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Abstract: Starting from ψk-Raina’s fractional integrals (ψk-RFIs), the study obtains a new
generalization of the Hermite–Hadamard–Mercer (H-H-M) inequality. Several trapezoid-
type inequalities are constructed for functions whose derivatives of orders 1 and 2, in abso-
lute value, are convex and involve ψk-RFIs. The results of the research are refinements of
the Hermite–Hadamard (H-H) and H-H-M-type inequalities. For several types of fractional
integrals—Riemann–Liouville (R-L), k-Riemann–Liouville (k-R-L), ψ-Riemann–Liouville
(ψ-R-L), ψk-Riemann–Liouville (ψk-R-L), Raina’s, k-Raina’s, and ψ-Raina’s fractional in-
tegrals (ψ-RFIs)—new inequalities of H-H and H-H-M-type are established, respectively.
This article presents special cases of the main results and provides numerous examples
with graphical illustrations to confirm the validity of the results. This study shows the
efficiency of the findings with a couple of applications, taking into account the modified
Bessel function and the q-digamma function.

Keywords: ψk-Raina’s fractional integrals; Hermite–Hadamard–Mercer inequality; Jensen–
Mercer inequality; convex function; Bessel function; q-digamma function

MSC: 26D15; 26D20; 26A33; 26A51

1. Introduction
The behavior of a function over an interval can be ascertained with the help of in-

equalities. Inequalities are useful for determining the maximum and minimum values of
the function. Integral inequalities constitute a broad and active area of research within
mathematical analysis. They have been applied to the study of ordinary differential equa-
tions, partial differential equations, and integral equations (see [1–3]). They have been used
specifically in the study of fractional differential equations; fractional integral inequali-
ties have been essential in determining the uniqueness of solutions for specific fractional
differential equations and in giving bounds to solve certain fractional boundary value
problems (see [4–6]). Integral inequalities on several types of convex functions are useful in
numerous areas of mathematics, including fractional calculus, discrete fractional calculus,
and mathematical analysis (see references [7–9]).

The branch of mathematical analysis known as fractional calculus deals with integrals
and derivatives taken to fractional orders, which are orders other than natural numbers
or integers. Fractional calculus is well-known among researchers due to its behavior and

Fractal Fract. 2025, 9, 203 https://doi.org/10.3390/fractalfract9040203

https://doi.org/10.3390/fractalfract9040203
https://doi.org/10.3390/fractalfract9040203
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com
https://orcid.org/0000-0002-9238-3509
https://orcid.org/0000-0002-1234-7939
https://orcid.org/0000-0003-2180-2523
https://doi.org/10.3390/fractalfract9040203
https://www.mdpi.com/article/10.3390/fractalfract9040203?type=check_update&version=2


Fractal Fract. 2025, 9, 203 2 of 30

applications, not only in the area of mathematical science but also in a variety of scientific
domains, including physics [10], nanotechnology [11], epidemiology [12], bioengineer-
ing [13], and control systems [14]. A wide range of fractional integral inequalities has been
established by scholars utilizing fractional calculus due to its significance in approximation
theory. Researchers have discovered new fractional operators and used them to solve a
variety of real-world problems based on their fundamental properties.

Let 0 < x1 ≤ x2 ≤ ... ≤ xn and let θ = (θ1, θ2, ..., θn) be nonnegative weights such that
Σn

j=1θj = 1. The Jensen inequality [15] states that if f is a convex function on the interval
[ν1, ν2]; then we have the following:

f

(
Σn

j=1θjxj

)
≤ Σn

j=1θj f (xj),

where for all xj ∈ [ν1, ν2] and θj ∈ [0, 1], (j = 1, n). In particular, if n = 2 and θ1 = θ2 = 1
2 ,

we obtain Equation (1) from [16]:

f
(

x1 + x2

2

)
≤ f (x1) + f (x2)

2
.

For a convex function f : I ⊆ R → R on I with ν1, ν2 ∈ I and ν1 < ν2 the Hermite–
Hadamard (H-H) inequality states the following: [17]:

f
(ν1 + ν2

2

)
≤ 1

ν2 − ν1

∫ ν2

ν1

f (x)dx ≤ f (ν1) + f (ν2)

2
. (1)

The H-H integral inequality (1) is one of the most famous and commonly used in-
equalities. This inequality was published by Hermite ([18]) in 1883 and, independently, by
Hadamard in 1893 ([17]).

Applications to special means of real numbers and trapezoidal formulas can be found
in [19,20], and properties of q-gamma and q-beta functions are analyzed.

Theorem 1 (See [21]). If f is a convex function on I = [ν1, ν2], then the Jensen–Mercer inequality
states the following:

f
(

ν1 + ν2 − Σn
j=1θjxj

)
≤ f (ν1) + f (ν2)− Σn

j=1θj f (xj),

for each xj ∈ [ν1, ν2] and θj ∈ [0, 1], (j = 1, n) with Σn
j=1θj = 1.

Following the necessary convex function inequalities mentioned above, we will pro-
vide the definitions that will be used in this article.

Definition 1 ([22]). Let f ∈ L[ν1, ν2]. The left-sided and right-sided R-L fractional integrals
Jϑ,ν+1

( f )(x) and Jϑ,ν−2
( f )(x) of order ϑ > 0 with ν1 ≥ 0 can be defined, respectively, by the

following:

Jϑ,ν+1
( f )(x) =

1
Γ(ϑ)

∫ x

ν1

(x − η)ϑ−1 f (η)dη, x > ν1,

and

Jϑ,ν−2
( f )(x) =

1
Γ(ϑ)

∫ ν2

x
(η − x)ϑ−1 f (η)dη, x < ν2,

here, Γ is a Euler Gamma function and defined as follows: Γ(ϑ) =
∫ ∞

0 e−ηηϑ−1dη.
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Definition 2 ([23]). Diaz and Parigun defined the k-gamma function Γk(.) as a generalization of
the classical Gamma function, which is given by the following formula:

Γk(y) = limn→∞
n!kn(nk)

y
k −1

(y)n.k
,

k > 0. It is known that the Mellin transform of the exponential function e−
tk
k is the k-Gamma

function, clearly given by the following:

Γk(α) =
∫ ∞

0
e−

tk
k tα−1dt.

It is obvious that Γk(y + k) = yΓk(y), Γ(y) = limk→1Γk(y) and Γk(y) = k
y
k −1Γ( y

k )”.

Definition 3 ([6,24]). Let f ∈ L[ν1, ν2]. The left-sided and right-sided k-RL fractional integrals

kJ ϑ,ν+1
( f )(x) and kJ ϑ,ν−2

( f )(x) of order ϑ
k > 0 with ν1 ≥ 0 can be defined, respectively, by the

following:

kJ ϑ,ν+1
( f )(x) =

1
kΓk(ϑ)

∫ x

ν1

(x − η)
ϑ
k −1 f (η)dη, x > ν1,

and

kJ ϑ,ν−2
( f )(x) =

1
kΓk(ϑ)

∫ ν2

x
(η − x)

ϑ
k −1 f (η)dη, x < ν2,

here, Γk is a k-gamma function and defined as Γk(ϑ) =
∫ ∞

0 ηϑ−1e
ηk
k dη.

A new class of functions was introduced by Raina in [25,26], defined by the following:

Fσ
ρ,ϑ(x) =

∞

∑
j=0

σ(j)
Γ(ρj + ϑ)

xj

ρ, ϑ > 0; |x| < R where σ(j) is a bounded sequence of positive real numbers, Γ is the
classical Gamma function of Euler, and R is the set of real numbers.

Definition 4 ([25,27]). The left-sided and right-sided Raina’s fractional integrals (RFIs) are,
respectively, defined as follows:

J σ
ρ,ϑ,ν+1 ;w( f )(x) =

∫ x

ν1

(x − η)ϑ−1Fσ
ρ,ϑ[w(x − η)ρ] f (η)dη, (x > ν1 > 0),

and

J σ
ρ,ϑ,ν2

− ;w( f )(x) =
∫ ν2

x
(η − x)ϑ−1Fσ

ρ,ϑ[w(η − x)ρ] f (η)dη, (0 < x < ν2),

ϑ, ρ > 0, w ∈ R and f (η) is such that the integral exists. In addition, it is known that
J σ

ρ,ϑ,ν1
+ ;w( f )(x) and J σ

ρ,ϑ,ν2
− ;w( f )(x) are bounded integral operators on L(ν1, ν2) if

M = Fσ
ρ,ϑ+1[w(ν2 − ν1)

ρ] < ∞.

In fact, for f ∈ L(ν1, ν2), we have the following:∣∣∣∣∣∣J σ
ρ,ϑ,ν1

+ ;w f
∣∣∣∣∣∣

1
≤ M(ν2 − ν1)

ϑ
∣∣∣∣∣∣ f ∣∣∣∣∣∣

1
;
∣∣∣∣∣∣J σ

ρ,ϑ,ν2
− ;w f

∣∣∣∣∣∣
1
≤ M(ν2 − ν1)

ϑ
∣∣∣∣∣∣ f ∣∣∣∣∣∣

1
,
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where ∣∣∣∣∣∣ f ∣∣∣∣∣∣
p
=
( ∫ ν2

ν1

∣∣∣ f (η)∣∣∣pdη
) 1

p
.

On the basis of the k-gamma function, Tunc et al. [28] introduced a new class of
functions (k-Raina’s function), defined as follows:

kFσ
ρ,ϑ(x) =

∞

∑
j=0

σ(j)
kΓk(ρjk + ϑ)

xj (ρ, ϑ > 0; |x| < R).

Definition 5 ([26,28]). Let f ∈ L[ν1, ν2] and ψ : [ν1, ν2] → R+ be an increasing and positively
monotone function on (ν1, ν2] with a continuous derivative ψ

′
(x) on (ν1, ν2). Then, for k > 0, the

left- and right-sided ψk-Raina’s fractional integrals (RFIs) of f with respect to ψ on [ν1, ν2] are
defined, respectively, as follows:

ψ
k J

σ
ρ,ϑ,ν+1 ;w( f )(x) =

∫ x

ν1

(ψ(x)− ψ(η))
ϑ
k −1

kFσ
ρ,ϑ[w(ψ(x)− ψ(η))ρ]ψ

′
(η) f (η)dη, (x > ν1)

and

ψ
k J

σ
ρ,ϑ,ν−2 ;w( f )(x) =

∫ ν2

x
(ψ(η)− ψ(x))

ϑ
k −1

kFσ
ρ,ϑ[w(ψ(η)− ψ(x))ρ]ψ

′
(η) f (η)dη, (x < ν2)

where ρ, ϑ > 0 and w ∈ R.

Remark 1. From Definition 5, one can observe the following:

• If ϑ = k = 1, σ(0) = 1, w = 0 and ψ(η) = η, then the ψk-RFIs reduce to the classical
Riemann–Liouville (R-L) integrals.

• If k = 1, σ(0) = 1, w = 0 and ψ(η) = η, then Definition 5 reduces to Definition 1.
• If σ(0) = 1, w = 0 and ψ(η) = η, then Definition 5 reduces to Definition 3.
• If ψ(η) = η and k = 1, then Definition 5 reduces to Definition 4.

Many publications have been using new fractional operators to deal with integral
inequalities, such as the Simpson inequality, Ostrowski inequality, Jensen–Mercer inequality,
H–H, and H–H–M inequality; see [23,29–36].

Motivated by the work from [26] and using [8,28], our aim was to study what would
become the generalized H-H-M inequality using ψk-RFIs.

Furthermore, as the Hermite–Hadamard–Mercer inequality is a powerful tool with
wide applications in mathematical analysis and optimization, it can be applied in fields
such as numerical and computational analyses. The established results help researchers
assess the accuracy of numerical approximations of integrals.

The accuracy and performance of optimization algorithms, mainly those that depend
on convexity assumptions, can be made more accurate and efficient by using established
inequalities. By offering better bounds and estimations, these results can help in operations
research to solve resource allocation problems more effectively. A new study of such in-
equalities can be done in interval-valued analysis, which is a powerful tool for investigation
and analysis of the behavior of convex functions and optimization problems.

The results can be used to derive inequalities related to optimization problems in
economics and finance. Convex functions appear in financial models to represent utility
functions, production functions, cost functions, and resource allocation. The inequalities
can be helpful in the fields of probability theory and statistics, where the convex functions
often arise in the frame of probability distributions, cumulative distribution functions, and
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also moments of random variables. For example, when we analyze the statistical properties
of random variables.

Convex optimization and newly developed inequalities that are linked with integral
can also play a fundamental role in machine learning and optimization algorithms. The
established inequalities can help in understanding the properties of objective functions and
constraints in convex optimization problems. The established inequalities can be helpful to
physicists and engineers who work with fractional-order models, specifically in the fields
of signal processing and control systems. Our results (Theorem 2, Remark 9, and inequality
(2)) can improve some applications obtained in [35] (pages 8–11) in Examples 1, 2, and 3 for
modified Bessel functions and q-digamma functions. In addition, many applications can be
obtained for special means of real numbers [37]. For the applicability of our results, see Remarks
27 and 29, where some inequalities from [35] (Examples 1 and 3) and [19] are regained.

The modified Bessel functions play an important role in the Casimir theory of dielectric
balls; see [35,38–40]. The applicability of the improved inequalities within this theory can
also be explored as well. Also, as in [41], Example 4.2 deals with the second kind of
modified Bessel functions, and Example 4.3 on page 12 addresses q-digamma functions,
where new similar refinements can be studied. Our results can be studied in the context of
Example 4.4 from [41], page 13, by using the Sabaheh approach.

This paper is structured as follows: Section 1 provides a brief overview of the fun-
damental notions and definitions of fractional calculus involved here. In Section 2, we
established a new theorem of inequalities of the H-H-M-type for the ψk-RFI, Theorem 2,
which is a generalization of some existing work; see Remarks 2–9. In Section 3, two iden-
tities are established that play an essential role in the results of this article. Lemma 1
and the corresponding H-H-M-type inequalities for ψk-RFIs, Theorem 3–5, are for func-
tions whose first derivatives in the modulus are convex. The key Lemma 2 was used in
demonstrations of the H-H-M-type inequalities, but this time for functions whose second
derivatives in absolute value are convex in Theorems 6–8. Many consequences arise from
these theorems. The main advantage of these new H-H-M-type inequalities is that the
ψk-RFIs can be particularized to re-obtain several types of classical H-H-M inequalities for
different fractional integrals, such as R-L fractional integrals, k-R-L fractional integrals,
ψ-R-L fractional integrals, and ψ-R-L k-fractional integrals. In order to validate the results,
Section 4 focuses on examples and visual evaluations using the MATLAB R2023b software.
The functions chosen in the examples have the advantage of allowing us to analyze in detail
and compare the results obtained with our previous findings from [6,8]. In Section 5, some
applications are presented for the modified Bessel function and q-digamma function. The
positive aspect of these special functions selected for the propositions is that they enable us
to compare the developed results with other existing similar inequalities from [30,35]. In
the last section, the discussions and conclusions are formulated.

2. Inequalities of the H-H-M-Type for ψk-Raina’s Fractional Integrals
In this section, we develop a new theorem of inequalities of the H-H-M-type for

ψk–RFI, which involves the generalization of existing work.
Throughout the paper, we need the following assumption: (A): Let 0 ≤ ν1 < ν2,

f : [ν1, ν2] → R be a positive function and f ∈ L1[ν1, ν2]. Also, suppose that f is a convex
function on [ν1, ν2], and ψ(.) is an increasing and positively monotone function on [ν1, ν2],
with a continuous derivative ψ

′
on (ν1, ν2).

Theorem 2. Assume that f : [ν1, ν2] −→ R is a function with ν1 < ν2 and f ∈ L1[ν1, ν2]. If f
is a convex function on [ν1, ν2], which satisfies condition (A), then the following inequalities for
ψk-RFIs hold:
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f
(

ν1 + ν2 −
z1 + z2

2

)
≤ 2

ϑ
k −1

k(z2 − z1)
ϑ
k kFσ

ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] [ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z2)+ ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)

+
ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z1)− ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)]

≤ f (ν1) + f (ν2)−
f (z1) + f (z2)

2
,

(2)

for all z1, z2 ∈ [ν1, ν2], z1 < z2, ρ, ϑ
k > 0 and w ∈ R.

Proof. From the convexity of f , we have the following:

f
(

ν1 + ν2 −
η1 + η2

2

)
= f

(ν1 + ν2 − η1 + ν1 + ν2 − η2

2

)
≤ 1

2
[ f (ν1 + ν2 − η1) + f (ν1 + ν2 − η2)],

(3)

for all η1, η2 ∈ [ν1, ν2]. To prove the first inequality of (2), by writing η1 = 1+η
2 z1 +

1−η
2 z2

and η2 = 1−η
2 z1 +

1+η
2 z2 for z1, z2 ∈ [ν1, ν2] and η ∈ [0, 1] in inequality (3), we obtain the

following:

2 f
(

ν1 + ν2 −
z1 + z2

2

)
≤
[

f
(

ν1 + ν2 −
(1 + η

2
z1 +

1 − η

2
z2

))
+ f

(
ν1 + ν2 −

(1 − η

2
z1 +

1 + η

2
z2

))]
.

(4)

And then multiplying both sides of (4) by η
ϑ
k −1

kFσ
ρ,ϑ

[
w
(

z2−z1
2

)ρ
ηρ
]

and then integrating
the resulting inequality with respect to η over [0,1], we have the following:

2kkFσ
ρ,ϑ+k

[
w
( z2 − z1

2

)ρ]
f
(

ν1 + ν2 −
z1 + z2

2

)
≤
∫ 1

o
η

ϑ
k −1

kFσ
ρ,ϑ

[
w
( z2 − z1

2

)ρ
ηρ
]

f
(

ν1 + ν2 −
(1 + η

2
z1 +

1 − η

2
z2

))
dη

+
∫ 1

0
η

ϑ
k −1

kFσ
ρ,ϑ

[
w
( z2 − z1

2

)ρ
ηρ
]

f
(

ν1 + ν2 −
(1 − η

2
z1 +

1 + η

2
z2

))
dη

=
2

ϑ
k

(z2 − z1)
ϑ
k

[ ∫ ψ−1(ν1+ν2−z1)

ψ−1(ν1+ν2−
z1+z2

2 )

ψ
′
(u)kFσ

ρ,ϑ

[
w
(

ψ(u)− (ν1 + ν2 − z1+z2
2 )

)ρ]
(

ψ(u)− (ν1 + ν2 − z1+z2
2 )

)1− ϑ
k

( f oψ)(u)du

+
∫ ψ−1(ν1+ν2−

z1+z2
2 )

ψ−1(ν1+ν2−z2)

ψ
′
(v)kFσ

ρ,ϑ

[
w
(
(ν1 + ν2 − z1+z2

2 )− ψ(v)
)ρ]

(
(ν1 + ν2 − z1+z2

2 )− ψ(v)
)1− ϑ

k
( f oψ)(v)dv

]

=
2

ϑ
k

(z2 − z1)
ϑ
k

[
ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z2)+ ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)

+
ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z1)− ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)]

.

And so, we have the following:
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f
(

ν1 + ν2 −
z1 + z2

2

)
≤ 2

ϑ
k −1

k(z2 − z1)
ϑ
k kFσ

ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] [ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z2)+ ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)

+
ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z1)− ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)]

.

The first inequality of (2) is proved. For the proof of the second inequality of (2), by using
the Jensen–Mercer inequality, we obtain the following:

f
(

ν1 + ν2 −
(1 + η

2
z1 +

1 − η

2
z2

))
≤ f (ν1) + f (ν2)−

[1 + η

2
f (z1) +

1 − η

2
f (z2)

]
,

and

f
(

ν1 + ν2 −
(1 − η

2
z1 +

1 + η

2
z2

))
≤ f (ν1) + f (ν2)−

[1 − η

2
f (z1) +

1 + η

2
f (z2)

]
.

By adding these inequalities, we have the following:

f
(

ν1 + ν2 −
(1 + η

2
z1 +

1 − η

2
z2

))
+ f

(
ν1 + ν2 −

(1 − η

2
z1 +

1 + η

2
z2

))
≤ 2[ f (ν1) + f (ν2)]− [ f (z1) + f (z2)].

(5)

Multiplying both sides of (5) by η
ϑ
k −1

kFσ
ρ,ϑ

[
w
(

z2−z1
2

)ρ
ηρ
]

and then integrating the result-

ing inequality with respect to η over [ν1, ν2], we obtain the second inequality of (2).

Remark 2. Under the assumption of Theorem 2 with ϑ = k = 1, σ(0) = 1, w = 0, z1 = ν1,
z2 = ν2 and ψ(η) = η, Theorem 2 reduces to inequality (1).

Remark 3. Under the assumption of Theorem 2 with k = 1, σ(0) = 1, and w = 0, Theorem 2
reduces to [30] Theorem 4.

Remark 4. Under the assumption of Theorem 2 with ϑ = k = 1, σ(0) = 1, w = 0 and ψ(η) = η,,
we have the following inequalities:

f
(

ν1 + ν2 −
z1 + z2

2

)
≤ 1

z2 − z1

∫ ν1+ν2−z1

ν1+ν2−z2

f (η)dη ≤ f (ν1) + f (ν2)−
f (z1) + f (z2)

2
,

which was proved by Kian and Moslehian in [32] Theorem 2.1.

Remark 5. Under the assumption of Theorem 2 with k = 1, σ(0) = 1, w = 0, and ψ(η) = η,
Theorem 2 reduces to [31] Theorem 2.

Remark 6. Under the assumption of Theorem 2 with σ(0) = 1, and w = 0, Theorem 2 reduces to
[33] Theorem 2.3.

Remark 7. Under the assumption of Theorem 2 with σ(0) = 1, w = 0 and ψ(η) = η, Theorem 2
reduces to [33] Corollary 3.

Remark 8. Under the assumption of theorem 2 with k = 1, σ(0) = 1, w = 0 and ψ(η) = η, we
have the following inequalities:
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f
(

ν1 + ν2 −
z1 + z2

2

)
≤ 2ϑ−1Γ(ϑ + 1)

(z2 − z1)ϑ

[
Jϑ,(ν1+ν2−z2)+

f
(

ν1 + ν2 −
z1 + z2

2

)
+ Jϑ,(ν1+ν2−z1)− f

(
ν1 + ν2 −

z1 + z2

2

)]
≤ f (ν1) + f (ν2)−

f (z1) + f (z2)

2
,

which was proved by Abdeljawad et al. in [23] Theorem 2.1.

Remark 9. Under the assumption of Theorem 2 with k = 1, σ(0) = 1, w = 0, z1 = ν1, z2 = ν2

and ψ(η) = η, we have the following inequalities:

f
(ν1 + ν2

2

)
≤ 2ϑ−1Γ(ϑ + 1)

(ν2 − ν1)ϑ

[
Jϑ,ν+1

f
(ν1 + ν2

2

)
+ Jϑ,ν−2

f
(ν1 + ν2

2

)]
≤ f (ν1) + f (ν2)

2
,

which was proved by Mohammed and Brevik in [35], Proposition 1.

3. Related Results of the H-H-M-Type Inequalities for ψk-Raina’s
Fractional Integrals

Starting from [26], several H-H-M-type inequalities for ψk-RFIs will be presented in
this section. Our next results can be obtained by using the Lemma that follows, which is
connected to the left inequality of (1).

Lemma 1. Let f : [ν1, ν2] → R be a differentiable mapping on (ν1, ν2), with ν1 < ν2, ϑ > 0. If
f
′ ∈ L[ν1, ν2], which satisfies condition (A), then the following identity for ψk-RFI holds:

f (ν1 + ν2 − z2) + f (ν1 + ν2 − z1)

2
− 2

ϑ
k −1

k(z2 − z1)
ϑ
k kFσ

ρ,ϑ+k

[
w
(

z2−z1
2

)ρ]
×
[

ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z2)+ ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)

+
ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z1)− ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)]

=
z2 − z1

4kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] ∫ 1

0
η

ϑ
k kFσ

ρ,ϑ+k

[
w
( z2 − z1

2

)ρ
ηρ
][

f
′(

ν1 + ν2 −
(1 + η

2
z1 +

1 − η

2
z2

))

− f
′(

ν1 + ν2 −
(1 − η

2
z1 +

1 + η

2
z2

))]
dη

(6)

for all z1, z2 ∈ [ν1, ν2], ρ, ϑ
k > 0, w ∈ R and η ∈ [0, 1].

Proof. We denote by I1 and I2 the following integrals:

I1 =
∫ 1

0
η

ϑ
k kFσ

ρ,ϑ+k

[
w
( z2 − z1

2

)ρ
ηρ
]

f
′(

ν1 + ν2 −
(1 + η

2
z1 +

1 − η

2
z2

))
dη,

and

I2 =
∫ 1

0
η

ϑ
k kFσ

ρ,ϑ+k

[
w
( z2 − z1

2

)ρ
ηρ
]

f
′(

ν1 + ν2 −
(1 − η

2
z1 +

1 + η

2
z2

))
dη.

Integrating by parts and then changing the variables, we successively obtain the following:
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I1 =
2η

ϑ
k

z2 − z1
kFσ

ρ,ϑ+k

[
w
( z2 − z1

2

)ρ
ηρ
]

f
(

ν1 + ν2 −
(1 + η

2
z1 +

1 − η

2
z2

))∣∣∣1
0

− 2
k(z2 − z1)

∫ 1

0
η

ϑ
k −1

kFσ
ρ,ϑ

[
w
( z2 − z1

2

)ρ
ηρ
]

f
(

ν1 + ν2 −
(1 + η

2
z1 +

1 − η

2
z2

))
dη

=
2

z2 − z1
kFσ

ρ,ϑ+k

[
w
( z2 − z1

2

)ρ]
f (ν1 + ν2 − z1)

− 2
ϑ
k +1

k(z2 − z1)
ϑ
k +1

∫ ψ−1(ν1+ν2−z1)

ψ−1(ν1+ν2−
z1+z2

2 )

ψ
′
(u)kFσ

ρ,ϑ

[
w
(

ψ(u)− (ν1 + ν2 − z1+z2
2 )

)ρ]
(

ψ(u)− (ν1 + ν2 − z1+z2
2 )

)1− ϑ
k

( f oψ)(u)du

=
2

z2 − z1
kFσ

ρ,ϑ+k

[
w
( z2 − z1

2

)ρ]
f (ν1 + ν2 − z1)

− 2
ϑ
k +1

k(z2 − z1)
ϑ
k +1

ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z1)− ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)

.

and, thus,

I1 =
2

z2 − z1
kFσ

ρ,ϑ+k

[
w
( z2 − z1

2

)ρ]
f (ν1 + ν2 − z1)

− 2
ϑ
k +1

k(z2 − z1)
ϑ
k +1

ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z1)− ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)

.

Analogously, we have the following:

I2 = − 2
z2 − z1

kFσ
ρ,ϑ+k

[
w
( z2 − z1

2

)ρ]
f (ν1 + ν2 − z2)

+
2

ϑ
k +1

k(z2 − z1)
ϑ
k +1

ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z2)+ ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)

.

Then, subtracting I2 from I1 and multiplying both sides of the identity with
z2−z1

4kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] , we obtain the desired identity.

Remark 10. Under the assumption of Lemma 1 with k = 1, σ(0) = 1, and w = 0, Lemma 1
reduces to [30], Lemma 2.

Remark 11. Under the assumption of Lemma 1 with σ(0) = 1, and w = 0, Lemma 1 reduces
to [33], Lemma 3.3.

Remark 12. Under the assumption of Lemma 1 with σ(0) = 1, w = 0 and ψ(η) = η, Lemma 1
reduces to [33] Corollary 6.

Remark 13. Under the assumption of Lemma 1 with k = 1, σ(0) = 1, w = 0 and ψ(η) = η,
Lemma 1 reduces to [31], Lemma 1.

Remark 14. Under the assumption of Lemma 1 with k = 1, σ(0) = 1, w = 0, and ψ(η) = η,
Lemma 1 reduces to [31], Lemma 1.

Remark 15. Under the assumption of Lemma 1 with ϑ = k = 1, σ(0) = 1, w = 0, and ψ(η) = η,
Lemma 1 reduces to [31] Corollary 1.
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Remark 16. Under the assumption of Lemma 1 with ϑ = k = 1, σ(0) = 1, w = 0, z1 = ν1,
z2 = ν2 and ψ(η) = η, Lemma 1 reduces to [34], Lemma 2.1.

Theorem 3. Assume that f : [ν1, ν2] → R is a differentiable function on (ν1, ν2) with ν1 < ν2. If
| f ′ | is convex on [ν1, ν2], which satisfies condition (A), then the following inequality for ψk-RFI holds:

∣∣∣∣ f (ν1 + ν2 − z2) + f (ν1 + ν2 − z1)

2
− 2

ϑ
k −1

k(z2 − z1)
ϑ
k kFσ

ρ,ϑ+k

[
w
(

z2−z1
2

)ρ]
×
[

ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z2)+ ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)

+
ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z1)− ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)]∣∣∣∣

≤
k(z2 − z1)kFσ

ρ,ϑ+2k

[
w
(

z2−z1
2

)ρ]
2kFσ

ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] [
| f ′(ν1)|+ | f ′(ν2)| −

| f ′(z1)|+ | f ′(z2)|
2

]
,

for all z1, z2 ∈ [ν1, ν2], z1 < z2, ρ, ϑ
k > 0, and w ∈ R.

Proof. Using Lemma 1 and the properties of the modulus, we find the following:∣∣∣∣ f (ν1 + ν2 − z2) + f (ν1 + ν2 − z1)

2
− 2

ϑ
k −1

k(z2 − z1)
ϑ
k kFσ

ρ,ϑ+k

[
w
(

z2−z1
2

)ρ]
×
[

ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z2)+ ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)

+
ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z1)− ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)]∣∣∣∣

≤ z2 − z1

4kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ]×
×
[ ∫ 1

0
η

ϑ
k kFσ

ρ,ϑ+k

[
w
( z2 − z1

2

)ρ
ηρ
]∣∣∣ f ′(ν1 + ν2 −

(1 + η

2
z1 +

1 − η

2
z2

))∣∣∣dη

+
∫ 1

0
η

ϑ
k kFσ

ρ,ϑ+k

[
w
( z2 − z1

2

)ρ
ηρ
]∣∣∣ f ′(ν1 + ν2 −

(1 − η

2
z1 +

1 + η

2
z2

))∣∣∣dη
]

=
z2 − z1

4kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ]×
×
[ ∞

∑
j=0

σ(j)
kΓk(ρjk + ϑ + k)

(
w
( z2 − z1

2

)ρ)j ∫ 1

0
η

ϑ
k +ρj

∣∣∣ f ′(ν1 + ν2 −
(1 + η

2
z1 +

1 − η

2
z2

))∣∣∣dη

+
∞

∑
j=0

σ(j)
kΓk(ρjk + ϑ + k)

(
w
( z2 − z1

2

)ρ)j ∫ 1

0
η

ϑ
k +ρj

∣∣∣ f ′(ν1 + ν2 −
(1 − η

2
z1 +

1 + η

2
z2

))∣∣∣dη
]
.

Using the Jensen–Mercer inequality, Theorem 1, see [21], due to the convexity of | f ′|, we
have the following:

∣∣∣∣ f (ν1 + ν2 − z2) + f (ν1 + ν2 − z1)

2
− 2

ϑ
k −1

k(z2 − z1)
ϑ
k kFσ

ρ,ϑ+k

[
w
(

z2−z1
2

)ρ]
×
[

ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z2)+ ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)

+
ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z1)− ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)]∣∣∣∣ ≤
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≤ z2 − z1

4kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] ∞

∑
j=0

σ(j)
kΓk(ρjk + ϑ + k)

(
w
( z2 − z1

2

)ρ)j

×
[
2
(
| f ′(ν1)|+ | f ′(ν2)|

) ∫ 1

0
η

ϑ
k +ρjdη −

(
| f ′(z1)|+ | f ′(z2)|

) ∫ 1

0
η

ϑ
k +ρjdη

]
=

k(z2 − z1)

2kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] kFσ
ρ,ϑ+2k

[
w
( z2 − z1

2

)ρ][
| f ′(ν1)|+ | f ′(ν2)| −

| f ′(z1)|+ | f ′(z2)|
2

]
,

which completes the proof.

Remark 17. Under the assumption of Theorem 3 with k = 1, σ(0) = 1, and w = 0, Theorem 3
reduces to [30] Theorem 7.

Remark 18. Under the assumption of Theorem 3 with k = 1, σ(0) = 1, w = 0, and ψ(η) = η,
Theorem 3 reduces to [31] Theorem 4.

Remark 19. Under the assumption of Theorem 3 with ϑ = k = 1, σ(0) = 1, w = 0, and
ψ(η) = η, Theorem 3 reduces to [31] Corollary 2.

Remark 20. Under the assumption of Theorem 3 with ϑ = k = 1, σ(0) = 1, w = 0, z1 = ν1,
z2 = ν2 and ψ(η) = η, Theorem 3 reduces to [19] Theorem 2.2.

Remark 21. Under the assumption of Theorem 3 with σ(0) = 1, and w = 0 then Theorem 3
reduces to [33] Theorem 3.5.

Remark 22. Under the assumption of Theorem 3 with σ(0) = 1, w = 0 and ψ(η) = η, Theorem 3
reduces to [33] Corollary 8.

Theorem 4. Assume that f : [ν1, ν2] → R is a differentiable function on (ν1, ν2) such that
f
′ ∈ L[ν1, ν2], with ν1 < ν2. If the function | f

′ |q is convex on [ν1, ν2], when q > 1, which satisfies
condition (A), the ψk-RFI inequality holds:

∣∣∣∣ f (ν1 + ν2 − z2) + f (ν1 + ν2 − z1)

2
− 2

ϑ
k −1

k(z2 − z1)
ϑ
k kFσ

ρ,ϑ+k

[
w
(

z2−z1
2

)ρ]
×
[

ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z2)+ ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)

+
ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z1)− ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)]∣∣∣∣

≤ (z2 − z1)

4kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] kF
σ1
ρ,ϑ+k

[
w
( z2 − z1

2

)ρ][(
| f

′
(ν1)|q + | f

′
(ν2)|q −

| f
′
(z1)|q + 3| f

′
(z2)|q

4

) 1
q

+

(
| f

′
(ν1)|q + | f

′
(ν2)|q −

3| f
′
(z1)|q + | f

′
(z2)|q

4

) 1
q
]

,

where

σ1(j) = σ(j)
(

k
(ρjk + ϑ)p + k

) 1
p

,

for all z1, z2 ∈ [ν1, ν2], z1 < z2, 1
p + 1

q = 1, ρ, ϑ
k > 0 and w ∈ R.
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Proof. From Lemma 1, using the Hölder’s inequality, see [42], we have the following:

∣∣∣∣ f (ν1 + ν2 − z2) + f (ν1 + ν2 − z1)

2
− 2

ϑ
k −1

k(z2 − z1)
ϑ
k kFσ

ρ,ϑ+k

[
w
(

z2−z1
2

)ρ]
×
[

ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z2)+ ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)

+
ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z1)− ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)]∣∣∣∣

≤ z2 − z1

4kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ]( ∫ 1

0

(
η

ϑ
k kFσ

ρ,ϑ+k

[
w
( z2 − z1

2

)ρ
ηρ
])p

dη

) 1
p

×
{( ∫ 1

0

∣∣∣ f ′(ν1 + ν2 −
(1 + η

2
z1 +

1 − η

2
z2

))∣∣∣qdη

) 1
q

+

( ∫ 1

0

∣∣∣ f ′(ν1 + ν2 −
(1 − η

2
z1 +

1 + η

2
z2

))∣∣∣qdη

) 1
q
}

=
z2 − z1

4kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] ∞

∑
j=0

σ(j)
kΓk(ρjk + ϑ + k)

(
w
( z2 − z1

2

)ρ)j
( ∫ 1

0
η( ϑ

k +ρj)pdη

) 1
p

×
{( ∫ 1

0

∣∣∣ f ′(ν1 + ν2 −
(1 + η

2
z1 +

1 − η

2
z2

))∣∣∣qdη

) 1
q

+

( ∫ 1

0

∣∣∣ f ′(ν1 + ν2 −
(1 − η

2
z1 +

1 + η

2
z2

))∣∣∣qdη

) 1
q
}

.

Using the Jensen–Mercer inequality, Theorem 1, see [21], because of the convexity of | f ′|q,
we have the following:∣∣∣∣ f (ν1 + ν2 − z2) + f (ν1 + ν2 − z1)

2
− 2

ϑ
k −1

k(z2 − z1)
ϑ
k kFσ

ρ,ϑ+k

[
w
(

z2−z1
2

)ρ]
×
[

ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z2)+ ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)

+
ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z1)− ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)]∣∣∣∣

≤ z2 − z1

4kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] ∞

∑
j=0

σ(j)
kΓk(ρjk + ϑ + k)

(
w
( z2 − z1

2

)ρ)j
( ∫ 1

0
η( ϑ

k +ρj)pdη

) 1
p

×
{( ∫ 1

0

(
| f

′
(ν1)|q + | f

′
(ν2)|q −

(
1 − η

2
| f

′
(z1)|q +

1 + η

2
| f

′
(z2)|q

))
dη

) 1
q

+

( ∫ 1

0

(
| f

′
(ν1)|q + | f

′
(ν2)|q −

(
1 + η

2
| f

′
(z1)|q +

1 − η

2
| f

′
(z2)|q

))
dη

) 1
q
}

≤ z2 − z1

4kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] ∞

∑
j=0

σ(j)
kΓk(ρjk + ϑ + k)

(
w
( z2 − z1

2

)ρ)j
(

k
(ρjk + ϑ)p + k

) 1
p

×
[(

| f
′
(ν1)|q + | f

′
(ν2)|q −

| f
′
(z1)|q + 3| f

′
(z2)|q

4

) 1
q

+

(
| f

′
(ν1)|q + | f

′
(ν2)|q −

3| f
′
(z1)|q + | f

′
(z2)|q

4

) 1
q
]
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=
(z2 − z1)

4kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] kF
σ1
ρ,ϑ+k

[
w
( z2 − z1

2

)ρ][(
| f

′
(ν1)|q + | f

′
(ν2)|q −

| f
′
(z1)|q + 3| f

′
(z2)|q

4

) 1
q

+

(
| f

′
(ν1)|q + | f

′
(ν2)|q −

3| f
′
(z1)|q + | f

′
(z2)|q

4

) 1
q
]

,

which completes the proof.

Theorem 5. Assume that f : [ν1, ν2] → R is a differentiable function on (ν1, ν2) with ν1 < ν2.
If the function | f

′ |q is convex on [ν1, ν2], q ≥ 1, which satisfies condition (A), then the following
inequality for ψk-RFI holds:

∣∣∣∣ f (ν1 + ν2 − z2) + f (ν1 + ν2 − z1)

2
− 2

ϑ
k −1

k(z2 − z1)
ϑ
k kFσ

ρ,ϑ+k

[
w
(

z2−z1
2

)ρ]
×
[

ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z2)+ ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)

+
ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z1)− ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)]∣∣∣∣

≤ k(z2 − z1)

4kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] kFσ2
ρ,ϑ+2k

[
w
( z2 − z1

2

)ρ]
,

where

σ2(j) = σ(j)
[(

| f
′
(ν1)|q + | f

′
(ν2)|q −

k| f
′
(z1)|q + (2ρjk + 2ϑ + 3k)| f

′
(z2)|q

2(ρjk + ϑ + 2k)

) 1
q

+

(
| f

′
(ν1)|q + | f

′
(ν2)|q −

(2ρjk + 2ϑ + 3k)| f
′
(z1)|q + k| f

′
(z2)|q

2(ρjk + ϑ + 2k)

) 1
q
]

,

for all z1, z2 ∈ [ν1, ν2], z1 < z2, ρ, ϑ
k > 0 and w ∈ R.

Proof. From Lemma 1, using the power mean inequality, we have the following:

∣∣∣∣ f (ν1 + ν2 − z2) + f (ν1 + ν2 − z1)

2
− 2

ϑ
k −1

k(z2 − z1)
ϑ
k kFσ

ρ,ϑ+k

[
w
(

z2−z1
2

)ρ]
×
[

ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z2)+ ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)

+
ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z1)− ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)]∣∣∣∣

≤ z2 − z1

4kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ]( ∫ 1

0
η

ϑ
k kFσ

ρ,ϑ+k

[
w
( z2 − z1

2

)ρ
ηρ
]
dη

)1− 1
q

×
{( ∫ 1

0
η

ϑ
k kFσ

ρ,ϑ+k

[
w
( z2 − z1

2

)ρ
ηρ
]∣∣∣ f ′(ν1 + ν2 −

(1 + η

2
z1 +

1 − η

2
z2

))∣∣∣qdη

) 1
q

+

( ∫ 1

0
η

ϑ
k kFσ

ρ,ϑ+k

[
w
( z2 − z1

2

)ρ
ηρ
]∣∣∣ f ′(ν1 + ν2 −

(1 − η

2
z1 +

1 + η

2
z2

))∣∣∣qdη

) 1
q
}

=
z2 − z1

4kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] ∞

∑
j=0

σ(j)
kΓk(ρjk + ϑ + k)

(
w
( z2 − z1

2

)ρ)j
( ∫ 1

0
η

ϑ
k +ρjdη

)1− 1
q
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×
{( ∫ 1

0
η

ϑ
k +ρj

∣∣∣ f ′(ν1 + ν2 −
(1 + η

2
z1 +

1 − η

2
z2

))∣∣∣qdη

) 1
q

+

( ∫ 1

0
η

ϑ
k +ρj

∣∣∣ f ′(ν1 + ν2 −
(1 − η

2
z1 +

1 + η

2
z2

))∣∣∣qdη

) 1
q
}

.

Using the Jensen–Mercer inequality, Theorem 1, see [21], because of the convexity of | f ′|q,
we have the following:

∣∣∣∣ f (ν1 + ν2 − z2) + f (ν1 + ν2 − z1)

2
− 2

ϑ
k −1

k(z2 − z1)
ϑ
k kFσ

ρ,ϑ+k

[
w
(

z2−z1
2

)ρ]
×
[

ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z2)+ ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)

+
ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z1)− ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)]∣∣∣∣

≤ z2 − z1

4kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] ∞

∑
j=0

σ(j)
kΓk(ρjk + ϑ + k)

(
w
( z2 − z1

2

)ρ)j
( ∫ 1

0
η

ϑ
k +ρjdη

)1− 1
q

×
{( ∫ 1

0
η

ϑ
k +ρj

(
| f

′
(ν1)|q + | f

′
(ν2)|q −

(
1 − η

2
| f

′
(z1)|q +

1 + η

2
| f

′
(z2)|q

))
dη

) 1
q

+

( ∫ 1

0
η

ϑ
k +ρj

(
| f

′
(ν1)|q + | f

′
(ν2)|q −

(
1 + η

2
| f

′
(z1)|q +

1 − η

2
| f

′
(z2)|q

))
dη

) 1
q
}

≤ z2 − z1

4kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] ∞

∑
j=0

σ(j)
kΓk(ρjk + ϑ + k)

(
w
( z2 − z1

2

)ρ)j
(

k
ρjk + ϑ + k

)1− 1
q

×
(

k
ρjk + ϑ + k

)[(
| f

′
(ν1)|q + | f

′
(ν2)|q −

k| f
′
(z1)|q + (2ρjk + 2ϑ + 3k)| f

′
(z2)|q

2(ρjk + ϑ + 2k)

) 1
q

+

(
| f

′
(ν1)|q + | f

′
(ν2)|q −

(2ρjk + 2ϑ + 3k)| f
′
(z1)|q + k| f

′
(z2)|q

2(ρjk + ϑ + 2k)

) 1
q
]

=
k(z2 − z1)

4kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] ∞

∑
j=0

σ(j)
kΓk(ρjk + ϑ + 2k)

(
w
( z2 − z1

2

)ρ)j

×
[(

| f
′
(ν1)|q + | f

′
(ν2)|q −

k| f
′
(z1)|q + (2ρjk + 2ϑ + 3k)| f

′
(z2)|q

2(ρjk + ϑ + 2k)

) 1
q

+

(
| f

′
(ν1)|q + | f

′
(ν2)|q −

(2ρjk + 2ϑ + 3k)| f
′
(z1)|q + k| f

′
(z2)|q

2(ρjk + ϑ + 2k)

) 1
q
]

,

which completes the proof.

Remark 23. If we set q = 1 in Theorem 5, then Theorem 5 reduces to Theorem 3.

Lemma 2. Let f : [ν1, ν2] → R be a second differentiable mapping on (ν1, ν2), with ν1 < ν2,
ϑ > 0. If f

′′ ∈ L[ν1, ν2], which satisfies condition (A), then the following identity for ψk RFI holds:

f (ν1 + ν2 − z2) + f (ν1 + ν2 − z1)

2
− 2

ϑ
k −1

k(z2 − z1)
ϑ
k kFσ

ρ,ϑ+k

[
w
(

z2−z1
2

)ρ]
×
[

ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z2)+ ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)

+
ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z1)− ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)]
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=
k(z2 − z1)

2

8kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] ∫ 1

0

{
kFσ

ρ,ϑ+2k

[
w
( z2 − z1

2

)ρ]
− η

ϑ
k +1

kFσ
ρ,ϑ+2k

[
w
( z2 − z1

2

)ρ
ηρ
]}

×

×
[

f
′′(

ν1 + ν2 −
(1 − η

2
z1 +

1 + η

2
z2

))
+ f

′′(
ν1 + ν2 −

(1 + η

2
z1 +

1 − η

2
z2

))]
dη,

(7)

for all z1, z2 ∈ [ν1, ν2], ρ, ϑ
k > 0, w ∈ R and η ∈ [0, 1].

Proof. We denote by L1 and L2 the following integrals:

L1 =
∫ 1

0

{
kFσ

ρ,ϑ+2k

[
w
( z2 − z1

2

)ρ]
− η

ϑ
k +1

kFσ
ρ,ϑ+2k

[
w
( z2 − z1

2

)ρ
ηρ
]}

×

× f
′′(

ν1 + ν2 −
(1 − η

2
z1 +

1 + η

2
z2

))
dη,

and

L2 =
∫ 1

0

{
kFσ

ρ,ϑ+2k

[
w
( z2 − z1

2

)ρ]
− η

ϑ
k +1

kFσ
ρ,ϑ+2k

[
w
( z2 − z1

2

)ρ
ηρ
]}

×

× f
′′(

ν1 + ν2 −
(1 + η

2
z1 +

1 − η

2
z2

))
dη.

Integrating by parts, we successively obtain the following:

L1 = − 2
z2 − z1

{
kFσ

ρ,ϑ+2k

[
w
( z2 − z1

2

)ρ]
− η

ϑ
k +1

kFσ
ρ,ϑ+2k

[
w
( z2 − z1

2

)ρ
ηρ
]}

×

× f
′(

ν1 + ν2 −
(1 − η

2
z1 +

1 + η

2
z2

))∣∣∣1
0

− 2
k(z2 − z1)

∫ 1

0
η

ϑ
k kFσ

ρ,ϑ+k

[
w
( z2 − z1

2

)ρ
ηρ
]

f
′(

ν1 + ν2 −
(1 − η

2
z1 +

1 + η

2
z2

))
dη

=
2

z2 − z1
kFσ

ρ,ϑ+2k

[
w
( z2 − z1

2

)ρ]
f
′(

ν1 + ν2 −
z1 + z2

2

)
− 2

k(z2 − z1)

∫ 1

0
η

ϑ
k kFσ

ρ,ϑ+k

[
w
( z2 − z1

2

)ρ
ηρ
]

f
′(

ν1 + ν2 −
(1 − η

2
z1 +

1 + η

2
z2

))
dη.

By a similar argument, we obtain the following::

L2 =
2

z2 − z1

{
kFσ

ρ,ϑ+2k

[
w
( z2 − z1

2

)ρ]
− η

ϑ
k +1

kFσ
ρ,ϑ+2k

[
w
( z2 − z1

2

)ρ
ηρ
]}

×

× f
′′(

ν1 + ν2 −
(1 + η

2
z1 +

1 − η

2
z2

))∣∣∣1
0

+
2

k(z2 − z1)

∫ 1

0
η

ϑ
k kFσ

ρ,ϑ+k

[
w
( z2 − z1

2

)ρ
ηρ
]

f
′(

ν1 + ν2 −
(1 + η

2
z1 +

1 − η

2
z2

))
dη

= − 2
z2 − z1

kFσ
ρ,ϑ+2k

[
w
( z2 − z1

2

)ρ]
f
′(

ν1 + ν2 −
z1 + z2

2

)
+

2
k(z2 − z1)

∫ 1

0
η

ϑ
k kFσ

ρ,ϑ+k

[
w
( z2 − z1

2

)ρ
ηρ
]

f
′(

ν1 + ν2 −
(1 + η

2
z1 +

1 − η

2
z2

))
dη.

We can write
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L1 + L2 =
2

k(z2 − z1)

∫ 1

0
η

ϑ
k kFσ

ρ,ϑ+k

[
w
( z2 − z1

2

)ρ
ηρ
][

f
′(

ν1 + ν2 −
(1 + η

2
z1 +

1 − η

2
z2

))
− f

′(
ν1 + ν2 −

(1 − η

2
z1 +

1 + η

2
z2

))]
dη.

(8)

The desired identity in (7) follows from (8) by using (6) and rearranging the terms.

Remark 24. If we take z1 = ϑ1, z2 = ϑ2, ϑ = k = 1, j = 0, ψ(η) = η and use the fact that
σ(0) = 1, in Lemma 2, then we obtain the following identity :

f (ϑ1) + f (ϑ2)

2
− 1

ϑ2 − ϑ1

∫ ϑ2

ϑ1

f (u)du

=
(ϑ2 − ϑ1)

2

16

∫ 1

0
(1 − η2)

[
f
′′(1 + η

2
ϑ1 +

1 − η

2
ϑ2

)
+ f

′′(1 − η

2
ϑ1 +

1 + η

2
ϑ2

)]
dη.

which was proved by Barani and Dragomir in [36].

Theorem 6. Assume that f : [ν1, ν2] → R is a second differentiable function on (ν1, ν2) with
ν1 < ν2 which satisfies condition (A). If | f

′′ | is convex on [ν1, ν2], then the following inequality for
ψk-RFI holds:∣∣∣∣ f (ν1 + ν2 − z2) + f (ν1 + ν2 − z1)

2
− 2

ϑ
k −1

k(z2 − z1)
ϑ
k kFσ

ρ,ϑ+k

[
w
(

z2−z1
2

)ρ]
×
[

ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z2)+ ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)

+
ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z1)− ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)]∣∣∣∣

≤ k(z2 − z1)
2

4kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] kFσ3
ρ,ϑ+3k

[
w
( z2 − z1

2

)ρ][
| f

′′
(ν1)|+ | f

′′
(ν2)| −

| f
′′
(z1)|+ | f

′′
(z2)|

2

]
,

where
σ3(j) = (ρjk + ϑ + k)σ(j),

for all z1, z2 ∈ [ν1, ν2], z1 < z2, ρ, ϑ
k > 0 and w ∈ R.

Proof. Using Lemma 2 and the properties of the modulus, we find the following:∣∣∣∣ f (ν1 + ν2 − z2) + f (ν1 + ν2 − z1)

2
− 2

ϑ
k −1

k(z2 − z1)
ϑ
k kFσ

ρ,ϑ+k

[
w
(

z2−z1
2

)ρ]
×
[

ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z2)+ ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)

+
ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z1)− ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)]∣∣∣∣

≤ k(z2 − z1)
2

8kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] ∫ 1

0

∣∣∣kFσ
ρ,ϑ+2k

[
w
( z2 − z1

2

)ρ]
− η

ϑ
k +1

kFσ
ρ,ϑ+2k

[
w
( z2 − z1

2

)ρ
ηρ
]∣∣∣×

×
∣∣∣[ f

′′(
ν1 + ν2 −

(1 − η

2
z1 +

1 + η

2
z2

))
+ f

′′(
ν1 + ν2 −

(1 + η

2
z1 +

1 − η

2
z2

))]∣∣∣dη
]

≤ k(z2 − z1)
2

8kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ][ ∞

∑
j=0

σ(j)|w|j
kΓk(ρjk + ϑ + 2k)

( z2 − z1

2

)ρj
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×
∫ 1

0
(1 − η

ϑ
k +1+ρj)

{∣∣∣ f ′′(ν1 + ν2 −
(1 − η

2
z1 +

1 + η

2
z2

))∣∣∣
+
∣∣∣ f ′′(ν1 + ν2 −

(1 + η

2
z1 +

1 − η

2
z2

))∣∣∣}dη

]
.

Using the Jensen–Mercer inequality, Theorem 1, see [21], because of the convexity of | f
′′ |,

we have the following:∣∣∣∣ f (ν1 + ν2 − z2) + f (ν1 + ν2 − z1)

2
− 2

ϑ
k −1

k(z2 − z1)
ϑ
k kFσ

ρ,ϑ+k

[
w
(

z2−z1
2

)ρ]
×
[

ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z2)+ ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)

+
ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z1)− ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)]∣∣∣∣

≤ k(z2 − z1)
2

8kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ][ ∞

∑
j=0

σ(j)|w|j
kΓk(ρjk + ϑ + 2k)

( z2 − z1

2

)ρj

×
{

2
(
| f

′′
(ν1)|+ | f

′′
(ν2)|

) ∫ 1

0
(1 − η

ϑ
k +1+ρj)dη −

(
| f

′′
(z1)|+ | f

′′
(z2)|

) ∫ 1

0
(1 − η

ϑ
k +1+ρj)dη

}]
=

k(z2 − z1)
2

4kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] kFσ3
ρ,ϑ+3k

[
w
( z2 − z1

2

)ρ][
| f

′′
(ν1)|+ | f

′′
(ν2)| −

| f
′′
(z1)|+ | f

′′
(z2)|

2

]
.

which completes the proof.

Theorem 7. Assume that f : [ν1, ν2] → R is a second differentiable function on (ν1, ν2) which
satisfies condition (A), such that f

′′ ∈ L[ν1, ν2], with ν1 < ν2. If the function | f
′′ |q is convex on

[ν1, ν2], when q > 1, then the following inequality for ψk-RFI holds:

∣∣∣∣ f (ν1 + ν2 − z2) + f (ν1 + ν2 − z1)

2
− 2

ϑ
k −1

k(z2 − z1)
ϑ
k kFσ

ρ,ϑ+k

[
w
(

z2−z1
2

)ρ]
×
[

ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z2)+ ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)

+
ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z1)− ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)]∣∣∣∣

≤ k(z2 − z1)
2

8kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] kF
σ4
ρ,ϑ+2k

[
w
( z2 − z1

2

)ρ]
×

×
[(

| f
′′
(ν1)|q + | f

′′
(ν2)|q −

3| f
′′
(z1)|q + | f

′′
(z2)|q

4

) 1
q

+

(
| f

′′
(ν1)|q + | f

′′
(ν2)|q −

| f
′′
(z1)|q + 3| f

′′
(z2)|q

4

) 1
q
]

,

where

σ4(j) =
(

(ρjk + ϑ + k)p
(ρjk + ϑ + k)p + k

) 1
p

σ(j),

for all z1, z2 ∈ [ν1, ν2], z1 < z2, 1
p + 1

q = 1, ρ, ϑ
k > 0 and w ∈ R.

Proof. From Lemma 2, using the Hölder’s inequality, see [42], we have the following:
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∣∣∣∣ f (ν1 + ν2 − z2) + f (ν1 + ν2 − z1)

2
− 2

ϑ
k −1

k(z2 − z1)
ϑ
k kFσ

ρ,ϑ+k

[
w
(

z2−z1
2

)ρ]
×
[

ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z2)+ ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)

+
ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z1)− ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)]∣∣∣∣

≤ k(z2 − z1)
2

8kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ]( ∫ 1

0

∣∣∣kFσ
ρ,ϑ+2k

[
w
( z2 − z1

2

)ρ]
− η

ϑ
k +1

kFσ
ρ,ϑ+2k

[
w
( z2 − z1

2

)ρ
ηρ
]∣∣∣pdη

) 1
p

×
{( ∫ 1

0

∣∣∣ f ′′(ν1 + ν2 −
(1 − η

2
z1 +

1 + η

2
z2

))∣∣∣qdη

) 1
q

+

( ∫ 1

0

∣∣∣ f ′′(ν1 + ν2 −
(1 + η

2
z1 +

1 − η

2
z2

))∣∣∣qdη

) 1
q
}

≤ k(z2 − z1)
2

8kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] ∞

∑
j=0

σ(j)|w|j
kΓk(ρjk + ϑ + 2k)

( z2 − z1

2

)ρj
( ∫ 1

0

∣∣1 − η
ϑ
k +1+ρj∣∣pdη

) 1
p

×
{( ∫ 1

0

∣∣∣ f ′′(ν1 + ν2 −
(1 − η

2
z1 +

1 + η

2
z2

))∣∣∣qdη

) 1
q

+

( ∫ 1

0

∣∣∣ f ′′(ν1 + ν2 −
(1 + η

2
z1 +

1 − η

2
z2

))∣∣∣qdη

) 1
q
}

.

Using the Jensen–Mercer inequality, Theorem 1, see [21], because of the convexity of | f
′′ |q,

we have the following:∣∣∣∣ f (ν1 + ν2 − z2) + f (ν1 + ν2 − z1)

2
− 2

ϑ
k −1

k(z2 − z1)
ϑ
k kFσ

ρ,ϑ+k

[
w
(

z2−z1
2

)ρ]
×
[

ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z2)+ ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)

+
ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z1)− ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)]∣∣∣∣

≤ k(z2 − z1)
2

8kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] ∞

∑
j=0

σ(j)|w|j
kΓk(ρjk + ϑ + 2k)

( z2 − z1

2

)ρj
( ∫ 1

0

∣∣1 − η
ϑ
k +1+ρj∣∣pdη

) 1
p

×
{( ∫ 1

0

(
| f

′′
(ν1)|q + | f

′′
(ν2)|q −

(
1 − η

2
| f

′′
(z1)|q +

1 + η

2
| f

′′
(z2)|q

))
dη

) 1
q

+

( ∫ 1

0

(
| f

′′
(ν1)|q + | f

′′
(ν2)|q −

(
1 + η

2
| f

′′
(z1)|q +

1 − η

2
| f

′′
(z2)|q

))
dη

) 1
q
}

=
k(z2 − z1)

2

8kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] ∞

∑
j=0

σ(j)|w|j
kΓk(ρjk + ϑ + 2k)

( z2 − z1

2

)ρj
( ∫ 1

0

∣∣1 − η
ϑ
k +1+ρj∣∣pdη

) 1
p

×

×
[(

| f
′′
(ν1)|q + | f

′′
(ν2)|q −

3| f
′′
(z1)|q + | f

′′
(z2)|q

4

) 1
q

+

(
| f

′′
(ν1)|q + | f

′′
(ν2)|q −

| f
′′
(z1)|q + 3| f

′′
(z2)|q

4

) 1
q
]

.
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To evaluate the integral
∫ 1

0

∣∣1− η
ϑ
k +1+ρj∣∣pdη, we observe that for any A > B ≥ 0 and p ≥ 1,

we have (A − B)p ≤ Ap − Bp. Thus, it follows that∣∣1 − η
ϑ
k +1+ρj∣∣p ≤ 1 − η( ϑ

k +1+ρj)p

for all η ∈ [0, 1]. Hence, we have the following:

∫ 1

0

∣∣1 − η
ϑ
k +1+ρj∣∣pdη ≤

∫ 1

0

(
1 − η( ϑ

k +1+ρj)p
)

dη =
(ρjk + ϑ + k)p

(ρjk + ϑ + k)p + k
.

This completes the proof of Theorem 7.

Theorem 8. Assume that f : [ν1, ν2] → R is a second differentiable function on (ν1, ν2) with
ν1 < ν2, which satisfies condition (A). If the function | f

′′ |q is convex on [ν1, ν2], q ≥ 1, then the
following inequality for ψk-RFI holds:

∣∣∣∣ f (ν1 + ν2 − z2) + f (ν1 + ν2 − z1)

2
− 2

ϑ
k −1

k(z2 − z1)
ϑ
k kFσ

ρ,ϑ+k

[
w
(

z2−z1
2

)ρ]
×
[

ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z2)+ ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)

+
ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z1)− ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)]∣∣∣∣

≤ k(z2 − z1)
2

8kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] kFσ5
ρ,ϑ+3k

[
w
( z2 − z1

2

)ρ]
,

where

σ5(j) =
[(

| f
′′
(ν1)|q + | f

′′
(ν2)|q −

(ρjk + ϑ + 4k)| f
′′
(z1)|q + (3ρjk + 3ϑ + 8k)| f

′′
(z2)|q

4(ρjk + ϑ + 3k)

) 1
q

+

(
| f

′′
(ν1)|q + | f

′′
(ν2)|q −

(3ρjk + 3ϑ + 8k)| f
′′
(z1)|q + (ρjk + ϑ + 4k)| f

′′
(z2)|q

4(ρjk + ϑ + 3k)

) 1
q
]
×

× (ρjk + ϑ + k)σ(j),

for all z1, z2 ∈ [ν1, ν2], z1 < z2, ρ, ϑ
k > 0 and w ∈ R.

Proof. From Lemma 2, using the power mean inequality, we have the following:∣∣∣∣ f (ν1 + ν2 − z2) + f (ν1 + ν2 − z1)

2
− 2

ϑ
k −1

k(z2 − z1)
ϑ
k kFσ

ρ,ϑ+k

[
w
(

z2−z1
2

)ρ]
×
[

ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z2)+ ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)

+
ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z1)− ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)]∣∣∣∣

≤ k(z2 − z1)
2

8kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ]( ∫ 1

0

∣∣∣kFσ
ρ,ϑ+2k

[
w
( z2 − z1

2

)ρ]
− η

ϑ
k +1

kFσ
ρ,ϑ+2k

[
w
( z2 − z1

2

)ρ
ηρ
]∣∣∣dη

)1− 1
q

×

×
{( ∫ 1

0

{
kFσ

ρ,ϑ+2k

[
w
( z2 − z1

2

)ρ]
− η

ϑ
k +1

kFσ
ρ,ϑ+2k

[
w
( z2 − z1

2

)ρ
ηρ
]}

×
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×
∣∣∣ f ′′(ν1 + ν2 −

(1 − η

2
z1 +

1 + η

2
z2

))∣∣∣qdη

) 1
q

+

( ∫ 1

0

{
kFσ

ρ,ϑ+2k

[
w
( z2 − z1

2

)ρ]
− η

ϑ
k +1

kFσ
ρ,ϑ+2k

[
w
( z2 − z1

2

)ρ
ηρ
]}

×

×
∣∣∣ f ′′(ν1 + ν2 −

(1 + η

2
z1 +

1 − η

2
z2

))∣∣∣qdη

) 1
q
}

≤ k(z2 − z1)
2

8kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] ∞

∑
j=0

σ(j)|w|j
kΓk(ρjk + ϑ + 2k)

( z2 − z1

2

)ρj
( ∫ 1

0

(
1 − η

ϑ
k +1+ρj)dη

)1− 1
q

×
{( ∫ 1

0

(
1 − η

ϑ
k +1+ρj)∣∣∣ f ′′(ν1 + ν2 −

(1 − η

2
z1 +

1 + η

2
z2

))∣∣∣qdη

) 1
q

+

( ∫ 1

0

(
1 − η

ϑ
k +1+ρj)∣∣∣ f ′′(ν1 + ν2 −

(1 + η

2
z1 +

1 − η

2
z2

))∣∣∣qdη

) 1
q
}

.

Using the Jensen–Mercer inequality, Theorem 1, see [21], because of the convexity of | f
′′ |q,

we have the following:∣∣∣∣ f (ν1 + ν2 − z2) + f (ν1 + ν2 − z1)

2
− 2

ϑ
k −1

k(z2 − z1)
ϑ
k kFσ

ρ,ϑ+k

[
w
(

z2−z1
2

)ρ]×
×
[

ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z2)+ ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)

+
ψ
k J

σ

ρ,ϑ,ψ−1(ν1+ν2−z1)− ;w

(
f oψ

)(
ψ−1(ν1 + ν2 −

z1 + z2

2
)
)]∣∣∣∣

≤ k(z2 − z1)
2

8kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] ∞

∑
j=0

σ(j)|w|j
kΓk(ρjk + ϑ + 2k)

( z2 − z1

2

)ρj
(

ρjk + ϑ + k
ρjk + ϑ + 2k

))1− 1
q

×
{( ∫ 1

0

(
1 − η

ϑ
k +1+ρj)(| f

′′
(ν1)|q + | f

′′
(ν2)|q −

(
1 − η

2
| f

′′
(z1)|q +

1 + η

2
| f

′′
(z2)|q

))
dη

) 1
q

+

( ∫ 1

0

(
1 − η

ϑ
k +1+ρj)(| f

′′
(ν1)|q + | f

′′
(ν2)|q −

(
1 + η

2
| f

′′
(z1)|q +

1 − η

2
| f

′′
(z2)|q

))
dη

) 1
q
}

≤ k(z2 − z1)
2

8kFσ
ρ,ϑ+k

[
w
(

z2−z1
2

)ρ] ∞

∑
j=0

σ(j)|w|j
kΓk(ρjk + ϑ + 2k)

( z2 − z1

2

)ρj
(

ρjk + ϑ + k
ρjk + ϑ + 2k

)

×
[(

| f
′′
(ν1)|q + | f

′′
(ν2)|q −

(ρjk + ϑ + 4k)| f
′′
(z1)|q + (3ρjk + 3ϑ + 8k)| f

′′
(z2)|q

4(ρjk + ϑ + 3k)

) 1
q

+

(
| f

′′
(ν1)|q + | f

′′
(ν2)|q −

(3ρjk + 3ϑ + 8k)| f
′′
(z1)|q + (ρjk + ϑ + 4k)| f

′′
(z2)|q

4(ρjk + ϑ + 3k)

) 1
q
]

.

which completes the proof.

Remark 25. If we take q = 1, in Theorem 6, then Theorem 6 reduces in Theorem 8.

4. Visual Evaluation
The key findings of our study are illustrated graphically in this section, providing

significant context for understanding the theoretical outcomes. In these examples, we
consider functions similar to those in [6,8] because new results can be better analyzed
together in a further study and compared. Analogous graphical evaluations are often
presented in papers, such as in [43–47].
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Example 1. We consider the function f : [ν1, ν2] → R, f (η) = (η + a1)
5, ν1 = 1, ν2 = 4, and

z1 = 2, z2 = 3. In addition, ϕ(η) = η and σ(0) = 1, w = 0, k = 1, σ(0) = 1. It can be seen
that the hypotheses of Theorem 2, page 4, and of Remark 8, page 6, are satisfied because we consider
w = 0, k = 1; therefore, the corresponding inequality holds and is as follows:

f
(

ν1 + ν2 −
z1 + z2

2

)
≤ 2ϑ−1Γ(ϑ + 1)

(z2 − z1)ϑ

[
Iϑ
(ν1+ν2−z2)+

f
(

ν1 + ν2 −
z1 + z2

2

)
+ Iϑ

(ν1+ν2−z1)−
f
(

ν1 + ν2 −
z1 + z2

2

)]
≤ f (ν1) + f (ν2)−

f (z1) + f (z2)

2
,

and in this case, will be as follows:

f (
5
2
) ≤ 2ϑ−1Γ(ϑ + 1)[Iϑ

2+ f (
5
2
) + Iϑ

3− f (
5
2
)] ≤ f (1) + f (4)− f (2) + f (3)

2
,

or, by calculus,

(
5
2
+ a1)

5 ≤ ϑ2ϑ−1
[ ∫ 5

2

2
(

5
2
− λ)ϑ−1(λ + a1)

5dλ +
∫ 3

5
2

(λ − 5
2
)ϑ−1(λ + a1)

5dλ

]
≤ (1 + a1)

5 + (4 + a1)
5 − (2 + a1)

5 + (3 + a1)
5

2
,

which leads to the following:

(
5
2
+ a1)

5 ≤ ϑ(
5
2
+ a1)

[
5

16(ϑ + 4)
+

5( 5
2 + a1)

2

2(ϑ + 2)
+

( 5
2 + a1)

4

ϑ

]
≤ (1 + a1)

5 + (4 + a1)
5 − (2 + a1)

5 + (3 + a1)
5

2
,

In Figure 1a, three surfaces, which represent the left, middle, and right members of
the inequalities from Theorem 2, page 4, and Remark 8, page 6, are graphically illustrated
in the particular case of the previous example, when ϑ, k ∈ [1, 2]. The left member, Ms, is
the blue surface, the right member, Md, is the magenta surface, and the middle member is
the green surface. In Figure 1b, the same members of the same inequality from Figure 1a
are represented, but when ν = 1 and ϑ ∈ [1, 2]. We also use the MATLAB R2023b software
version for these figures.

(a) (b)

Figure 1. (a) The graphs of three surfaces—the surface of the left member (graph in blue), the surface of
the right member (graph in magenta), and the middle member (graph in green) of the inequality from
Remark 8 are presented for the function f (η) = (η + a1)

5, ψ(η) = η, ν1 = 1, ν2 = 4, z1 = 2, z2 = 3
and a1, ϑ ∈ [1, 2]; (b) the same three members of the same inequality from Figure 1a are represented,
but when ϑ = 1.5 and a1 ∈ [1, 2].
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Example 2. We consider the same function f : [ν1, ν2] → R, f (η) = η2 and z1 = 2, z2 = 3, like
before. In addition, ψ(η) = η and σ(0) = 1, w = 0 are also like in the previous example. It can be
seen that the hypotheses of Theorem 3 and of Theorem 3.5 from [33], see Remark 21, are satisfied;
therefore, the corresponding inequality holds in this case:

| f (ν1 + ν2 − z2) + f (ν1 + ν2 − z1)

2
− 2

α
k −1 Γk(α + k)

(z2 − z1)
α
k
[(kJ

α;ψ
(ψ−1(ν1+ν2−z2))+

) f (ν1 + ν2 −
z1 + z2

2
)

+(kJ
α;ψ
(ψ−1(ν1+ν2−z1))−

) f (ν1 + ν2 −
z1 + z2

2
)]| ≤ (z2 − z1)

2( α
k + 1)

{| f
′
(ν1)|+ | f

′
(ν2)| −

| f
′
(z1)|+ | f

′
(z2)|

2
}

The left member is as follows:

Ms = | f (2) + f (3)
2

− 2
α
k −1Γk(α + k)[(kJ

α;ψ
(ψ−1(2))+) f (5 − 5

2
) + (kJ

α;ψ
(ψ−1(3))−) f (5 − 5

2
)]|

= |13
2

− 2
α
k −1αΓk(α)[(kJ

α;ψ
2+ ) f (

5
2
) + (kJ

α;ψ
3− ) f (

5
2
)]|

= |13
2

− 2
α
k −1 α

k
[
∫ 5

2

2
(

5
2
− λ)

α
k −1λ2dλ +

∫ 3

5
2

(λ − 5
2
)

α
k −1λ2dλ]|.

By calculus, we have the following:

Ms = |13
2

− α

4
(

25
α

+
1

α + 2k
)|.

The right member is as follows:

Md =
1

2( α
k + 1)

5.

In Figure 2a, two surfaces that represent the left and right members of the inequalities
from Theorem 3 are graphically illustrated in the particular case of the previous example,
when α, k ∈ [0.01, 2.6]. The left member, Ms, is the blue surface, and the right member,
Md, is the magenta surface. In Figure 2b, the same members of the same inequality from
Figure 2a are represented, but when k = 1 and α ∈ [0.01, 6]; in Figure 2c, the blue graphic
represents the left member of the inequality from Theorem 3, and the magenta graphic
represents the right member, but when α = 5 and k ∈ [0.01, 6]. We used the MATLAB
R2023b software version for these figures.

(a) (b) (c)

Figure 2. (a) The graphs of two surfaces—the surface of the left member (graph in blue) and the
surface of the right member (graph in magenta) of the inequality from Theorem 3 are presented for
the function f (η) = η2, ψ(η) = η, ν1 = 1, ν2 = 4, z1 = 2, z2 = 3 and α, k ∈ [0.001, 2.6] from the
previous example; (b) the same members of the same inequality from Figure 2a are presented, but
when k = 1 and α ∈ [0.01, 6]; (c) the blue graphic represents the left member of the inequality from
Theorem 3, and the magenta graphic represents the right member, but when α = 5 and k ∈ [0.01, 6].
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Example 3. We consider the function f : [ν1, ν2] → R, f (η) = η2, ν1 = 1, ν2 = 6 and z1 = 2,
z2 = 4. In addition, ψ(η) = η and w = 1, σ(j) = 1, ρ = 1, ν = 2k. It can be seen that the
hypothesis of Theorem 3, page 8, is satisfied; therefore, we consider the corresponding inequality:

|
f
(

ν1 + ν2 − z2

)
+ f

(
ν1 + ν2 − z1

)
2

− 2
ν
k −1

k(z2 − z1)
ν
k kFσ

ρ,ν+k[w( z2−z1
2 )ρ]

×

× [
ψ
k J

σ
ρ,ν,ψ−1(ν1+ν2−z2)+ ;w( f oψ)(ψ−1(ν1 + ν2 −

z1 + z2

2
))

+
ψ
k J

σ
ρ,ν,ψ−1(ν1+ν2−z1)− ;w( f oψ)(ψ−1(ν1 + ν2 −

z1 + z2

2
))]|

≤
k(z2 − z1)kFσ

ρ,ν+2k[w( z2−z1
2 )ρ]

2kFσ
ρ,ν+k[w( z2−z1

2 )ρ]
[| f

′
(ν1)|+ | f

′
(ν2)| −

| f
′
(z1)|+ | f

′
(z2)|

2
].

We denote the following:

J1 =
ψ
k J

σ
ρ,ν,ψ−1(ν1+ν2−z2)+ ;w( f oψ)(ψ−1(ν1 + ν2 −

z1 + z2

2
)) =

ψ
k J

1
1,2k,3+ ;1 f (4)

=
∫ 4

3
(4 − η)kFσ

ρ,ν[(4 − η)ρ]η2dη

=
1
k

∫ 4

3
(e

4−η
k − 1)η2dη = 9e

1
k − 16 + 2k(3e

1
k − 4) + 2k2(e

1
k − 1)− 37

3k
,

and

J2 =
ψ
k J

σ
ρ,ν,ψ−1(ν1+ν2−z1)− ;w( f oψ)(ψ−1(ν1 + ν2 −

z1 + z2

2
)) =

ψ
k J

1
1,2k,5− ;1 f (4)

=
∫ 5

4
(η − 4)kFσ

ρ,ν[(η − 4)ρ] f (η)dη

=
1
k

∫ 5

4
(e

η−4
k − 1)η2dη = 25e

1
k − 16 − k(10e

1
k − 8) + 2k2(e

1
k − 1)− 61

3k
.

It was previously established that

kF 1
1,2k[4 − η] =

∞

∑
j=0

1
kΓk(jk + 2k)

(4 − η)j =
1

k(4 − η)
(e

4−η
k − 1).

Therefore, we have the following:

Ms = | f (3) + f (5)
2

− 1
2kkF 1

1,3k[1]
[
ψ
k J

1
1,2k,3+ ;1 f (4) + ψ

k J
1

1,2k,5− ;1 f (4)]|

= |17 − 1
2k

1

(e
1
k − 1 − 1

k )
1
k

[J1 + J2]| = |17 − 1

e
1
k − 1 − 1

k

[17e
1
k − 16 − 2ke

1
k + 2k2e

1
k − 2k2 − 49

3k
]|

and

Md =
2kkF 1

1,4k[1]

2kF 1
1,3k[1]

[| f
′
(1)|+ | f

′
(6)| − | f

′
(2)|+ | f

′
(4)|

2
] =

8k(e
1
k − 1 − 1

k −
1

2k2 )

e
1
k − 1 − 1

k

.

We also have that

kF 1
1,3k[1] =

∞

∑
j=0

1
kj+3Γ(j + 3)

=
1
k
(e

1
k − 1 − 1

k
).
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In Figure 3a, two surfaces, which represent the left and the right members of the inequalities
from Theorem 3, page 8, are graphically illustrated in this particular case of this example when
k ∈ [1, 3]. The left member, Ms, is the blue line, and the right member, Md, is the red line. In
Figure 3b, the same members of the same inequality from Figure 3a are represented, but when
ϑ ∈ [0.2, 3]. MATLAB R2023b software version was used for all these figures.

(a) (b)

Figure 3. (a) The graphs of the left-hand side (graph in blue) and the right-hand side (graph in
red) of the inequality from Theorem 3, page 8, are presented for the function f (η) = η2, ψ(η) = η,
ν1 = 1, ν2 = 6, z1 = 2, z2 = 4, w = 1, ρ = 1, σ(j) = 1, ν = 2k, and k ∈ [1, 3]; (b) the same two
members of the same inequality from Figure 3a are represented, but when ϑ ∈ [0.2, 3].

Example 4. We consider the function f : [ν1, ν2] → R, f (η) = η2, ν1 = l, ν2 = 6l and z1 = 2l,
z2 = 4l. In addition, ψ(η) = η and w = 1, σ(j) = 1, ρ = 1, ν = 2k, k > 0. It can be seen that
the hypothesis of Theorem 3, page 8, is fulfilled; therefore, we shall consider the following inequality:

| f (3l) + f (5l)
2

− 2
4kl2

kF 1
1,3k[l]

[
ψ
k J1,2k,3l+ ;1 f (4l) + ψ

k J1,2k,5l− ;1 f (4l)]| ≤

≤
2klkF 1

1,4k[l]

2kF 1
1,3k[l]

[| f
′
(l)|+ | f

′
(6l)| − | f

′
(2l)|+ | f

′
(4l)|

2
].

Using analogous calculus, the left member, Ms, is as follows:

Ms = |17l2 − 1

2(e
l
k − 1 − l

k )
[J1 + J2]|,

where

J1 = l2(9e
l
k − 16) + 2kl(3e

l
k − 4) + 2k2(e

l
k − 1)− 37l3

3k
and

J2 = l2(25e
l
k − 16)− 2kl(5e

l
k − 4) + 2k2(e

l
k − 1)− 61l3

3k
.

The right member, Md, will be as follows:

Md = 8kl
e

l
k − 1 − l

k −
l2

2k2

e
l
k − 1 − l

k

.

In Figure 4, the graphic displays the surface representing the left-hand side in blue and the
right-hand side in green, using the previously mentioned function and parameters. For Figure 4a, we
consider l, k ∈ [0.5, 2.7], for Figure 4b, we take l, k ∈ [5, 9], and for Figure 4c, we have l, k ∈ [5, 50].
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(a) (b) (c)

Figure 4. (a) The graphs of the left-hand side (surface in blue) and the right-hand side (surface in
green) of the inequality from Theorem 3, page 8, are presented for the function f (η) = η2, ψ(η) = η,
ν1 = l, ν2 = 6l, z1 = 2l, z2 = 4l, w = 1, ρ = 1, σ(j) = 1, ν = 2k and l, k ∈ [0.5, 2.7]; (b) the same two
members of the same inequality from Figure 4a are represented, but when l, k ∈ [5, 9]; (c) the same
two members of the same inequality from Figure 4a are represented when parameters l, k ∈ [5, 50],
but the figure is rotated.

5. Applications
Finally, we address some novel applications of our results to the modified Bessel

functions and q-digamma function.

5.1. Modified Bessel Function

Let ℑλ : R → (0, 1] be defined by the following:

ℑλ(θ) = 2λΓ(1 + λ)θ−s Iλ(θ).

For this, we retrospect the representation of modified Bessel functions, which is given, as
detailed in [48]:

ℑλ(θ) =
∞

∑
u=0

(
θ
2

)λ+2u

u!Γ(λ + u + 1)
,

The first and nth-order derivative formula’s ℑλ(θ), which are given as detailed in [49]:

ℑ′
λ(θ) =

θ

2(1 + λ)
ℑλ+1(θ),

∂nℑλ(θ)

∂θn = 2n−2λ
√

πθλ−nΓ(1 + λ)2F3

(1 + λ

2
,

2 + λ

2
;

1 + λ − n
2

,
2 + λ − n

2
, 1 + λ;

θ2

4

)
,

where 2F3(., .; ., ., .; .) is the hypergeometric function defined by the following [49]:

2F3

(1 + λ

2
,

2 + λ

2
;

1 + λ − n
2

,
2 + λ − n

2
, 1 + λ;

θ2

4

)
=

∞

∑
r=0

(
1+λ

2

)
r

(
2+λ

2

)
r
θ2r(

1+λ−n
2

)
r

(
2+λ−n

2

)
r
(1 + λ)r4rr!

.

Proposition 1. Let 0 < ν1 < ν2 and λ ≥ 1. Then, for all z1, z2 ∈ [ν1, ν2] that are real numbers,
we have the following:∣∣∣∣ (ν1 + ν2 − z2)ℑλ+1(ν1 + ν2 − z2) + (ν1 + ν2 − z1)ℑλ+1(ν1 + ν2 − z1)

4(1 + λ)

− ℑλ(ν1 + ν2 − z1)−ℑλ(ν1 + ν2 − z2)

z2 − z1

∣∣∣∣
≤ z2 − z1

22λ−1

√
πΓ(1 + λ)×
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×
[

2νλ−2
1 2F3

(1 + λ

2
,

2 + λ

2
;

λ − 1
2

,
λ

2
, 1 + λ;

ν2
1
4

)
+ 2νλ−2

2 2F3

(1 + λ

2
,

2 + λ

2
;

λ − 1
2

,
λ

2
, 1 + λ;

ν2
2
4

)
− zλ−2

1 2F3

(1 + λ

2
,

2 + λ

2
;

λ − 1
2

,
λ

2
, 1 + λ;

z2
1

4

)
− zλ−2

2 2F3

(1 + λ

2
,

2 + λ

2
;

λ − 1
2

,
λ

2
, 1 + λ;

z2
2

4

)]
.

Proof. The proof is derived directly from Theorem 3, considering f (η) = ℑ′
λ(η), ϑ = k = 1,

j = 0, ψ(η) = η and the fact that σ(0) = 1.

Proposition 2. Let 0 < ν1 < ν2 and λ ≥ 1. Then, for all z1, z2 ∈ [ν1, ν2] that are real numbers,
we have the following:∣∣∣∣ (ν1 + ν2 − z2)ℑλ+1(ν1 + ν2 − z2) + (ν1 + ν2 − z1)ℑλ+1(ν1 + ν2 − z1)

4(1 + λ)

− ℑλ(ν1 + ν2 − z1)−ℑλ(ν1 + ν2 − z2)

z2 − z1

∣∣∣∣
≤ (z2 − z1)

2

3.22λ

√
πΓ(1 + λ)

[
2νλ−3

1 2F3

(1 + λ

2
,

2 + λ

2
;

λ − 2
2

,
λ − 1

2
, 1 + λ;

ν2
1
4

)
+ 2νλ−3

2 2F3

(1 + λ

2
,

2 + λ

2
;

λ − 2
2

,
λ − 1

2
, 1 + λ;

ν2
2
4

)
− zλ−3

1 2F3

(1 + λ

2
,

2 + λ

2
;

λ − 2
2

,
λ − 1

2
, 1 + λ;

z2
1

4

)
− zλ−3

2 2F3

(1 + λ

2
,

2 + λ

2
;

λ − 2
2

,
λ − 1

2
, 1 + λ;

z2
2

4

)]
.

Proof. The proof is derived directly from Theorem 6, considering f (η) = ℑ′
λ(η), ϑ = k = 1,

j = 0, ψ(η) = η and the fact that σ(0) = 1.

Remark 26. We can obtain additional inequalities for the modified Bessel function of the first kind
by using the same approach as in Propositions 1 and 2. Here, we omit their proofs, and the details
are left to the interested reader.

5.2. q-Digamma Function

Here, we revisit the notion of the q-digamma function and its mathematical represen-
tations; assume that 0 < q < 1. The q-digamma function χq(u) (for further information,
refer to [20]) can be expressed as follows:

χq(u) = − ln (1 − q) + ln (q)
∞

∑
i=0

qi+u

1 − qi+u

= − ln (1 − q) + ln (q)
∞

∑
i=0

qiu

1 − qiu .

If q > 1 and u > 1, the q-digamma function χq(u) can be represented as follows:

χq(u) = − ln (q − 1) + ln (q)
[

u − 1
2
−

∞

∑
i=0

q−(i+u)

1 − q−(i+u)

]
= − ln (q − 1) + ln (q)

[
u − 1

2
−

∞

∑
i=0

q−iu

1 − q−iu

]
.
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The notion briefed above shows that for q > 0, the function χ
′
q(u) is completely monotonic

on the interval (0, ∞), which implies that it is a convex mapping. From these facts, we can
formulate the following important findings concerning the q-digamma function.

Proposition 3. From Theorem 2, we acquire the following:

χ
′
q

(
ν1 + ν2 −

z1 + z2

2

)
≤ 1

z2 − z1

[
χq(ν1 + ν2 − z1)− χq(ν1 + ν2 − z2)

]
≤ χ

′
q(ν1) + χ

′
q(ν2)−

χ
′
q(z1) + χ

′
q(z2)

2
.

Proof. The proof is derived directly from Theorem 2, considering f (η) = χ
′
q(η), ϑ = k = 1,

j = 0, ψ(η) = η and the fact that σ(0) = 1.

Remark 27. If we set z1 = ν1 and z2 = ν2 in Proposition 3, then Proposition 3 reduces to
inequality (19) of [35] (Example 3).

Proposition 4. From Theorem 3, we acquire the following:

∣∣∣∣χ′
q(ν1 + ν2 − z2) + χ

′
q(ν1 + ν2 − z1)

2
− 1

z2 − z1

[
χq(ν1 + ν2 − z1)− χq(ν1 + ν2 − z2)

]∣∣∣∣
≤ (z2 − z1)

[
χ
′′
q (ν1) + χ

′′
q (ν2)−

χ
′′
q (z1) + χ

′′
q (z2)

2

]
.

Proof. The proof is derived directly from Theorem 3, considering f (η) = χ
′
q(η), ϑ = k = 1,

j = 0, ψ(η) = η and the fact that σ(0) = 1.

Proposition 5. From Theorem 4, we acquire the following:

∣∣∣∣χ′
q(ν1 + ν2 − z2) + χ

′
q(ν1 + ν2 − z1)

2
− 1

z2 − z1

[
χq(ν1 + ν2 − z1)− χq(ν1 + ν2 − z2)

]∣∣∣∣
≤ (z2 − z1)

4 p
√

1 + p

[(
|χ′′

q (ν1)|q + |χ′′
q (ν2)|q −

|χ′′
q (z1)|q + 3|χ′′

q (z2)|q

4

) 1
q

+

(
|χ′′

q (ν1)|q + |χ′′
q (ν2)|q −

3|χ′′
q (z1)|q + |χ′′

q (z2)|q

4

) 1
q
]

.

Proof. The proof is derived directly from Theorem 4, considering f (η) = χ
′
q(η), ϑ = k = 1,

j = 0, ψ(η) = η and the fact that σ(0) = 1.

Proposition 6. From Theorem 5, we acquire the following:

∣∣∣∣χ′
q(ν1 + ν2 − z2) + χ

′
q(ν1 + ν2 − z1)

2
− 1

z2 − z1

[
χq(ν1 + ν2 − z1)− χq(ν1 + ν2 − z2)

]∣∣∣∣
≤ (z2 − z1)

2

[(
|χ′′

q (ν1)|q + |χ′′
q (ν2)|q −

|χ′′
q (z1)|q + 5|χ′′

q (z2)|q

6

) 1
q

+

(
|χ′′

q (ν1)|q + |χ′′
q (ν2)|q −

5|χ′′
q (z1)|q + |χ′′

q (z2)|q

6

) 1
q
]

.

Proof. The proof is derived directly from Theorem 5, considering f (η) = χ
′
q(η), ϑ = k = 1,

j = 0, ψ(η) = η and the fact that σ(0) = 1.
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Remark 28. Applying our main results, we may derive a number of attractive inequalities related to
the q-digamma function using the same method as in the relations that were previously demonstrated.
Here, we do not include their proofs.

Remark 29. New refinements of inequalities, as presented in the application section of [30] and
in Examples 1 and 3 from [35], could be provided by utilizing previous results obtained from the
modified Bessel function and q-digamma function in further research.

6. Discussions and Conclusions
Many studies have been conducted to optimize the bounds utilizing numerous frac-

tional integrals; ψk-RFI being extensively used to optimize bounds in the context of current
developments in fractional analysis. Given the significance of this subject and its broad
applications in modeling real-world phenomena, the main goal of this research is to develop
new and generalized inequalities that utilize ψk-RFIs to connect the inequality theory and
fractional analysis. Furthermore, we show how the findings, when examined in the context
of integral inequalities, advance and expand upon existing research in this field.

This work continues the study that began in [8], focusing on H-H-M-type inequalities
for ψk-RFIs. Two identities that are essential to demonstrating H-H-M inequalities for
ψk-RFIs are presented in Lemma 1 for the corresponding Theorems 3–5 for functions whose
first derivatives in the modulus are convex. Moreover, Lemma 2 is used in the proofs of
Theorems 6–8.

Our investigation concludes that the main advantage of these new H-H-M-type in-
equalities is that ψk-RFI can be particularized so as to re-obtain several types of classical
H-H-M inequalities for different fractional integrals. Examples and visual evaluations are
provided using MATLAB R2023b software to validate the results; some applications are
presented for the modified Bessel function and the q-digamma function.

These findings could inspire researchers who study fractional calculus to prove new
results for different types of convexity. As the fractional order model becomes more
significant in many domains, our inequalities extend the analytical approach that is essential
for integral operator analysis and estimation techniques.

These contributions provide more precise and accurate approaches to solving real-
world problems, making them useful for both researchers and professionals in the fields of
fractional calculus, numerical analysis, and control theory. In probability theory and statistics,
where convex functions frequently appear in the framework of probability distributions,
cumulative distribution functions, and moments of random variables, these inequalities can
be useful. As an illustration, consider the statistical properties of random variables.

We suggest that potential readers approach this article to obtain additional results by
utilizing different fractional integrals and various types of convexity. Numerous applica-
tions can be developed for the new inequalities, including linear combinations of means,
matrices, composite quadrature formulas, modified Bessel functions of the second kind,
and novel parametric iterative schemes with a specific order of convergence. In addition,
future studies could provide some iterative schemes using physical examples.
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