: fractal and fractional

b

Article

New Perspectives of Hermite-Hadamard-Mercer-Type
Inequalities Associated with t;-Raina’s Fractional Integrals
for Differentiable Convex Functions

Talib Hussain 1©, Loredana Ciurdariu **

check for
updates
Academic Editors: Seth Kermausuor

and Eze Nwaeze

Received: 11 February 2025
Revised: 22 March 2025
Accepted: 24 March 2025
Published: 26 March 2025

Citation: Hussain, T.; Ciurdariu, L.;
Grecu, E. New Perspectives of
Hermite-Hadamard-Mercer-Type
Inequalities Associated with
r-Raina’s Fractional Integrals for
Differentiable Convex Functions.
Fractal Fract. 2025, 9, 203.
https://doi.org/10.3390/
fractalfract9040203

Copyright: © 2025 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license

(https:/ /creativecommons.org/
licenses /by /4.0/).

and Eugenia Grecu 3*

Department of Mathematics and Statistics, University of Agriculture Faisalabad, Faisalabad 38000, Pakistan;
talibuaf2915@gmail.com

Department of Mathematics, Politehnica University of Timisoara, 300006 Timisoara, Romania

Department of Management, Politehnica University of Timisoara, 300006 Timisoara, Romania
Correspondence: loredana.ciurdariu@upt.ro (L.C.); eugenia.grecu@upt.ro (E.G.)

Abstract: Starting from f;-Raina’s fractional integrals (1x-RFIs), the study obtains a new
generalization of the Hermite-Hadamard-Mercer (H-H-M) inequality. Several trapezoid-
type inequalities are constructed for functions whose derivatives of orders 1 and 2, in abso-
lute value, are convex and involve {,-RFIs. The results of the research are refinements of
the Hermite-Hadamard (H-H) and H-H-M-type inequalities. For several types of fractional
integrals—Riemann-Liouville (R-L), k-Riemann-Liouville (k-R-L), y-Riemann-Liouville
(p-R-L), Pp-Riemann-Liouville (4-R-L), Raina’s, k-Raina’s, and ¢-Raina’s fractional in-
tegrals (-RFIs)—new inequalities of H-H and H-H-M-type are established, respectively.
This article presents special cases of the main results and provides numerous examples
with graphical illustrations to confirm the validity of the results. This study shows the
efficiency of the findings with a couple of applications, taking into account the modified
Bessel function and the g-digamma function.

Keywords: i;-Raina’s fractional integrals; Hermite-Hadamard-Mercer inequality; Jensen—
Mercer inequality; convex function; Bessel function; g-digamma function

MSC: 26D15; 26D20; 26 A33; 26 A51

1. Introduction

The behavior of a function over an interval can be ascertained with the help of in-
equalities. Inequalities are useful for determining the maximum and minimum values of
the function. Integral inequalities constitute a broad and active area of research within
mathematical analysis. They have been applied to the study of ordinary differential equa-
tions, partial differential equations, and integral equations (see [1-3]). They have been used
specifically in the study of fractional differential equations; fractional integral inequali-
ties have been essential in determining the uniqueness of solutions for specific fractional
differential equations and in giving bounds to solve certain fractional boundary value
problems (see [4-6]). Integral inequalities on several types of convex functions are useful in
numerous areas of mathematics, including fractional calculus, discrete fractional calculus,
and mathematical analysis (see references [7-9]).

The branch of mathematical analysis known as fractional calculus deals with integrals
and derivatives taken to fractional orders, which are orders other than natural numbers
or integers. Fractional calculus is well-known among researchers due to its behavior and
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applications, not only in the area of mathematical science but also in a variety of scientific
domains, including physics [10], nanotechnology [11], epidemiology [12], bioengineer-
ing [13], and control systems [14]. A wide range of fractional integral inequalities has been
established by scholars utilizing fractional calculus due to its significance in approximation
theory. Researchers have discovered new fractional operators and used them to solve a
variety of real-world problems based on their fundamental properties.

Let0 < x1 <xp <..<xy,andletd = (01,6, ..., 0,) be nonnegative weights such that
Z;’:le = 1. The Jensen inequality [15] states that if f is a convex function on the interval
[v1,12]; then we have the following:

f(Z}“_lejxj> < Z?:lejf(xj)/

where for all x; € [vy,v2] and 6; € [0,1], (j = 1,n). In particular, if n =2 and 61 = 6, = %,
we obtain Equation (1) from [16]:

f(xl erxz> < f(x1) ﬂsz(xz)

For a convex function f : I € R — Ron I withvj,1, € I and v; < v, the Hermite—
Hadamard (H-H) inequality states the following: [17]:

f(vl +1/2) < 1 /sz(x)dx < flnn) —|—f(1/2). 1)

2 T v Iy 2

The H-H integral inequality (1) is one of the most famous and commonly used in-
equalities. This inequality was published by Hermite ([18]) in 1883 and, independently, by
Hadamard in 1893 ([17]).

Applications to special means of real numbers and trapezoidal formulas can be found
in [19,20], and properties of g-gamma and g-beta functions are analyzed.

Theorem 1 (See [21]). Iffis a convex function on I = [v1, V5], then the Jensen—Mercer inequality
states the following:

Fvr 42— Z10%;) < f(v) + f(v2) = B0, (xy),

for each x;j € [v1,v2] and 0; € [0,1], (j = 1,n) with 0 =1

Following the necessary convex function inequalities mentioned above, we will pro-
vide the definitions that will be used in this article.

Definition 1 ([22]). Let f € L[vq,vy]|. The left-sided and right-sided R-L fractional integrals
‘719,1/1* (f)(x) and j&,v,; (f)(x) of order & > 0 with v; > 0 can be defined, respectively, by the
following:

Toy () (x) = 1"(119) /Vx(x — ) (n)dy, x>,

1

and

Ty ()00 = g5 [ =" fonyan, v <,

’

here, T is a Euler Gamma function and defined as follows: T (0) = fooo e y?ldy.
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Definition 2 ([23]). Diaz and Parigun defined the k-gamma function T'y(.) as a generalization of
the classical Gamma function, which is given by the following formula:

nik" (nk) k1

rk(]/) = limy e (y) B

k
k > 0. It is known that the Mellin transform of the exponential function e~ F is the k-Gamma
function, clearly given by the following:

© a—1
Fk(oz):/o e” Ft*TdL

It is obvious that Ty (y + k) = yTy(y), T(y) = limy_1Ti(y) and Ty (y) = ki 'T(¥)".
Definition 3 ([6,24]). Let f € L{vy,v2]. The left-sided and right-sided k-RL fractional integrals
T B (f)(x) and . J oy (f)(x) of order % > 0 with vy > 0 can be defined, respectively, by the
following:

T ()0 = g [ =mE i, v >,
and
T oy (f)(x) = krkl(lg) /xvz(’? — )k L)y, x <1,

k
here, Ty is a k-gamma function and defined as Ti(8) = [~ 1719_16117 dan.
A new class of functions was introduced by Raina in [25,26], defined by the following:
- oG)
T0(0) = L
P ,; T(pj+8)
p, ¥ > 0; |x| < R where o(j) is a bounded sequence of positive real numbers, T is the
classical Gamma function of Euler, and R is the set of real numbers.

Definition 4 ([25,27]). The left-sided and right-sided Raina’s fractional integrals (RFIs) are,
respectively, defined as follows:

oot (%) = /:Of — ) T Fglw(x =PI f()dn, (x>0 >0),
and
o oD@ = [0 =) ol — 2 fdy, (0 <x <va),

%, p >0, w € Rand f(y) is such that the integral exists. In addition, it is known that
jp%,vﬁ,-w (f)(x) and p%,vZ*;w (f)(x) are bounded integral operators on L(vy,v7) if

M = Fgq[w(va —v1)P] < oo

In fact, for f € L(vy,12), we have the following:

17 onsofl, = M= s]] ([t ], < Mez =]l

’
1
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Y 7o

k p,l9,1/1+ ;W

Y 7o
k< o,0,vy ;w

where

f(’?)‘pdﬂ)%-

Iell,= (L

On the basis of the k-gamma function, Tunc et al. [28] introduced a new class of
functions (k-Raina’s function), defined as follows:

oy ) .
kFpe(x) —];) ok 10" (0,9 > 0; |x| < R).

Definition 5 ([26,28]). Let f € L[vy, v2] and ¢ : [v,v2] — RT be an increasing and positively
monotone function on (v1, v with a continuous derivative g (x) on (v1,v2). Then, for k > 0, the

left- and right-sided \y-Raina’s fractional integrals (RFIs) of f with respect to  on [v1,v;] are
defined, respectively, as follows:

!

(N6 = [ @) = w) g lo(p(x) — 9y 0F ), (x> )

1

and

!’

(A6 = [ @) =) T plwp(n) = 9V 19 () f iy, (x <)

where p, ¢ > 0and w € R.

Remark 1. From Definition 5, one can observe the following:

e Ifo=k=1000) =1 w=0and ¢(y) = 1, then the P,-RFIs reduce to the classical
Riemann—Liouville (R-L) integrals.

e Ifk=1,0(0) =1, w = 0and (n) = 1, then Definition 5 reduces to Definition 1.

e Ifo(0) =1, w=0and ¢(y) = 1, then Definition 5 reduces to Definition 3.

e Ify(y) = nand k = 1, then Definition 5 reduces to Definition 4.

Many publications have been using new fractional operators to deal with integral
inequalities, such as the Simpson inequality, Ostrowski inequality, Jensen—-Mercer inequality,
H-H, and H-H-M inequality; see [23,29-36].

Motivated by the work from [26] and using [8,28], our aim was to study what would
become the generalized H-H-M inequality using 1x-RFIs.

Furthermore, as the Hermite-Hadamard-Mercer inequality is a powerful tool with
wide applications in mathematical analysis and optimization, it can be applied in fields
such as numerical and computational analyses. The established results help researchers
assess the accuracy of numerical approximations of integrals.

The accuracy and performance of optimization algorithms, mainly those that depend
on convexity assumptions, can be made more accurate and efficient by using established
inequalities. By offering better bounds and estimations, these results can help in operations
research to solve resource allocation problems more effectively. A new study of such in-
equalities can be done in interval-valued analysis, which is a powerful tool for investigation
and analysis of the behavior of convex functions and optimization problems.

The results can be used to derive inequalities related to optimization problems in
economics and finance. Convex functions appear in financial models to represent utility
functions, production functions, cost functions, and resource allocation. The inequalities
can be helpful in the fields of probability theory and statistics, where the convex functions
often arise in the frame of probability distributions, cumulative distribution functions, and
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also moments of random variables. For example, when we analyze the statistical properties
of random variables.

Convex optimization and newly developed inequalities that are linked with integral
can also play a fundamental role in machine learning and optimization algorithms. The
established inequalities can help in understanding the properties of objective functions and
constraints in convex optimization problems. The established inequalities can be helpful to
physicists and engineers who work with fractional-order models, specifically in the fields
of signal processing and control systems. Our results (Theorem 2, Remark 9, and inequality
(2)) can improve some applications obtained in [35] (pages 8-11) in Examples 1, 2, and 3 for
modified Bessel functions and g-digamma functions. In addition, many applications can be
obtained for special means of real numbers [37]. For the applicability of our results, see Remarks
27 and 29, where some inequalities from [35] (Examples 1 and 3) and [19] are regained.

The modified Bessel functions play an important role in the Casimir theory of dielectric
balls; see [35,38-40]. The applicability of the improved inequalities within this theory can
also be explored as well. Also, as in [41], Example 4.2 deals with the second kind of
modified Bessel functions, and Example 4.3 on page 12 addresses g-digamma functions,
where new similar refinements can be studied. Our results can be studied in the context of
Example 4.4 from [41], page 13, by using the Sabaheh approach.

This paper is structured as follows: Section 1 provides a brief overview of the fun-
damental notions and definitions of fractional calculus involved here. In Section 2, we
established a new theorem of inequalities of the H-H-M-type for the {,-RFI, Theorem 2,
which is a generalization of some existing work; see Remarks 2-9. In Section 3, two iden-
tities are established that play an essential role in the results of this article. Lemma 1
and the corresponding H-H-M-type inequalities for 1-RFIs, Theorem 3-5, are for func-
tions whose first derivatives in the modulus are convex. The key Lemma 2 was used in
demonstrations of the H-H-M-type inequalities, but this time for functions whose second
derivatives in absolute value are convex in Theorems 6-8. Many consequences arise from
these theorems. The main advantage of these new H-H-M-type inequalities is that the
-RFls can be particularized to re-obtain several types of classical H-H-M inequalities for
different fractional integrals, such as R-L fractional integrals, k-R-L fractional integrals,
y-R-L fractional integrals, and 1p-R-L k-fractional integrals. In order to validate the results,
Section 4 focuses on examples and visual evaluations using the MATLAB R2023b software.
The functions chosen in the examples have the advantage of allowing us to analyze in detail
and compare the results obtained with our previous findings from [6,8]. In Section 5, some
applications are presented for the modified Bessel function and g-digamma function. The
positive aspect of these special functions selected for the propositions is that they enable us
to compare the developed results with other existing similar inequalities from [30,35]. In
the last section, the discussions and conclusions are formulated.

2. Inequalities of the H-H-M-Type for {,-Raina’s Fractional Integrals

In this section, we develop a new theorem of inequalities of the H-H-M-type for
,—RFI, which involves the generalization of existing work.

Throughout the paper, we need the following assumption: (A): Let 0 < v; < 1y,
f : [v1,v2] = R be a positive function and f € L;[vy, 1»]. Also, suppose that f is a convex
function on [v1, v2], and ¢(.) is an increasing and positively monotone function on [vy, v2],
with a continuous derivative ¢ on (v1,17).

Theorem 2. Assume that f : [v1,v2] — R is a function with vy < vy and f € Li[vy,v2]. If f
is a convex function on [v1, vp], which satisfies condition (A), then the following inequalities for
Y-RFIs hold:
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z1+z
f+e- =57
4
2F 1 ¥ 1 Z1+ 2p
= : T b sz (F00) (97101 02 = 252) @)
k(zz_Zl)kk]:g,ﬁ+k[w(22221> } B 2
z1 + 2o z1) + f(22
lpjpﬁ#’ Y 4vp—21) 5w (f l[J) ( (Vl T2 17))} = f(l/1) +f(v2) - w/
forall z1,zp € [v1,v2],21 < 2, p,% >0andw € R.
Proof. From the convexity of f, we have the following;:
+ Vi+Vva—11+ v+ —
f(yl+v2_’712712):f(1 2 7712 11+ 772) o

—_

<Slf(vi+va—m)+ fvi +v2 —m2)],

N

for all 71,12 € [11, 1/2} To prove the first inequality of (2), by writing 7 = H” z1+ 177] 2
1-

and 1, = 'z + 2, for 21, 25 € [v1,v5] and 5 € [0,1] in inequality (3), we obtam the
following:
z1+2z
2f<1/1 TR > 2)

(4)

—"x)]

And then multiplying both sides of (4) by 7 4 L F 2,19 { (M) /i } and then integrating

< [r(oron= (515 0)) (- (152

the resulting inequality with respect to ;7 over [0,1], we have the following:

2 P[0 (277 1 (n 0= 22)

< [ (22 o= (e )

L () (s (e )
2t ptrea) ¥ TG [0 (9 — (1 v - 252))]

"t (w() = (1 2 = 252))

N /wlwvﬂm ¥ o w1 +12 - 252) - y(o))']

1y +1p—z 1-4
P (v +r2—22) ((1/1—5-1/2—#)—1,0(0)) F

(foy) (u)du

_ 214z _¢
(Zz—Zl) P 1(V1+V2* 12 2) 1 k

(fo¢><v>dv]

e

= 2 v 77 -1 z1+ 22
B m [k jPzﬁﬂIJ’](vﬁ-vz—zz)*;w (ng[J) (4’ (Vl + vy — T))

0,8 (v +1p—21) 5w (fm,l])( (V1+V2—21;ZZ))]

And so, we have the following;:

+vg0
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f(U1 + 1y —

z1 + 22

)

4
251

+r7

Kz — 2 PG [ (352)]

o

7ty (o) (9702 = 255

00~ (v1+vy—21) 0 (fOl,b) (’7071(1/1 + vy — A ;— %2 ))} )

The first inequality of (2) is proved. For the proof of the second inequality of (2), by using
the Jensen—Mercer inequality, we obtain the following:

1+ 1- 1+ 1-—
flr+v— (Sra+ —Tn)) < fo)+f(n) - |5 f () + — L f(22)],
and
1-— 1+ 1- 1+
= (Flz+ ) < fon) + f(v2) = [ f () + —Lf(z2)]-
By adding these inequalities, we have the following:

o= (S 50 (o (2 )

<2[f(n) + f(v2)] = [f (z1) + f(z2)].

(5)

Multiplying both sides of (5) by 1 F-LF 0.9 {w ( 24 )Piyp } and then integrating the result-

ing inequality with respect to 17 over [v1, 1], we obtain the second inequality of (2). O

Remark 2. Under the assumption of Theorem 2 with 8 =k =1,0(0) =1, w = 0,21 = 13,
zp = vy and (1) = 1, Theorem 2 reduces to inequality (1).

Remark 3. Under the assumption of Theorem 2 with k = 1, 0(0) = 1, and w = 0, Theorem 2
reduces to [30] Theorem 4.

Remark 4. Under the assumption of Theorem 2 with® =k =1,0(0) =1, w =0and ¢(n) =1,
we have the following inequalities:

o 52 2 L [ e - 1)

which was proved by Kian and Moslehian in [32] Theorem 2.1.

Remark 5. Under the assumption of Theorem 2 withk =1,0(0) =1, w = 0, and () = 1,
Theorem 2 reduces to [31] Theorem 2.

Remark 6. Under the assumption of Theorem 2 with 0(0) = 1, and w = 0, Theorem 2 reduces to
[33] Theorem 2.3.

Remark 7. Under the assumption of Theorem 2 with 0(0) = 1, w = 0 and ¢(n) = n, Theorem 2
reduces to [33] Corollary 3.

Remark 8. Under the assumption of theorem 2 withk =1,0(0) =1, w = 0and (1) = 1, we
have the following inequalities:
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f(V1+1/2* arz +Zz)

2
27O +1) Z1+ 2 z1+22
< W [jﬂ,(v1+vzzz)+f(1/1 + vy — 7 ) + ‘719/(1/1+V2*Z1)_f(1/1 + vy — 2>:|
_l’_
< flw) + fl) - [EVESR)

which was proved by Abdeljawad et al. in [23] Theorem 2.1.

Remark 9. Under the assumption of Theorem 2 withk =1,0(0) =1, w =0,z1 =v1,z0 =1
and (1) = 1, we have the following inequalities:

pgn) < 2T g, () 4 g ()] < L L),

which was proved by Mohammed and Brevik in [35], Proposition 1.

3. Related Results of the H-H-M-Type Inequalities for {;-Raina’s
Fractional Integrals

Starting from [26], several H-H-M-type inequalities for y,-RFIs will be presented in
this section. Our next results can be obtained by using the Lemma that follows, which is
connected to the left inequality of (1).

Lemma 1. Lef f : [v1,12] — R be a differentiable mapping on (v1,vz), with vy < v, 8 > 0. If
f/ € L[vy,vy|, which satisfies condition (A), then the following identity for y-RFI holds:

futw-—z)+fnt+wn—=z) 501
? k(zo —z1) kf'pﬂ+k|:w(22 zl) }

8 [¢j20¢71(v1+v2—22 . (fm/;) ( O —— + @) ))

T o tnza) 0 (fo¢)( m 21+zz } .

= 4kfg’ﬂ+12[;g;zm)p} /0 Wk}-z,lsurk {w(zzg 1)P,7p] [f (V1 b, — (142—;721 N 1;,722>)

P (S )

forall z1,25 € [, 2], p, § > 0, w € Rand 17 € [0,1].

Proof. We denote by [; and I the following integrals:

b= [t w(E) ]S (n+ e (e )

and

e [ o (2] (e (5 T4 i

Integrating by parts and then changing the variables, we successively obtain the following:
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h- ;ii [w«z;“)%ﬂ]f(ww— (e 4 150,

Ck(zp—z1) / 177_1 Fos (22 ) np}f(ul T2 (HTﬂzl + 1_Tnzz))dn

T

ot /uil?m:w-jiz ¥ @ FG s [w(p() — (12 - Zléjﬂ)p} fou)

Ko =2 (g — - 232))
S W C= P
9
B k(zzz—k:)ﬂk jpl“lf v +vo—z1) 5w (fm,b) (¢_1(1/1 T2 #U
and, thus,
e el (252

ko _Zl)gﬂkjp,ﬂ,wl(vlm—zl)ww (rov) (7 01 +2 = =57)).

Analogously, we have the following:

2 Zyp —Z1\F
L= _Ek]:zré‘-s-k [W(T) }f(vl + 1y —2))
2
- z1+ 22
T g e F00) (2 3),

Then, subtracting I, from [; and multiplying both sides of the identity with

22721
P77
STy ok {w<22;21> }
Remark 10. Under the assumption of Lemma 1 with k = 1, 0(0) = 1, and w = 0, Lemma 1
reduces to [30], Lemma 2.

we obtain the desired identity. O

Remark 11. Under the assumption of Lemma 1 with 0(0) = 1, and w = 0, Lemma 1 reduces
to [33], Lemma 3.3.

Remark 12. Under the assumption of Lemma 1 with 0(0) = 1, w = 0 and (1) = 1, Lemma 1
reduces to [33] Corollary 6.

Remark 13. Under the assumption of Lemma 1 withk = 1,0(0) =1, w = 0and () = 1,
Lemma 1 reduces to [31], Lemma 1.

Remark 14. Under the assumption of Lemma 1 withk = 1,0(0) =1, w = 0, and () = 1,
Lemma 1 reduces to [31], Lemma 1.

Remark 15. Under the assumption of Lemma 1 with® =k =1,0(0) =1, w = 0,and () =
Lemma 1 reduces to [31] Corollary 1.
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Remark 16. Under the assumption of Lemma 1 with ¢ =k =1,0(0) =1, w = 0,z1 = 14,
2o = vy and Y(y) = n, Lemma 1 reduces to [34], Lemma 2.1.

Theorem 3. Assume that f : [v1,12] — R is a differentiable function on (v1,vp) with v; < vy. If
|f'| is convex on [v1,v2], which satisfies condition (A), then the following inequality for ;-RFI holds:

‘f(V1+V2_ZZ)+f(V1+V2—Zl)_ 2f -1
2 K(z2 = 21) kPG 5 [w<@)p}
ST D [ CR e )
oyt (08) (87 0 b2 = B ’
ke = 2P [o(27)']
2% F5 g [w(252)'] {

forall zy,zp € [v1,v2], 21 < 22, p,% >0,and w € R.

f ()| + If' (v

4

(1) — |f'(z1)] ; If’(Zz)I]

Proof. Using Lemma 1 and the properties of the modulus, we find the following;:

’f(V1+V2—Zz)+f(V1 +1rp—z1) 281
2 s 0\
k(Zz—Zl)kk}-g,ngrk[w(%) }

Z1 + 22

x Llfj;ﬁrl/f’l(vﬁvz—zz)*;w (fOI'[)) (l’b_l (vi+vo— 2 ))
lijlW vy +va—z1) 5w (fot,b)( (V1+V2_ 21_522))”

2 — 21

< o7 <

4T o4k {w(zZ;a) }
T e | O G e |
[ rhFpe[w(Z52) W)l (- (e 13’722))}””7}
_ Zy — 21
“arpafn(z2)]

o i Zy — 2z LT
(B (52 [0 (e (5250
el (52 [ o (% )

Using the Jensen—Mercer inequality, Theorem 1, see [21], due to the convexity of |f'|, we

have the following:

’f(v1+v222)+f(1/1+1/221)_ 2%71
2 _ P
2 k(zzizl)kkf‘g/l?«kk {W(Zzzzl) :|

% Llfj;ﬂ,llfl(w-wz—m)*?w (fmp) <¢71(V1 i #D

+ jPﬂlP vy +va—z1) 5w (fOIP) (1[7_1(1/1 T2 . ;ZZ))} ‘ =
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2— 4 S a(j) ( ( 2fz1)p)1
< 4k-7:g,19+k [w(ngzl )P} = kT (ojk 4+ 0 + k) 2
< (e 41701 [ nfveian = (17 Gl + 17 @) [ atoian]

_ k(zz — z1) o 22 —21\P1 || o , G+ ()]
R 2kfg,l9+kiw(;zzzl>p} k}—wﬂk[w( = 1) H'f (v +1f (v2)] B }

which completes the proof. [

Remark 17. Under the assumption of Theorem 3 withk = 1, 0(0) = 1, and w = 0, Theorem 3
reduces to [30] Theorem 7.

Remark 18. Under the assumption of Theorem 3 withk =1,0(0) =1, w =0,and ¢(y) = 1,
Theorem 3 reduces to [31] Theorem 4.

Remark 19. Under the assumption of Theorem 3 with @ = k = 1, 0(0) = 1, w = 0, and
(1) = n, Theorem 3 reduces to [31] Corollary 2.

Remark 20. Under the assumption of Theorem 3 with® =k =1,0(0) =1, w = 0,21 = 1y,
zp = vy and Y(y) = n, Theorem 3 reduces to [19] Theorem 2.2.

Remark 21. Under the assumption of Theorem 3 with 0(0) = 1, and w = 0 then Theorem 3
reduces to [33] Theorem 3.5.

Remark 22. Under the assumption of Theorem 3 with o(0) = 1, w = 0 and () = 1y, Theorem 3
reduces to [33] Corollary 8.

Theorem 4. Assume that f : [v1,12] — R is a differentiable function on (vy,vy) such that
f € Llvy, vy, with vi < vy. If the function |f'|7 is convex on [v1,v5], when q > 1, which satisfies
condition (A), the Yy-RFI inequality holds:

'f(V1+V2—Zz)+f(v1+V2—zl)_ 2i-1
i ka2 — =) B o w(222)']
X |:;CPJZ/I9/¢_1(V1+V27ZZ)+;W (fOl/)) (lp—l (v +vp — Z1 ;zz))
L/}jpﬁl/} Y +1p—z1)"w (f0¢)< (Vl +v— 1;22)):”

(22— 21) o f @17 +3|f ()| ¥
= 4k}.g/l9+:[w(;221)ﬁ} K z9+k[ K )]+ |f (12)]7 — ! 1 2 )
+wanW+vhmw3M@””j““@W)ﬂ,

where

. ) k v
) =0 GrreE)

forall z1,zp € [v1,v2], 21 < 2, % +% = 1,p,% >0andw € R.
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Proof. From Lemma 1, using the Holder’s inequality, see [42], we have the following;:

’f(V1+U2—Zz)+f(V1+V2—Zl) 2%
2 Z—21
k(22—21 k]-'p19+k[w( ) }

x [Z]jzﬂﬂl}*l(vl +v2—22) ;W (fOlP) ( oz - = + Zz )

e~ (412 —21) w (fot/])( (V1+V Zl+zz >H

e )P} (/01 (ﬂgkfz,w {w(zz 2zl)pﬂp}>pd’7);

4T 6+k[ (Zz -
fovwﬁw—G;" 1) ')
+( 01 /<1/1+vz—(1;’7 ‘qd >q}
— ZZ—Zl_ ) }Zkrk p]k+l9+k ( (22—21 )7</01,7(Z+pj>pd;7>

4T 04k [w (Zz 7

ALV o (2 252)) )
1

(1 (- (0 ) fan) )

Using the Jensen—-Mercer inequality, Theorem 1, see [21], because of the convexity of |f'|7,

+v70

==

we have the following;:

‘f(V1+V2_ZZ)+f(V1+V2—Zl)_ 281
? k(Zz—Zl)%k.Fg,ﬂ+k {w(zzgzl)p]
X [ltsz,ﬂ,lpfl(vﬁrvzfzz)*;w (fozp) (lp_l(Vl + Uy — Z1 -;22 ))
+ llsz,ﬁ,lpfl(mwz_zl)qw (fOlP) (1/7_1(1/1 + vy — leﬁ))} ‘
1

_ o , ) o | 7
) 4kf5,ﬁ+iz[w(z;ﬂ)p} Jg) krk(P]'(’:(J]r)ﬂJrk) (w(zz 2 Zl)p)]</0 77(2“])’”0117) ’
1

(L (1 oo e = (507 el + R ) Yan)

" (/01 (|f/(V1)|q +f (w7 - (1?7|f/(zl)q I 12’7|f/(22)|q>>d17> 7 }

Zp —z d a(j) 2o — z1\P\/ k P
= 4k]:5/19+k2[w(;221)p} Jg) kT (pjk + 0 + k) (w( : 2 1> ) <(Pfk+‘9)?’+k>

x Klf'(vl)m I ()1 — LI z3|f (22)|q>q

- <|f/(1/1)|q +[f (v)|7 — 31f (Zl)’qz- |f (Zz)|q>q:|
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_ (z2 —21)

o ) / ! |f (20)]7 4 3|f (z2)]7 i
= 4k]:‘g,19+k |:w(22£zl>P} K l9+k|: (%) } |:(|f (yl)|‘7 + |f (1/2)|‘7 _ 1 . ) )

+ (|f/(1/1)|'7 +1f (n)] - 3If (Zl)|q4+ f (z2)|¢7) q:|,

which completes the proof. [

Theorem 5. Assume that f : [v1,v2] — R is a differentiable function on (vq,v) with v; < vs.

If the function | f' |1 is convex on [v1,v3], g > 1, which satisfies condition (A), then the following
inequality for P-RFI holds:

’f(vl +1/2—Zz)—|-f(1/1 +1/2—Z1) _ 2%71
9 _ P
2 k(z2 = 21) ¥k F g gk {w(Qz“) }

< asia-mas (fo0) (07 012 = 555

+ jpl?l[] (v 4vp—21) (f"l/J) (1/7_1(1/1 trp— 2 42_22))} ‘
k(zo —21) — 21 \P
= 4k‘7:zfz9+:iw(2221>p} ]:p%ﬂk{ (%) }’

where

o2(f) = o(j) K|f’(v1)|q FIF ()] — k|f (z1)|7 Jrz((pzfzzlj:ng;{;k)f (z2)|ﬂ) i

o (1 ol 17 e — G2 LI ) M7 ol )

2(pjk + O + 2k)

forall zy,zp € [v1,v2], 21 < 22, p, >0andw € R.

Proof. From Lemma 1, using the power mean inequality, we have the following:
)
‘f(Vl +V2*22)+f(1/1 Jr1/2*21) B 2% 1
2 8 —z\P
k(ZZ - Zl) kkfg,l?+k |:w<22221 ) :|

x {’lszﬂ P+ —zp) Fw (fOIIJ) (11)*1 (v 4wz = = —; = )>

t/szw T (fmp)( (v1+1/221+zz)>H

2

2 — 21

1y —Z7\P
kel (252 o)

1

AL o222 (v (e 5 ) )

2

e ([t ]l (v (1 ”%))rdnf}

2 — 7 o(f) ( Zz - Zl (/ & tpj
—7 - w nkPldy
4k}—g,19+k {w(zzzzl) } =0 kT (pjk + 0 + k)
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1

><{(./()'11724-9]"]/(1/1_'_1/2_(1;;7 121722))"1‘117){1
([l (e (s ) fan)

Using the Jensen-Mercer inequality, Theorem 1, see [21], because of the convexity of |f’|,

we have the following;:

‘f(Vl‘f‘Vz—Zz)-l—f(Vl-i—l/z—Zl) 281
_ P
2 k(zz_Zl)%k]:g,wrk[w(zzzm) }
[ _ z1+ 27
X [k jP O (v +1n—22) Fw (fol/)> (¢ RURRCE 5 ))

1T s (Fo8) (57201 12 = 222

1-1

[e9)

2= U(]) Zo — 21\ P\J 1o
- 4kf3,19+:[w(;2zl)p} Jg KTy (pjk + 0+ k) (w( = 1) ) (/O 77’<+p]d17)

At (1 w1 - (S o S ) Jan)
+ (/0117}?+P]'<|f,(1/1)|‘7+ 1 (v2) |7 — <1J;7|f’(zl)|q+ 1;’7|f,(22)|‘7>>d;7>;}

—z - ' 2 —z ' -4
) 4kfz,@+:[W(;z“)”] Serarn (02 (Gevere)

k : : KIF (20)1 + (2pjk +26 +3K)[f (z2)|7) 7
X (p]k+l9+k> [(|f ()T +|f (12)|7 — ! 2(pjk 1 8+ 2K) )

, , (20jk +26 + 3K)|f (z0)|7 + kIf (z2)|7\ 7
= (17 Gl + 17 Gl - oot )

k(zp —z > o(j 2y —Z ‘
- = 1)_ P gkrk(pjkgr])wrzk)(w( > 1)(3)]

4Fpon[w(25)']
, ooy KLF 17+ (Gpjk+ 28+ 30)|F ()|
| (1 o417 oy - BLEES T2 S )T )

- (f,(Vl)H 1 )l - B2 Zﬁ;(sjl'ck)t{zgzi);c; + (Zzw) "}

which completes the proof. [

Remark 23. If we set q = 1 in Theorem 5, then Theorem 5 reduces to Theorem 3.

Lemma 2. Let f : [v1,12] — R be a second differentiable mapping on (v1,12), with v1 < va,
9> 0.1f f' € L{vy, vy, which satisfies condition (A), then the following identity for py REI holds:

f(l/1 + vy — Zz) +f(1/1 + vy — Zl) _ 2%71
0
2 k(zz —z1)k k]:pwk[w(zzzzl) }

% [lpjgﬁlli’l(ervzfzz)ﬂw (fm/)) (llf (1n+v2—
+ jPﬁlP T +vp—z1) 5w (fOl/J) (4]_1(1/1 + 1y _a + 22 )}
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Kz —2)? ! - : -
vy D G A P e L) S

X {f”(v1+1/27 (1;;721+ 1—'2—1722)) +f,,(1/1 + vy — (1—;1721+ 1;1722>)}d77,

forall zy,zp € [11,v2], p,% >0,we Randy € [0,1].
Proof. We denote by L; and L, the following integrals:

e [ e (B2 (252

F (e (e F ) o

and

L :/01 {k]‘"g,wzk [w(%)q B ,7%+1kfg/0+2k [w(zz ;m)pﬂp] } y
xf//(v1—|—1/2_ (#Zl 1;’722))1177'

Integrating by parts, we successively obtain the following:
2 Zy — 27 Zy — 21\P
b z&ﬂw%[< ot ale(372) ]
X f, (1/1 + vy — (

e /wfpw[( ]S (e (e )

b P %)

-
1)),

_k(ziz 2 /;7 k]:pz9+k[ (22221) Up]f <yl+v2_(1;’721+142r’722>)d;7.

By a similar argument, we obtain the following:
= Rl (37 ] Wl (23 ]}
Xf”(ww (s ta))),

+7k(zz ) /17 kfpﬂ+k{ (22221) Up}f(ul—;—vz_(142-’7214_1;’722))6177

2

b G e 252)

+7k(22 ) /17 k}—pMk[ (Zz Zl) Up}f (1/1—1—1/2_(1-;’7214_1;’722))1117.

We can write
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bt = [ e o (3 IS (e (T )

f (= (S )y

The desired identity in (7) follows from (8) by using (6) and rearranging the terms. [

Remark 24. If we take z; = 0,2z = 0, 8 =k =1,j = 0, ¢(n) = n and use the fact that
0(0) = 1, in Lemma 2, then we obtain the following identity:

f(81) + f(82) 1 %
S aa _192—191/ fu)du

=B [adlr (e ) o (e )

which was proved by Barani and Dragomir in [36].

Theorem 6. Assume that f : [v1,v2] — R is a second differentiable function on (vy,vy) with
vy < vy which satisfies condition (A). If | f | is convex on [v1,v2], then the following inequality for
P-RFI holds:

’f(v1+v2—zz)+f(v1+v2—zl) - 2f-1
2 Zp—12q
k(Zz*Zl k]-"pﬂk[w( ) }

x Llszﬂ P+ —zp) Fw (fml)) ( (Ul T S + ZZ )
o801 (v1 +vp—21) 0 (fmp)( (v1+v 21+22 )H

k(zy — z1)? 2o —z1\P1 [, , @)+ If ()]
_ﬂﬂmjﬂéﬁffﬂ““{(3]>H”“M+fwm— L Gl

where

+j

3(j) = (pjk + 8 + K)o (j),

forall z1,2zp € [v1,v2], 21 < 2, p,% > 0and w € R.

Proof. Using Lemma 2 and the properties of the modulus, we find the following:

‘f(V1+Vz—Zz)+f(V1+V2—Zl)_ 2f !
2 k(Zz _ Zl)%k]:;wrk {w(zzgzl )P}
x [szﬁt/fl(vm—zﬁ*;w (fot/]) (lpil(w T - —;Zz ))
wjpw ot (fo¢) ( Yy 41y — 2 42-22))]
bRl (252 0]
0,
e (T 3T e (05 ]

+
k(zp —z |w|] 750 — 21\ PJ
N 8k-7:Z,19+:[ (12221) } {Zkrk p]k+l9+2k)( : 2 1)
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<t (e ()

(e (Hya L)) o

Using the Jensen-Mercer inequality, Theorem 1, see [21], because of the convexity of | f ",

+

we have the following:

39
‘f(l/l + vy *Zz) +f(1/1 + vy *Zl) B 2k~
2 2221
klz2 =) kfpﬂ+k[W( )]

% {’?‘7:0¢71(V1+V2*22)+;w (fOlIJ) ( RURCE - + 22 )
]

w;7p0¢ P (fo¢)( Ly + vy — Zl‘FZZ )
k(zp —z i) |w) 2y — 21 \PJ
) Sku,a+k2[ (12221) ] [Zkfk Pfk+l9+zk)( )

< (2 01417 6l) [ @ =ty = (1 Gl 417 1) [ @ - gt

- k(zp —z1)? 3 zp — 21\ [, ; @)+ If (22)]
) 4kfg,l9+:[w(;;zl)q Fonao(Z5) ] I ol +1f o) - LG,

which completes the proof. [

Theorem 7. Assume that f : [v1,v2] — R is a second differentiable function on (v, v) which
satisfies condition (A), such that f' € Llvy, vy], with vy < vy. If the function |f" |9 is convex on
[v1, 2], when q > 1, then the following inequality for -RFI holds:

‘f(V1+V2—Zz)+f(V1+V2—Zl)_ 281
0 —z\P
2 Kz2 = 20) FeF g g [ (272 )']

% wa Y (n+ra—z)tw (fot,b) (lpil(vl tv2 - = ;Zz ))

lijlN’ Hn+r—z1) 5w (fOl/J)( (Vl_'_UZ_Zl;ZZ))H

k(zg — 21)?2 -
ey T

[ (1 wom 17 G - AL 0

- (|f”(1/1)|"+ If (v)]7 — f (z)) 23|f (Zz)|q>q:|/

where

(kR NP
() = ((pjk+l9+k)p+k) o)

forall z1,2zp € [v1,17], 21 < 23, % +% = 1,p,% >0and w € R.

Proof. From Lemma 2, using the Holder’s inequality, see [42], we have the following;:
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[t —m) e —a) =

2 k(zp — zl)%ku,M [w(22521 )P}
z1+ 22

% Llszﬂ Pt -z)tw (f01P> (lpil (v +v2— T))
lpjpl%P T (fozp)( Y 41y — zwzrzz))H

=21 )P] (/01 ’k]'_grzuzk [w(zz ; a2l )p} - ’7%+1k]'_g,19+2k [w(z2 ;Zl )p’ﬂ pdﬂ)

Skfpl”[ (%
ALV (= (e 1)) ()
17 e (B4 150 )

k(zo —21)? - o(j)lwl 2-4a pj(/l O i1ipi P g, )P
< > T 1=y e Py
8K g1k {w(Zz—zl)p] far kT (pjk + 9 + 2k) ( 2 ) 0

A

==

(s (S50 502)) far)

1
(L1 G (5t 1)) )}

Using the Jensen—-Mercer inequality, Theorem 1, see [21], because of the convexity of | f "1,
we have the following;:

‘f(v1+1/2—22)+f(1/1+1/z—21)_ 2f1
s Y
2 Kz —2) iy (22 )]

x [szﬁllfl(vl'i'vz—zz)*;w (fOlP) (lpil(V] vz = —;ZZ ))

wjpw T ,(folp)( (vl+vZ_Z142rzz))H

1
k(z2 —21)? ): j)lwl -7 Pf</1|1 9 4 14pj (P )'7
< — e Ty
8](]:5’19_,'_]([ <22 21) } ka p]k+l9+2k)( 2 ) 0

L (1 wor 1 ool = (S5 Gl + L Gl ) )|

~(f (rorise )'“(M'f( D+ 22 ) Jan )

k(zp —z1)?

1
_ () |w)/ 22—21 pj /1 ot i
78k]:019+k[ (Zz 21) } Zkrk p]k+l9—|—2k 2 ) 0 |1 nt | dip ) X
0

x [(|f”<vl>|u|f“(yz)|q_ 3\f <zl>|ﬂ:|f (zm)q

+ (fﬁ(v1)|‘7+|f"(y2)|q f (z0)]7 +3[f (Z2)|‘7>q].

4
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To evaluate the integral fol 11— 17%““’]' ’p dn, we observe that forany A > B > 0and p > 1,
we have (A — B)P < AP — BP. Thus, it follows that

|1 — gE 1R [P < 1 y(E+14eDp

for all # € [0,1]. Hence, we have the following:

b, 1 b (pjk + 0+ k)p
1— prtiHeiP gy < / 1— pGet1HeDP gy = )
/0 L=y teay < (1 ) (jk+ 6+ k)p +k

This completes the proof of Theorem 7. [J
Theorem 8. Assume that f : [v1,va] — R is a second differentiable function on (v1,v,) with

v1 < vy, which satisfies condition (A). If the function |f" |1 is convex on [vy,v2], ¢ > 1, then the
following inequality for y-RFI holds:

‘f(V1+V2—22)+f(V1+V2—Z1)_ 281
0 2 \P
2 Kz2 = 20) e F g [0 (272)']

x {’ijzﬁzw*](lfﬁrvzfzz)*;w (fml)> (lp_l (1 +v2 = = ;ZZ )>

o

PO~ (v Hva—21) "w (fOIP) (’#71(1/1 + 12— - —;ZZ))} ‘
< k(zo —21)? )
Sl (]

+rg

o Zp —21\P
Frraee(P5) ]

where

o5(j) = K|fﬁ(1’1)|q+|fﬂ(1/z)|‘7— (ojk + 0 +4k)|f (:(1;][1‘11593Jprj§5319+8k)|f (zz)|‘7)q

) , (30jk + 368 + 8K) £ (21)|7 + (ojk + 8+ 4K)|f (22)|7\ 7
+ (1 oo+ 17 )l - s SNE

x (pjk+ 0 +k)o(j),
forall z1,zp € [v1,v2], 21 < 22, p,% >0andw € R.

Proof. From Lemma 2, using the power mean inequality, we have the following:

‘f(l/l +1/2—Zz)+f(1/1 —|—1/2—Zl) B 2%_1
4 _ P
2 k(z2 — 21) kg g4 [w(zzzzl) }

[Tt banemyesa (FO0) (#7100 02 = B3

+ ijz,ﬂ,lp’l(l/l+v2—zl)*;w (me) (1/1_1(1/1 +1y — #))} ’

1

k _ 2 1 - 4 B 1—
e (e (232 ]t Wl (37 )

AL o521 n (52 )
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1

R KD

+ </01 {ku,lmk [w(ﬁ)ﬂ} B ,7%+1k}-g,ﬁ+2k [w<zz ;zl)pﬂp} }x
1

| v (5 ) )}

. 1

K-z & o(wl  (z—z pf( L T

< Y o | a=nfreenay
_ e

X

1

* {(/01 (1- ”%Hm) ’f” (V1 +v2 — (1 ; Tz + 1%@)) ‘qu> 7
+ (/01 (1 —17%+1+Pf)‘f” (1/1 + vy — (HT’?Zl N 1;,722)) ’qdﬁ>;}‘

Using the Jensen-Mercer inequality, Theorem 1, see [21], because of the convexity of |f |1,
we have the following;:

flatu—m) e —a) =
2 k(Zz—Zl kfp19+k[w(22 21) }
X Llszlﬂ,lpfl(vﬁvz_zz)ﬁw (folp) (47* (1 +vp — 21+ 2 + 22 )
wjplw V]Jrvz,zl)fﬂl,(fozp)( Yy 4 vp — 2 +zz )H

k(zy —21)2 Z ()|wl (Zz_zl>pf( pjk + 0 +k )>1q
8ku,19+;<[ ( 2221) } 4 kTy p]k+19+2k) 2 pjk + 9+ 2k

x {(/01 (1 yl+iee) (\f”(mw +1f )]~ (1;17|f”(21)l" gl ”(ZZ)'qu”)

s amntron (1 el 18 - (FEAF el + S ) Jan)

k(zp —z1)? Z () |w)/ (22—21>P]<pjk+19+k>
8ku,0+;<[ (22 zl) } Ly p]k+19+2k) 2 pjk + 9+ 2k

1
q

) , (pjk + 8+ 4k)| £ (20)|7 + (3jk + 38 + 8k)| £ (22) |7\ 1
| (1 o+ 1f Gl - R )

) , (3jk + 36+ 8K) £ (21)|7 + (ojk + 8+ 4K)|f (22)|7\ 7
+ (I oo+ 17 )l - s 2.

which completes the proof. [

Remark 25. If we take q = 1, in Theorem 6, then Theorem 6 reduces in Theorem 8.

4. Visual Evaluation

The key findings of our study are illustrated graphically in this section, providing
significant context for understanding the theoretical outcomes. In these examples, we
consider functions similar to those in [6,8] because new results can be better analyzed
together in a further study and compared. Analogous graphical evaluations are often
presented in papers, such as in [43-47].
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Example 1. We consider the function f : [v1,15] = R, f(7) = (+a1)°, v1 =1, vy = 4, and
z1 = 2, zp = 3. In addition, $(y) = nand c(0) =1, w =0, k =1, 0(0) = 1. It can be seen
that the hypotheses of Theorem 2, page 4, and of Remark 8, page 6, are satisfied because we consider
w = 0, k = 1; therefore, the corresponding inequality holds and is as follows:

f(m + vy — 4 —;ZZ)
81
< T e o2 252l S 2= 252
< f(n) + fva) — w
and in this case, will be as follows:
f(g) < 2011 (9 + 1)[I§+f(g) + I;f',f(g)] < F(1)+ f(4) — w

ot, by calculus,

5 3
(g +ap)’ < 6297 [/zz(g ~ AT A @Pda [ (- g)ﬂl()\+ﬂ1)5d/\}
2

5 24+m)°+@B+a)

<(14am)°+@+a)

2 7
which leads to the following:
5 5 5 5 53+a1)? (3 +ap)t
el < 9(=
G+a) —‘9(2+“1)[16(19+4)+ 208 +2) 9
5 5
<A +a)’+ (@ 4a) - 2+m) —;(34—111) ,

In Figure 1a, three surfaces, which represent the left, middle, and right members of
the inequalities from Theorem 2, page 4, and Remark 8, page 6, are graphically illustrated
in the particular case of the previous example, when ¢,k € [1, 2]. The left member, M, is
the blue surface, the right member, M, is the magenta surface, and the middle member is
the green surface. In Figure 1b, the same members of the same inequality from Figure 1a
are represented, but when v = 1 and ¢ € [1,2]. We also use the MATLAB R2023b software
version for these figures.

5000 | 4000

4000 - 3500

3000
3000

2500
2000
2000

1000 1500

1000 ———

(b)

Figure 1. (a) The graphs of three surfaces—the surface of the left member (graph in blue), the surface of
the right member (graph in magenta), and the middle member (graph in green) of the inequality from
Remark 8 are presented for the function f(5) = (7 +a1)%, v(y) =n,v1 =1, 1, =4, 21 =2, 20 =3
and a1, ¢ € [1,2]; (b) the same three members of the same inequality from Figure 1la are represented,
but when ¢ = 1.5and a1 € [1,2].
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Example 2. We consider the same function f : [v1,v2] — R, f(y7) = 5 and z; = 2, zp = 3, like
before. In addition, Y(17) = 1 and 0(0) = 1, w = 0 are also like in the previous example. It can be
seen that the hypotheses of Theorem 3 and of Theorem 3.5 from [33], see Remark 21, are satisfied;
therefore, the corresponding inequality holds in this case:

o1 I(a+k)

|f(V1+V2*22)

tftn—z) e

Z1 +Zz)
2 (2—21)

/1/’
[(k‘j Y+ —2))* Df v = 2

FGT iy 011 = A2 < B2 0y ) - LGOI Gy

2(% +1) 2

The left member is as follows:

M= BT ot o T ) 15— )+ (T8 5 )F 6= D)

= 15 — 2 @) ) + (TG

- 13 a_q i % 5 &_1,2 3 5 &_ 1,2
=2 -2t E[/z ERL Ad/\+/g()\2)k A24A]].

By calculus, we have the following:

25 1
| ( a+ 2k T
The right member is as follows:
1
My = ———5.
205+ 1)

In Figure 2a, two surfaces that represent the left and right members of the inequalities
from Theorem 3 are graphically illustrated in the particular case of the previous example,
when «a, k € [0.01,2.6]. The left member, M;, is the blue surface, and the right member,
M, is the magenta surface. In Figure 2b, the same members of the same inequality from
Figure 2a are represented, but when k = 1 and a € [0.01, 6]; in Figure 2c, the blue graphic
represents the left member of the inequality from Theorem 3, and the magenta graphic
represents the right member, but when « = 5 and k € [0.01,6]. We used the MATLAB
R2023b software version for these figures.

(b) (c)

Figure 2. (a) The graphs of two surfaces—the surface of the left member (graph in blue) and the
surface of the right member (graph in magenta) of the inequality from Theorem 3 are presented for
the function f() = 4%, ¢(n) =, 11 =1, vy =4, z; = 2, zp = 3 and &,k € [0.001,2.6] from the
previous example; (b) the same members of the same inequality from Figure 2a are presented, but
when k = 1 and a € [0.01, 6]; (c) the blue graphic represents the left member of the inequality from
Theorem 3, and the magenta graphic represents the right member, but when & = 5 and k € [0.01, 6].
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Example 3. We consider the function f : [v;,va] = R, f(1) =n%,v1 =1, vy = 6and z; =2,
zp = 4. In addition, () = nand w =1, o(j) =1, p = 1, v = 2k. It can be seen that the
hypothesis of Theorem 3, page 8, is satisfied; therefore, we consider the corresponding inequality:

|f(1/1+1/222)+f(1/1+1/221) -
2

2k 1 y
k(zp —z1)F Tl w (357

2
o _ +
[ jpvllﬂ V1+V2—22)+;w(f01p)(ll} 1(1/1 +tv2— = 2 22>)

T i ) @7 (1 1 = T2

2
k(za — 20k F g, o0 (B27)F] / f (20| +If (z2)]
: 2Ty il (1)) [1f ()l +1f (v2)] - > ]
We denote the following:

_ Z21+z
h 71/}‘7901/1# Hvi+va— Zz)+;w(f0¢)(lp URACEE ] %) :z}~712k3+ f(4)
—/4 MiF (4= n)Pldy
= k/ (e T —1)1720177 = 9k —16—|—2k(3@k —4) +2k2(ek -1)— 37
3

3k’
and

] Illcbj VAP~ l(v1+1/2 Zl ;W (fOl/J)( (V1+V2_Zl_2'.—zz)) Z]j12k5 1f< )

- /Sm A F5 0~ 4F ) )

/ 1)y = 25ek — 16 — k(10ek — 8) + 2k2(ek — 1) — ol
Tk 3k
It was previously established that

IS 1 . 1 4-1

Therefore, we have the following:

w,_ [fOESE) 1

Y1 Y 71
=T T T/ W F e T S
7= " i 1 U+ ]l =117 - ¥[17€% — 16 — 2kek + 2k%ek — 2k2 — 49”
2k (ek —1— 1)k b 11 3k
k% X
and
2kf1,3k[1] I
We also have that

d 1 1,1
Flolll=Y —————— = Z(ek —1— ).
kF13(1] Jg T+ 3) k(e )
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In Figure 3a, two surfaces, which represent the left and the right members of the inequalities
from Theorem 3, page 8, are graphically illustrated in this particular case of this example when
k € [1,3]. The left member, Ms, is the blue line, and the right member, My, is the red line. In
Figure 3b, the same members of the same inequality from Figure 3a are represented, but when
¢ € [0.2,3]. MATLAB R2023b software version was used for all these figures.

(a) (b)

Figure 3. (a) The graphs of the left-hand side (graph in blue) and the right-hand side (graph in
red) of the inequality from Theorem 3, page 8, are presented for the function (1) = 12, ¥(17) =1,
m=1,wmn=6z=2z=4w=1p=1, 0() =1, v=_2k and k € [1,3]; (b) the same two
members of the same inequality from Figure 3a are represented, but when ¢ € [0.2,3].

Example 4. We consider the function f : [v1,v2] — R, f(1) =n?,v1 =1, vo = 6l and z; = 21,
zp = 4l. In addition, p(n) =nandw =1, o(j) =1, p =1, v =2k, k > 0. It can be seen that
the hypothesis of Theorem 3, page 8, is fulfilled; therefore, we shall consider the following inequality:

3l) + f(5l 2
i )zf( )_4k12k}'113k[” Ty sareaf () + L Ty s f(AD]] <

2K F il oy p o) - I @OLEIF D]

- 2k~7:11,3k[l] 2
Using analogous calculus, the left member, Ms, is as follows:
2 1
M= 178 = ———— [ + 1]l
2(ek —1—1¢)
where
2 L L 2, 1 3718

J1 =19(9ex —16) + 2kI(3ex —4) + 2k“(ek — 1) — a5

and
2 L L 2, 1 6113
Jo = 1°(25ek — 16) — 2kl (5ek —4) 4 2k“(ek — 1) — a3

The right member, M, will be as follows:

i 1 _ P

ek —1
My = 8kl————F 22
ek —1—

i~

In Figure 4, the graphic displays the surface representing the left-hand side in blue and the
right-hand side in green, using the previously mentioned function and parameters. For Figure 4a, we
consider 1,k € [0.5,2.7], for Figure 4b, we take 1,k € [5,9], and for Figure 4c, we have 1,k € [5,50].
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uuuuu

uuuuu

Figure 4. (a) The graphs of the left-hand side (surface in blue) and the right-hand side (surface in
green) of the inequality from Theorem 3, page 8, are presented for the function f(17) = 12, (1) =1,
m=1Lv==6l,z1=2,z=4,w=1p=1, 0(j) =1, v=2kand |,k € [0.5,2.7]; (b) the same two
members of the same inequality from Figure 4a are represented, but when I, k € [5,9]; (c) the same
two members of the same inequality from Figure 4a are represented when parameters I, k € [5,50],
but the figure is rotated.

5. Applications

Finally, we address some novel applications of our results to the modified Bessel
functions and g-digamma function.

5.1. Modified Bessel Function
Let ) : R — (0, 1] be defined by the following:
3 (0) =2°T(1+ A)0 1, (6).
For this, we retrospect the representation of modified Bessel functions, which is given, as

detailed in [48]:
2

X, (0) = N\
32 (6) uZ::Ou!F()H-u—i-l)'

The first and nth-order derivative formula’s ) (0), which are given as detailed in [49]:

) 0

%/\(9) = mSAH(G),
9", (0 _ _ 14+A 244 14+4A—n 24+A—n 62
789{1():2" /ot "F(1+A)2F3< A A S ’1+/\;Z)’

where 2 F5(., .;.,.,.;.) is the hypergeometric function defined by the following [49]:

1+A 247 1+4A—n 2+ A— 2. o (%) (@)6)%
2 T2 ' 2 " > n’1+/\;4):§)(W)r<2;§")r(;+?x)r4fr!'

2F3<

Proposition 1. Let 0 < vy < vy and A > 1. Then, for all z1,zy € [v1, V5] that are real numbers,
we have the following:

(1 +v2 —22)Sap1 (v +va —z2) + (1 + 12 — 21)Saqa (v +v2 — 21)

<

4(1+A)

~ Sa(n+v—z1) = Sa(n + 12— 20)

22 — 21

Zy — 21
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_ 1+A 2442 A-1 A 1+A 242 A—-1 A v3
wA 2 F . i . Z1 .22
[Vl”(z’z’z’z 2 2 2 Y A’4)

1

1+A 24+A A1 A AN a2 (l+A 244 A-14A z3
§’1+/\ )—22 2F3( 7 Vi 2 ,5,1"—)\,2) .

1+ A; f) n 2v§—221?3(

- F 7 7
Zl“(z’z 2 4 2 2

Proof. The proof is derived directly from Theorem 3, considering f(17) = &) (1), 9 =k = 1,
j=0,9(y) = n and the fact that c(0) = 1. O

Proposition 2. Let 0 < vy < vy and A > 1. Then, for all z1,zy € [v1, V5] that are real numbers,
we have the following:

(1 +v2—2z2)S1(vy + v —z2) + (v +v2 —20) a1 (v1 + 12 — 21)

4(1+A)
~ Sa(ntva—2z1) —Sa(v +12 —22)
Z — 21
(z0 — 21)? 1+A 244 A—2 A—1 v
<2727 o ; L
< VAT N |2 R (55 S5 S S A )
_ 1+A 244 A—=2 A1 V2
A3 . .22
+2v;, 2F3< A A ) ,1+)\,4)
1+A 24A A=2 A—1 z?
_Zl 2F3( 2 7 2 7 2 7 2 /1+/\/Z)
_ 1+A 244 A—-2 A—1 z3
A3 . 2
% 2F3( I R S S 4>]

Proof. The proof is derived directly from Theorem 6, considering f(17) = S, (), 8 =k =1,
j=0,9(y) =y and the fact that ¢(0) =1. O

Remark 26. We can obtain additional inequalities for the modified Bessel function of the first kind
by using the same approach as in Propositions 1 and 2. Here, we omit their proofs, and the details
are left to the interested reader.

5.2. g-Digamma Function

Here, we revisit the notion of the g-digamma function and its mathematical represen-
tations; assume that 0 < g < 1. The g-digamma function x,(u) (for further information,
refer to [20]) can be expressed as follows:

00 qi+u
Xo() = ~In(1—q) +In() Y
i=0 q
00 qiu
=-In(1—-¢q)+In(g) ), gt
i=0 q

If g > 1and u > 1, the g-digamma function x,(u) can be represented as follows:

X = ~Ing 1) +in(@)fu- 3 - 5]

i= 01 q
1 00 —iu

—In(g—1)+In(g [ Zlq m}
i=0 q
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The notion briefed above shows that for g4 > 0, the function X;(u) is completely monotonic
on the interval (0, o0), which implies that it is a convex mapping. From these facts, we can
formulate the following important findings concerning the g-digamma function.

Proposition 3. From Theorem 2, we acquire the following:

Gt 7)

(),

/ !
Sz {Xq(ul +v2—z1) = xq(vi + 12 —Zz)} < xg(v1) + xq(v2) —

Proof. The proof is derived directly from Theorem 2, considering f (1) = )(:7(17), t=k=1,
j=0,9(y) =n and the fact that ¢(0) = 1. O

Remark 27. If we set z1 = vy and z; = v, in Proposition 3, then Proposition 3 reduces to
inequality (19) of [35] (Example 3).

Proposition 4. From Theorem 3, we acquire the following:

/ i
Xq(Vl ‘|‘V2—Zz)+7(q(1/1 —|—1/2—zl) 1
2 T m—7 [Xq(vl +v2—21) = xq(n1 +V2—Zz)}
" " Xq(21) + X (22)
< (22— 21) [ty (1) + x5 (v2) - =2,

Proof. The proof is derived directly from Theorem 3, considering f (1) = )(;,(17), v=k=1,
j=0,9(n) =n and the fact that ¢(0) = 1. O

Proposition 5. From Theorem 4, we acquire the following:

X;(Vl +V2*22)+X;(V1 +v2 —21) 1

2 _22_21 [Xq(w -|-1/2—Z1)—7(q(1/1 —|—1/2—22)H

,4;

— ” " |X//(Z )|q+3|x,,(z )‘q %

(m W)+ X w2l —

" " 1
3|xq(z1)]7 + |xl,(zZ>|f'> q
4 .

Proof. The proof is derived directly from Theorem 4, considering f (1) = X/q(ﬂ), v=k=1,
j=0,9(n) =n and the fact that ¢(0) = 1. O

Proposition 6. From Theorem 5, we acquire the following:

Xg(1+v2 —22) + xo(v1 +v2 — 1) 1

5 T [Xq(V1+V2_Zl)_Xq(V1+V2_ZZ)H
" " 1
Z—2 y y IXq(z0)|7+5]xq(z2) [T 7
< B2 2 a4 ) Gt — 2 "
2 6
" " 1
" " 5xq (z)|7+ [xq(22)|7\ ¥
+ (I 00l -+ 12y 0 - T,

Proof. The proof is derived directly from Theorem 5, considering f (1) = X;(ﬂ), v=k=1,
j=0,9(y) = n and the fact that c(0) = 1. O
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Remark 28. Applying our main results, we may derive a number of attractive inequalities related to
the q-digamma function using the same method as in the relations that were previously demonstrated.
Here, we do not include their proofs.

Remark 29. New refinements of inequalities, as presented in the application section of [30] and
in Examples 1 and 3 from [35], could be provided by utilizing previous results obtained from the
modified Bessel function and g-digamma function in further research.

6. Discussions and Conclusions

Many studies have been conducted to optimize the bounds utilizing numerous frac-
tional integrals; 1;-RFI being extensively used to optimize bounds in the context of current
developments in fractional analysis. Given the significance of this subject and its broad
applications in modeling real-world phenomena, the main goal of this research is to develop
new and generalized inequalities that utilize ¢,-RFIs to connect the inequality theory and
fractional analysis. Furthermore, we show how the findings, when examined in the context
of integral inequalities, advance and expand upon existing research in this field.

This work continues the study that began in [8], focusing on H-H-M-type inequalities
for y-RFIs. Two identities that are essential to demonstrating H-H-M inequalities for
x-RFIs are presented in Lemma 1 for the corresponding Theorems 3-5 for functions whose
first derivatives in the modulus are convex. Moreover, Lemma 2 is used in the proofs of
Theorems 6-8.

Our investigation concludes that the main advantage of these new H-H-M-type in-
equalities is that 1,-RFI can be particularized so as to re-obtain several types of classical
H-H-M inequalities for different fractional integrals. Examples and visual evaluations are
provided using MATLAB R2023b software to validate the results; some applications are
presented for the modified Bessel function and the g-digamma function.

These findings could inspire researchers who study fractional calculus to prove new
results for different types of convexity. As the fractional order model becomes more
significant in many domains, our inequalities extend the analytical approach that is essential
for integral operator analysis and estimation techniques.

These contributions provide more precise and accurate approaches to solving real-
world problems, making them useful for both researchers and professionals in the fields of
fractional calculus, numerical analysis, and control theory. In probability theory and statistics,
where convex functions frequently appear in the framework of probability distributions,
cumulative distribution functions, and moments of random variables, these inequalities can
be useful. As an illustration, consider the statistical properties of random variables.

We suggest that potential readers approach this article to obtain additional results by
utilizing different fractional integrals and various types of convexity. Numerous applica-
tions can be developed for the new inequalities, including linear combinations of means,
matrices, composite quadrature formulas, modified Bessel functions of the second kind,
and novel parametric iterative schemes with a specific order of convergence. In addition,
future studies could provide some iterative schemes using physical examples.
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