) Rlex(E)y(s) _ XZ( s )0 v g,
and
(log £)" "™ 1fz(sx(s)y(s)) (log )™ " y(s)
eyt = [ [l —Xe gy |ds
i log 0¢+K3+K4—1 : ) log% ﬂé1'+K4—1
+Nq( t){z A/ { F(oc +K3+K4) fz(SX(z)y(S)) —Xz( r(ai)+K4) @ ds

K1+ 2~

H1 log log%1 r-1
_/ { F(K1+x2) fl(s x(S) y(s)) - ( F(;cz)) x(ss)] ds}
()

n Wi 10 K3+K4 1 log & K471
+N (¢ {; 0j /g "1 / gmm fluxy) o ( gr(uKz) ()} duds
1 "1*"2 1 lo % Kp—1
[( s1) AlaxOHE) _ ( gmz) "(;)]ds} 5)
1y g Brtry+rp—1 log Bytro—1
+N3(t {; ﬁ1>+7<1+x2) fils X(z) y(s)) —X1( r(/31)%2) x(ss)‘| s

T(x3+xy) X2 () s

(t)
2{(10 2) oo plepte) oy Goa ) Ms)}ds}
1 [P Loga) Al y) o (o5 $)? " x(w)
+N4 ) /C / K1+K2 U —X1 T(xy) u duds

lo, 1”3*"4 log
_ [( §; Rlsx()6) _ Xz(ogr(}z) y(s)]ds}

Here, the product space X x X is a Banach space equipped with the norm || (x,y) ||=
x|+ |yl (xy) € XxX, where X is the Banach space of all of the continuous functions

from J — R endowed with the supremum norm || x || = sup, 7|x(t)|.
Note that the fixed points of the operator A correspond to solutions to problem (1)
and (2).

In the sequel, we need the following assumptions:

(H;) Real constants fp, fiy >0, p=1,2,and r1g, g > 0 exist such that Vx,y € R,

1 (8 x,y) [ < thg + it [ x| + it |y,
|fa (2, y)[< o + fa x| + A2y

(Hz) Forallt € J,xp,yp € R, p = 1,2, positive constants exist L; and LL, such that
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|f1(t, x2,y2) — fi(t, x1, y1] < La(|x2 — x1[+[y2 — y1l),
|f2(t, x2,y2) — fa(t, x1,y1| < Lo(|x2 — x1]4+|y2 — 11])-
Next, we introduce the notation
(logT)"172 | =% (logup)1™™2 | wx (logT) 1”2 |y  (log vy)PI 1772
1{;1 F(K1+K2+1) + 1 F(KlﬁK2+l) ZF(K1+K2+1 Z : ,3[+K11+K2+1)
— 1 |t \ K1+K2+1 K +K +1
+My Z 71- (27 2) ((log ) 172 (IOng) 1+k2 )l
M |(log )" ™34 7% & lojl st l \ K3k +1
k$! Z T (aj+x3+Kg4+1) + M, El r(x3+f<4+2) ((logw]) ST - (loggj) T )
(108#2) AL v 1 (logT)“?’”4
+M3 T(k3+Kg+1) 4T (k3+ra+1)"
(logT)*2 | 77 (logpy)™2 (log T)*2 \UI (log ;)P
s X1| T+ T M r(mil) + M, [(kot1) +Ms Z i [JrKlerl)
1 Ko+1 xo+1
+My P2 e ((togwy)™" = (10g;)™ )]
_7 Al (log ;)% ol Kyt Kyt 1
= M El%“\“z L iy ((logew)) ™" — (1og )" ™)
. (logpp)™ | o (log T)™
+Ms r(K4J2r1) + My T (kg +1) ] ’
_ (log}l )K1+K2 _ (logT)K1+K2 ‘0.| logv )ﬁl+K1+K2
(Dl N1 F(KlﬁK2+l) +NZF(K1+K2+1 +N Z l 1+K11+K2+1) (16)
N |7;] K1+K +1 K1+ro+1
+Ny Z T3] K1+;(2+2) ((logwj) L (logéj) 1+K2 ),
(IOg T)K3+K4 ‘/\ | logiy )JX +K3+K4
\e! T (k3+x4+1) Z T(aj+K3+x4+1)
5 O |ojl K3+Ks+1 K3+K4+1
+N2 ]gl F(K3+:<4+2) ((logw]) o - (log g]) i )
— (logyz)K3+K4 — (logT)K3+K4
+N3 T(k3+K4+1) 4T (k3 +ra+1)”
N, (og)*? (log T)*2 7] (log vy) P12
N X1 [Nl F(Kzil) +N; (ko +1) +Ns Z T(B+rot1)
+1 +1
+Ny Z T )((logw])’c2 — (log ;)" )],
log T Ail(ogn)%ithe = I j 1 1
q)4 X2 (og ) —I—N Z | | (log i) +N2j§1 F(;LZ]-J-Z) ((logw]-)xﬁ _ (logéj)K” )

N, dogu2)™ | 7, (log T)™
+N3 F(Eifil) + Ny r?;§4+1) ] ’

where

M, =sup M, ()|, N,= sup|N, (t)|, p=1,234
teg teg

Now, we proceed to presenting our main results. In our first result, we establish

the existence of solutions to the problem(1) and (2), which relies on the Leray—Schauder

alternative [40].

Theorem 2. Let f1, f» € C(J x R x R, R), and the condition (Hy) is satisfied. Then, at least one

solution to the problem (1) and (2) on Jexistsif 0 < Sq,Sp < 1, where

S1 =
Sy =

1(¥1 +P1) + 11 (Y2 + Do) + (¥3 + D3),
2(F1+P1) + (¥ + Do) + (Y + Py),

1!
1!

and ¥y, @y, p = 1,2,3,4, are given in (16).

(17)
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<

Proof. Let us first establish that the operator A : X x X — X x X, given by (13), is com-
pletely continuous. Obviously, the operator A is continuous in view of the continuity of f;
and f,. For a fixed number 7, we consider a bounded @ set
O={(xy) e XxX:|| (x,y) |[< 7} C X x X.According to (H;), we have

< g + i x| 4 ity
< g+ x|+ Iy D) +mdl x|+ [v])
< g A (1 + i) = K.

it x,y)l

Likewise, we have |f, (t, x,y)|<fig + (11 + 712)? =: Ky. Then, for any (x,y) € O, we obtain

| Ar(x,y
log )1, (s2(5)(5) (log £) " |x(s)|
?:g{/l |: r(K1+K2 +X (Kz) S ds

4x j K3 +Kg— )(X itKg—

i 1 s,x(s),y(s 1 s
My (£) {ZIAI/ { 0§(HK3+K4) A O | o, (ng@xw |y<s)]ds

1 m Kt+Kp— log F1 Y271
[ og % A loa Ol | o, (1083 x(;)l] ds}
(

K1+Kz s r(Kz)
K K, s\Kg—1
+ Mo ()] {ZW/ 11/ [ log )" ™ |y (wartyal o (los )™ y(;)]duds
=]

K3+K4 u T(xyq)
N / [log VU 1 sale)ytol) 4y, (o8 2) |x<s>] ds}

K1 +K2 F(K2)

(log %) Brtrytp—1 log ! B+ry—1 T
+|M3 t Z|Ul|/ [ 0g 5 I+K1+K2) |f1 (Sx(s |+X1( 1"(’51)+K2) ‘ng” dS
M2 1‘2 K3+ry— x(s), log o J
+f [ 2 Ryl | g ) y(ss)q ds}
1 K1+x2 log & Ky—1 -
+[ My (t) {])_;|T]| / 1 / [ °§(K1+KZ A (e )yl Xl(ogré’,i) LOIRPAE
log 1)"™4" 1\fz<s,x<s>, ()] (log )™ 465
+/ { T<K3+K4 : X2 ds a8)
(10gT)K1+K2 ~7 (log ) K1+K2 ~ (logT) K1+Ko o] ( IOng)ﬁ’+K1+K2
U tren T M o T e + Z Tt

i |5l

s jgl m <(log wf)K1+K2+1 — (log C}')Kﬁxﬁl)l

)IX +K3+K4

M, Z sy

+Ko T(aj+x3+K4+1)

+ MZ ]gl m ((IOg wj)K3+K4+ . (1og éj)KS+K4+ )

JE— (logy )K3+K4 J— (10gT)K3+K4
+M3 r(K3jK4+l) + M4 T(r3+K4+1)

(logT)2 | 77 (logp1) | 7 (logT)™ o] (log vy)P1**2
“‘1{ M) T Mg+ Margin + Mo ? ey

+My Z T(x +2) ((logwj)KZH - (loggj)K#l)] [ x|

X2 T(ajtr4+1)

— . L\ &K, n
T, 32 YRR 70, £ ol (logea) ™ ~ (g g)" ")

(logp) | 7 (logT)™
+M; (Eg}-iz-l) +M4(r(()§4+1)

|y |

Ki¥1 +Ko¥o +¥s| x || +Yall v ||,

where ¥, p =1,2,3,4, are given in (16).
Similarly, one can find that
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[ A2(x,y) [[SK1®1 + Ko®p + P3| x || + Pyl v |, (19)
where ®,, p =1,2,3,4, are given in (16).
From (18) and (19), we have
Ay | = [ A(xy) |+ 1A y) |
< Ky (Tl + ‘131) + Kz(‘Pz + q)z) + max(‘I’g, + P53, ¥y + q)4)| (x,y) H
<

Ki(¥1 4+ P1) + Ko (Y2 + @) + max(¥s + O3, ¥y + Dy)7,

which implies that A(Q) is uniformly bounded.
To show that A(Q) is equicontinuous, we take t1,t, € J with t; < t,. Then, we obtain

IN

IN

—

|A1 ) () — A1 (x, y) ()]
g2

(x )
1 t )K]+K2
[(0 ASEE)

1
T(x1+x2)

log%2 o
X ( F(Kz) X:)‘| ds
K1+K2 1 H xp—1
(s log
[ K1+K2 (”(i)y(s ) _Xl( r(Kz) xss)] ds
+|M1(fz — M (t2)[ 1 |+[Ma(t2) — Ma(t2)[|J2]
JF|M3(f ) — M (t2)[|J3]+[My(t2) — My(t2)][J4]
r(x1+;<2+1) [ (logt, —log tl)Kl+K2+’(lo £2)72 — (log t1)"1 ™ }

+r( ) [2(log tp —log t1)"2+|(log t2)"* — (log t1)"?|]?

Ko+1

+1|r ‘(logt‘z)ﬂhﬂrl—(logt‘l)%ﬂr1

'S

rgH(log t2)71+1<2*2 — (log tl)ﬂrﬁxrzu |J1]
|24/ tog £2) 727 — (1o #5271
|J2|

z3

(g )7 %+72 — (log )"+

Y1+K2—2

— (log 1) "2 ] |Js|

4] (log 2y #271 — (1og 1)1 72|

us ‘ ’ (log tz)

+
+
+
+| u4H(log tr) 12Tl (log )T TR
+
+
+

SsH(log t2)71+K2—2 — (log t1)71+1<z—2H |14

0 as (t, —t;) — 0 independently of (x,y) € O,

where J;, i=1,2,3,4, are given in (11) with f3, f, instead of h1, h; here. Analogously, it
can be shown that

[Aa(x, y)(t2)

—Ay(x,y)(t1)|—> 0 as (t, —t1) — 0 independently of (x,y) € O.

Thus, A1(0) and A»(O) are equicontinuous, and hence A(Q) is equicontinuous. Hence,

we deduce using the Arzeld—Ascoli theorem that A(Q) is completely continuous.

Finally, we consider aset H = {(x,y) € X x X: (x,y) = TA(x,y), 0 < 7 < 1} and ver-
ify its boundedness. Let (x,y) € H. Then, (x,y) = TA(x,y) implies that x(t) = TA;(x,y)(t)
and y(t) = TAy(x,y)(t) for t € J. Then, according to assumption (H;), we have
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lxll = fggIX(t)l < fggl&(x,y)(t)l
< f;‘f;{ /f{(log(izi;";” gl iigly) | (1o %K)z’;z 1lxg5>:ds
+ by () {ZZM | / ”’{ 1g7+3j) (sl 471y e (10%);:;4 v f)] i
+Ma(t) {mp]\ / L [log I <ﬁo+mlzw+ﬁz\y|> TPt y(uu)] duds
N / { r(K:;"Z 1(m0+m1|x\+m2\y|) T lee (?:2;2*1 lx(gﬂds
+[M(8)] |a,| / ;If:: " Uil aly) 1(10%5’31)12271\ o)1 4o
+/#2[ log KS::M 1 (n0+n1\>;\+n2|y\) + % (logrﬁg)xrl y(:)l]ds}
+[My(t)| {z|fj| / 1 / {bﬁmz;“;‘l (g o malul) | o (10‘?(2;2_1 Ix(uu)|] duds
+ / { og )7L 1(”0+”1|§\+”2\y|) T (Iz)“ 'y<;>]ds}},
which implies that
| x || < (¥ + 9¥a) + (11 + 11¥2 +¥3) || x || + (M2¥1 +12¥2 +¥a) || v | (20)
In a similar manner, we can find that
|y || < (ig®y + 2gDs) + (111D + A1 Dy + D) || x || + (Ha®y + 2Dy +Py)|| v || (21)

From (20) and (21), it follows that

x|+ 11y || < oY1+ P1) + (Y2 + D2) + max(Sy, Sp)| (x,y) I,

where S; and S, are given in (17). The above inequality can alternatively be written as

1
I (x,y) |l < @O[mo(Tl + @) +119(¥2 + Do),

where
GQ =1- max(Sl,Sz).

Thus, the set H is bounded. Consequently, the operator A has at least one fixed point
through application of the Leray-Schauder alternative [40]. Therefore, problem (1) and (2)

admit at least one solution on 7. J

Next, we obtain a result on the uniqueness of the problem (1) and (2) with the aid of

Banach'’s fixed point theorem [40].

Theorem 3. Assume that f1, f» € C(J x R x R, R). In addition, we suppose that the condition

(Hy) is satisfied and

Ly (‘Yl + CI)l) =+ ]Lz(‘l’rz + sz) —|—max(‘I’3 + P35, ¥, + @4) <1,

(22)
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|f1(t, x(t),
|fa(t, x(t),

I A1(x,y) |

where ¥, and @y, p = 1,2,3,4, are given in (16). Then, the problem (1) and (2) have a unique

solution on J.

Proof. To verify the hypotheses of Banach'’s fixed point theorem, we consider a closed ball

B, = {(x,y) € XxX:| (x,¥) ||< r} with

M1(1F1 + q)l) + MQ(TZ —|—CI)2)

- 1— []Ll(‘fl —I—q)l) —|—]L2(‘Y2~|—q>2)] max(‘I’3+<I>3,‘I’4+<D4)'

(23)

where sup, 7|f1(t,0,0)| = My < coand sup,. 7|f2(t,0,0)| = Mj < co. Now, we establish

that AB, C B,, where A : B, — X x X is given by (13). According to (H;), we have

yO)l = 1AEx®),y(8) = A1(£0,0) + fo(£,0,0)[<La(f| x | + [ y |[) + Ma
< Lyr+ My,
y®) = 1faltx(®),y(t) = f2(£0,0) + f2(£,0,0)[<La(|| x [| + Iy [[) + M2
< Lpr+ Mos.
For (x,y) € B, it follows by using (24) that
log K1 +rp— L +./\/l logé Ky —1
< f’?ﬁ{/ {( mgﬂﬂ LirtMy) o r(K)z) "‘gﬂds
i log ;7’ ajt+rz+rg—1 L M log 7 \%trg—1
_HMl (t { Z‘/\ |/ { (X+K3+K4) ( 27’+ . X2 ( F(o()+K4) ‘y(SS)l ds

m (log“l)"”“z L M) (log )2 |x(s)|
+/1 { EETy R ]+X i) o |ds

My U [ log) " areay) | Co8) M ] gy g
‘ 2 Z‘4{p]| K3+K4 u X2 T(x4) i uas

K1+K2 1 , Io kp—1 (s
+/ { o tMl)ﬂm( 8 5) (s)qu}

(K1+K2 I'(x2)
/sl+x1+x2 1 Brtrp=1
log (Lyr+My) (log ) |x(s)]
+[Ms (8)] { ZW'/ l31+K1+K2) ot I(Br+x2) |
;12 k3 +ky—1 o \K4—1
(L2r+M2) (log R2)™ " |y(s)|
+/1 |: F(K3+K4 T X2 ( 4) s ds

j 10 K1+2 r log £)2! x(u
M () { E!T]\/ 1/ { ﬁ(mm o M) o s?(ux)z) g)ﬂduds

+/ {IOg x3+«4 (L2r+M2)+X2(°g(T)4 )}ds}}

T'(x3+1y)

< (Lar + Mp)¥1 + sl x || + (Lor + M2)¥2 + Yal v |-

Likewise, we can find that

I A2(x,y) [[<(Lar + M) Py + D3| x || + (Lor + Ma) P + Dy y ||

From (25) and (26), together with (23),

FAy) | = 1A y) | + [[A2(xy) |l

(24)

(25)

(26)

< []Ll(Tl + CDl) +L2(‘Y2 +(I)2)]1’ + Ml(Tl +(I)1) + MZ(TZ + @2)

+ max(‘Yg + P33, ¥, + @4)1’ <,

which shows that A(x,y) € B,. Hence, AB, C B, since (x,y) € B, is an arbitrary element.
Next, we verify that the operator A is a contraction. For this, let (x1,y1), (x2,12) €

X x X. Then, for any t € J, we obtain
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| Al(xzfyz) A1+(361/y1) |
log )™ ™27 |£1 (s, 02(5) ()~ fi (5,21 (5) 3 (5))]
< su / [( g s 1(5,X2(5)Y - Y
tey{ FEK1+K2)
1 2
+X1(°§<K)2> bra(s) 1 ()] | g
o) B g [" LB i) plentln i)
+| 1 | |/ 0(+K3+K4) s
log ! a K4 1 s
0 r(%’)w (s <>}ds
+ / #i [ (1og I ™ £ 5,00 (9)2(5) — (s () 5))
1 I(x1+x7) s
+x1 (1081](12))271 \xz(s);xl (S)qu}
Mo (f) {Z ’P]|/ ]1/ { 101%(K3:3;)4_ |f2(u,xz(u),yz(u));fz(u,xl(u),yl u
s (bgr(lg; 20— (01 | 1
+/ [ o ¢ KHKZ |f1(S/X2(S)/y2(5))*f1(5/x1(5)fy1(5))|
K1+K2) s
Tx (logl"(?;cZ) ‘XZ(S);xl (s)l } ds} (27)
10 /SI+K1+K2 1 _
() {2 al [ [ B ot (o)
v ﬁI+K2 1
1 (bg(;])m) bxa(s) =1 ()] | g
+ /Hz (108 22) ™ | (5,05 (5) 2 (5)) — Fa (31 (8)an ()]
J1 Iﬂ(K?ﬂLKAL) s
o (logri))““’1 2(5) 1 () } ds}
My(H)|{ & i1 [*] (o 2)™ ™ 1A G () ) = fy s )y ()]
ol Ell [ O :
1 (logr(uK)z)z REES O P
+/ [ 10g 1) ™ ™ £y (5,02 (5) wa(5)) = a1 () (5))]
K3+K4) B
D ) } ds} }
< (LY +Lo¥2) ([l —xall + lya =y ) +¥s | x2 = x1l] +¥all y2 — w1 |-
Similarly, we can find that
| Az(x2,y2) — Az (x1, y1) | S (L @1 + Lo®2) (|22 — 21l + [lya —y1ll) + @3 || x2 — x1| +Pall y2 —y1 |- (28)

From (27) and (28), we have

| Ax2,y2) — Axy,y1) ||

< [Li(Y1 + @) + La(Y2 + Do) + max(¥3 + @3, Zy + Ny) ([ x2 — x1 || + lly2 —y1 1),

which, according to (22), implies that A is a contraction. Therefore, a unique fixed point

exists for the operator A through the application of Banach’s fixed point theorem. Thus, a

unique solution to problem (1) and (2) exists on J. [
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4. Examples

Here, we present examples illustrating the results obtained in the previous section.

Example 1. Consider a coupled system of nonlinear Langevin equations

HHpa (HHD2& 4 ) x(f) = fi(t x(t), (1), te€ T, (29)
HADRS (FAD & 4 xo)y(t) = fo(t x(1),y(1), te T,
subject to the boundary data
3 3 [oF
X(1) =0, x(m) = LAy, x(T)= £ p; [ ylo)ds
o 5 (30)
2 3 w;j
y() =0, y(u) = & ¥ 1Px(u), y(T) = ¥ 7 [ La(s)ds,
I=1 =1 "7

withxy = 1.5,k = 0.5, k3 = 1.25, k4 = 06,0 < ¢, <1 (p=1,2,3,4), 71 = 1.75, 1, = 1.5,
v3 = 075, v4 =07, 01 =5/3, a0 =1/3, a3 = 8/3, B1 = 8/5, B = 2/5, v1 = 4/3,
Uy = 5/3, §1 = 6/3, §2 = 8/3, §3 = 10/3, X1 = 1/20, X2 = 1/50, w1 = 7/3, Wy = 9/3,
w3 =11/3, 11 =12/3, 15 = 13/3, 53 = 14/3, 01 = 1/15, 05 = 1/10, A; = 1/20, A, = 1/4,
/\3 = 1/4,p1 = 1/12,p2 = 1/6,p3 = 1/4,1'1 = 1/7,7.'2 = 1/5,'['3 = 1/2,‘111 = 1.1,]/12 =12,
n=3m =3m=2,7=1[15]

Using the given values, we find that ¥, ~ 2.74585874, Y, ~ 2.84924444, Y3 ~
0.23579603, ¥4 ~ 0.09318252, &1 ~ 0.13336712, &, =~ 3.17256265, $3 ~ 0.02135806, and
b4 ~ 0.09118365 (‘I’p and (Dp, p =1,2,3,4, are given in (16)).

(a) To illustrate Theorem 2, we take

fltx(0),y(0) = e + T+ iy L€ T

__1 x(t) siny(t) ly(t)]
Altxt),y() = e+ T+ (t+47 (V1 1x(1)17) e G1)

and note that 1 1 1
it x(0),y()|< 5 + 5 x| + 571y (H)],

o (6 X(,y(D)|< 5 + 5 lx(O] + pzlv(0)],

that is, the assumption (Hj) holds with i1y = e%, My = o, 1y = 57, flg = 1,1 = &5,

(e

iy = o35
Moreover, we find that S; ~ 0.57784874 < 1 and S, ~ 0.36964662 < 1. Thus, the
hypotheses of Theorem 2 are verified. Therefore, the conclusion of Theorem 2 applies
to the problem (29) and (30), with f; and f, given in (31).

(b) To illustrate Theorem 3, we take

Fult,x(8),y(8) = spkgy tan ! x (1) + % te, teJ,

Folt,x(1),y(t)) = 10\/1%?(1‘;]?()})‘ +siny(t)) +2 ted. (32)

For each t € J and x1,y1, X2, y2» € R, we notice that

1
f(tx2,2) = f(E x1,1) | < gz (lv2 =l +Hy2 — vil),
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1
g (£, x2,y2) — g(t, x1,1)|< 3*(|x2 = x1|+[y2 — y1l)-

Thus, the condition (H;) holds true with [L; = E and L, = %. Further, we have
Li(¥1 4+ P1) + Lp(¥2 + O2) + max(¥3 + P3, ¥y + Py) ~ 0.52186379 < 1.

Clearly, the hypothesis of Theorem 3 is satisfied. Hence, the problem (29) and (30)
with the nonlinear functions f; and f, given by (32) have a unique solution on 7.

5. The Stability Analysis

Let us first develop the arguments for the Ulam-Hyers stability [41] of the problem (1)
and (2).

For an arbitrary € = (€1,€2) > 0and t € J, we consider a system of inequalities with
the boundary conditions (2) given by

(1)< e

(1)]< e )

[P Dae (FHDR2 4 30 ) 2(t) — fi(t, 2(t), 9

|[HDRss (HADME 4 30) g (t) — folt (8,
If (£,7) € X x Xis a solution of the system of inequalities (33) with the boundary conditions
(2), then functions A1, A, € C(J,R) exist such that [A1(t)] < €1, |A2(t)|<e€, t € J and
such that (£,7) € X x X satisfies the system of Hilfer-Hadamard-type fractional Langevin
equations

{ HHpr & (HEDR& 4 y)2(t) = fi (1 (1), y7( ) +A(t),

Thus, for the forthcoming analysis, we consider the boundary value problem

HHDrb (HEDR G 4 ) 2(t) = fi(t 2(0),9(D) + (), te T,
HH s & (HH Dra s -H(z) (1) = f2(6,2(5), 9(1) +Aa(t), £€ T,

2(1) =0, £(m) ZiglAiHI“”}/(ﬂi)r (T) ZP] fg (s (34)

9(1) =0, 9(u2) = lnfleHIﬁ’f(Vl)r y(T) Z ijg (s

Definition 4. The system (1) and (2) is called Ulam—Hyers-stable if we can find ¢ = (c f.C fz) >0
such that for each solution (%,7) € X x X of (34), a unique solution (x,y) € X x X to the system
(1) and (2) exists satisfying

129~ (yl<ce’, ted.

Definition 5. The system (1) and (2) is said to be generalized Ulam—Hyers-stable if a unique
solution (x,y) € X x X to the system (1) and (2) exists satisfying

1(£9) - (xy)ll<Qle), ted,

for each solution (%£,9) € X x X of (34), where QO = (Qq,) € C(RT,RY) with Q(0) =

)
0 (21(0) = 02(0) = 0).
Theorem 4. Let f1, f, € C(J x R x R, R) and the assumption (Hy) and the condition (22) hold.
Then, the system (1) and (2) is Ulam—Hyers-stable and hence generalized Ulam—Hyers-stable in

X x X.
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Proof. According to Lemma 2, we can write the solution to (34) as

0 = [{(blg(é)”””'l (Als26)06)+M (), (log§)? x(s)]ds

b

*17K2) s 1Ty
+M1(t){ [“?fliﬁlfl (Ll OIO TN (logr("; ):4)4 ' ﬁ(ss)} s
{ log Kl:;; (Al M6 _ %2))“ ) } ds}
+Ma(t) p] /g 1 / {log st:4 (0680, 90) (1) _ Xz(l"if,{i';“l@' uds
(log

lo "1t s,%(s +Aq(s log { K271f5
/1[ r() LAGHRIE e . (08E) ()}ds

K1 +K2) s 1 F(Kz) s

T(B1+x1+x2)

U | (1og U)PITF1IFR21 JRA og )T L
+Ms(t {Z o / G g(s) (i) ene) o (g )" 2 26s) | g

K3+K4 2 T'(xyq) s

{2 . /;’11 / [ log )" 21 (g thaw) o (08 E)? fﬁj‘)]duds

+M4 t K1+K2 u F(Kz)

)
(t)
(log

T\k3+Kg4—1 Io T kg—1
/1 [ ?) (LHIN ) _ oy, € gr(us) (;)}ds},

r(K3+1<4)

1 A s,%(s),7(s s 1 é at 7(s
() = /1 {(?(sz (AL ) _ ) (8 1) y“}ds

¥ s 27 T(kg) s
+N; t>{ LA / m{ = Mw)ﬁ e ! (10%('@')“ +:4 ]y(s)]ds
T (oj+13+Ky s a+Ky s
[ (log 1 Ky +rp—1 $))+A1(s)) log 11 )2~ 1.
_ /1 {( r(Kl)m) (AN ME) _ o r(KZ)) 2| 4
N8 { o[ 1) [ 085! (tustigun ot 088 o] g,
g T (x3+1y) u Ky u ]
log K1 +Kry—1 ) Iy ) lOg% kp—1
_ /1 [( F(K1)+K2) (AN ME) o r(K2> £ g _
+N3(t){ %o / (1og(; )f’*:”"; L(AlsAED MG (bg(”fg)i ”;2’1 £9) | 4s
=1 )1 TR TR § 17TK2 s
2 (log 2)°™ L (s enae _ (g !2)" g '
_/1 [ [(r3+ry) i e T(ky) 5 ds
n i 1og ) 1271 (£ (2 (u),(u))+Aq (1)) (log )2 2wy ]
o t){] 1T/§ / { M) S (Y i | duds

T (o5 2™ (£ (s,2(5)0(5)) +Aa(5)) (log 1)™ " g(s)
_/[ I(r3+x4) ; s E— T(xs) S]ds}.
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In view of |A1]|<e€1, |[A2| <€ and (16), we have
R log K1 +Krp—1 P p log Ky —1
supl (1) /1 {( r(gm) AR _ r(K)z) 56 | gs
log% ajF+r3t+rg—1 (,A( P ) log aj+rg—1 . )'
_Ml(t){ {( c MY 5.8 G U2 bl 1 Jo
log K1+x2—1 logVTl Ky —1 A
/1 Klm IGO0 mz)) )| g
Wi 10 K3+K4 -1 . . log & Kg—1 b
My t){z o /g 1 / [ gksm Ll g) o ( gr(”KL 909 | s
T log Kp+xy—1 2(s), log;T, K1
/1 {( r(Kl)m) AlFAE) _ o r(KZ> )} ds
my vy lo g Btry+ry—1 3(s).0 logvs*] Bj+rp—1 B
_M3(t){z§1al/1 l( b ey AL, (o 20 g
ol (log 2) 5™ | prseien _ y Cog'2)" gis '
_/1 [ T'(x3+x4) IEAC I () ds
1 1<1+K2 1 . N 1 s kp—1
My (¢ /g i1 / { o8 Klm A5(),9(0) —m(ogr("xz) x(;)}duds
1 K3 +ky—1 P 1 T kg—1
—/1 [(Ol%(f%)er) hlst (s)'y(s)) —X2<0?-(SKZ) y(ss)} ds} < Yie1 + Toer,
and
R 1 k3+kg—1 2(5).0 log kg—1
sup () — /1 {( F(sz) RSO0 _ r<K)4) y()} ds

u j K3 +Kg—

Ny d F a1 [l Lplsaege) (s %) T g
1 ) Z I"(zx +K3+K4) s X2 F(uc +iq) s 5
M (log )"1+2 Ale(e)3(5) (1og 1) &(s)
_/1 [ r("1-|r'<2) : T ) s ds

K +r4—1 R R 5\K -1 b
o o [ [ e
] i

TT (log TY11%2~ log Y271 4
_/1 [(o§s) f(s,x<s>,y<>>_xl(ogs) x(s)]ds}

(x1+12) s (1) s

LI ST
_ /1 2 [(1 5 Z‘;);:;‘“ BLAAIED _ ) (logr’;?;))"“1 its) } ds}

Ny} £ /g i / [ log Kl:;;’ flusaw) (102;(%1(1’;2’1 ae(um]duds
~ /1 T[(l ?é;,;? B (10§5(1;41@}ds}‘< D11 + Dres.

According to (H), we have
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| 2—x || = sup|®(t) —x(t)| < ¥1e1 + ¥ae2
teJ

(log )12 |7 (5,2(5),9(5))— (51
+§2§{/ |: F(K1+K2) ! :

+x(

log 5 )
2
M| (1o ’X+K3+K4 s,%(s),7(s))—f2(s,x(s),y(s
My (8) { ZIAI/ {lg IACION )—frlsr(e) ()|

L) "<S>|]ds

T(a;+K3+kKy)
(logs)““ 19.(5)=y(s)l
+X2 T'(aj+xy) . s ds

- / HT (08 5)" ™ 1y (5,4(),0(5)~ 1 (52(5)4(6))
1 F(K1+K2) s

o (logr}(‘i))”‘1 #(5)x(s) } i
1

+x, R
+[Mp (¢ {ZIP]|/ ]1/ { tog ) 4 1fp ()0 )~ —fa(ux()y(1)|

K3+K4

o 5))4 2.0)—y >|]duds

+ / 1°g Lyt 1m(s»%(s»y(s))—fl(s,x<s>,y<s>>|

K1+K2 s
lo 2! X (s)—x(s
i gr(;l) 2(5)- ()}ds}
1 VI Privto-l 5,%(s),9(s))—f1(s,x(s),y(s
+ M (¢ { z|gl|/ [(Og s A Al
ﬁ[+K2
log + £ (s)—
g F(ﬁl)m) £(6)x(s)] | g5
- / #2[ (108 /2) ™ 11y (5,4().9()~ o s,2(5)4(6))
1 T(r3+1c4) s
1 LT _ 7
+X2(0gr(;<4)) 2(5)-y() ds}
j 1 (log £ s u,2(u),j(u w,x(u),y(u
My (¢ {] ,T],/ 1/ [( (K])m) (020 §00) s (1))
1
+X1(og(’g) LIOk 1] 4,5
+ / (106 1) ™4 (5550 6))—falos) (o)
F(K3+K4

1 A
1 18 (SKZ) 1965 >S—y<5>]ds

< Ve Yoo + (I + L) ([[—x | + I =y [) +¥s || #—x [| +¥4l[ g~y |,
which implies that

[ 2=x [[<¥1e1 + Yoer + L1y + Lo¥o)([[2—x |+ l7—y ) + ¥ [| 2—x || +¥al| g -y [|.
In a similar fashion, one can find that
| 9=y [[<Pre1 + Prex + (L1 Py + Lo®o) (| 2—x | + [§ -y [|) + D3 || £—x || +Pal| 7 -y |-

Thus, according to condition (22), we obtain

| (%9) = (xyl<|g—x | + l7—y ||
< (¥1+P1)er+ (o +Do)er + (L (F1 +P1) + Lo(Fo+ Do) (|| £—x || + [[7—v ||)
+max(¥3 + @3, ¥y + Pu) (|| 2—x || + [|[7— v )
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Therefore,

(Y1 +P1)er + (Y2 + Dr)er

1% 9) — (xy)ll=3= T (¥; T 81) 1 Lo (Ya + ®y)] — max(¥s T 85, 1 03] (35)

Letting ¢ = (Cf1' sz) (‘Iﬁj%] , ‘Yffj?z ), we obtain

I(2,9) = (x,y)l| < ce”,

where T = [Ll (‘Yl + q)l) + ]Lz(lljz + (Dz)] + max(‘I’g + D3, ¥y + @4) <1, according to
condition (22). Hence, the system (1) and (2) is Ulam—-Hyers-stable. Furthermore, it is
generalized Ulam-Hyers-stable since || (£,7) — (x,y)||< Q(e) with Q(e) = ceT, Q(0) = 0.
O

Example 2. Problem (29) and (30) with f1 and f, given in (32) is Ulam—Hyers-stable, as well as
generalized Ulam—Hyers-stable, since T ~ 0.52186379 < 1.

6. Conclusions

We have presented the criteria ensuring the existence and Ulam-Hyers stability of
solutions to a fully coupled nonlocal integral boundary value problem of nonlinear frac-
tional Hilfer-Hadamard Langevin equations. The results derived in this paper are not only
novel in the given configuration but also correspond to some new configurations as special
cases. For example, letting p; = 7; = 0 for j = 1,.. ., n, the present results become those for
boundary conditions

x(1) =0, x(m)= E)\H11+y(771) x(T) =0,

l_

y(1) =0, (i) = El a1 x(vy), y(T) =0.

If wetake A\; =0fori=1,...,myand oy = 0for! = 1,...,m; in the present results,
we obtain results for the given system with the boundary conditions

/;; (s)ds,

]

/;}] Lx(s)ds.

]

x(1) =0, x(p) =0, x(T)=

y(1) =0, y(u2) =0, ¥(T) = §

Our results correspond to the four-point nonlocal boundary conditions

x(1) =0, x(1) =0, x(T) =0, y(1) = 0, y(u2) = 0, y(T) =0,
by takingallA; =0 (i=1,...,m),c;0=0(=1,...,mp),pj=7=0(=1,...,n).
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