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Abstract: In order to break the bottleneck of the integer-order transfer function in vehicle
ISD (inerter-spring-damper) suspension design, a positive real synthesis design method
of vehicle mechatronic ISD suspension based on the fractional-order biquadratic transfer
function is proposed. The emergence of the fractional-order components disrupts the
equivalence relationship between the passivity of components and the positive realness
of integer-order transfer functions in traditional networks. In this paper, the positive real
condition of the fractional-order biquadratic transfer function is given. Then, a quarter dy-
namic model of the vehicle mechatronic ISD suspension is established, and the parameters
of the fractional-order biquadratic transfer function and vehicle suspension are obtained
by an NSGA-II multi-objective genetic algorithm. Moreover, the structure of the external
circuit and the parameters of the electrical components are obtained by the fractional-order
passive network synthesis theory. The simulation results show that under the condition
of random road input and vehicle speed of 20 m/s, the root-mean-square (RMS) value of
the vehicle body acceleration and the dynamic tire load of the fractional-order ISD suspen-
sion are reduced by 7.98% and 18.75% compared with the traditional passive suspension,
while under the same condition, the integer-order ISD suspension can only reduce by
5.34% and 16.07%, respectively. The results show that employing a fractional-order bi-
quadratic electrical network in the vehicle mechatronic ISD suspension enhances vibration
isolation performance compared with the suspension using an integer-order biquadratic
electrical network.

Keywords: vehicle suspension; mechatronic inerter; positive real synthesis; fractional-order
biquadratic transfer function

1. Introduction
The vehicle suspension system is an essential component intended to support the

weight of the vehicle body while mitigating the effects of uneven road surfaces. It plays a
vital role in minimizing vehicle vibrations. Suspension performance has a major impact on
vehicle driving safety, operating stability, and riding comfort. The evolution of suspension
systems has progressed from traditional passive configurations, consisting of springs and
dampers, to semi-active [1–3] and active suspensions [4–6]. Nonetheless, both semi-active
and active suspension systems necessitate precise state and parameter estimation, often
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employing filter algorithms [7,8]. This complexity increases the challenges associated with
their design and introduces drawbacks such as high energy consumption and elevated costs.
By comparison, passive suspension still plays an irreplaceable role because of its simple
and reliable structure. Traditional passive suspension systems face the challenge of struc-
tural solidification, limiting their ability to meet the increasingly demanding performance
requirements of vehicle suspension, and the proposal of “inerter” [9] makes the suspension
composed of “inerter-spring-damper” attract attention in the realm of engineering.

The application of inerter in fields such as aerospace engineering [10], civil engineering [11],
and railway engineering [12] has proved the vibration isolation performance improvement
and the application value of the device. Based on the previous research, Professor Smith
conducted a further study on vehicle suspensions and found that the application of an
inerter can effectively reduce body acceleration and dynamic tire load [13]. Nie [14] realized
the passive realization of skyhook damping suspension system by means of the method
of reduced-order ISD suspension. Zhang [15] combined a hydro-pneumatic spring with
an inerter to reduce the vehicle body and wheel vibration effectively. Wang [16] inves-
tigated the influence of an inerter on the multi-directional vibrations. Du [17] explored
21 engineering feasible vehicle ISD suspension structures, identifying 12 configurations
that exhibited superior vibration isolation performance compared to traditional passive
suspensions. Shen [18] researched a nonlinear fluid inerter-based hydro-pneumatic sus-
pension, and the key parameters of the suspension were optimized by the non-dominated
sorting genetic algorithm II (NSGA-II), which was proposed by Srinivas and Deb [19] and
has been applied in many fields [20–22]. Yang [23] considered an energy-harvesting vehicle
suspension with an inerter. The above methods are all from the perspective of structural
methods to carry on the structural design of suspension systems. The work is huge, and
the suspension structure with excellent vibration isolation performance is easily missed.
From the perspective of the impedance method to design the suspension system, we can
gain inspiration from passive network synthesis in electricity. This used to be a key issue in
circuit theory, and many scholars have studied it [24,25]. However, with the development
of integrated circuits, the heat of related research has declined. The birth of the inerter
makes the new electromechanical similarity theory correspond perfectly and promotes the
development of passive mechanical network synthesis theory. The previous research on the
network synthesis theory of electrical systems can be leveraged for the reverse impedance
design of suspension systems.

Papageorgiou first proposed the impedance method for passive ISD suspension
design [26]. Due to the passive network synthesis for low order transfer function be-
ing relatively simple, numerous scholars [27–32] mainly focus on the simplest realization
of biquadratic and bicubic transfer function. According to the Bott–Duffin circuit synthe-
sis [25], a biquadratic transfer function can be implemented passively using no more than
nine components, while a bicubic transfer function requires no more than ten components.
Jiang investigated the passive implementations of the biquadratic transfer function using
at least six and five components [27,28]. Wang [29] extended this research by exploring
sufficient and necessary conditions for passive implementation of the biquadratic transfer
function with at least four and three components, respectively. Zhang [30] addressed
the network synthesis problem, demonstrating the passive implementation of the bicubic
transfer function with at least seven components. Wang and Chen further examined the
conditions under which the bicubic transfer function can be passively implemented using
at least six and five components [31,32]. However, with the reduction of the number of com-
ponents in the synthetic passive implementation of the passive network, the constraints
of biquadratic and bicubic transfer functions become more and more stringent. Many
studies [33–35] have found that fractional order can be used to describe more complex
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system dynamics. Chen [36] presented a design methodology to achieve critical damping
by integrating fractional dampers and inerters. Fractional-order mechanical components
exhibit more intricate vibration transmission characteristics compared to their integer-order
counterparts, offering new design perspectives for mechanical systems. However, im-
plementing fractional-order mechanical elements remains challenging in engineering. At
the same time, fractional-order electrical elements have been widely researched in recent
years [37,38]. By designing the external circuit of the mechatronic inerter [39], complex
impedance outputs can be easily achieved. Shen [40] investigated a shock mitigation
system with a three-element electrical network structure comprising a fractional inductor,
a fractional capacitor, and a resistor. Subsequently, Shen [41] analyzed the effects of para-
metric perturbations, including the numerical values and orders of electrical components.
However, the exploration of the fractional-order transfer functions remains limited. The
emergence of fractional order necessitates a departure from network synthesis conditions
tailored for integer order transfer functions, as they are not fully applicable to fractional-
order transfer functions. Therefore, this paper concentrates on investigating the influence
of the fractional-order biquadratic transfer functions implemented in mechatronic inerters
on the vibration suppression effectiveness of vehicle suspension systems. The paper is
structured as follows:

In Section 2, the construction of vehicle mechatronic ISD suspension with a fractional-
order biquadratic electrical network is given. In Section 3, the NSGA-II multi-objective
genetic algorithm is employed to optimize the critical suspension parameters, and the
passive network positive real synthesis of fractional-order biquadratic transfer function is
given. Section 4 is the dynamic analysis of the suspension system. Some conclusions and
discussions are drawn in Section 5.

2. Model of Suspension Dynamics
2.1. Model of Vehicle Mechatronic ISD Suspension

The 2-DOF (degrees of freedom) dynamic model is established to evaluate the vertical
vibration of vehicle suspension in Figure 1.
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Figure 1. Model of vehicle suspension.

In Figure 1, ms and mu are the sprung mass and unsprung mass of the vehicle, re-
spectively, zs and zu are the corresponding vertical displacements, k is the stiffness of the
suspension support spring, c is the damper coefficient of the suspension, b is the inertance
coefficient of inerter, B(s) is the impedance expression of the mechatronic inerter, kt is the
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equivalent spring stiffness of the tire, and zr is the pavement input. The Laplacian equation
of the suspension is obtained:{

mss2Zs + [k + cs + sB(s)](Zs − Zu) = 0
mus2Zu − [k + cs + sB(s)](Zs − Zu) + kt(Zu − Zr) = 0

(1)

In the Equation (1), Zs, Zu, and Zr represent the Laplacian transforms of zs, zu, and
zr, respectively.

The constructed suspension parameters shown in Table 1 are given according to
reference [42].

Table 1. Parameters of vehicle suspension.

Parameters Values

Sprung Mass ms 675/kg
Unsprung Mass mu 62.5/kg

Tire Stiffness kt 290,000/N·m−1

Spring Stiffness k 53,100/N·m−1

2.2. Fractional-Order Biquadratic Electrical Network

The schematic diagram of the ball-screw mechatronic inerter [40] used in this paper is
shown in Figure 2.
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Figure 2. Schematic diagram of the mechatronic inerter.

Ignoring the equivalent inductance Le and resistance Re of the rotating motor, we can
obtain the impedance function expression B(s) of the mechanical inerter:

B(s) = bs + (
2π

P
)ktkeYe(s) (2)

where b represents the inertance coefficient of the inerter, s denotes the Laplacian operator,
P signifies the lead of ball screw, ke and kt are the induced electromotive force coefficient and
the thrust coefficient of the rotary motor, severally, and Ye(s) is the admittance expression
of the external circuitry of the rotating motor. The admittance expression of the external
circuit is as follows:

Ye(s) =
Asα+β+Bsα+Csβ+D
Esα+β+Fsα+Gsβ+H

(3)

In the equation, A, B, C, D, E, F, G, and H are the coefficients of the biquadratic
admittance expression, s is the Laplacian operator, and α and β are the order of the Laplacian
operator. According to articles [43,44], when the order of fractional-order inductors and
capacitors meet 0 < α, β < 1, passive networks can be formed with passive components.
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3. Parameter Optimization
3.1. NSGA-II Multi-Objective Genetic Algorithm

NSGA (non-dominated sorting genetic algorithm) is a genetic algorithm based on the
Pareto optimization concept. This algorithm improves the selection regeneration method
on the basis of the genetic algorithm; each individual is stratified according to its dominant
and non-dominant relationship, and then the selection operation is performed. However,
the NSGA has some problems, such as high complexity of non-dominated sorting time
and lack of elite retention strategy to improve the performance of the algorithm. NSGA-II,
therefore, uses an elitism-based non-dominated sorting method for ranking and sorting
each individual and uses a crowding distance approach in its section operator for keeping
the diversity among the obtained Pareto optimal solutions [45]. The algorithm flow chart is
shown in Figure 3.
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This research mainly focuses on the riding comfort and operating stability of the
vehicle. In addition, we still set a hard limit on the suspension working space: ±0.08 m [46].
Since the single-objective optimization algorithm has limitations in determining weight
coefficients and handling non-uniform objective dimensions, we adopt a multi-objective
optimization algorithm, which exhibits strong global search capability and robustness. The
Pareto front generated by this algorithm provides multiple feasible solutions for decision-
making. More information can be obtained from the Pareto front for the analysis of the
correlation between the targets, and the suspension structure with the best performance can
be selected according to the focus. With this in mind, we can consider both the minimum
vehicle body acceleration and the dynamic tire load through Equation (4).{

J1 = minBA(X)

J3 = minDTL(X)
(4)
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where J1 is the minimum RMS value of the vehicle body acceleration to be optimized; J3 is
the minimum RMS value of the dynamic tire load.

A kind of passive suspension with a parallel structure composed of the parallel
spring and damper elements has been elected as the contrast suspension in this paper. We
improved the efficiency of the optimization algorithm by setting E as 1. The optimization
variables were selected as follows: damping coefficient c/N·s·m−1, inertance b/kg of the
mechatronic inerter, and coefficient A, B, C, D, F, G, H of the fractional-order transfer
function and order α, β. In the optimization process, the range of variables is set as follows:

0 < c < 5000
0 < b < 1000
0 ≤ A, B, C, D, F, G, H < in f
0 < α, β < 1

(5)

In addition, the above variables must satisfy both the nonlinear inequality con-
straints of theorem 1 and the nonlinear equality constraints of theorem 2 in Appendix A.
Theorem 1 makes the fractional-order biquadratic function a positive real function, and
theorem 2 makes the numerator and denominator of the fractional-order biquadratic func-
tion have common factors.

In the following, we will refer to the fractional-order ISD suspension as FO-ISD sus-
pension and the integer-order ISD suspension as IO-ISD suspension in the text description
section. Figure 4 shows the optimized Pareto front. It represents the curve formed by all the
Pareto optimal solutions obtained in multi-objective optimization problems in the graph.
This curve shows the trade-off relationship between different objectives. Choosing different
optimal solutions on the curve means that the corresponding parameters can change the
performance tendency of the suspension system. In Figure 4, the optimal parameter solu-
tions for the FO-ISD suspension are represented by red triangles, the IO-ISD suspension is
indicated by blue dots, and the black squares represent the optimal parameter solutions for
the traditional passive suspension.
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It can be seen from the figure that compared with the traditional passive suspension,
both the FO-ISD suspension and the IO-ISD suspension have a certain degree of reduction
in the two indicators. However, the reduction of J1 in the IO-ISD suspension will lead
to a more serious deterioration of J3, which results in fewer available parameters for the
IO-ISD suspension. In contrast, the curve formed by the optimal parameter solutions of
the FO-ISD suspension is closer to the origin of the coordinate axis, which means that
the two performance indicators of the FO-ISD suspension are better than those of the
IO-ISD suspension, and there are more available points better than the traditional passive
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suspension. Therefore, the FO-ISD suspension has more and better parameter options. It
can reduce J1 while also reducing J3, thereby comprehensively improving the vehicle’s
suspension performance. The optimal normalized weighted sum of the J1 and J3 is selected
as the final optimization variable so as to balance and comprehensively improve the
performance of the vehicle suspension. Its formula is as follows:

f = 0.5 × J1

J1pas
+ 0.5 × J3

J3pas
(6)

Through comparative calculations, it can be found that the f -value at point A is the
smallest, at 0.9479. Therefore, the parameters of the FO-ISD suspension corresponding to
point A are selected, as shown in Table 2.

Table 2. Optimized parameters.

Parameters Values

Damper coefficient c 1000/N·s·m−1

Inertance b 10/kg
A 0.21
B 3.70
C 0.01
D 0.20
F 0.52
G 2.88
H 49.13

Fractional order α1 0.82
Fractional order β1 0.88

3.2. Positive Real Synthetic Passive Implementation of Fractional-Order Biquadratic Transfer

The positive realness of the transfer function is very important for the determina-
tion of passive networks. However, with the arrival of fractional-order components, the
equivalence relationship between component passivity and positive real transfer func-
tion in traditional networks is broken. Nevertheless, from the study of articles [47–49],
it is found that the transfer function obtained after appropriate variable substitution for
fractional-order network satisfies the positive realness condition.

According to the positive real synthetic passive realization condition of the fractional-
order transfer function, the simplest realization condition of two, three, four, and five
electrical-element network components is tested according to the simplest principle [50].
In Appendix B, based on the positive real synthetic passive realization conditions of
the fractional-order biquadratic transfer function given in the literature, it can be ob-
tained that the A, B, C, D, E, F, G, H optimized in this paper meet the fourteenth con-
dition of the five-element implementation conditions of the transfer function Ye(s), that
is, AH + DE − BG − CF = 0, AD − BC = 0, BE > AF and satisfy BH > DF or DF > BH. Thus,
the optimized fractional-order biquadratic transfer function Ye(s) meets the conditions of
positive real function and satisfies inequalities (7); it can be implemented passively with
a five-element structure, as shown in Figure 5, which is composed of three resistors, a
fractional-order capacitor, and a fractional-order inductor.

BH − DF > 0
BE − AF > 0
AD − BC = 0
(AH + DE)− (BG + CF) = 0

(7)
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The expression of each parameter component in Figure 5 is as follows:

R1 = E
A

R2 = EF
BE−AF

R3 = BH−DF
BD

Cα2 = B2

BH−DF
Lβ2 = E2

BE−AF

(8)

Table 3 shows that the transfer function coefficients obtained by optimization are
substituted into the component expressions of each parameter.

Table 3. Parameters of the external electrical circuit.

Parameters Values

Resistance R1 4.69/Ω
Resistance R2 0.15/Ω
Resistance R3 246.86/Ω

Fractional-order capacitance Cα 0.08/F
Fractional-order of capacitance α2 0.82

Fractional-order inductance Lβ 0.28/H
Fractional-order of inductance β2 0.88

4. Simulation Analysis
4.1. Random Pavement Input

The expression for random pavement input [51] is as follows:

.
zr = −0.111[uzr(t) + 40

√
G0uw0(t)] (9)

where u is the velocity of vehicle, G0 is the road roughness coefficient, and w(t) repre-
sents the Gaussian white noise. Table 4 presents a comparison of performance indexes
for each suspension at three different speeds. Figures 6a, 7a and 8a show the compari-
son of RMS values of performance indicators at speeds ranging from 10 m/s to 30 m/s.
Figures 6b, 7b and 8b show the comparison of performance index at the speed of 20 m/s.
The formula for calculating the RMS of a performance indicator is as follows:

BARMS =

√
1
n

n

∑
i=1

a2
i (10)
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DTLRMS =

√
1
n

n

∑
i=1

F2
i (11)

where ai is the acceleration value at each point in time; Fi is the dynamic tire load at each
time point; and n is the total number of time points.

Table 4. Evaluation indexes at various velocities.

Suspension Velocity
u/(m/s)

RMS of Vehicle Body
Acceleration/(m·s−2)

RMS of Suspension
Working Space/(m)

RMS of Dynamic
Tire Load/(N)

Traditional
passive

suspension

10 0.9062 0.0081 844.0
20 1.2641 0.0112 1184.5
30 1.5178 0.0133 1435.1

IO-ISD
suspension

10 0.8550 0.0068 832.8
20 1.1966 0.0094 1171.4
30 1.4438 0.0111 1423.8

FO-ISD
suspension

10 0.8304 0.0066 821.4
20 1.1632 0.0091 1155.9
30 1.4054 0.0108 1406.2
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It can be seen that the FO-ISD suspension shows excellent advantages compared to
the other two suspensions in the three performance indexes. Specifically, for the vehicle
body acceleration, the RMS values of IO-ISD suspension decreased by 5.65%, 5.34%, and
4.88% at speeds of 10 m/s, 20 m/s, and 30 m/s, respectively. Meanwhile, the FO-ISD
suspension decreased by 8.36%, 7.98%, and 7.41% at the corresponding speeds. Regarding
the suspension working space, the IO-ISD suspension reduced by 16.05%, 16.07%, and
16.54% at different speeds, whereas the FO-ISD suspension achieved reductions of 18.52%,
18.75%, and 18.80%. Although the improvement in dynamic tire load was relatively small,
IO-ISD suspension showed optimization margins of 1.32%, 1.11%, and 0.79%, while FO-ISD
suspension achieved 2.68%, 2.39%, and 2.01%.

The results indicate superior performance of the FO-ISD suspension over the IO-ISD
suspension across three key performance metrics. This superiority is attributed to the
more intricate vibration transmission characteristics inherent in FO-ISD suspension, which
enhances its vibration isolation capabilities.

4.2. Frequency Responses Analysis

For the frequency response to the suspension indexes, sinusoidal road input is given in
different frequency domains, and the output amplitude is divided by the input amplitude
to obtain the gain value of the corresponding index. Sinusoidal road input is as follows:

zr(t) = Asin(2π f t) (12)

In Formula (12), A represents the amplitude of sinusoidal road input, which is 0.01 m;
f represents the frequency of the sinusoidal road input, with values ranging from [0.01,15].

The frequency responses of suspension indexes are shown in Figures 9–12.
The vehicle body acceleration gain is shown in Figure 9. In the figure, the red line

represents the FO-ISD suspension, the blue line represents the IO-ISD suspension, and
the black line represents the traditional passive suspension. It can be seen from the figure
that in the low-frequency band (0–5 Hz), although the low-frequency peak of the FO-ISD
suspension exceeds that of the IO-ISD suspension, it is still better than the traditional
passive suspension. In the high-frequency band (10–15 Hz), the differences in the high-
frequency peaks of the three types of suspensions are very small. However, the performance
of the FO-ISD suspension is always better than that of the traditional passive suspension
and the IO-ISD suspension. This indicates that the fractional-order design enhances the



Fractal Fract. 2025, 9, 106 11 of 19

energy dissipation capacity of the inerter through the complex impedance characteristics,
thereby more effectively suppressing the body vibration.
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As can be seen from Figure 10, although both types of ISD suspensions are slightly
worse at the high-frequency peak, the low-frequency gain of the suspension working
space of the FO-ISD suspension is significantly better than that of the other two types
of suspensions, effectively improving the working space of the vehicle suspension when
working in the low-frequency band. In Figure 11, although the dynamic tire load at the
low-frequency peak of the FO-ISD suspension exceeds that of the IO-ISD suspension, it
is still better than the traditional passive suspension. At the high-frequency resonance
peak, the FO-ISD and IO-ISD suspensions deteriorate slightly, respectively. Overall, the
FO-ISD suspension is slightly worse at the high-frequency peak, but the overall trend is
similar to that of the IO-ISD suspension. In the low-frequency range, due to the complex
impedance, the FO-ISD suspension fully exerts the advantage of the inerter. Compared
with the IO-ISD suspension, the low-frequency amplitude suppression effect is further
enhanced in most frequencies.

In Figure 12, the comparison of various indicators can be seen more intuitively. Among
them, J1L denotes the low-frequency peak of vehicle body acceleration, while J1H represents
its high-frequency counterpart. Similarly, J2L and J2H denote the low and high-frequency
peaks of suspension working space, respectively. Meanwhile, J3L and J3H signify the low
and high-frequency peaks of the dynamic tire load. In terms of body acceleration, although
the J1L of the FO-ISD suspension in the low-frequency band is slightly higher than that of
the IO-ISD suspension, it is still 21% lower than that of the traditional passive suspension.
The low-frequency peak of the IO-ISD suspension is reduced by 31%. In the case of J1H in
the high-frequency band, the performance of the FO-ISD and IO-ISD suspensions is similar.
However, the FO-ISD suspension is still slightly better than the IO-ISD suspension and
can further reduce body acceleration. In terms of suspension working space, the J2L of the
FO-ISD suspension working space is reduced by 42% compared with that of the traditional
passive suspension, and the IO-ISD suspension working space is reduced by 33%. This
shows that the FO-ISD suspension can maintain the optimal suspension working space
when working at low frequency. In the case of J3L in the low-frequency band, although
the FO-ISD suspension is slightly higher than the IO-ISD suspension, it is still 23% lower
than the traditional passive suspension. This effectively reduces the dynamic tire load of
the vehicle and improves driving stability. In the case of J2H and J3H in the high-frequency
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band, the FO-ISD and IO-ISD suspensions exhibit slight deterioration. However, they are
still within the acceptable range.

4.3. Impulse Pavement Input

The vehicle is set to drive through a speed reducer with a height of 0.05 m and a width
of 0.3 m at a speed of 10 m/s [52]. The impulse response of dynamic performance indexes
is illustrated in Figures 13–15; Table 5 shows the corresponding peak-to-peak (PTP) values.

Table 5. PTP values comparison between different suspensions.

Traditional
Passive Suspension

IO-ISD
Suspension

FO-ISD
Suspension

PTP value of the vehicle body
acceleration/(m·s−2) 13.6815 13.1320 12.8691

PTP value of the suspension
working space/(m) 0.0428 0.0412 0.0416

PTP value of the dynamic tire load/(N) 21,488 21,298 21,314
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The FO-ISD suspension optimizes the PTP values of the three suspension performance
indexes compared to the traditional passive suspension. Specifically, the vehicle body
acceleration shows a reduction of 5.94%, the suspension working space reduces by 2.80%,
and the dynamic tire load exhibits marginal improvement. In comparison with IO-ISD
suspension, the vehicle body acceleration is optimized by 2.00%, whereas the other two
performance indexes exhibit a slight worsening in PTP values.

5. Discussion
This paper employs the fractional-order calculus theory to propose a design method-

ology for vehicle mechatronic ISD suspension utilizing a fractional-order biquadratic
electrical network. A dynamic model of the vehicle suspension is formulated, with sus-
pension parameters to be optimized using NSGA-II. The external network structure is
synthesized using the fractional-order passive network design principles. Simulation re-
sults validate that the proposed fractional-order ISD suspension exhibits superior vibration
isolation effectiveness compared to both integer-order ISD suspension and traditional
passive suspension.

It is worth mentioning that the positive real synthetic passive implementation of
the fractional-order transfer function can be applied to other vibration isolation fields to
obtain better vibration isolation performance. In the future, we will focus on the simplest
implementation of fractional-order transfer functions and the engineering implementation
of fractional-order electrical components.
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RMS Root-mean-square
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DOF Degrees of freedom
NSGA Non-dominated sorting genetic algorithms
FO Fractional-order
IO Integer-order
PTP Peak-to-peak

Appendix A
The positive real condition of the fractional-order biquadratic transfer function is

given by the following theorem [51]:

Theorem 1. Consider the fractional biquadratic transfer function Ye(s) of the Formula (3), where A,
B, C, D, E, F, G, H ≥ 0 and 0 < α, β < 1. Then, the necessary and sufficient condition for a positive
real function of fractional order Ye(s):

when α = β,
(√

AH −
√

DE
)2

< (B + C)(F + G); (A1)

when α ̸= β, (AH + DE)− (BG + CF) ≤ 2
(√

BCFG +
√

ADEH
)

(A2)

Theorem 2. For the fractional-order biquadratic transfer function represented by Formula (3), a nec-
essary and sufficient condition for common factors to exist between its numerator and denominator
is met when one of the following conditions holds:

AG − CE = 0 and AH + BG − CF − DE = 0 and BH − DF = 0 (A3)

AF − BE = 0 and AH + CF − BG − DE = 0 and CH − DG = 0 (A4)

Appendix B
The following are the positive real synthetic passive realization conditions of the

fractional-order biquadratic transfer function [51]. According to the principle of simplicity,
the simplest realization conditions of the two, three, four, and five electrical network
components are tested in turn. The specific flow chart of its network synthesis process is
shown in Figure A1.

Binary implementation conditions of the transfer function Ye(s) (5 coefficients are 0):
1. B > 0, C > 0 and E > 0 or H > 0, the remaining coefficients are 0;
2. F > 0, G > 0 and A > 0 or D > 0, the remaining coefficients are 0;
3. A > 0, D > 0 and F > 0, the remaining coefficients are 0;
4. B > 0, E > 0 and H > 0, the remaining coefficients are 0.
Three-element implementation conditions of the transfer function Ye(s) (in conditions 1–4,

4 coefficients are 0, and in conditions 5–10, 3 coefficients are 0):
1. B > 0, C > 0 and A, E > 0 or D, H > 0, the remaining coefficients are 0;
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2. F > 0, G > 0 and A, E > 0 or D, H > 0, the remaining coefficients are 0;
3. A > 0, B > 0, D > 0, F > 0, the remaining coefficients are 0;
4. B > 0, E > 0, F > 0, H > 0, the remaining coefficients are 0;
5. BG = CF, and A > 0 or D > 0 or E > 0 or H > 0, the remaining coefficients are 0;
6. CF = DE, and B > 0 or G > 0, the remaining coefficients are 0;
7. AH = BG, and C > 0 or F > 0, the remaining coefficients are 0;
8. BG = DE, and A > 0 or H > 0, the remaining coefficients are 0;
9. AH = CF, and D > 0 or E > 0, the remaining coefficients are 0;
10. AH = DE, and C > 0 or G > 0, the remaining coefficients are 0.
Four-element implementation condition of the transfer function Ye(s) (in conditions 1–7,

2 coefficients are 0, and in conditions 8–15, 1 coefficient is 0);
1. BG = CF, A = E = 0, and satisfy BH > DF or DF > BH or CH > DG or DG > CH;
2. BG = CF, D = H = 0, and satisfy AG > CE or CE > AG or AF > BE or BE > AF;
3. AH = CF, B = D = 0, and satisfy AG > CE or CE > AG;
4. AH = CF, E = G = 0, and satisfy DF > BH or BH > DF;
5. BG = DE, F = H = 0, and satisfy AG > CE or CE > AG;
6. BG = DE, A = C = 0, and satisfy DF > BH or BH > DF;
7. AH = DE, C = G = 0, and satisfy DF > BH or BH > DF;
8. BG = CF + DE, and satisfy AG = CE, H = 0 or DF = BH, A = 0;
9. CF = AH + BG, and satisfy AG = CE, D = 0 or DF = BH, E = 0;
10. AH = BG + CF, and satisfy EH + FG, D = 0 or AD = BC, E = 0;
11. DE = BG + CF, and satisfy AD = BC, H = 0 or EH = FG, A = 0;
12. DE = AH + CF, and satisfy AF = BE, DF > BH, G = 0 or CH = DG, CE > AG, B = 0;
13. AH = BG + DE, and satisfy AF = BE, BH > DF, C = 0 or CH = DG, AG > CE, F = 0;
14. CF = AH + DE, EH = GF, B = 0;
15. BG = AH + DE, AD = BC, F = 0.
Five-element implementation conditions of the transfer function Ye(s) (in conditions 1–6,

1 coefficient is 0, and in conditions 7–14, all coefficients are > 0):
1. 4BC(FG − EH) = (DE − CF − BG)2, A = 0;
2. 4BC(FG − EH) = (AH − CF − BG)2, D = 0;
3. 4FG(BC − AD) = (DE − CF − BG)2, H = 0;
4. 4FG(BC − AD) = (AH − CF − BG)2, E = 0;
5. 4AG(BH − DF) = (DE − BG − AH)2, C = 0;
6. 4CE(DF − BH) = (AH − CF − DE)2, G = 0;
7. AH + BG − CF − DE = 0, BH − DF = 0, CE > AG, and satisfy DE > AH or AH > DE;
8. AH + BG − CF − DE = 0, BH − DF = 0, AG > CE, and satisfy DE > AH or AH > DE;
9. AH + BG − CF − DE = 0, AG − CE = 0, DE > AH, and satisfy BH > DF or DF > BH;
10. AH + BG − CF − DE = 0, AG − CE = 0, AH > DE, and satisfy BH > DF or DF > BH;
11. AH + DE − BG − CF = 0, EH − FG = 0, DG > CH and satisfy AG > CE or CE > AG;
12. AH + DE − BG − CF = 0, EH − FG = 0, AF > BE and satisfy BH > DF or DF > BH;
13. AH + DE − BG − CF = 0, AD − BC = 0, CH > DG and satisfy AG > CE or CE > AG;
14. AH + DE − BG − CF = 0, AD − BC = 0, BE > AF and satisfy BH > DF or DF > BH.
In order to follow the simplest principle of passive implementation of the transfer

function, the implementation conditions of six elements and more are not given here.
When all coefficients A, B, C, D, E, F, G, H are positive, a network comprising five

series-parallel elements with two fractional-order reactance elements can be implemented.
If at least one of the coefficients A, B, C, D, E, F, G, H is zero, the network can be realized
using up to four elements.
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