
Academic Editor: Carlo Cattani

Received: 19 December 2024

Revised: 14 February 2025

Accepted: 16 February 2025

Published: 19 February 2025

Citation: Asthana, N.; Nadeem, M.;

Dhayal, R. Successive Approximation

and Stability Analysis of Fractional

Stochastic Differential Systems with

Non-Gaussian Process and Poisson

Jumps. Fractal Fract. 2025, 9, 130.

https://doi.org/10.3390/

fractalfract9020130

Copyright: © 2025 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license

(https://creativecommons.org/

licenses/by/4.0/).

Article

Successive Approximation and Stability Analysis of Fractional
Stochastic Differential Systems with Non-Gaussian Process and
Poisson Jumps
Nidhi Asthana 1, Mohd Nadeem 2 and Rajesh Dhayal 3,*

1 School of Technology Management & Engineering, SVKM’s Narsee Monjee Institute of Management Studies
(NMIMS) Deemed-to-University, Indore 452005, India

2 Department of Mathematics, Kalindi College, University of Delhi, Delhi 110008, India
3 Department of Mathematics, Thapar Institute of Engineering and Technology, Patiala 147004, India
* Correspondence: rajesh.dhayal@thapar.edu

Abstract: This paper investigates a new class of fractional stochastic differential systems
with non-Gaussian processes and Poisson jumps. Firstly, we examine the solvability results
for the considered system. Furthermore, new stability results for the proposed system are
derived. The findings are established through the application of Grönwall’s inequality, the
successive approximation method, and the corollary of the Bihari inequality. Finally, the
validity of the results is proved through an example.
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1. Introduction
Fractional differential equations (FDEs for short) extend classical differential equations

by incorporating derivatives of non-integer order. These equations can describe more
complex phenomena such as memory, hereditary processes, and anomalous diffusion,
which cannot be effectively captured by integer-order derivatives. FDEs have a wide
range of applications across various fields, such as economics, finance, material science,
environmental science, signal processing, engineering, and control theory. For further
information on FDEs, see [1,2] and the references cited within those works. The Caputo
derivative is one of the most commonly used definition [3] of the fractional derivative. It is
particularly useful in modeling physical processes where the initial conditions are specified
in terms of integer-order derivatives, such as in the case of initial-value problems. Shu
and Wang [4] investigated the existence and uniqueness results for FDEs with nonlocal
initial conditions. Fractional stochastic differential equations (FSDEs for short) are a class
of differential equations that combine the concepts of fractional calculus and stochastic pro-
cesses. They are used to model systems that exhibit both random fluctuations (stochasticity)
and memory effects (fractionality). FSDEs are often employed in fields such as physics,
finance, biology, and engineering, where systems experience both uncertainty and long-
range dependencies, such as anomalous diffusion or hereditary behaviors. For more details
on FSDEs, see [5–8] and references therein. FSDEs with Rosenblatt processes and Poisson
jumps extend traditional FSDEs by incorporating more complex forms of randomness, i.e.,
long-range dependence (through the Rosenblatt process) and discontinuous jumps (via
the Poisson process), which are often seen in financial models, biological systems, and
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physical processes. For more details on such systems, see [9–13] and references therein.
Ren and Sakthivel [14] discussed the stability outcomes for stochastic systems of the second
order with Poisson jumps. The stability concept of fractional stochastic systems presents a
challenging but crucial area of research for modeling real-world phenomena. These systems
capture the complex interplay of long-range dependencies, non-Gaussian randomness, and
discrete jumps, all of which are essential to understanding the behavior of systems subject
to both continuous fluctuations and rare, disruptive events. Investigating their stability re-
quires advanced mathematical techniques, but the insights gained have broad applications
in fields like finance, network theory, and engineering. For more basic facts on stability and
its applications, see [15–18] and the references therein. Sathiyaraj et al. [19] investigated the
stability of Hilfer FSDEs. Agarwal et al. [20] discussed the stability results for impulsive
fractional systems with delay. Despite the growing interest in fractional stochastic systems,
the analysis of their solutions, especially under non-Lipschitz conditions, remains a chal-
lenging task. The existence and uniqueness of mild solutions are fundamental to the study
of such systems, but standard methods like fixed-point approaches may not always apply
in this context. Therefore, motivated by the above facts, we used new techniques, such as
the successive approximation and Grönwall’s inequality, to establish these existence and
stability results.

Based on the above discussions, we consider the fractional stochastic systemcDθ
κy(κ) = Ay(κ) + ∆1(κ, y(κ)) + ∆2(κ, y(κ))

dR̂H(κ)

dκ
+
∫
V ∆3(κ, y(κ), ξ)N̂ (dκ, dξ), κ ∈ (0, b],

y(0) = y0, y′(0) = y1,
(1)

where cDθ
κ is the Caputo derivative of order 1 < θ < 2 and the state κ(·) ∈ K. A :

D(A) ⊆ K → K is a sectorial operator of type (M, χ, θ, ρ) defined on K. J1 = [0, b].
R̂H = {R̂H(κ) : κ ≥ 0} is a Rosenblatt process that takes values on Y with H ∈ (0.5, 1).
The functions ∆1, ∆2, and ∆3 satisfy certain conditions, which will be detailed later.

The paper is organized as follows: In Section 2, we define various preliminaries that
will be used to prove the results. In Section 3, we investigate the existence and stability
results for the considered systems by using successive approximation techniques and
Bihari’s inequality. Finally, in Section 4, an example is provided to demonstrate the validity
of the results.

Remark 1. The key contribution of this work is the exploration of existence and stability results
for a novel class of fractional stochastic differential systems driven by non-Gaussian processes and
Poisson jumps. This is achieved through the application of successive approximation methods and
the Bihari inequality, offering a distinct approach compared with the fixed-point techniques and
stability results available in the literature, as shown in [18–21].

2. Preliminaries
Let K and Y be real separable Hilbert spaces and L(K,Y) be the space of all operators

from K to Y , which are bounded and linear. For simplicity, for K, Y , and L(K,Y), we
used the same norm ∥ · ∥. Let (Ω,F , P) be a complete probability space, and for κ ≥ 0, Fκ ,
denote the σ-field generated by P-null sets and {R̂H(κ) : β ∈ [0, κ]}.

Let q̄ = q̄(κ), κ ∈ Dq̄ be a stationary Fκ-Poisson point process with a characteris-
tic measure η. Let N̂1(dκ, dξ) be the Poisson counting measure associated with q̄, i.e.,
N̂1(κ,V) = ∑β∈Dq̄ ,β≤κ IV (q̄(β)), with measurable set V ∈ B(K \ {0}), which represents
the Borel σ-field of K \ {0}. Let N̂ (dκ, dξ) = N̂1(dκ, dξ)− dκη(dξ) be the compensated
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Poisson measure that is independent of the Rosenblatt process. Let p2([0, b]× V ;K) signify
the space of all predictable mappings ∆ : [0, b]× V → K for which

∫ b

0

∫
V
E∥∆(κ, ξ)∥2η(dξ)dκ < ∞.

Next, we define the K-valued stochastic integral
∫ b

0

∫
V ∆(κ, ξ)N̂ (dκ, dξ), which is

a centered square-integrable martingale. Let Q1 ∈ L(Y ,Y) represents a nonnegative
self-adjoint operator. Let L0

2 = L0
2(Q

1/2
1 Y ,K) signify the separable Hilbert space of all

Hilbert–Schmidt operators from Q1/2
1 Y to K, equipped with the norm

∥φ∥2
L0

2
= ∥φQ1/2

1 ∥2 = Tr(φQ1 φ∗).

Definition 1 ([9]). Let φ : [0, b] → L0
2(Q

1/2
1 Y ,K) such that ∑∞

j=1 ∥K∗
H(φQ1/2

1 ej)∥L2([0,b],K) <

∞; then, the stochastic integral corresponding to the Rosenblatt process is defined as follows:

∫ κ

0
φ(β)dR̂Q1(β) =

∞

∑
j=1

∫ κ

0
φ(β)Q1/2

1 ejdrj(β) =
∞

∑
j=1

∫ κ

0

∫ κ

0
(K∗

H(φQ1/2
1 ej))(x1, x2)dW(x1)dW(x2).

Lemma 1 ([11]). For φ : [0, b] → L0
2(Q

1/2
1 Y ,K) such that ∑∞

j=1 ∥φQ1/2
1 ej∥L1/H([0,b],K) < ∞

holds and for any x1, x2(x2 > x1) ∈ [0, b], we obtain

E
∥∥∥∥∫ x2

x1

φ(β)dR̂Q1(β)

∥∥∥∥2
≤ cH(x2 − x1)

2H−1
∞

∑
j=1

∫ x2

x1

∥φ(β)Q1/2
1 ej∥2dβ.

If ∑∞
j=1 ∥φQ1/2

1 ej∥ is uniformly convergent for κ ∈ [0, b], then

E
∥∥∥∥∫ x2

x1

φ(β)dR̂Q1(β)

∥∥∥∥2
≤ cH(x2 − x1)

2H−1
∫ x2

x1

∥φ(β)∥2
L0

2
dβ.

The Banach space C(K) formed by all Fκ-adapted measurable, K-valued stochastic
processes {y(κ) : κ ∈ [0, b]} such that y(κ) is càdlàg on κ ∈ [0, b], and the norm defined by

∥ y ∥C =
(

sup
0≤κ≤b

E∥y(κ)∥2
)1/2

.

For δ2 > 0, we take AC =
{

y ∈ C(K) : ∥y∥2
C ≤ δ2

}
.

Definition 2 ([4]). The Caputo derivative of order θ for a function F : (0, ∞) → R can be
written as

cDθ
κF (κ) =

1
Γ(m − θ)

∫ κ

0
(κ − β)m−θ−1F m(β)dβ, κ > 0, (2)

where m − 1 < θ ≤ m, m ∈ N, and F (κ) ∈ Cm(0, ∞).

The Laplace transform of the Caputo derivative of order θ > 0 is given as

L(cDθ
κF (κ))(λ) = λθ(LF )(λ)−

m−1

∑
j=0

λθ−j−1(DjF )(0), m − 1 < θ ≤ m.
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Definition 3 ([4]). A linear and closed operator A : D(A) ⊆ K → K is called the sectorial
operator of type (M, χ, θ, ρ) if there exists M > 0, χ ∈ (0, π/2), ρ ∈ R, such that the θ-resolvent
of A exists outside the sector

ρ + Vχ = { ρ + λθ : λ ∈ C, |Arg(−λθ)| < χ},

and

∥(λθ I −A)−1∥ ≤ M/|λθ − ρ|, λθ ̸∈ ρ + Vχ.

Moreover, A is the generator of {Tθ(κ)}κ≥0 on K, where

Tθ(κ) =
1

2πi

∫
c

eλκR(λθ ,A)dλ.

Next, the estimates for ∥Sθ(κ)∥, ∥Qθ(κ)∥, and ∥Tθ(κ)∥ are given in the follow-
ing lemmas.

Lemma 2 ([4]). Let A be an operator of type (M, χ, θ, ρ). The estimates for ∥Sθ(κ)∥ are defined
as follows:

1. Let ρ ≥ 0. Given ϖ ∈ (0, π), we obtain

∥Sθ(κ)∥ ≤
E1(χ, ϖ)Me[E1(χ,ϖ)(1+ρκθ)]1/θ

[(
1 +

sin ϖ

sin (ϖ − χ)

)1/θ

− 1

]
πsin(1+1/θ)θ

(1 + ρκθ)

+
Γ(θ)M

π(1 + ρκθ)
∣∣∣cos

π − ϖ

θ

∣∣∣θsin χ sin ϖ

,

for κ > 0, where E1(χ, ϖ) = max
{

1,
sin χ

sin (ϖ − χ)

}
.

2. Let ρ < 0. Given ϖ ∈ (0, π), we obtain

∥Sθ(κ)∥ ≤

 eM
[
(1 + sin ϖ)1/θ − 1

]
π|cos ϖ|(1+1/θ)

+
Γ(θ)M

π|cos ϖ|
∣∣∣cos

π − ϖ

θ

∣∣∣θ
 1

1 + |ρ|κθ
,

for κ > 0.

Lemma 3 ([4]). Let A be an operator of type (M, χ, θ, ρ). The estimates for ∥Tθ(κ)∥ and ∥Qθ(κ)∥
are defined as follows:

1. Let ρ ≥ 0. Given ϖ ∈ (0, π), we obtain

∥Tθ(κ)∥ ≤
M
[(

1 +
sin ϖ

sin (ϖ − χ)

)1/θ

− 1

]
πsin χ

(1 + ρκθ)1/θκθ−1e[E1(χ,ϖ)(1+ρκθ)]1/θ

+
Mκθ−1

π(1 + ρκθ)
∣∣∣cos

π − ϖ

θ

∣∣∣θsin χ sin ϖ

,
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∥Qθ(κ)∥ ≤
M
[(

1 +
sin ϖ

sin (ϖ − χ)

)1/θ

− 1

]
E1(χ, ϖ)

πsin χ

(θ + 2)
θ

(1 + ρκθ)

θ − 1
θ κθ−1e[E1(χ,ϖ)(1+ρκθ)]1/θ

+
MθΓ(θ)

π(1 + ρκθ)
∣∣∣cos

π − ϖ

θ

∣∣∣θsin χ sin ϖ

,

for κ > 0, where E1(χ, ϖ) = max
{

1,
sin χ

sin (ϖ − χ)

}
.

2. Let ρ < 0. Given ϖ ∈ (0, π), we obtain

∥Tθ(κ)∥ ≤

 eM
[
(1 + sin ϖ)1/θ − 1

]
π|cos ϖ| +

M

π|cos ϖ|
∣∣∣cos

π − ϖ

θ

∣∣∣
 κθ−1

1 + |ρ|κθ
,

∥Qθ(κ)∥ ≤

 eM
[
(1 + sin ϖ)1/θ − 1

]
κ

π|cos ϖ|
1+

2
θ

+
θΓ(θ)M

π|cos ϖ|
∣∣∣cos

π − ϖ

θ

∣∣∣
 1

1 + |ρ|κθ
,

for κ > 0.

Lemma 4 ([4]). Let A be an operator of type (M, χ, θ, ρ). The unique solution of the
Cauchy problem cDθ

κy(κ) = Ay(κ) + G(κ), κ ∈ [0, b], 1 < θ < 2,

y(0) = y0, y′(0) = y1,
(3)

is given by

y(κ) = Sθ(κ)y0 +Qθ(κ)y1 +
∫ κ

0
Tθ(κ − β)G(β)dβ,

where

Sθ(κ) =
1

2πi

∫
c

eλκλθ−1R(λθ ,A)dλ, Qθ(κ) =
1

2πi

∫
c

eλκλθ−2R(λθ ,A)dλ,

Tθ(κ) =
1

2πi

∫
c

eλκR(λθ ,A)dλ,

where c is a suitable path, with λθ ̸∈ ρ + Vχ for λ ∈ C.

Proof. By utilizing the Laplace transform, we obtain

L(cDθ
κy(κ))(λ) = λθ(Ly)(λ)− λθ−1y(0)− λθ−2y′(0).

It follows that

λθ(Ly)(λ)− λθ−1y(0)− λθ−2y′(0) = A(Ly)(λ) + (LG)(λ). (4)

From Equation (4), we obtain

(Ly)(λ) = (λθ I −A)−1[λθ−1y(0) + λθ−2y′(0) + (LG)(λ)]. (5)
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By utilizing the inverse Laplace transform of Equation (5), we obtain

y(κ) = Sθ(κ)y0 +Qθ(κ)y1 +
∫ κ

0
Tθ(κ − β)G(β)dβ.

Definition 4 ([22]). An Fκ-adapted stochastic process y ∈ C(K) is said to be a solution of (1),
if y(κ) is càdlàg on κ ∈ [0, b] and, for every κ ∈ [0, b], y satisfies y(0) = y0, y′(0) = y1, and

y(κ) = Sθ(κ)y0 +Qθ(κ)y1 +
∫ κ

0
Tθ(κ − β)∆1(β, y(β))dβ +

∫ κ

0
Tθ(κ − β)∆2(β, y(β))dR̂H(β)

+
∫ κ

0

∫
V
Tθ(κ − β)∆3(β, y(β), ξ)N̂ (dβ, dξ).

Definition 5 ([14]). A solution y of (1) is called stable in mean square if, for any ϵ > 0, there exists
Θ > 0 such that

E∥y(κ)− ŷ(κ)∥2 < ϵ, whenever E∥y0 − ŷ0∥2 +E∥y1 − ŷ1∥2 < Θ,

where ŷ is another solution of (1), with ŷ(0) = ŷ0 and ŷ′(0) = ŷ1.

3. Stability Results
We make the following assumptions:

[A1]: The operators Sθ(κ), Qθ(κ), and Tθ(κ) are compact in D(A) such that

sup
κ∈J1

∥Sθ(κ)∥ ≤ M, sup
κ∈J1

∥Qθ(κ)∥ ≤ M, sup
κ∈J1

∥Tθ(κ)∥ ≤ M.

[A2]: The functions ∆1 : [0, b]×K → K and ∆2 : [0, b]×K → L0
2(Q

1/2
1 Y ,K) are measurable

and satisfy, for all κ ∈ [0, b], y1, y2 ∈ K,

E∥∆1(κ, y1)− ∆1(κ, y2)∥2 ∨E∥∆2(κ, y1)− ∆2(κ, y2)∥2
L0

2
≤ Ψ

(
E∥y1 − y2∥2

)
,

where Ψ(·) is a concave, non-decreasing, and continuous function from R+ to R+

such that Ψ(0) = 0, Ψ(β) > 0 for β > 0, and
∫

0+
dβ

Ψ(β)
= ∞.

[A3]: The function ∆3 : [0, b] × K × V → K is measurable and satisfies, for κ ∈ [0, b],
y1, y2 ∈ K,∫
V
E∥∆3(κ, y1, ξ)− ∆3(κ, y2, ξ)∥2η(dξ)

∨
(∫

V
E∥∆3(κ, y1, ξ)− ∆3(κ, y2, ξ)∥4η(dξ)

)1/2
≤ Ψ

(
E∥y1 − y2∥2

)
,

and (∫
V
E∥∆3(κ, y, ξ)∥4η(dξ)

)1/2
≤ Ψ(E∥y∥2).

[A4]: For all κ ∈ [0, b], there exists a constant Λ∆ > 0 such that

E∥∆1(κ, 0)∥2 ∨E∥∆2(κ, 0)∥2
L0

2
∨
(∫

V
E∥∆3(κ, 0, ξ)∥2η(dξ)

)
≤ Λ∆.
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Let us define the successive approximation sequence as follows:

y0(κ) = Sθ(κ)y0 +Qθ(κ)y1

ym(κ) = Sθ(κ)y0 +Qθ(κ)y1

+
∫ κ

0
Tθ(κ − β)∆1(β, ym−1(β))dβ +

∫ κ

0
Tθ(κ − β)∆2(β, ym−1(β))dR̂H(β)

+
∫ κ

0

∫
V
Tθ(κ − β)∆3(β, ym−1(β), ξ)N̂ (dβ, dξ), κ ∈ [0, b], m = 1, 2, . . . . (6)

Lemma 5. Suppose that assumptions [A1]-[A4] hold. Then, there exists a constant δ2 > 0 such
that ∥ym∥2

C ≤ δ2, for all m ≥ 0.

Proof. For κ ∈ [0, b], we obtain

E∥y0(κ)∥2 ≤ E∥Sθ(κ)y0 +Qθ(κ)y1∥2

≤ 2M2E∥y0∥2 + 2M2E∥y1∥2.

Hence, we obtain

∥y0∥2
C ≤ 2M2E∥y0∥2 + 2M2E∥y1∥2 = δ1.

This shows that y0 ∈ C(K). Now, for m ≥ 1, we obtain, by utilizing Hölder’s inequality,

E∥ym(κ)∥2 ≤ 4E∥Sθ(κ)y0 +Qθ(κ)y1∥2 + 4E
∥∥∥∥∫ κ

0
Tθ(κ − β)∆1(β, ym−1(β))dβ

∥∥∥∥2

+ 4E
∥∥∥∥ ∫ κ

0
Tθ(κ − β)∆2(β, ym−1(β))dR̂H(β)

∥∥∥∥2

+ 4E
∥∥∥∥ ∫ κ

0

∫
V
Tθ(κ − β)∆3(β, ym−1(β), ξ)N̂ (dβ, dξ)

∥∥∥∥2

≤ 4δ1 + 4M2b
∫ κ

0
E∥∆1(β, ym−1(β))∥2dβ

+ 4M2cHb2H−1
∫ κ

0
E∥∆2(β, ym−1(β))∥2

L0
2
dβ

+ 4CM2

( ∫ κ

0

∫
V
E∥∆3(β, ym−1(β), ξ)∥2η(dξ)dβ

+
∫ κ

0
Ψ
(
E∥ym−1(β)∥2

)
dβ

)

≤ 4δ1 + 8M2b
∫ κ

0
E∥∆1(β, ym−1(β))− ∆1(β, 0)∥2dβ + 8M2b

∫ κ

0
E∥∆1(β, 0)∥2dβ

+ 8M2cHb2H−1
∫ κ

0
E∥∆2(β, ym−1(β))− ∆2(β, 0)∥2

L0
2
dβ

+ 8M2cHb2H−1
∫ κ

0
E∥∆2(β, 0)∥2

L0
2
dβ

+ 4CM2

(
2
∫ κ

0

∫
V
E∥∆3(β, ym−1(β), ξ)− ∆3(β, 0, ξ)∥2η(dξ)dβ

+ 2
∫ κ

0

∫
V
E∥∆3(β, 0, ξ)∥2η(dξ)dβ +

∫ κ

0
Ψ
(
E∥ym−1(β)∥2

)
dβ

)

≤ 4δ1 + 8M2b
∫ κ

0
Ψ
(
E∥ym−1(β)∥2

)
dβ + 8M2b2Λ∆

+ 8M2cHb2H−1
∫ κ

0
Ψ(E∥ym−1(β)∥2)dβ + 8M2cHb2HΛ∆



Fractal Fract. 2025, 9, 130 8 of 14

+ 4CM2

(
3
∫ κ

0
Ψ
(
E∥ym−1(β)∥2

)
dβ + 2bΛ∆

)
.

Hence, we obtain

E∥ym(κ)∥2 ≤ h0 + h1

∫ κ

0
Ψ
(
E∥ym−1(β)∥2

)
dβ,

where h0 = 4δ1 + 8M2(b2 + cHb2H + Cb)Λ∆, h1 = M2(8b + 8cHb2H−1 + 12C). Because
Ψ(·) is concave and Ψ(0) = 0, there are constants µ1 and µ2 such that

Ψ(β) = µ1 + µ2β, for all β ≥ 0.

Hence, we obtain

E∥ym(κ)∥2 ≤ h0 + h1

∫ κ

0

(
µ1 + µ2E∥ym−1(β)∥2

)
dβ

≤ h2 + h1µ2

∫ κ

0
E∥ym−1(β)∥2dβ,

and

sup
0≤s≤κ

E∥ym(s)∥2 ≤ h2 + h1µ2

∫ κ

0
sup

0≤r≤β

E∥ym−1(r)∥2dβ,

where h2 = h0 + h1µ1b. On the other hand, for any n ≥ 1,

max
1≤m≤n

sup
0≤s≤κ

E∥ym−1(s)∥2 ≤ E∥y0(s)∥2 + max
1≤m≤n

sup
0≤s≤κ

E∥ym(s)∥2,

and we obtain

max
1≤m≤n

sup
0≤x≤κ

E∥ym(x)∥2 ≤ h2 + h1µ2bδ1 + h1µ2

∫ κ

0
max

1≤m≤n
sup

0≤r≤x
E∥ym(r)∥2dx

≤ h3 + h4

∫ κ

0
max

1≤m≤n
sup

0≤r≤x
E∥ym(r)∥2dx,

where h3 = h2 + h1µ2bδ1, h4 = h1µ2. Since n is arbitrary, by Grönwall’s inequality, we obtain

sup
0≤x≤κ

E∥ym(x)∥2 ≤ h3eh4b = δ2 < ∞.

Hence, we obtain ∥ym∥2
C ≤ δ2, for all m ≥ 0. Thus, ym ∈ AC .

Lemma 6. Suppose that the assumptions of Lemma 5 hold; then, there exist constants δ3 > 0 and
δ4 > 0 such that for all κ ∈ [0, b] and m, h ≥ 1,

sup
0≤x≤κ

E∥ym+h(x)− ym(x)∥2 ≤ δ3

∫ κ

0
Ψ

(
sup

0≤r≤x
E∥ym+h−1(r)− ym−1(r)∥2

)
dx.

and

sup
0≤x≤κ

E∥ym+h(x)− ym(x)∥2 ≤ δ4κ.

Proof. By the definition of ym, for any m, h ≥ 1 and κ ∈ [0, b], we obtain
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sup
0≤x≤κ

E∥ym+h(x)− ym(x)∥2

≤ 3M2b
∫ κ

0
sup

0≤r≤x
E∥∆1(r, ym+h−1(r))− ∆1(r, ym−1(r))∥2dx

+ 3M2cHb2H−1
∫ κ

0
sup

0≤r≤x
E∥∆2(r, ym+h−1(r))− ∆2(r, ym−1(r))∥2

L0
2
dx

+ 3CM2

( ∫ κ

0

∫
V

sup
0≤r≤x

E∥∆3(r, ym+h−1(r), ξ)− ∆3(r, ym−1(r), ξ)∥2η(dξ)dx

+
∫ κ

0

( ∫
V

sup
0≤r≤x

E∥∆3(r, ym+h−1(r), ξ)− ∆3(r, ym−1(r), ξ)∥4η(dξ)

)1/2

dx

)

≤ 3M2b
∫ κ

0
Ψ

(
sup

0≤r≤x
E∥ym+h−1(r)− ym−1(r)∥2

)
dx

+ 3M2cHb2H−1
∫ κ

0
Ψ

(
sup

0≤r≤x
E∥ym+h−1(r)− ym−1(r)∥2

)
dx

+ 6CM2
∫ κ

0
Ψ

(
sup

0≤r≤x
E∥ym+h−1(r)− ym−1(r)∥2

)
dx

≤ δ3

∫ κ

0
Ψ

(
sup

0≤r≤x
E∥ym+h−1(r)− ym−1(r)∥2

)
dx,

where δ3 = 3M2b + 3M2cHb2H−1 + 6CM2. Next, we obtain

sup
0≤x≤κ

E∥ym+h(x)− ym(x)∥2 ≤ δ3

∫ κ

0
Ψ

(
sup

0≤r≤x
E∥ym+h−1(r)− ym−1(r)∥2

)
dx

≤ δ3

∫ κ

0
Ψ(2δ2)dx

= δ4κ,

where δ4 = δ3Ψ(2δ2).

Theorem 1. Suppose that the assumptions of Lemmas 5 and 6 are satisfied; then, the successive
approximation sequence ym (m ∈ N) converges to a unique mild solution y(κ) ∈ AC .

Proof. Step 1. Prove that {ym(κ) : κ ∈ [0, b]} is a Cauchy sequence. Let u1(ν) = δ3Ψ(ν).
Choose c1 ∈ [0, b] such that u1(δ4ν) ≤ δ4 for ν ∈ [0, c1]. We first introduce two sequences of
functions {ωm(κ)}m∈N and {ωm,h(κ)}m,h∈N as

ω1(κ) = δ4κ, ωm+1(κ) =
∫ κ

0
u1(ωm(ν))dν,

ωm,h(κ) = sup
0≤ν≤κ

E∥ym+h(ν)− ym(ν)∥2.

Next, we obtain

ω1,h(κ) = sup
0≤ν≤κ

E∥y1+h(ν)− y1(ν)∥2 ≤ δ4κ = ω1(κ),
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and

ω2,h(κ) = sup
0≤ν≤κ

E∥y2+h(ν)− y2(ν)∥2

≤
∫ κ

0
u1

(
sup

0≤ν≤x
E∥y1+h(ν)− y1(ν)∥2

)
dx

≤
∫ κ

0
u1(ω1(x))dx = ω2(κ) ≤ δ4κ = ω1(κ).

Hence, we obtain

ω2,h(κ) ≤ ω2(κ) ≤ ω1(κ).

Let the results be true for m; then,

ωm+1,h(κ) = sup
0≤ν≤κ

E∥ym+h+1(ν)− ym+1(ν)∥2

≤
∫ κ

0
u1

(
sup

0≤ν≤x
E∥ym+h(ν)− ym(ν)∥2

)
dx

≤
∫ κ

0
u1(ωm(x))dx = ωm+1(κ) ≤

∫ κ

0
u1(ωm−1(x))dx = ωm(κ).

This implies that ωm(γ) is a decreasing, continuous and nonnegative function on
[0, c1] by induction on m. Hence, the function ω(κ) is defined as

ω(κ) = lim
m→∞

ωm(κ) = lim
m→∞

δ3

∫ κ

0
Ψ(ψm−1(x))dx = δ3

∫ κ

0
Ψ(ω(x))dx, 0 ≤ κ ≤ c1.

By using the Bihari inequality [5], we obtain that ω(κ) = 0 for all 0 ≤ κ ≤ b. Thus,

0 ≤ ωm,m(κ) ≤ ωm(c1) → 0 as n → ∞.

This shows that {ym(κ) : κ ∈ [0, b]} is a Cauchy sequence on AC . Now, by using
the Borel–Cantelli Lemma, we obtain that as m → ∞ ym(κ) → y(κ) holds uniformly for
κ ∈ [0, b]. By taking limits on both sides of Equation (6), we obtain

y(κ) = Sθ(κ)y0 +Qθ(κ)y1 +
∫ κ

0
Tθ(κ − β)∆1(β, y(β))dβ +

∫ κ

0
Tθ(κ − β)∆2(β, y(β))dR̂H(β)

+
∫ κ

0

∫
V
Tθ(κ − β)∆3(β, y(β), ξ)N̂ (dβ, dξ).

Step 2. Let y1 and y2 be two solutions of system (1). For κ ∈ [0, b], we obtain, similar to
Lemma 6,

sup
0≤x≤κ

E∥y1(x)− y2(x)∥2 ≤ δ3

∫ κ

0
Ψ

(
sup

0≤r≤x
E∥y1(r)− y2(r)∥2

)
dx.

By using the Bihari inequality [5], we obtain sup0≤x≤κ E∥y1(x)− y2(x)∥2 = 0. Thus,
y1(κ) = y2(κ) for κ ∈ [0, b].

Theorem 2. Suppose that the assumptions of Theorem 1 are satisfied; then, the mild solution of
system (1) is stable in mean square.

Proof. For initial data y0 and ŷ0, let y(κ) and ŷ(κ) be the solution of (1), respectively. For
κ ∈ [0, b], we obtain



Fractal Fract. 2025, 9, 130 11 of 14

sup
0≤x≤κ

E∥y(x)− ŷ(x)∥2 ≤ 8M2E∥y0 − ŷ0∥2 + 8M2E∥y1 − ŷ1∥2

+ 4M2b
∫ κ

0
Ψ

(
sup

0≤r≤x
E∥y(r)− ŷ(r)∥2

)
dx

+ 4M2cHb2H−1
∫ κ

0
Ψ

(
sup

0≤r≤x
E∥y(r)− ŷ(r)∥2

)
dx

+ 8CM2
∫ κ

0
Ψ

(
sup

0≤r≤x
E∥y(r)− ŷ(r)∥2

)
dx

≤ 8M2(E∥y0 − ŷ0∥2 +E∥y1 − ŷ1∥2) + e0

∫ κ

0
Ψ

(
sup

0≤r≤x
E∥y(r)− ŷ(r)∥2

)
dx,

where e0 = 4M2b + 4M2cHb2H−1 + 8CM2. Let Ψ1(w) = e0Ψ(w); here, Ψ is a increasing
and concave function from R+ to R+ such that Ψ(0) = 0, Ψ(w) > 0 for w > 0 and∫

0+
dw

Ψ(w)
= +∞. Hence, Ψ1(w) is also a concave function from R+ to R+ such that

Ψ1(0) = 0, Ψ(w) ≥ Ψ(1)w, for any 0 ≤ w ≤ 1 and
∫

0+
dw

Ψ1(w)
= +∞. Therefore, for any

ϵ > 0, ϵ1 = ϵ/2, we have limx→0
∫ ϵ1

x
dw

Ψ1(w)
= +∞. Thus, there is a positive constant

Θ < ϵ1 such that ∫ ϵ1

Θ

dw
Ψ1(w)

≥ b.

From the Corollary of the Bihari inequality [5], let

w0 = 8M2(E∥y0 − ŷ0∥2 +E∥y1 − ŷ1∥2), and w(κ) = sup
0≤x≤κ

E∥y(x)− ŷ(x)∥2,

and v(κ) = 1. Therefore, when w0 ≤ Θ ≤ ϵ1, the Corollary of the Bihari inequality [5]
shows that ∫ ϵ1

w0

dw
Ψ1(y)

≥
∫ ϵ1

δ

dw
Ψ1(w)

≥ b =
∫ b

0
v(x)dx.

Thus, for any κ ∈ [0, b], the estimate w(κ) ≤ ϵ, holds. Hence, system (1) is stable in
mean square.

4. Applications
4.1. Numerical Example

Consider the following system:

cDθ
κy(κ, ϱ) =

∂2y(κ, ϱ)

∂ϱ2 +
e−κ(1 + y(κ, ϱ))

2 + |y(κ, ϱ)| +
2(e−8κ + y(κ, ϱ))

1 + 2eκ

dR̂H(κ)

dκ

+
∫
V e−2κ cos(κ)(1 + y(κ, ϱ))ξN̂ (dκ, dξ), κ ∈ [0, 1] ϱ ∈ [0, π],

y(κ, 0) = 0 = y(κ, π),

y(0, ϱ) = y0(ϱ), y′(0, ϱ) = y1(ϱ), ϱ ∈ [0, π],

(7)

where cDθ
κ is the Caputo derivative of order 1 < θ < 2 and R̂H(κ) is the Rosenblatt process

with Hurst index 1/2 < H < 1. Let Q1 = 1, Y = R, λ1 = 1, λj = 0, and j > 1. Let
K = L2[0, π], and define the operator A : D(A) ⊆ K → K by

Ap = p′′ with D(A) = {p ∈ K : p, p′ are absolutely continuous, p′′ ∈ K and p(0) = p(π) = 0}.
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A is generator of a resolvent family {Tθ(κ) : κ ≥ 0} and dense in the space K. By
Theorems 3.3 and 3.4 (see [4]), we obtain M = 3. Define the functions as follows:

∆1(κ, y) =
e−κ(2 + y(κ, ϱ))

2 + |y(κ, ϱ)| , ∆2(κ, y) =
2(e−8κ + y(κ, ϱ))

1 + 2eκ
, ∆3(κ, y, ξ) = e−2κ cos(κ)(1 + y(κ, ϱ))ξ.

We have a concave, continuous, and non-decreasing function Ψ = I : R+ → R+ with

I(ϖ) = ϖ > 0, for ϖ > 0, I(0) = 0, and
∫

0+
dϖ

ϖ
= ∞. Next, we obtain

E∥∆1(κ, y1(κ, ϱ))− ∆1(κ, y2(κ, ϱ))∥2 ≤ e−2κ

4
E∥y1(κ, ϱ)− y2(κ, ϱ)∥2

≤ 1
4
E∥y1(κ, ϱ)− y2(κ, ϱ)∥2,

E∥∆2(κ, y1(κ, ϱ))− ∆2(κ, y2(κ, ϱ))∥2
L0

2
≤ 4

(1 + 2eκ)2E∥y1(κ, ϱ)− y2(κ, ϱ)∥2

≤ 4E∥y1(κ, ϱ)− y2(κ, ϱ)∥2,

and

E∥∆1(κ, 0)∥2 ≤ e−2κ ≤ 1, and E∥∆2(κ, 0)∥2
L0

2
≤ 4e−16κ

(1 + 2eκ)2 ≤ 4.

We assume that
∫
V ξ2η(dξ) < 1 and

∫
V ξ4η(dξ) < 1. Next, we obtain∫

V
E∥∆3(κ, y1(κ, ϱ), ξ)− ∆3(κ, y2(κ, ϱ), ξ)∥2η(dξ) ∨(∫
V
E∥∆3(κ, y1(κ, ϱ)ξ)− ∆3(κ, y2(κ, ϱ), ξ)∥4η(dξ)

)1/2
≤ E∥y1(κ, ϱ)− y2(κ, ϱ)∥2,

and
∫
V E∥∆3(κ, 0, ξ)∥2η(dξ) ≤ 1. We obtain ∆∆ = 1. All the assumptions of Theorem (2)

are satisfied. Hence, the successive approximations sequence ym, m = 0, 1, 2, · · · converges
to the unique stable mild solution of system (7) on [0, 1].

4.2. Application

Motivated by the designs presented in references [23,24], we introduced a new filter
pattern for our system (1), which is displayed as follows.

Figure 1 illustrates the basic structure of the block diagram, which helps improve the
solution’s efficiency while minimizing input requirements and is detailed as follows:

1. Product Modulator (PM for short)-1 receives the inputs y(β) and ∆1 and produces the
output as ∆1(β, y(β)).

2. PM-2 receives the inputs y(β) and ∆2 and produces the output as ∆2(β, y(β)).
3. PM-3 receives the inputs

∫
V N̂ (dβ, dξ) and ∆3 and produces the output as

∫
V

∆3(β, y(β), ξ) N̂ (dβ, dξ).
4. PM-4 receives the inputs y1 and Qθ(κ) at κ = 0 and produces the output as Qθ(κ)y1.
5. PM-5 receives the inputs y0 and Sθ(κ) at κ = 0 and produces the output as Sθ(κ)y0.
6. Here, the integrators compute the integral of

Tθ(κ − β)

(
∆1(β, y(β)) + ∆2(β, y(β)) +

∫
V

∆3(β, y(β), ξ)N̂ (dβ, dξ)

)
,

over the time period κ.
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Furthermore,

1. The inputs Tθ(κ − β) and ∆1(β, y(β)) are combined and multiplied with an output of
integrator over (0, κ).

2. The inputs Tθ(κ − β) and ∆2(β, y(β)) are combined and multiplied with an output of
integrator over (0, κ) with respect to R̂H(β).

3. The inputs Tθ(κ − β) and
∫
V ∆3(β, y(β), ξ) N̂ (dβ, dξ) are combined and multiplied

with an output of integrator over (0, κ).

Finally, all the outputs from the integrators are sent to the summing network. As a
result, the output y(κ) is obtained, which is bounded and stable in mean square.

Figure 1. Filter system.

5. Conclusions
This paper presents a novel class of fractional stochastic differential systems driven by

non-Gaussian processes and Poisson jumps. The successive approximation technique is
employed to derive new constructive results regarding the existence and stability of the
proposed system. To demonstrate the effectiveness of these results, an illustrative example
is provided. As a potential avenue for future research, we encourage further exploration of
fractional stochastic differential systems incorporating non-Gaussian processes, Poisson
jumps, impulsive effects, and delays.
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