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Abstract: This work integrates the fast Alikhanov method with a compact scheme to solve
the time-fractional Kuramoto-Sivashinsky (KS) equation with the generalized Burgers’
type nonlinearity. Initially, the Alikhanov algorithm, designed to handle the Caputo
fractional derivative on non-uniform time grids, effectively avoids the initial singularity.
Additionally, the combination of the Alikhanov method with the sum-of-exponentials (SOE)
technique significantly reduces both computational cost and memory requirements. By
discretizing the spatial direction using a compact finite difference method, a fully discrete
scheme is developed, achieving fourth-order convergence in the spatial domain. Stability
and convergence are analyzed through energy methods. Several numerical examples are
provided to validate the theoretical framework, demonstrating that the proposed algorithm
is accurate, stable, and efficient.

Keywords: time-fractional Kuramoto-Sivashinsky equation; fast Alikhanov method;
sum-of-exponentials technique; non-uniform time steps; compact difference method

1. Introduction

The Kuramoto-Sivashinsky (KS) equation belongs to an important class of chaotic partial
differential equations that serve as a bridge between the partial differential equation and
dynamical system frameworks. Kuramoto [1] originally proposed the KS equation in his
study of phase turbulence in reaction—diffusion systems, while Sivashinsky [2] introduced it
in his analysis of flame combustion propagation models. The KS equation has a wide range of
applications in simulation science and engineering, such as the evolution of the flow of fluid
films on inclined planes [3], flame front instability [4], interfacial turbulence [5], etc.

In this paper, we study the time-fractional KS equation with the generalized Burgers’
type nonlinearity:

gD‘t"u(x,t) +uP (x, )ux(x, 1) — pixx (X, 1) + Atbyrrx (%, 1) = f(x, 1),
O<x<L 0<t<T,

with the initial condition (IC)
u(x,0) = up(x), 0<x<L, ()

and the boundary conditions (BCs)
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u(0,t) =u(L,t)=0, 0<t<T,

! 3
ey (0,8) = Uy (L, 1) =0, 0<t<T, ®)

where y > 0 is the viscosity coefficient, p > 1 is a positive integer, perturbation parameters
0 <A<1L>0T > 0 are fixed values, and uy(x) and f(x,t) are prescribed real
functions. The equations are complex, and their combination of fractional-order derivative
KS equations and Burgers’ nonlinear terms provides them with greater flexibility to capture
the intricate dynamical behaviors observed in various physical systems.

e  When the fourth-order derivative 1,y and the source term are not included in the
equation, Equation (1) transforms into a time-fractional generalized Burgers equa-
tion [6] as follows:

(():D’t"u(x,t) +uP (x, Hux(x, t) — puyr(x,t) =0, 0<x <L, 0<t<T, (4

where u”u, is the generalized Burgers’ type nonlinearity.
e Whena =1, p =1, Equation (1) is the usual KS equation as follows:

we(x, £) +u(x, t)ux(x, £) — pilyx (X, 1) + Ugxx (%, 1) =0, 0<x <L, 0<t<T, (5

and many pioneering studies have been carried out [7-9].
e  When p = 1, Equation (1) is the generalized fractional KS equation [10] as follows:

6 DFu(x, t) + u(x, )i (x, 8) — prire (x,8) + Urax(x,£) =0, 0<x<L, 0<t<T, (6)

In recent years, numerical computational algorithms for solving the time-fractional
KS equation have been developed and become imperative. Many numerical methods
are already available for studying KS equations, including those of the form presented
in Equation (5). Mittal [11] proposed a quintic B-spline collocation method based on the
Crank-Nicolson scheme for temporal discretization, aimed at approximating the solution
to the KS equation. In [12], a locally discontinuous Galerkin method is implemented to
obtain the numerical solution to the KS equation. The implicit-explicit BDF method was
developed by Akrivis and Smyrlis [13] for simulating the KS equation.

However, there are few research studies on effective numerical algorithms for solving
fractional KS equations. For the fractional KS equation of the type Equation (6), the weak
singularity of the solution generated by the fractional derivative presents a difficult problem
to solve. At present, the effective method to solve this problem is to use the variable step
numerical method, which concentrates more grid points around the weak singularity and
employs a sparse grid where the solution changes slowly. Indeed, the L1 formula for the
construction of piecewise linear interpolation was proposed by Langlands [14], which
leads to a temporal convergence order of 1 4 < for 0 < 7y < 1. Since then, the L1 formula
has been widely used to deal with Caputo fractional derivatives [15-20]. Furthermore,
for the numerical solution to pure sub-diffusion equations, there are several high-order
discrete convolution forms for the approximation of the Caputo fractional-order time
derivatives, such as the L1-2 scheme [21-23] and the L2-1, formula, which is based on
linear interpolation on the last subinterval [t;_1, t¢] and quadratic polynomial interpolation
on the rest of the subintervals [t;_1, t] (for details, please refer to [24]). These formulas can
achieve second-order temporal accuracy for sufficiently smooth solutions.

Due to the advantages of the L2-1, formula, we will study the approximation of the
Caputo fractional derivative by the variable time-step Alikhanov formula. Influenced
by [25,26], we also give the regularity assumptions on the exact solution u as follows:
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k
ou <c(i+e), k=0,1,23, @)
otk
H2(0,L)
Cpra
Hth "Il s 0,1 + lullgs oy < C (8)

where 0 <t < T,and ¢ € (0,1) U (1,2) is a regularity parameter. In this paper, we only
consider the case of A = 1.

In order to obtain a more efficient algorithm for solving the problem and avoid the
issue of large computational costs caused by the historical dependence of the fractional
derivative, one of the most effective methods is the SOE technique [27-29], which is applied
in approximating the convolution kernel t~* with a uniform absolute error €. There have
been many research studies on the nonlinear KS equation with a spatial fourth derivative,
employing various methods such as the quintic B-spline collocation method [30], cubic
Hermite collocation [31], Chebyshev collocation method [10], and Sinc-Galerkin method
[32]. The compact difference scheme has good characteristics and high accuracy and is
widely used to solve a variety of equations [33-37]. The application of a compact difference
scheme to the spatial discretization of fractional KS equations is exactly the starting point of
our present work. The theoretical part of the proof makes use of the classical energy
method [38-40]. Moreover, the main contributions of this work can be summarized
as follows:

e  For the complex KS equation, we first apply the non-uniform Alikhanov formula to
approximate the Caputo fractional derivative, and then treat the generalized Burgers’
nonlinear term. Then, we combine the second-order time scheme and the SOE tech-
nique to establish the fast Alikhanov second-order scheme. This approach improves
numerical accuracy and reduces computational costs.

e  The high-order compact difference scheme is proposed for the first time to be applied
to the KS equation with the generalized Burgers’ nonlinear term, which can improve
the spatial convergence rate to the fourth order.

e  We demonstrate in detail the convergence and stability of the fully discrete scheme
by the energy argument. In addition, we provide numerical examples to validate the
theoretical analysis and demonstrate the efficiency of the algorithm by comparing fast

and non-fast Alikhanov schemes.

The outline of this paper is as follows: In Section 2, we introduce some useful nota-
tions and lemmas. Additionally, some properties of compact difference formulas and fast
Alikhanov formulas are analyzed. In Section 3, the high-order fast Alikhanov compact
difference scheme is constructed. The stability and convergence of a full-discrete scheme
are investigated. Numerical examples verify the stability and efficiency of the algorithm
and the correctness of the theory in Section 4. The conclusion is summarized in Section 5.

2. Preliminaries

In this section, we first recall some basic formulations and useful lemmas. For ease
of exposition and proof, we define some notations. To make our analysis extendable, the
conditions and properties of the discrete convolution kernel in the Alikhanov formula are
also introduced in this section.

2.1. Properties of Compact Difference Scheme

Let the spatial step size h := L/ M, where M is a given positive integer. We denote
xj = jh (0 <j< M)and Uy, := {ulu = (ug,uy,...,upm), 0 <j< M}. Forany u, v € Uy,
we denote the following notations:
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1 . 1

Vi = g —up), Vo= 5 (= i),

Ujp1 — 2Uj+Ujq
2 '

1
th]' = ﬂ(u]qu - u]',l), Axuj =

We also need to introduce the subspace of U}, as Uy, := {u € U|ug = up = 0}, and

define the inner product and norm as follows:
M-1 M
(wo)y=hYy up, (wov)=h), (V+u]-) (V+vj),
j=1 =1

Jall = /),y = /() oo = ma

Furthermore, we denote the following:

h2 h2
Aluj = (1 + ZAX)M]', .Azuj = (1 + EAX)L[]'.

Thus, for the discretization of the second and fourth derivatives of the function

u = u(x, t), we have the following formulas:
ux(x]-) = .Al_lvhu] + O(h4), thx(Xj) = Az_leU]- + O(h4)

The following transformation can be advanced for the nonlinear term:

1
uPuy, = vuy = P [v11x 4 (V1) ],

where v := u?, and

au]- aujv]-
ox T Tox

Lemma 1 ([41]). For any grid functions u, v € Uy, then the following holds:
(Vpu,v) = —(u, Vo), (Ayu,v) = —(u,v).
Lemma 2 ([41]). For any grid functions u € Uy, then the following holds:

VL L 2
ulloo < —=lult, ull < —6|ul1, luly < %

S5 [[u]-

= 0 AT Vi + ATV (o)) + O(h) = @(uj,07) + O(h*).

©)

(10)

(11)

Lemma 3 ([42]). For real symmetric positive-definite matrices Ay L Ay Land w,u € Uy, we

obtain the following:

(A;lw,u) = (Vyw,V1u) = (w, A;1u>, (A{lw,u) = Vow, Vou) = (w, A£1u>,

where V1 and V, are upper triangular matrices, which can be obtained by the Cholesky factorization

of A7t and A, namely, AT' = V)", At = V)TV,
Proof. The proof of the theorem can be referred to in ([42], Lemma 2.1c). O

Lemma 4 ([43]). Let w,u € Uy, then we can obtain the following:
Aflvhw,u> = (VhAflw,u) =— (Aflw, th) =— (w, Aflvhu>,

AT Avw, u) = (AxAglw,u) = 7(V+A2_1w,v+u) = 7(A2_1V+w,v+u).
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Lemma 5. Let u, v € Uy, we arrive at
<q)(u,v) , u> =0.
Proof. For u, v € U}, using Lemmas 1 and 4, we can obtain the following:
<<p(u, v), u> = <vjAf1th]- + .Aflvh(vjuj) , u]->
UjAl_lvhuj , uj> + <A1_1Vh(vjuj) , uj>,

<
<A;1thj, vj”]'> - <v]-u]-, Aflvh“f>'
0

O

Lemma 6 ([43]). For real symmetric positive-definite matrices A, L Ay ! and w € Uy, we obtain
the following:

lwl? < (A7'w,@) = [Mrw]? < 3Jw]?, [w]? < (A7'w,w) = [Vaw|? < 3]

2.2. Properties of the Fast Alikhanov Scheme
In order to construct the fast Alikhanov scheme, we first consider the time levels
0=ty <t <t <--- <ty =T, where N is a given positive integer. We define the nth
step size T, :=t;, — t,_1 for 1 < n < N, the maximum step size T := 0r<n.a<xN T,. We set the
<n<
time level t,,_g := 0t,_1 + (1 — 0)t, with a fixed parameter § = a/2. It is necessary to set
the local step-size ratios:

o forl<n<N-landp:= max pu.

Pn =
Tyl 1<n<N-1

For any time sequence (v"))_, we define V0" := 0" — v"~! and the interpolated
value 0" % := 00"~ + (1 — 0)v". Thus, it is advisable to denote IT yu as the linear in-
terpolant function of a function, u, with respect to t;_1, t;, and to denote the quadratic
interpolant of u with respect to t;_;, tx and ¢, as Il yu, respectively. Recalling the defini-
tion of V.uk, it follows that for k > 1, we have the following:

k
(L) (1) = 22,
, =
Veuk  2(t=t_1y0)
[y u) (1) = — ! Voukt — vk,
( Z,ku) ( ) T + Tk(Tk+Tk+l) (Pk Tu Tu )

Next, the Caputo fractional derivative can be approximated by the defined interpolant
polynomial at ¢,,_y to obtain the Alikhanov approximation:

B tng n-l
(D?éu)n ¢ = ; wlfzx(tn_G - S) (Hl,nu)/(s)ds + Z /t wlftx(tn—G - S)(HZ,ku)/(s)ds
n—1 k=1 " t-1
n—1
= ué”)VTu” +3) (a,ﬂ’“jkvruk + pkbin_)kVTukH — b,g"_)kvruk) (12)
k=1

n

n
= Z A(a_ﬂ;) vT’Z)k/
k=1

we have A(()l) = aél) ifn=1,and forn > 2,
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(n) ()

ay’ +pn-1by’, k=n,
A,(,,n,)k = ai,n_)k + pkflbﬁlrl_)k_H - b,(qn_)kr 2<k<n-1, (13)
am —p" k=1.

Here, A;(qn_) i 1s the discrete convolution kernel of the Alikhanov formula; next, the SOE
technique is applied to derive the discrete convolution kernel of the fast Alikhanov formula.

Lemma 7 ([27]). (SOE) Let « € (0,1), € < 1, and At > 0. Assume there exists a positive integer
N, and positive quadrature nodes stand @' >0(1<1< Ny ), such that we have the following:

w1 Ec@l st <, t € [At,T),

and the quadrature node number N, satisfies

1 1 T 1 1 1
Ny = O<10g€ (10g10g6 +log At) +logﬂ <log10g€ +log At))

Now, the fractional derivative can be approximated in combination with the SOE
technique in Lemma 7 at the time pointt,,_gfor1 <n < N

n—0
SDYult, o) N/ W1—a(t_g — 8) (ITy ytt)’ ()ds + Z/ Za)e ! (tn-0=5) )/ (5)ds
n 1

t-11=1
— 4"V + 2( A A e ST (14)
k=1
n ~
k=1

where coefficients a( )k and b( )k are defined by the following:

N,
1 ty q
a)") =ag, &l = wh lzwlefsl(tnfﬂfs)ds, 1<k<n-—1,
-11=1
bl = 2 /tk %a)le_sl(t"*f’_s)e_sl(tﬂl-"_s)(s —t 1)ds, 1<k<n-1.
R (T Ter) Jh I=1 2 -

We reformulate the discrete convolution kernel A}(f_)k as follows: Agl) = at()l) ifn=1

and forn > 2

ﬁén) + pn,lﬁgn), for k=mn,
Ann_k = afln,)k + Pk—ll;,(q@k+1 - Bfln,)k/ for 2<k<n-1, (15)
?15;1)1 — 137(;1)1, for k=1.

In order to effectively assess some necessary properties of the discrete convolution
kernel A( ") i the time step needs to satisfy the following two conditions:

M1. The maximum time-step ratio is p = 7/4.

M2. There exists a positive constant C,, such that 7, < CyT min{1, t,lc_l/ 7} for1 <k <N,
with tp < Cytg_q and 7/t < CyTp—1/tg—q for2 <k < N.
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Lemma 8 ([27]). Assume that the tolerance error € of the SOE approximation satisfies
< mi Xp T 1 T
€ < min MW17KP( ), %aﬁf,xp( ) ,
then the discrete kernel AEI"J i Satisfies the following:
D Ain_)k are bounded, Aff—)k < zn
A 1 7t
AV > — / Dt —9)ds, 1<k<m;

) Ai(qn_)k are monotone, and
A(n A(n 1 n
&Ql—ékzﬂ+m(@k ﬁ?w1§k§w4;
am Af” - A" > 0(245" — A" forn > 2.

In this case, for the later analysis of global consistency, we introduce the complemen-

tary discrete convolution kernels Pr(zri)k of Afﬁ) , that satisfy

1. (16)

n
A (D)
R0,

which yields the following recursive formulas:

n 1 n 1 L ~(k A (k n .
P =, =y (AN AR R, 1<i<n-
0 k=i+1

In fact, according to Lemma 8, the complementary discrete kernels are non-negative
and satisfy the following:

P onmo1ya(t) € TA@iima(ta), m=0,1, 1<n<N. (17)

M:

1

Lemma 9 ([44]). Let As be nonnegative constants with 0 < Y_'_yAs < A for n > 1, where A is
some positive constant independent of n. Suppose that the nonnegative sequences ¢, and 1, are
bounded, and the nonnegative grid function {v, | n > 0} satisfies the following:

n
Y A" v (0f)2 < Z Aps(©1)2 4 @m0z 4 (y™)2, > 1, (18)
k=1

where for i = 1,2 and each n, we set v := 0;0" =1 4 (1 — 6;)0" for some constant 6; € [0,1]. If
the nonuniform grid satisfies the maximum time-step criterion Ty < [YT(2 — &) A]71/%, then we
have the following:

11
"< OF (= A P (& 4y il, 1<n<
v" < 2Eu( t)v+1@,?<><2 €+17)+1rg]a<>§1'7 <n<N,

where Ey(z) 1= E ZF/T(1 + ka), and E,(-) represents the Mittag—Leffler function.
k=0
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Lemma 10 ([45]). Under the condition M1 and Lemma 8, the fast Alikhanov Formula (14) satisfies
the following:
_9>

3. Establishment and Analysis of Compact Scheme

n

Z WVe((l24P),

1<n<N.

N\*—‘

(Do)

In this section, we shall derive the second-order fast compact difference scheme for
problems (1)—(3). After that, the convergence and stability of the fast compact difference
algorithm are rigorously proved.

3.1. Numerical Scheme

First, combined with (11), the temporal direction of Equation (1) at the grid points
(xj, ty—p) is discretized by the fast nonuniform Alikhanov Formula (14) and the spatial di-
rection is discretized by the compact difference Formula (9), where we obtain the following:

— pA AU+ AT AW = 10 A

1<j<M-1, 1<n<N, (19)

(u]’ﬂ)’g, 0<j<M, 0<n<N, (20)
Axu]'?" REY 0<j<M, 0<n<N, (21)
where A;‘_G and Rg_e denote the truncation errors.

Omitting the small terms A;‘_G and Rj
and Vj” with their numerical approximations u]’.‘, a)}‘, and ZJ;?, respectively. Meanwhile,

in (19), we replace the functions U]’?, Wj",

combining IC (2) and BC (3), we can obtain the fully discrete difference scheme:

n—o0 1 -~ -~ _ _ _ -~ -~
(Dj‘cu]) —i—mgo(v;’ O ut =) — AT A+ AT A = 10, (22)
1<j<M-1, 1<n<N,
P

;?:(u;?), 0<j<M, 0<n<N, (23)
w;?" Al o, 0<j<M, 0<n<N, (24)
W =up(xj), 1<j<M-1, (25)
ug =uy = wy = why =0, 0<n<N. (26)

In what follows, the stability and convergence analysis of the above fully discrete
schemes (22)—(26) are carried out by the energy method.

3.2. Stability

Here, we present the stability result as follows:

Theorem 1. Suppose that {u" 0 is the solution to (22)—(26), and under the conditions of

Lemma 8 and M2, then we have the following:

11 _
"l < flol] + 5 11— @) max £,
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Proof. Taking an inner product of (22) with u"~?, we obtain the following:

<(Dj§u) n_e, u”9> + p}r2<(p(v”9, u”*G),u”*9> — y<.A271Axu”79, u"79> + <A£1Axw”79,u”*9>
= (fr0,ur?). (27)

By Lemmas 5 and 10, we have the following:

n—6 1 &
()"t} 2 5 2 AT @8)
; —::— 5 <47(Un791 uan),ui’l*9> =0, (29)
and
(AT A=) = (AT, T ) > R, (30)

<A271Aan79, un79> — <A271wn79, Axun79> _ <A271wn70,wn79> > 0. (31)

Under the relations (28)-(31), we have the following:
- (7’!) k 2 ] 0
3 AP (1) < 200 ).
k=1

Taking As = 0 fors > 0, 7" = 0and ¢" = 2||f"~%| forn > 1in Lemma 9 and 7ty = 1}

in Lemma 8, it is easy to obtain
: (k) || k—06 k—0
u|| < |lu +max§ 2PN 0 < lugll + 24T (1 — &) max £ F<77.
H H > H OH 1Sken & kﬂ”f H > ” OH A ( )1§k§n k||f H

Consequently, we infer the following;:

11 k-0
™Il < fluoll + - T(1 — &) max £l /77

O

3.3. Convergence

Before analyzing the convergence of the fast Alikhanov schemes (22)—(26), we first
analyze the truncation errors A]’-l_g and (Rg,);?_g. In fact, A?_G is composed of the following
four parts:

A= (R)]+ (Rp)] P+ (Ry)! P+ (R)] ™%, 1<j<M-1, 1<n<N,

where (RS)?_Q means that the error is caused by approximating space derivatives; it can
easily be seen that (RS);-’_G = O(h*) from (9) and (11). Moreover, we have the following:
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n—~0
(Rn)} " = (Dps) — §DRu(xj tas),
— l n— n—
(Re) ™ 1= =g (R} (R ) A e (R = Ay A (Ra)

where (Ru)?*e, (Rv);?*e and (Rw)}q*e denote the errors of the weighted time approximation
att,_p, namely, we have the following:

= u(xj, tye) — [9U}1_1 +(1-eur,

(Ro)i ™ i= 0(xj, tag) — [0V + (1 = )V,

(Rw)?_g = w(xj, ty_g) — [GWJT“l +(1—0)Wr).

Based on the mesh condition M1 and the regularity (7), and consulting Lemma 3.3
and Lemma 3.4 in [25,27], we arrive at the following;:

n
];Pnk(zzl)] C<U+ th nl—I—liazm]?xtktk Sw/t, ), 1<n<N, (32)
n (n) k0 Tif—i—a
k:zlpn’k (Ra)f | <o -+ pmax 37 ), 1<n<N, (33)
where £, = max{1, t,}.
Combining (17) and (Rs);l*e = O(h*), we can also obtain the following:
0 4
o, ):Pk J(R) < Cht, 1<n<N. (34)
Therefore, combining (20)—(22), the following holds:
k
max ZP AT 9||<C( ftﬁ 1+maxkt1t§7 2T/ 1+tk nax t? 27 +h4) 1<n<N. (35)
SEE =]

To obtain a pointwise error estimate of (22)—(26), we need to apply an important
method, namely, the truncated function method. Based on the regularity assumption (8),
we denote
Q:= max |u(x,t)|. We can find a second-order smooth function as follows:

(x,1)€[0,L]x[0,T]
ubf, |ul <Q+1,

glu) = 0, |u[=zQ+2

Furthermore, let ¢ := max lg(u)|, ca := max |’ (1)]. Tt is not difficult to verify that
ue ue

the constants c; and c; depend only on Q and p by the Hermite polynomial interpolant.
Clearly, (20) and (23) are equivalent to the following:
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Vi=g(Un), 0<j<M, 0<n<N, (36)
of = g(u}), 0<j<M, 0<n<N. (37)

The convergence of the full discrete schemes (22)—(26) is studied below. Subtracting
(19)-(21) from (22)—(24), respectively, the error equation can be written as follows:

(Df‘ej)”*e n piz [QD(VJ-”*G, U;ﬁe) B (P(U;l*e, M}qfe)] _ ‘quflee;ifa n Azfle’?;zfﬂ _ A}179,
1<j<M-1, 1<n<N, (38)
Pyl =g(U ™) —g(uf™"), 0<j<M, 0<n<N, (39)
770 =AM+ (Re)1 Y, 0<j<M, 0<n<N, (40)
=0 1<j<M-1, (41)
eo=¢eu=1=1yu=0, 0<n<N, (42)

na— P — oyt ot = Vot gt = W — "
wheree]..—llj ui, Qi V] vi W] wj'.

Theorem 2. Suppose that the exact solution, u, satisfies the regqularity property in (7) and (8) with
the parameter o € (0,1) U (1,2). Let M1, M2 hold, and t, = max{1,t,} for1 < n < N. If
T < ((11/2)T(2 — «)c3) "%, the following estimate holds:

le"|| < C(z™n172t Lyt 4e), 0<n<N. (43)
Proof. Firstly, according to the differential mean value theorem, from (39), it is clear that
of| <calef|, 0<j<M, 0<n<N,
moreover, we obtain the following:
"l < calle"]l, 0<n<N. (44)

The next thing to do in the proof is to take an inner product of (38) with ¢"~%; we obtain
the following:

<(D?e)n—9,en—9> + 1 <(P(Vn_9/ un—G) . ¢(Un—9,un—9),en—9>

P+2 (45)
. ]/l<./4271Axen79,€n79> + <A271Ax77n76/en79> _ <An79/en79>'

Furthermore, taking an inner product of (40) with "¢, we obtain the following:

<’7n79’ 177176> — <A271Axen79/ ’7n79> + <Rgfl9’ ;77179>. (46)
Another step is to analyze the above equation term by term. Using Lemma 10, we have
the following;:
a \n—0 n—0 1y (m) k12
((Dre)" e ") = 2 Y A V(). (47)

k=1
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n
k=1

%ZA““) Ve

11
le"]] < 2E“(703t“)

(1) + (0, 0) <

By the regularity assumption (7), let ¢y := max  {|u(x,t)|, |ux(x,t)|}. Apply-
(x,1)€[0,L] % [0,T]

ing Lemmas 2-6 and the Cauchy-Schwarz inequality, and noting that v" ¢ = V=% — on—0

and u" % = U"% — ¢"~?, we have the following:
<§0(Vn—9, un—G) . (P(vn—G, un—G),en—9>
<(P(Qn 0 un 9 + (P(Vn—()len—()) (P(Qn—f),en—f))len—9>
<§0(Qn 0 un 9 en79>
<Qn lvhun 9+.A 1v ( n— Gunfﬂ)’en79>
(Qn 9./4 1V un—B’en—H) + (Al—lvh(gn—eun—G),en—G)
(thn 9 (aneewe)) _ (Q”")U”’G,Al’lvhen"))
< VaU 9||Hv1( )l i (@ U ) v vae|

<3Lcol0" %" ?|| + 3cole"°1]l "l
<3Lcoll0" ?llle"lleo +Bcocale™ Pl e

(48)

—oy VL 4 _ _
<BLcgea||e" 9||7|€" 911 + 3cocale™ 01|l 0|
<Beoea (L2 +1)|e" | "¢y

9C2C2 L3/2 1 2
SMHEW—GW

n—9|2
4y v

+ ple
as well as

*M<A2_1Ax€"_9, en—9> _ y<A2_1V+e”_9,V+e"_9> > ule" 0P, (49)

(AT0,em0) < A0 e (50)

Substituting the results of (47)—(49) into (34), and adding (46), we have the following;:

96%(’%([‘3/2_‘_1)2 n—012 n—~0 n—0 n—6 _n—0
——— " IEH AT e 4+ (R ).

i
n 9CZC2<L3/2+1)2 1
k _ _ _ _
AL (1H?) < PRI 2 A o+ RS
2.2(73/2 2
According to Lemma 9, Ay = w <3, 8" =2||A"Y|, "t = §||Rg’_9\|,we
can obtain the following;:
0 0 V2, i-e V2
P 2 N~ Rj —_— R 1<n< 1
11+ max ) Z @A+ S IRE ) + 5 max 3], n<N.

Due to ||| =0, 2Ea(%63t%) < C, and combing (35), we have the following;:

T € ,4m0
lle"|| < C<; + Efﬁt + maxktlzxtzg ST/ tk max t;T T +h4> (52)
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On the other hand, if M1 and M2 hold, = min{2, yc}, we have the following:
B R T < G
< Gyt P (rmin{1, 6717} g

< Co TP (e 1) 30 PP

< C’yt?ax{O,af(%a)/’Y}Tﬁ for2 <k <n,

(53)

12 < Cytz_z'ckz_’g (Tmin{l, t,l;lw})ﬁ
< Cyt] P (/)PP (54)
< Cytkmax{o’a_zM}Tﬁ, for2 <k <n.

As a result, the discrete solution u—?

j  isconvergentin the sense that

le"]| < c(rm™int172 L pt 4e), 0<n<N. (55)
This finishes the proof. [J

4. Numerical Experiment

In this section, we test the stability and convergence of the fast compact schemes (22)—(26)
for three different experiments on a nonuniform grid {t, = T(n/N)",n = 1,...,N}. All
experiments were performed on a Windows server with an AMD Ryzen 5 4600H processor
of 16GB RAM and 3.00 GHz CPU. In the following experiments, the tolerance accuracy of
the SOE algorithm is limited to ¢ = 107!2 in order to balance accuracy and efficiency [6].
The following suitable formulas are given to calculate the error and convergence order of the
following numerical solution:

M-1
ESOE(M,N) = |u™ — V| = Jh (uN —uly2,
=1
ESOE(M N) ESOE(M N)
SOE _ ’ SOE _ ’
Rateh = 10g2 (ESOE(Z]VLI\])> ’ RateT = IOgZ <ESOE(]\/L21\I)> ’

where UV and u™ represent the exact and numerical solutions at the Nt/ time level, respectively.
In addition, we define the following notation to illustrate the numerical implementa-
tion of the proposed scheme:

u* = max [|[U"|.
1<n<N

Before proceeding further, let us remark on the numerical scheme setting of the fast
Alikhanov approach and Alikhanov approach.

e Alikhanov scheme: The Caputo fractional derivative discretization scheme is (12).
e  Fast Alikhanov scheme: The Caputo fractional derivative discretization scheme is (14).

Example 1. In this example, we consider the following problem:

SDfu + uPtly — ptlyy + ey = f(x,8), 0<x<1, 0<t<1, (56)
u(x,0) =up(x), 0<x<l1, (57)
uxx(o, t) - uxx(]., t), O S t S 1, (58)

and the exact solution is set as u(x,t) = (1 + r({i:a)) sin(7tx). Accordingly, the initial condition

ug = sin(7tx) and the source term f(x,t) are as follows:
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o o

p+1
F(x,t) = sin(7x) (1 a4 ynzﬁ oty 7141,(1t+“>) + n(1 + F(1+w>> (sin(7tx))P*+! cos(7x).

ttx

For Example 1, in Table 1, we fix M = 256, 4 = 1, and v = 2/a to explore the
performances of the fast Alikhanov and Alikhanov schemes in terms of errors in the L2-
norm and the convergence order for different « and p cases. It can be found that the errors
in the L2-norm of the Alikhanov and fast Alikhanov schemes are very close and both of
them can reach second-order convergence in the temporal direction with « € {0.3,0.5,0.7}
and p € {2,3,4}. When p € {2,3,4}, the value of « keeps on changing, the errors in
Alikhanov and fast Alikhanov schemes have the same effect and also achieve second-order
convergence. Table 2 shows the errors and convergence orders in the spatial direction
for different y and p when fixing N = 512, « = 0.5, and 7y = 4. It can be observed that
regardless of whether u changes or p changes, the spatial errors in the L?>-norm of the two
schemes are similar and both can achieve fourth-order convergence in agreement with the
theoretical prediction.

Table 3 considers the cases where N = 512, p = 2, y = 1, and v = 2 are fixed, with
« changing, which indicates that the fast Alikhanov and Alikhanov schemes can achieve
similar spatial errors and fourth-order convergence. The CPU times of the two algorithms
are given; it is obvious that the fast Alikhanov scheme is much faster than the Alikhanov
scheme. In order to further confirm whether the temporal and spatial convergence orders
of the fast Alikhanov scheme remain stable as p increases, the temporal convergence and
spatial convergence orders are shown in Figures 1 and 2. Table 4 shows that with the
gradual increase in N, the value of U* tends to stabilize and shows no increasing trend.
These results confirm the numerical stability of the proposed scheme in the time direction.

a4l Order = 2.00 |
10 —-#-=p=2
p=3
5 —h—p=4
102 £ E
S 108k 5
i
£
2 10t 3
o' 3
-
105 F E
108 ¢ Pt 1
-
107 :
102 107"

1/N

Figure 1. The temporal convergence orders of the fast compact difference scheme when a = 0.5,
u=1v=4and N = 256.
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Table 1. Temporal error and convergence order of Example 1 for different « and p with M = 256,

u=1v=2/a.
N ESOE(M,N) Rate3OF ESOE(M,N) Rate3OF ESOE(M,N) Rate3OF
Alikhanov p=2 p=3 p=4
8 2.6080 x 107> - 4.2294 x 107> - 8.0635 x 107> -
16 6.2591 x 10~° 2.0589 1.1197 x 10~° 1.9173 2.2588 x 107> 1.8358
32 1.4056 x 10~° 2.1548 2.8265 x 107° 1.9861 59572 x 10~° 1.9228
64 3.2266 x 1077 2.1230 7.0951 x 10~ 1.9941 1.5306 x 10~ 1.9605
« = 0.3 Fast Alikhanov p=2 p=3 p=4
8 2.6081 x 107> - 42298 x 107> - 8.0632 x 107° -
16 6.2657 x 107° 2.0575 1.1195 x 10~° 1.9177 2.2588 x 107> 1.8358
32 1.4042 x 10~ 2.1578 2.8276 x 107° 1.9852 59571 x 10~° 1.9229
64 3.2485 x 107 2.1119 7.0925 x 107 1.9952 1.5302 x 10~ 1.9609
Alikhanov p=2 p=3 p=4
8 2.9692 x 1073 - 6.1797 x 107> - 1.2884 x 104 -
16 7.5590 x 10~° 1.9738 1.6557 x 10~° 1.9001 3.5529 x 10> 1.8585
32 1.8727 x 10~ 2.0131 42675 x 1070 1.9560 9.2949 x 10~° 1.9345
64 4.8342 x 1077 1.9537 1.0864 x 106 1.9739 2.3738 x 10~° 1.9693
« =0.5 Fast Alikhanov p=2 p=3 p=4
8 2.9697 x 107> - 6.1799 x 107> - 1.2884 x 104 -
16 7.5559 x 10~° 1.9746 1.6555 x 10~° 1.9003 3.5529 x 107> 1.8585
32 1.8753 x 10 2.0105 4.2675 x 107° 1.9558 9.2949 x 10~° 1.9345
64 4.8013 x 1077 1.9657 1.0853 x 10 1.9752 2.3737 x 107° 1.9693
Alikhanov p=2 p=3 p=4
8 3.2325 x 107> - 7.1925 x 107> - 1.5150 x 104 -
16 8.3560 x 10° 1.9517 1.8960 x 10~° 1.9235 4.0683 x 107> 1.8968
32 2.1056 x 10~° 1.9886 4.8485 x 107° 1.9674 1.0492 x 105 1.9552
64 53111 x 1077 1.9872 1.2273 x 10~ 1.9820 2.6629 x 1076 1.9782
«x = 0.7 Fast Alikhanov p=2 p=3 p=4
8 3.2332 x 107> - 7.1927 x 107> - 1.5149 x 10~4 -
16 8.3605 x 10~° 1.9513 1.8961 x 10~° 1.9235 4.0681 x 107> 1.8968
32 2.1158 x 10° 1.9824 4.8494 x 1076 1.9672 1.0485 x 10~° 1.9560
64 5.2915 x 10~ 1.9995 1.2265 x 10~ 1.9833 2.6618 x 107° 1.9779
Order = 4.00
. —-#-—p=2
1020 | _o—p_3
p=4
_ 108
<]
b
€
S 104t
m_'l
105 ¢
100 F

107
1/M

Figure 2. The spatial convergence orders of the fast compact difference scheme whena = 0.5,y =1,
v =4and N = 512.
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Table 2. Space error and convergence order of Example 1 for different y and p with N = 512, & = 0.5,

v =4.
M ESOE(M, N) Rate;OF ESOE(M, N) Rate;OF ESOE(M, N) Rate;OF
Alikhanov p=2 p=3 p=4
4 48317 x 1073 - 48272 x 1073 - 49532 x 1073 -
8 29702 x 10~% 4.0239 2.9925 x 10~4 40118 3.0394 x 10~* 4.0265
16 1.8486 x 10~° 4.0060 1.8543 x 10~° 4.0124 1.8659 x 10~° 4.0258
32 1.1542 x 10~ 4.0015 1.1572 x 10~ 4.0021 1.1689 x 10~° 3.9966
u=0.1 Fast Alikhanov p=2 p=3 p=4
4 48317 x 1073 - 48272 x 1073 - 49532 x 1073 -
8 2.9702 x 10~4 4.0239 2.9925 x 104 40118 3.0394 x 10~4 4.0265
16 1.8486 x 10~° 4.0060 1.8543 x 10~° 40124 1.8659 x 10~° 4.0258
32 1.1542 x 10~ 4.0015 1.1572 x 10~ 4.0021 1.1689 x 10° 3.9966
Alikhanov p=2 p=3 p=4
4 4.6355 x 1073 - 4.6325 x 1073 - 47695 x 1073 -
8 2.8495 x 10~* 4.0239 2.8705 x 10~* 4.0124 2.9150 x 104 40323
16 1.7735 x 10~° 4.0060 1.7788 x 10~° 4.0123 1.7899 x 10~° 4.0256
32 1.1073 x 10~ 4.0015 1.1102 x 10~ 4.0021 1.1212 x 10~ 3.9967
u=1  Fast Alikhanov p=2 p=3 p=4
4 4.6355 x 1073 - 46325 x 1073 - 4.7695 x 1073 -
8 2.8495 x 104 4.0239 2.8705 x 10~4 4.0124 29150 x 10~* 4.0323
16 1.7735 x 10~° 4.0060 1.7788 x 10~° 40123 1.7899 x 10~° 4.0256
32 1.1073 x 10~ 4.0015 1.1102 x 10~ 4.0021 1.1212 x 10~ 3.9967
Alikhanov p=2 p=3 p=4
4 3.6473 x 1073 - 3.6500 x 1073 - 3.8049 x 1073 -
8 22412 x 10~* 4.0245 2.2550 x 10~ 4.0167 2.2849 x 10~* 4.0576
16 1.3948 x 10~° 4.0062 1.3981 x 10~° 40116 1.4058 x 10~° 4.0227
32 8.7088 x 10~ 4.0014 8.7269 x 107 4.0019 8.8006 x 10~7 3.9976
u =10 Fast Alikhanov p=2 p=3 p=4
4 3.6473 x 1073 - 3.6500 x 1073 - 3.8049 x 1073 -
8 2.2412 x 10~* 4.0245 2.2550 x 10~4 4.0167 2.2849 x 10~* 4.0576
16 1.3948 x 10~° 4.0062 1.3981 x 10~° 4.0116 1.4058 x 10~° 4.0227
32 8.7088 x 107 4.0014 8.7269 x 107 4.0019 8.8006 x 10~7 3.9976
Table 3. Errors, convergence orders in space, and CPU times for the Alikhanov scheme and fast
Alikhanov scheme by fixing N = 512, p = 2, uy = 1, and y = 2 for Example 1.
« =03 a« = 0.5 « = 0.7
Alikhanov M ESOE(M,N) Rate;OF ESOE(M,N) RatejOF ESOE(M, N) Rate;OF
4 4.6004 x 1073 - 4.6355 x 1073 - 45792 x 1073 -
8 2.8278 x 1074 4.0240 2.8495 x 104 4.0239 2.8149 x 10~ 4.0240
16 1.7600 x 10~> 4.0061 1.7735 x 10~> 4.0060 1.7555 x 10> 4.0031
32 1.0988 x 10 4.0016 1.1073 x 10~ 4.0015 1.1327 x 10~ 3.9541
CPU(s) 82.777 75.941 82.308
a =03 a =05 a =07
Fast Alikhanov M ESOE(M, N) Ratey©F ESOE(M,N) Rate;OF ESOE(M,N) Ratey©F
4 4.6004 x 1073 - 4.6355 x 1073 - 45792 x 1073 -
8 2.8278 x 1074 4.0240 2.8495 x 10~4 4.0239 2.8145 x 10~¢ 4.0241
16 1.7600 x 10~°> 4.0060 1.7735 x 10~> 4.0060 1.7517 x 10> 4.0061
32 1.0997 x 10— 4.0005 1.1073 x 10 4.0015 1.0939 x 10~° 4.0011
CPU(s) 3.9295 3.8685 3.9980
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Table 4. Numerical solutions when M = 256, p = 2, y = 1, and y = 2/« for Example 1.

a=03 =05 a = 0.7

N u* u* ux
4 1.4949 1.5049 1.4853
8 1.4950 1.5050 1.4853
16 1.4950 1.5050 1.4853
32 1.4950 1.5050 1.4853
64 1.4950 1.5050 1.4853
128 1.4950 1.5050 1.4853

Example 2. In order to verify the wide range of applications of the numerical scheme, the case
where the exact solution is unknown is tested in this numerical example. We consider problems
(1)—(3) in Q2 = (0, 7t) to verify the effectiveness and high accuracy of the numerical scheme. Let
T = 1, the initial condition is uy(x) = sin(x), and the source term is f(x,t) = 0.

In Table 5, the errors in the L2-norm, spatial convergence orders, and CPU times of the
Alikhanov scheme and the fast Alikhanov numerical scheme are presented for fixed values
ofp=2,u=1,v=2and N = 2048, with « € {0.3,0.5,0.7}. It is worth mentioning that
both numerical schemes can achieve the same approximation effect, but the CPU time of the
fast scheme is much shorter. Table 6 demonstrates that for fixed values of M =512, u =1,
a = 0.8, and 7 = 2/a, the L2-norm error decreases as the number of temporal subintervals
increases. It is expected that the convergence order of the fast approximate scheme is O(7?).
Meanwhile, the error and convergence order remain as expected for changing values of p,
suggesting that the approximation scheme is stable for different p. Table 7 shows the errors,
temporal convergence orders, and CPU times for different y, where we take M = 512,
p =2,and ¢y = 2/a. In each row of the table, the errors and convergence orders change
very little as y varies, so the method is stable for the coefficient y, as predicted by our
theoretical analysis. In addition, in order to demonstrate more intuitively the speedup
effect of the SOE approximation, taking« = 0.5,p =2,4 =1, = 2,and M = 4, we plot
the computation time curves of the two schemes for the N increase, as shown in Figure 3.
It is clear that the fast Alikhanov scheme saves a lot of computational costs compared to
the Alikhanov scheme.

Table 5. Errors, convergence orders in space, and CPU times for the Alikhanov scheme and fast
Alikhanov scheme by fixing p =2, 4 =1, ¥ = 2, and N = 2048 for Example 2.

a=0.3 « = 0.5 «=0.7
Alikhanov M ESOE(M, N) Rate;OF ESOE(M,N) Rate;OF ESOE(M, N) Rate;OF
4 43605 x 1074 - 43568 x 10~* - 45247 x 1074 -
8 2.6588 x 107° 4.0356 2.6570 x 1075 4.0354 2.7511 x 10~5 4.0398
16 1.6529 x 10~° 4.0077 1.6517 x 107 4.0078 1.7094 x 10~ 4.0084
32 1.0316 x 107 4.0020 1.0308 x 10~7 4.0021 1.0667 x 10~7 4.0022
CPU(s) 1253.8 1197.3 1279.9
a=03 a =05 « =07
Fast Alikhanov M ESCE(M, N) Ratey©F ESOE(M, N) Rate;OF ESOE(M, N) RateyOF
4 43605 x 1074 - 4.3568 x 10~* - 45247 x 1074 -
8 2.6588 x 107> 4.0356 2.6570 x 107> 4.0354 2.7511 x 107° 4.0398
16 1.6529 x 10~° 4.0077 1.6517 x 1076 4.0078 1.7094 x 10~ 4.0084
32 1.0316 x 107 4.0020 1.0308 x 10~7 4.0021 1.0667 x 10~7 4.0022
CPU(s) 44.704 45.165 45.322
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Table 6. The E5OF-norm errors and temporal convergence orders with M = 512, u = 1, & = 0.8, and

v =2/a.
p=1 p=2 p=3 p=4 p=>5

N ESOE(M, N) Rate;OF ESOE(M, N) Rate3OF ESOE(M, N) Rate30F ESCE(M, N) Rate3F ESOE(M, N) Rate30F
10 1.3260 x 1073 - 1.3265 x 102 - 1.3266 x 1073 - 1.3266 x 1072 - 1.3266 x 102 -

20 3.4271 x 10 1.9520 3.4279 x 10~ 1.9522 3.4281 x 10~ 1.9522 3.4281 x 10 1.9522 3.4281 x 107* 1.9523

40 9.0337 x 107> 1.9236 9.0353 x 107> 1.9237 9.0356 x 107> 1.9237 9.0354 x 107> 1.9238 9.0351 x 107> 1.9238

80 2.3914 x 10°° 1.9174 2.3917 x 10~ 1.9176 2.3917 x 107° 1.9176 2.3914 x 107° 19177 23914 x 10°° 19177

160 63120 x 10°° 1.9217 6.3132 x 10°° 1.9216 6.3131 x 10°° 1.9216 6.3145 x 10~° 1.9211 6.3158 x 10~° 1.9208

Table 7. The ESOE-norm errors, temporal convergence orders, and CPU time (seconds) with M = 512,
p=2andy=2/a.

n = 0.05 n=201
N ESOE(M,N)  Rate$°E  CPU(s) N ESOE(M,N)  Rate3°E  CPU(s)
4 2.8796 x 1073 - 0.4605 4 3.2656 x 1073 - 0.4406
8 6.8144 x 10~* 2.0792 0.7595 8 7.7751 x 10~* 2.0704 0.8029
16 1.7604 x 10~* 1.9527 1.5174 16 2.0089 x 104 1.9525 1.5480
32 4.8379 x 1075 1.8634 2.5469 32 5.4828 x 1073 1.8734 2.7098
64 1.3632 x 1075 1.8273 5.0930 64 1.5262 x 107> 1.8450 5.3880
p=1 p=2
N ESOE(M, N) RateSCOF CPU(s) N ESOE(M, N) RateSOF CPU(s)
4 8.7476 x 1073 - 0.4646 4 9.7976 x 103 - 0.5341
8 2.0697 x 1073 2.0794 0.7903 8 2.3022 x 1073 2.0894 0.7326
16 52813 x 10~* 1.9705 1.4359 16 5.8600 x 10~ 1.9741 1.3253
32 1.3868 x 10~* 1.9291 2.6138 32 1.5258 x 10~* 1.9413 25373
64 3.6684 x 1075 1.9185 5.0402 64 3.9897 x 1073 1.9353 4.7893
350 T T T T T T r
Fast Alikhanov scheme
300  |— — — - Alikhanov scheme R
//
250 i i
—_ e 7
@ e
o 200 [ _’ |
£ e
z 150 /// 1
(@] _-
100 - - |
50 _ -~ - —

0 : T n
400 500 600 700 800 900 1000 1100 1200
N

Figure 3. Comparison of the CPU time between the fast Alikhanov and Alikhanov schemes with
a=05p=2,pu=1vy=2,and M =4

Example 3. In this example, we consider problem (1) over domains Q) = (0,1) and T = 1. The

analytic solution is u(x,t) = (r(lti;x)) sin(7tx) cos(7rx), such that the source term f(x,t) is
as follows:
. T A g
f(x,t) = sin(7tx) cos(mx) + 27 ym sin(27tx) + 87 Tita sin(27tx)

o p+1 . . . )
+7r<lw> (sin(7tx))? (cos(7tx))? cos(27x).

Tables 8 and 9 display the temporal and spatial errors, spatial-temporal convergence
orders, and CPU times for various « values. Furthermore, the results show that the pro-
posed scheme can reach the second order of convergence in time and the fourth order of
convergence in space. Next, we test the stability by fixing M = 256, 4 = 1, p =2, and
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7 = 2/a and selecting different T values, which means the time-step sizes are differ-
ent. The numerical results are listed in Table 10, which shows that the fast Alikhanov
scheme is stable and has a relaxed stability restriction. In Table 11, we tested the errors for
a =095 =0.99,a = 0.999, and a = 0.9999 by making M = 256, p =1, p = 2, and
v = 2/a, which also shows that the numerical scheme is stable when o — 1.

Table 8. Errors, temporal convergence orders, and CPU times by fixing p =2, 4 =1, v = 4, and
M = 256 for Example 3.

a = 0.3 « = 0.5 a = 0.7
N  ESOE(M,N) RateSOF CPU  ESOE(M,N) Rate$OF CPU  ESCE(M,N) RateSOF CPU
16 9.5519 x 107 - 02818  3.9181 x 10° - 0.2457 85622 x 107 - 0.2060
32 2.4356 x 1077 1.9715 04170  1.0148 x 10~° 1.9490 0.3583  2.2256 x 10~ 1.9438 0.4410
64 5.8573 x 108 2.0560 0.7595  2.5816 x 107 1.9748 0.7026  5.6804 x 107 1.9701 0.7078
128 1.6584 x 1078 1.8205 1.8818  6.6561 x 10~8 1.9555 1.4596  1.4255 x 107 1.9946 1.5336
Table 9. Errors, convergence orders in space, and CPU times by fixing p =2, y = 1, v = 4, and
N = 1000 for Example 3.
« =03 a« = 0.5 « = 0.7
M ESOE(M,N) Rate;OF CPU  ESOE(M,N) RatejOF CPU  ESCE(M,N) Rate;OF CPU
16 7.7546 x 107> - 13.587  7.8530 x 10~° - 13533  7.6592 x 107> - 13.994
32 4.8243 x 10~ 4.0067 15.856  4.8854 x 10~° 4.0067 15493  4.7648 x 10°° 4.0067 15.609
64 3.0131 x 107 4.0010 19.515  3.0497 x 1077 4.0017 19.445 29744 x 1077 4.0017 19.734
128 1.9031 x 108 3.9848 28411 19111 x 1078 3.9962 28.621  1.8807 x 108 3.9833 28.510
Table 10. The E;-norm errors and temporal convergence orders with M = 256, y = 1, p = 2, and
v=2/a.
T=05 T=1 T=4 T=10
N  ESOE(M,N) RateSOE ESOE(M, N) RateSOF ESOE(M, N) RateSOF ESOE(M, N) Rate3OF
16  1.3810 x 10~ - 3.9181 x 10~ - 3.1501 x 10~ - 1.2475 x 10~* -
32 35931 x 1077 1.9424 1.0148 x 10~ 1.9490 8.1468 x 10~° 1.9511 3.2269 x 107> 1.9507
64  9.0207 x 10~8 1.9939 2.5816 x 1077 1.9748 2.0664 x 1070 1.9791 82114 x 10° 1.9745
128 2.3438 x 108 1.9444 6.6561 x 108 1.9555 5.2247 x 1077 1.9837 2.0765 x 10~° 1.9835
256  6.0047 x 10~° 1.9647 1.5317 x 10~8 2.1196 1.3334 x 1077 1.9703 5.2527 x 10~7 1.9830
Table 11. The E;-norm errors and temporal convergence orders with M =256, u =1, p =2, 2 = 0.5,
and vy =2/a.
« = 0.95 « = 0.99 o = 0.999 « = 0.9999
N  ESOE(M,N) Rate3OF ESOE(M, N) Rate3OF ESOE(M, N) Rate3OF ESOE(M, N) Rate3OF
16 4.0608 x 10~° - 3.8864 x 10~° - 3.8417 x 10~ - 3.8366 x 10~¢ -
32 1.0171x10°° 1.9973 9.7447 x 106 1.9957 9.6418 x 1077 1.9944 9.6071 x 1077 1.9977
64 25443 x 1077 1.9992 2.4199 x 1077 2.0097 2.4196 x 1077 1.9946 2.3883 x 1077 2.0081
128 6.5139 x 10~8 1.9657 6.0890 x 10~8 1.9907 6.0593 x 10~8 1.9975 5.8879 x 1078 2.0201
256 1.6078 x 1078 2.0184 1.5477 x 10~8 1.9761 1.7048 x 10~8 1.8295 1.4500 x 10~8 2.0217

5. Conclusions

In this work, we propose a fast high-order compact scheme for solving the fractional
KS equation with the generalized Burgers’ type nonlinearity. To deal with the weak
singularity at the initial time, the Alikhanov scheme is implemented to approximate the
Caputo fractional derivative in the time direction. With the aid of the SOE technique, the
computational efficiency is improved and the storage requirement is reduced. In the space
direction, the developed compact difference formulas have been successfully applied for
approximating the spatial derivatives. As a result, a fully discrete scheme is constructed.
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Meanwhile, the stability and convergence with T2 + h* of the proposed scheme are proved.
Finally, the results of the numerical experiments demonstrate that the convergence orders
for temporal and spatial convergence achieve second-order and fourth-order accuracies,
respectively. This is highly consistent with the theoretical predictions and effectively verifies
the theoretical analysis.
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