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Abstract

The fractal extension of the time-dependent Ginzburg-Landau (TDGL) equation, formu-
lated within the framework of Scale Relativity, generalizes superconducting dynamics
to non-differentiable space-time. Although analytically well established, its numerical
solution remains difficult because of the strong coupling between amplitude and phase
curvature. Here we develop two complementary deep learning solvers for the fractal TDGL
(FTDGL) system. The Fractal Physics-Informed Neural Network (F-PINN) embeds the
Scale-Relativity covariant derivative through automatic differentiation on continuous fields,
whereas the Fractal Graph Neural Network (F-GNN) represents the same dynamics on
a sparse spatial graph and learns local gauge-covariant interactions via message passing.
Both models are trained against finite-difference reference data, and a parametric study
over the dimensionless fractality parameter D quantifies its influence on the coherence
length, penetration depth, and peak magnetic field. Across multivortex benchmarks, the F-
GNN reduces the relative L, error on |1/J|2 from 0.190 to 0.046 and on B, from approximately
0.62 to 0.36 (averaged over three seeds). This ~4 x improvement in condensate-density
accuracy corresponds to a substantial enhancement in vortex-core localization—from tens
of pixels of uncertainty to sub-pixel precision—and yields a cleaner reconstruction of the
27 phase winding around each vortex, improving the extraction of experimentally relevant
observables such as &, Aegr, and local B, peaks. The model also preserves flux quan-
tization and remains robust under 2-5% Gaussian noise, demonstrating stable learning
under experimentally realistic perturbations. The D—scan reveals broader vortex cores, a
non-monotonic variation in the penetration depth, and moderate modulation of the peak
magnetic field, while preserving topological structure. These results show that graph-based
learning provides a superior inductive bias for modeling non-differentiable, gauge-coupled
systems. The proposed F-PINN and F-GNN architectures therefore offer accurate, data-
efficient solvers for fractal superconductivity and open pathways toward data-driven
inference of fractal parameters from magneto-optical or Hall-probe imaging experiments.

Keywords: fractal superconductivity; Scale Relativity; time-dependent Ginzburg-Landau;
physics-informed neural networks;
non-differentiable PDEs

graph neural networks; vortex dynamics;
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1. Introduction

The Ginzburg-Landau (GL) theory remains one of the most powerful phenomenologi-
cal frameworks in condensed matter physics, providing deep insight into the macroscopic
behavior of superconductors. Since its original formulation by Landau and Ginzburg (1950),
the GL approach has offered a bridge between microscopic Bardeen—-Cooper—Schrieffer
(BCS) theory and macroscopic observables such as the coherence length, penetration depth,
and critical magnetic field [1-3]. The time-dependent Ginzburg-Landau (TDGL) equation,
later developed by Schmid (1966) and Gor’kov and Eliashberg (1968), extended the GL
formalism to describe dynamical processes such as vortex motion, flux flow, and relaxation
phenomena [4-6]. Through its nonlinear complex order parameter, the TDGL framework
has been successfully applied to both conventional and high-temperature superconduc-
tors, providing a foundation for modeling phase transitions, flux pinning, and dissipative
states [7-9].

However, conventional TDGL models rest on a fundamental assumption: that the
underlying space-time manifold is smooth and differentiable. This assumption implies
that the fields and trajectories describing superconducting charge carriers can be locally
expanded and differentiated to arbitrary precision. While this hypothesis is adequate at
macroscopic scales, it becomes increasingly questionable near critical points, in turbulent
vortex regimes, or in systems exhibiting quantum—fractal self-similarity. Experimental
observations in type-II superconductors—such as vortex clustering, multiscale pinning,
and anomalous transport—suggest the possible influence of irregular, non-differentiable
geometrical structures within the condensate dynamics [10,11].

A theoretical framework capable of incorporating such effects is provided by Scale
Relativity (SR), pioneered by Laurent Nottale [12-14]. In SR, space-time is considered
continuous but fundamentally non-differentiable, and physical trajectories are replaced by
fractal curves. As a result, dynamical quantities such as velocity fields become complex-
valued and resolution-dependent. Nottale introduced a complex covariant derivative
d/dt = % +V-V — inVZ where V = v —iu denotes the complex velocity and Dy
represents a fractal diffusion coefficient. This operator generalizes classical mechanics to
fractal space-time and has been shown to recover the Schrodinger, Klein-Gordon, and
diffusion equations as limiting cases [12-15].

In the present work, we build upon this established theoretical framework not by
modifying the FTDGL equations themselves, but by developing data-driven solvers capable
of learning their non-differentiable dynamics directly.

While the underlying FTDGL formalism is not new, the novelty of the present study
lies in its computational contribution rather than in proposing a new physical theory.
Specifically, we introduce the first deep learning solvers designed to handle the non-
differentiable operators of the fractal TDGL system, combining (i) a physics-informed
neural network embedding the Scale-Relativity covariant derivative and (ii) a graph-based
message-passing architecture that reconstructs gauge-covariant interactions on discrete
lattices. Unlike earlier works that focus purely on analytical developments of fractal
superconductivity, our approach provides a numerically stable, data-efficient, and gauge-
consistent framework for solving the fractal TDGL equations. This computational capability
enables, for the first time, systematic parametric studies of the fractality parameter D and
quantitative links to measurable superconducting observables.

Building on this foundation, Buzea et al. (2010) employed Nottale’s SR derivative
to reformulate the time-dependent Ginzburg-Landau equation in fractal space-time, in-
troducing a self-consistent fractal-hydrodynamic interpretation of superconductivity [16].
Their work demonstrated that the London equations and other macroscopic superconduct-
ing relations emerge naturally from the fractal TDGL model. Moreover, they identified
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fractality-induced quantization effects analogous to tunneling and vortex lattice formation,
establishing a formal connection between superconductivity and the geometrical structure
of space-time itself.

The GL formalism has also been extended analytically to explore nonlinear and
temperature-dependent effects. Rezlescu, Agop, and Buzea (1996) developed perturbative
solutions of the GL equation using Jacobian elliptic functions, treating the modulus s of
sn(u; s) as a parameter of nonlinearity [17]. This approach allowed the derivation of explicit
temperature dependences for the coherence length, superconducting carrier concentration,
penetration depth, and critical field. Their analysis highlighted the transition between
sinusoidal and hyperbolic-tangent regimes—corresponding to the superconducting and
normal states—and provided an analytical interpretation of the superconducting-normal
phase transition through the variation in s.

Complementing these results, Agop, Buzea, and Nica (2000) introduced a geometric
and topological extension of the GL theory to describe the Cantorian structure of back-
ground magnetic fields in high-temperature superconductors [18]. Their study revealed
that when the GL order parameter is expressed through complex elliptic functions, the
resulting magnetic field structure becomes fractal at low temperatures and high fields.
These analytical advances, however, have not yet been matched by computational models
able to resolve the fractal geometry of superconducting fields with both physical fidelity
and numerical scalability. This led to the prediction of fractional magnetic flux quantization
and the emergence of anyonic quasiparticles, providing a fractal-geometric interpretation
of high-T. superconductivity.

Together, these works establish a coherent theoretical triad:

(i) the fractal generalization of the TDGL equation through Scale Relativity,
(ii) the elliptic-function representation of superconducting states, and
(iii) the Cantorian magnetic topology responsible for fractional flux quantization.

Despite these conceptual advances, the analytical and numerical treatment of such
nonlinear fractal systems remains challenging. The equations are highly coupled, multiscale,
and often lack closed-form solutions. Conventional numerical solvers, such as finite-
difference or spectral methods, struggle to handle the intrinsic non-differentiability and
scale-dependent terms that characterize fractal physics. This computational gap motivates
the present study, which introduces two complementary deep learning solvers explicitly
designed to handle the non-differentiable operators of the fractal TDGL model.

In recent years, the rapid development of Machine Learning (ML) and, in particular,
Physics-Informed Neural Networks (PINNs), has provided a new paradigm for solving
partial differential equations (PDEs). PINNs integrate physical laws directly into the neural
network architecture by embedding the PDE residuals, boundary conditions, and conser-
vation laws within the loss function [19-21]. This approach allows the network to learn
physically consistent solutions even from sparse or noisy data, without requiring dense
numerical grids. Since their introduction by Raissi, Perdikaris, and Karniadakis (2019),
PINNs have achieved remarkable success in diverse domains—ranging from fluid dy-
namics and electromagnetism to quantum mechanics and relativistic field theory [19-23].
Extensions of this framework, including Deep Operator Networks (DeepONets) and Fourier
Neural Operators, have further demonstrated the ability of ML models to approximate
solution operators for complex nonlinear systems [24,25].

In parallel, Graph Neural Networks (GNNs) have emerged as a powerful frame-
work for representing physical systems defined on discrete geometries. By operating on
graph-structured data, GNNSs naturally encode local interactions, conservation laws, and
symmetries such as translational or rotational invariance. This makes them particularly well
suited for modeling lattice-based or irregular physical domains where differential operators
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are difficult to define. Early seminal works by Kipf and Welling (2017) introduced graph
convolutional networks for semi-supervised learning [26], while Battaglia et al. (2018) pro-
posed the general Graph Network framework for learning physical interactions [27]. In the
context of scientific computing, Sanchez-Gonzalez et al. (2020) demonstrated that message-
passing GNNs can accurately model fluid dynamics and continuum mechanics [28], and
Pfaff et al. (2021) extended this to long-term mesh-based physical simulations [29]. More
recent developments, such as Physics-Informed Graph Neural Networks (PI-GNNs) [30,31],
combine the locality of GNNs with the physical regularization of PINNSs, offering an
efficient discrete alternative for solving PDEs on arbitrary topologies.

The convergence of Scale Relativity, fractal physics, and physics-informed deep learn-
ing presents a unique opportunity for advancing both theoretical and computational
physics. Embedding the fractal TDGL dynamics into a neural network framework offers
a dual advantage: it enforces the mathematical structure of non-differentiable physics
while allowing adaptive, data-driven learning of complex spatiotemporal patterns. Such
synergy not only yields a computational strategy for solving fractal PDEs but also pro-
vides a conceptual tool for exploring new quantum-hydrodynamic regimes emerging from
non-differentiable geometries.

At the same time, PINNs come with limitations that are particularly relevant for
fractal TDGL: they rely on global collocation and smooth automatic differentiation, which
can blur sharp vortex cores and under-resolve localized magnetic features unless trained
with dense point sets and second-order optimizers. This motivates exploring discrete,
locally connected architectures that align more closely with the lattice-based operators
used in TDGL numerics. Accordingly, we explore how continuous and discrete neural
formulations—namely, a Fractal Physics-Informed Neural Network (F-PINN) and a Fractal
Graph Neural Network (F-GNN)—can jointly capture the fractal TDGL dynamics across
smooth and singular regimes.

In this work we therefore complement the F-PINN with a Fractal Graph Neural
Network (F-GNN). The F-GNN represents the TDGL fields on a sparse spatial graph (nodes
as grid points; edges as local neighbors) and uses message passing to approximate gauge-
covariant local interactions, including discrete Laplacians and current-continuity relations.
A weak physics regularizer enforces fractal-TDGL consistency, while supervised terms
anchor the solution to finite-difference “teacher” data. This yields a learning bias that is
inherently local and well-suited to non-differentiable geometries.

Beyond model development, this study also extends the analysis to the physical
implications of fractality itself.

In addition, we perform a parametric study of the fractality coefficient D to analyze
how fractal diffusion influences key physical observables—namely, the effective coherence
length &.f, penetration depth A, and peak magnetic field By . This analysis, introduced
in Section 5, provides quantitative insight into how fractality reshapes vortex-core structure
while preserving flux quantization.

Contributions.

e  We formulate an F-GNN tailored to the fractal TDGL system, and present it alongside
an F-PINN that embeds SR-covariant operators in the loss.

e  On multivortex benchmarks, the F-GNN attains ~4 x lower relative L, error on (|1,b|2
and ~2x lower error on B, than the F-PINN (means over three seeds), localizes vortex
cores to within a pixel, and preserves total flux.

e Ablations (4- vs. 8-neighbor stencils; weak physics regularization) and noise-
robustness tests (2-5% Gaussian noise) show that the GNN's local inductive bias
is the key driver of its advantage.
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e A systematic parametric D—scan quantifies how fractality modifies vortex geometry
and relaxation scales while maintaining topological invariance.

e  We discuss implications for non-differentiable quantum hydrodynamics and outline
extensions to temporal rollout and experimental data assimilation.

e  We thus provide the first quantitative framework linking fractal diffusion (Dy) to
measurable superconducting observables (where Dy is the fractal diffusion coefficient
in the Scale-Relativity covariant derivative), combining deep learning solvers with
parametric physical analysis.

The following sections integrate theoretical formulation, machine learning architecture,
and physical analysis into a unified workflow. Section 2 reviews the theoretical background
and the fractal TDGL model. Section 3 introduces the F-PINN and F-GNN architectures.
Section 4 presents quantitative results, ablations, and noise-robustness tests. Section 5 pro-
vides broader discussion and physical interpretation. Section 6 reports the parametric study
of the fractality coefficient D. Section 7 concludes with main findings and perspectives.

2. Theoretical Background
2.1. The Classical Ginzburg—Landau Framework

The phenomenological Ginzburg-Landau (GL) theory describes superconductivity
through a complex order parameter,

Y(rt) = [le’®, (1)

representing the macroscopic wave function of the Cooper-pair condensate. The absolute
value |1/J|2 corresponds to the density of superconducting carriers, while the phase S encodes
the quantum coherence across the system.
In the absence of external perturbations, the free energy functional takes the form [1-3]:
2
B

B
|(—ihV—q*A)1p|2+% , )

2m*

Fly,A) = [dr [w|2+ Blyi +

where m* and q* are the effective mass and charge of Cooper pairs, A is the vector potential
(B=V x A),and a(T), B(T) are temperature-dependent coefficients.

Minimization of this functional with respect to i+ and A yields the stationary
Ginzburg-Landau equations:

1

. * A\2 2.,
(il — A+ + BlylPy =0, @)
“h
V x B = igj = ‘Zn* |¢|2(V5—%A). 4)

To account for temporal evolution, Schmid (1966) [4] and Gor ’kov and Eliashberg (1968) [5]
introduced the time-dependent Ginzburg-Landau (TDGL) equation, which captures the
relaxation of the order parameter toward equilibrium:

d * G g\’
L g+ Bl — g (V-1 v

/ )

where I' is a phenomenological relaxation constant and & the scalar potential [4-7].

This framework forms the classical basis for describing vortex dynamics, flux-flow
resistivity, and time-dependent responses in superconductors [8-10].

Despite its success, the TDGL formalism presupposes differentiability of all phys-
ical quantities. The differential operators act on smooth fields, thereby excluding any
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explicit representation of fractal or discontinuous structures that may emerge in quantum-
hydrodynamic regimes or near critical points.

2.2. Scale Relativity and Fractal Dynamics

The Scale Relativity (SR) theory proposed by Laurent Nottale generalizes Einstein’s
principle of relativity to include scale transformations, extending physical laws to non-
differentiable manifolds [12-14].

In this framework, space-time is continuous but fractal, and physical trajectories
are described as continuous yet nowhere differentiable curves. This non-differentiability
implies the existence of two distinct velocities—one for forward and one for backward
temporal increments—defined as :

Ax Ax
i _ = lim —, 6
o v Atgr(}* At (6)

vy = .
T Aot At

whose combination defines a complex velocity field

V:"*er"*—i"*;"*:v—iu, @)
where the real part v corresponds to the classical velocity and the imaginary part u repre-
sents internal, fractal fluctuations of the trajectory.

Because conventional derivatives are undefined on non-differentiable paths, Nottale
introduced a complex covariant derivative that accounts for fractal fluctuations through a
diffusion-like term: i s
E:§+V-V—ipfv2, (8)
where Dy is the fractal diffusion coefficient. It is often convenient to introduce the dimen-
sionless fractality ratio D = D¢ /Dy where Dy = 7i/2mx but only D appears explicitely in
the SR covariant derivative.

When applied to a potential field 5(r,t), the fractal dynamical principle

N

%(VS) = -V, )

yields, after integration, a generalized Schrodinger equation for a fractal medium:

1) o,
zﬁg =5 Vo +Vy, (10)
where ¢ = ¢/5/". This correspondence illustrates how the SR formalism recovers standard
quantum mechanics as a differentiable limit of a deeper fractal dynamics [12-15].

2.3. The Fractal Time-Dependent Ginzburg—Landau (FTDGL) Equations

As summarized in the Introduction and in Section 2.1 amd Section 2.2, the key dis-
tinction between the standard TDGL and the fractal TDGL lies in the replacement of the
classical time derivative by the Scale-Relativity covariant derivative, which introduces a
well-established fractal diffusion term without altering gauge covariance or the classical
TDGL limit.

In its conventional form, the time-dependent Ginzburg-Landau (TDGL) theory de-
scribes the temporal evolution of the superconducting order parameter 1(r,t) and the
associated electromagnetic fields through two coupled nonlinear equations. In the gauge-
covariant representation, they read [4-6,9]:
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i (V—i%A) "

W  .q° _ 2. h
E‘ng’lp* [lay + Bl p o , (11)

A _qh @), 1
U<at+v<p)_2m*i(¢v¢_¢v¢)_*|¢|A—VOV><V><A, (12)

*
m
where I' is a phenomenological relaxation parameter, ¢ the normal-state conductivity, and
q* = 2e, m* = 2m are the charge and mass of a Cooper pair.

Equation (11) governs the temporal evolution of the complex order parameter un-
der the influence of electromagnetic potentials, while Equation (12) describes the back-
action of the superconducting current on the vector potential A. Together, these equations
ensure the self-consistent coupling between the superconducting condensate and the
electromagnetic field.

To extend these equations to a non-differentiable (fractal) geometry, Buzea et al. (2010) [16]
replaced the classical time derivative by the SR covariant derivative (8):

d_o
— = -V —iD;V?, 13
i~ atV it 13)

Substituting this operator into Equation (11) yields the first fractal TDGL equation,

governing the evolution of the order parameter:

d 12 7\’
mdif - (v = 1qﬁA> p+ap+ By, (14)

which, when expanded explicitly, becomes

(2 v vy iD,v2 _ (g 4 2 +ay + Blyl (15)
a V) == FA) et ayp+ Blyy.

The additional term —iAD fVle couples the amplitude and phase of ¢ through scale-
dependent diffusion, embodying fractal fluctuations.
The corresponding supercurrent becomes

. q'h
s = 2

2
* * * h *~ *
vy —pvy) — Ty Mo pyy), (16)
leading to the second fractal TDGL equation

U(aA+Vd>> :js—iVxVxA. (17)
ot Ho

Equations (15)—(17) form the Fractal Time-Dependent Ginzburg-Landau (FTDGL) system.

In the limit Dy — 0 it reduces to Equations (11) and (12); for nonzero Dy, the addi-
tional diffusion term modifies both amplitude and phase evolution, producing quantized
vortex structures and self-similar magnetic textures.

Key Takeaways—Fractal TDGL:

e  Replacing the classical derivative d/dt with the Scale Relativity operator Equation (13)
introduces a fractal diffusion term —iiD fv2¢.

e  This term couples amplitude and phase evolution, encoding the influence of non-
differentiable trajectories on superconducting coherence.

e Inthelimit Dy — 0, the system recovers the conventional TDGL, ensuring physical
consistency with classical superconductivity.
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The dimensionless fractality parameter D used in Section 5 is defined as the ratio
D = D¢/ Dy. Only Dy enters directly into the SR covariant derivative, while D is used in
practice for nondimensionalization and parameter scans.

2.4. Toward a Physics-Informed Learning Framework

Although the FTDGL equations provide a rich theoretical model, their nonlin-
ear and non-differentiable nature hinders analytical treatment. Traditional numerical
schemes—finite-difference, spectral, or finite-element—require fine resolution and cannot
easily accommodate the fractal diffusion operator.

Physics-Informed Neural Networks (PINNs) offer a mesh-free alternative.

For a generic PDE N [¢] = 0, network parameters 6 are trained to minimize:

NZ 1N (i, z)]|+fZ [9a(risty) — il

, (18)

where the first term enforces the physics residual and the second matches boundary or data
constraints [19-21].

In the Fractal PINN (F-PINN), the SR-covariant derivative (13) and fractal diffusion
term D fVle are embedded directly within the automatic-differentiation pipeline. This
allows the network to approximate the coupled FTDGL fields (y,A) while remaining
constrained by physical laws, reproducing the smooth TDGL limit for Dy — 0 and re-
vealing new fractal corrections otherwise inaccessible to classical solvers. PINNs have
demonstrated strong performance in modeling nonlinear dynamics such as Navier-Stokes
turbulence [22], quantum systems [23], and materials under non-equilibrium conditions [24].

Key Takeaways—Toward Learning:

e  The FTDGL system is too complex for analytical or conventional numerical solvers
due to its multiscale fractal operators.

e  Physics-Informed Neural Networks (PINNs) embed physical laws directly into the
loss function, allowing data-efficient learning of PDE solutions.

e Extending PINNS to fractal physics (F-PINN) integrates the SR covariant derivative
and enables neural networks to capture the dynamics of non-differentiable geometries.

2.5. Discrete Representation via the Fractal Graph Neural Network (F-GNN)

While PINNs operate on continuous coordinates and global differentiation, they can
become inefficient when resolving sharp vortex cores or localized magnetic gradients
typical of fractal superconductivity.

To overcome this, we introduce a Fractal Graph Neural Network (F-GNN) formulation
that discretizes the FTDGL fields on a spatial graph.

Let the superconducting domain be represented by a graph

g=\Ve),
where each node i € V stores the local features
hi = (R¢;, I, Avis Ayi)

and each edge (i,j) € £ encodes spatial adjacency and geometric distance 7;;.
A message-passing update takes the general form

1

(I+1) _ 4 () (1) 4@
WY =B+ e (), (19)

where ¢y, is a learnable message function and e;; includes edge features such as orientation
and local gauge phase difference
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i
Asi]':S]‘—Si—(q*/ﬁ)/i A - dr.

By expanding Equation (19) over nearest neighbors, the GNN implicitly reconstructs
discrete gradient and Laplacian operators:

Vi = Zje/\f(i) wij (5 — i), Vi ~ Zje]\/’(i) Lijj, (20)

where w;; and L;; are learned weights approximating the physical stencils of the
TDGL operator.
A physics-regularized loss combines the discrete FTDGL residual and available data:

2
7

g — P (21)

EF—GNN = )\physziev‘NFTDGL[lpi/Ai] ’2 + )\supz]'ev

where Nrrper denotes the discretized operator from Equations (15)-(17), and 1/)1,(FD) are
reference finite-difference “teacher” values.

This formulation preserves gauge invariance through edge-phase embeddings and
achieves locality consistent with the lattice structure of superconducting materials.

The resulting F-GNN therefore provides a discrete, graph-based analog of the F-PINN:
both enforce the same physical equations, but the GNN learns them through local message
passing rather than global differentiation, offering better scalability and resolution for
non-differentiable geometries.

In this discrete setting, the message-passing Laplacian used in Section 3.2 acts as a
graph-based realization of the SR covariant derivative at t = 0, with edge-phase factors
ensuring gauge-consistent discretization.

3. Neural Architectures for the Fractal TDGL System

The following section introduces the two complementary deep learning solvers de-
veloped for the fractal time-dependent Ginzburg-Landau (FTDGL) equations: a Fractal
Physics-Informed Neural Network (F-PINN) operating on continuous space-time coordi-
nates, and a Fractal Graph Neural Network (F-GNN) operating on discrete graph represen-
tations (see Figure 1).

Both models are trained using data provided by a finite-difference (FD) “teacher” solver
and jointly minimize hybrid losses combining physical residuals and supervised consistency.

Notation and symbols

e 1 = pe’® Complex superconducting order parameter p = [ip| (amplitude), S = arg (y) (phase);
e A= (A, Ay) Magnetic vector potential;

e B, =0JAy/0dx — dA,/dy Perpendicular magnetic-field component;

e D f Physical fractal diffusion coefficient in the SR covariant derivative;

e D Dimensionless fractality parameter used in the parametric D-scan (D = D¢/ Dy);

e kg Ginzburg-Landau parameter;

e (.f7(D) Effective coherence length (from |p|? radial fits);

®  A.f7(D) Effective magnetic-field penetration depth (from B, profiles);

®  T..x(D) Relaxation time of <|1/J|2> to steady state;

®  Aunys, Asup Weighting factors for physics and supervised terms.
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Automatic
Differentiation

4
[ F-PINN ] ¥, B:

(z,y,t)
Continuous

Physics

Hybrid Loss
(z,y,1)
_ | FGNN | v, B,
[Discrete]
Graph l
Data Loss

Figure 1. Overview of the hybrid learning framework for the fractal TDGL model. The
finite-difference (FD) solver generates reference data used by both the Fractal Physics-Informed
Neural Network (F-PINN) and the Fractal Graph Neural Network (F-GNN). The F-PINN en-
forces the fractal TDGL equations through automatic differentiation on continuous coordinates,
whereas the F-GNN operates on a discrete spatial graph using message-passing layers to model
gauge-covariant interactions.

The total loss minimized during training is written as
Liot = Aphys Lphys + AsupLsup-
Unless otherwise noted, all quantities are expressed in normalized Ginzburg-Landau units.

3.1. Fractal Physics-Informed Neural Network (F-PINN)
3.1.1. Network Representation

The F-PINN approximates the continuous complex fields of the FTDGL system,
P(r,t) = ¢y + iy and A = (A, Ay) by a feed-forward neural mapping

(r,t) — (Yr, i, Ax, Ay) s (22)

where 6 denotes all trainable parameters.

Each coordinate input (x,y,t) is normalized to [—1, 1] and propagated through L fully
connected layers with width Nj, and nonlinear activation tanh.

All weights are initialized using Xavier uniform scaling to ensure balanced gradients.

The network thus provides a differentiable surrogate of the order parameter and vector
potential across both space and time.

3.1.2. Physics Embedding and Residuals

To enforce the FTDGL dynamics, automatic differentiation (AD) in PyTorch/TensorFlow
computes all first- and second-order derivatives needed to evaluate the fractal operators in
Equations (15)—(17):

o0 . ih gt N\ e
Ny = aflf +V- VY- szVZIIJ—i- ZIm* <V - zqﬁA> P — z%tp - z%|lp|ztp, (23)

~ 0A 1| g*h *)?
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m
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Residuals N, p and N4 enter the physics loss.
3.1.3. Hybrid Loss Formulation
Training minimizes a weighted hybrid objective,
~ 12 ~ 12 A2 2
Lr pINN = )\phys(Hm(N‘P) 5+ 13 (V) |I5 + NAHZ) + Asup ‘ue(rs,ts) _ y4(FD) ¥ (25)

where the first term enforces the FIDGL equations on randomly sampled collocation
points, and the second penalizes deviations from the finite-difference “teacher” snap-
shot u(fP) = (lpr, Yi, Ay, Ay). The weighting coefficients Aphys and Asy,p balance physics
and supervision.

Optimization proceeds in two phases:

(i) Adam pre-training for stability;
(if) Limited-memory BFGS refinement to minimize the stiff residuals.

This architecture recovers the classical TDGL behavior for D¢ — 0 and yields smooth,
differentiable fields consistent with the fractal corrections when Dy > 0.

3.2. Fractal Graph Neural Network (F-GNN)
3.2.1. Graph Discretization of the TDGL Domain

To overcome the global, smooth-bias limitations of PINNSs, the F-GNN discretizes the
spatial domain into a graph G = (V, £) withnodes i € V corresponding to grid points r;
and edges (i,j) € & linking spatial neighbors (4- or 8- connected stencils).

Each node carries local field values

hi = (R¢;, I, Ay i, Ay (26)
and each edge is annotated with geometric features

eij = (Axjj, Ayij, rij, ASjj), (27)
where AS;; = §; — S; — (q*/ﬁ)fijA - dr preserves gauge invariance.

3.2.2. Message-Passing Update
Each GNN layer performs a message-passing step

! i Il 1+1 1 1
ml?].) _ (hf ),h]( ),ei]-), h ) = g, (hf >,2j€N(i) mfj)) (28)

where ¢, and ¢, are small multilayer perceptrons (MLPs) shared across all edges
and nodes.

Because each edge carries a gauge-phase difference AS

the message m;_,; corre-
iAS

ijr
ii —1;), so that summing messages over
neighbors recovers a covariant Laplacian consistent with the SR derivative’s spatial part.

sponds to the discrete covariant gradient (e

This operation mimics discrete differential operators: edge messages encode gradients,
their aggregation approximates the Laplacian and current-continuity constraints.
After L, layers, the final node features yield predicted fields ;, A;.

3.2.3. Physics-Regularized Training Objective
The F-GNN loss parallels that of the F-PINN but operates on discrete node values:

2
;o (29)

2
h; — b H2 + Aphys Licy 2

Lp_GNN = )Lsupziev ‘

- (disc
NIETDéL {hif {h; }je/\/(i)}
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where N, I_E';igé | is the local, message-based discretization of the fractal TDGL operator.

The supervised term aligns the learned fields with the finite-difference teacher; the
physics term softly enforces local conservation and gauge-covariant coupling.

Unlike PINNSs, the GNN does not require global AD; its computation scales linearly
with the number of edges, making it efficient for high-resolution domains.

3.2.4. Training Protocol and Hyperparameters

To ensure a fair and consistent comparison, both models were trained under compara-
ble hyperparameter configurations.

The F-PINN architecture comprises four fully connected hidden layers with 128 neurons
per layer, employing the Tanh activation function. Training was initially performed using
the Adam optimizer with a learning rate of 1 x 1073, followed by fine-tuning with the
L-BFGS optimizer. The weighting between the physics-informed and supervised loss
components was set to a ratio of 1:1. The network was trained using 4000 collocation points
uniformly sampled within the computational domain.

The F-GNN model consists of four message-passing blocks, each containing 64 hidden
units per node, and utilizes the ReLU activation function. Optimization was conducted
using the Adam optimizer with a learning rate of 1 x 10~3. For this model, the physics-to-
supervised loss weighting ratio was adjusted to 2:1. The graph representation included
approximately 10,000 nodes, with each node connected to between 4 and 8 edges.

All models were trained for a maximum of 3000 epochs, with early stopping applied
based on the validation loss to mitigate overfitting and improve generalization.

3.3. Comparison: Continuous vs. Discrete Learning Bias

The F-PINN encodes the physics through global differentiation of continuous coordi-
nates, producing smooth fields but occasionally over-smoothing localized vortex features.

The F-GNN, by contrast, encodes local message-passing rules that resemble discrete
lattice operators, inherently capturing multi-scale gradients and vortex-core sharpness.

Empirically (Section 4), this difference translates to roughly 4 x lower L, error in |l[J|2
and 2x lower error in B; relative to the F-PINN, while maintaining flux quantization and
robustness to 2-5% Gaussian noise.

3.4. Implementation Summary

Both architectures are implemented in PyTorch 2.8 with CUDA 12.6 acceleration.

Automatic differentiation handles the fractal derivatives in the F-PINN, whereas
PyTorch Geometric enables efficient sparse-graph batching for the F-GNN.

The reference finite-difference (FD) solver described in Section 2 provides both super-
vised targets and benchmark metrics for quantitative evaluation.

Training follows a two-stage optimization: an Adam phase with a cosine learning-rate
schedule for coarse convergence, followed by an L-BFGS refinement to minimize residual
stiffness near vortex cores.

All gradients are computed analytically through automatic differentiation (for F-PINN)
or via discrete message-passing operators (for F-GNN).

Hybrid loss weighting between supervised and physics terms is annealed linearly
during the first 40% of training to prevent premature suppression of fine-scale gradients.

Comprehensive algorithmic workflows—including training loops, residual construc-
tion, and optimization scheduling—are detailed in Appendix A (Algorithms Al and A2)
while network hyperparameters, numerical configurations, and finite-difference reference
settings are summarized in Appendix B, to ensure full reproducibility.
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4. Results

4.1. Model Performance and Convergence
4.1.1. Training Dynamics

Both the Fractal Physics-Informed Neural Network (F-PINN) and the Fractal Graph
Neural Network (F-GNN) were trained on the same initial conditions generated by the
finite-difference (FD) “teacher” solver of the fractal time-dependent Ginzburg-Landau
(FTDGL) system.

The FD simulation provides a high-fidelity reference for the evolution of the
superconducting order parameter ¥ (r,t) and vector potential A(r,t) under periodic
boundary conditions.

Figure 2 compares the evolution of total, physics, and supervised losses for the
two models.

Training convergence: F-PINN vs F-GNN
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Figure 2. Training convergence of the F-PINN and F-GNN models. (Top) Total loss (log scale) showing
that F-GNN stabilizes after ~500 epochs versus ~2500 for F-PINN. (Middle) Physics-loss term
illustrating the activation of the weak fractal-TDGL regularizer near epoch 400. (Bottom) Supervised
data-fit loss exhibiting exponential decay and a lower final residual for the F-GNN. Together, these
curves demonstrate the faster and more stable convergence of the graph-based model.

The F-PINN exhibits the typical two-phase convergence behavior common to PINN
architectures: an initial steep descent governed by the supervised term followed by a slow
asymptotic relaxation as the physics residuals dominate.

The total loss decreases monotonically by nearly two orders of magnitude, stabilizing
after about 2500 epochs at Lot ~ 5 - 1072

This slow convergence reflects the global nature of automatic differentiation—every
collocation point contributes simultaneously to the residual, causing parameter updates to
diffuse across the domain.

By contrast, the F-GNN reaches its asymptotic plateau after roughly 500 epochs, a
five-fold improvement in wall-clock convergence rate.
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The oscillations visible in the F-GNN total loss correspond to local message-passing
updates: each batch enforces neighborhood consistency rather than global smoothness,
allowing rapid correction of high-frequency components such as vortex cores.

The physics term is activated gradually through a warm-up at epoch ~ 400 (Figure 2,
middle panel), which prevents premature collapse of the local field gradients and
stabilizes training.

The supervised component (bottom panel) decays exponentially, achieving an order-
of-magnitude lower final error than the F-PINN.

These curves confirm that the F-GNN's inductive bias aligns naturally with the discrete,
lattice-like structure of the TDGL operators.

4.1.2. Reconstruction and Field Fidelity
Figure 3 visualizes the reconstructed order-parameter density |l[)|2 and magnetic field
B, = dxAy — dyAy at (t=0).

Fractal TDGL — FD vs F-PINN vs F-GNN (snapshot t=0)

(b) |y|> — F-PINN (c) ly|> — F-GNN

(a) |y|> — FD rel L;=0.180 rel L;=0.058 1.0
10 10 0.8

5 5 0.6 «

=
> 0 > 0 0.4
0.2
0.0
o -10 -5 0 5 10
X

(f) B, — F-GNN

(e) B, — F-PINN

(d) B — FD rel L,=0.643 rel L,=0.214
0.4
10 10
0.2
0.0
o
= = -0.2
i -5 -0.4
-0.6
-10 -10
-0 -5 0 5 10
x x x
(g) Aly|> — PINN-FD (h) Alg|> — GNN-FD (i) AB; — GNN—PINN
10 10 4 0.6
0.4
5 5
- 02 8
s
0 0
= 2 0.0 s
. &
-5 =48 -02 4
—
-0.4
, - ) -10 -10
-0.6

Figure 3. Comparison between finite-difference (FD), F-PINN, and F-GNN predictions for the
fractal TDGL system at t = 0. (a—c) Order-parameter magnitude [{|? for FD, F-PINN, and F-GNN.
(d—f) Magnetic-field component B,. (g-i) Difference maps showing residuals between the models
and FD.Relative L, errors are indicated. The F-GNN reproduces sharper vortex cores and magnetic
peaks, while the F-PINN displays mild amplitude smoothing.

Panels (a—f) display direct field comparisons with the FD teacher, while panels (g-i)
present difference maps.

The F-PINN captures the global symmetry and approximate vortex-lattice geometry
but produces broadened vortex cores and slightly elevated background amplitudes. These
features arise from the smooth-kernel interpolation implicit in PINN training: automatic
differentiation enforces continuous gradients even across singular phase regions.
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The F-GNN, on the other hand, reproduces the fine-scale spatial structure, preserving
the sharp phase singularities and localized magnetic peaks around each vortex.

Residual maps (Figure 3, bottom row) show that F-PINN errors concentrate near
vortex centers where || — 0, whereas F-GNN residuals remain almost homogeneous and
an order of magnitude smaller in amplitude.

Quantitatively, the relative L; errors confirm these trends: for |1|?, L, = 0.180 (F-PINN)
vs. 0.058 (F-GNN); for B, L, = 0.643 (F-PINN) vs. 0.214 (F-GNN).

Hence the GNN reduces the error by factors of ~3—4 in amplitude and ~2-3 in
magnetic response, consistent across independent runs.

This improvement originates from the discrete Laplacian operator implemented
through localized edge messages that approximate gauge-covariant derivatives.

Each node aggregates information from its nearest neighbors, enforcing local
flux conservation and mitigating the global over-smoothing typical of continuous
PINN representations.

4.1.3. Statistical Robustness

To verify reproducibility, both models were trained with three independent random
initializations. Mean, standard deviation, and 95% confidence intervals (Student’s t) are
summarized in Table 1. The F-GNN achieves lower mean errors and narrower confidence
intervals, indicating higher stability.

Table 1. Statistical metrics of model accuracy (three independent seeds).

Model/Metric Mean Std 95% CI Low 95% CI High
F-PINN ¢? L, 0.190 0.003 0.184 0.197
F-GNN ¢? L, 0.046 0.013 0.023 0.070
F-PINN Bz L, 0.620 0.024 0.566 0.675
F-GNN Bz L, 0.355 0.016 0.323 0.387

Figure 4 summarizes the statistical performance of both models across three indepen-
dent random seeds.

Mean L; Errors with 95% Confidence Intervals
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Figure 4. Mean relative L, errors of F-PINN and F-GNN across three random seeds with 95%
confidence intervals. The F-GNN exhibits both lower mean error and narrower confidence bands,
confirming its higher robustness and reproducibility.
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The F-GNN exhibits both lower mean error and narrower confidence bands, confirm-
ing its higher robustness and reproducibility.

Across seeds, the F-GNN reduces order-parameter error by ~75% and magnetic-field
error by ~40% relative to F-PINN.

Small standard deviations (<0.02) confirm convergence to similar minima regardless
of initialization, a desirable property for physical interpretability.

Physical significance. Beyond the numerical improvement, the ~4 X reduction in
|1,b|2 error has concrete physical implications. It corresponds to a substantial enhance-
ment in vortex-core localization: the F-PINN typically exhibits ~20-25 pixels of positional
uncertainty, whereas the F-GNN achieves sub-pixel accuracy. The improved modulus
reconstruction also sharpens the 27t phase winding around each vortex, yielding more reli-
able estimates of experimentally accessible quantities such as the effective coherence length
&eff, penetration depth A, and peak magnetic field B,. Thus, the statistical advantage of
the F-GNN directly translates into more accurate physical predictions.

4.1.4. Comparison with Classical PINN and GNN Baselines

To place the fractal architectures in context, we also trained two classical deep learning
baselines on the same multivortex benchmark:

(i) A classical PINN solving the standard (non-fractal) TDGL equations;
(ii) A classical coordinate-based GNN trained purely in a supervised manner without
fractal diffusion or gauge-aware message passing.

The classical PINN, which retains the same network architecture as the F-PINN but
removes the fractal correction term from the residual, attains

L (I9[?) = 1793 x 107, Ly(B.) = 5691 x 107,

i.e., a slightly higher order-parameter error and marginally lower magnetic-field error than
the F-PINN reported above.

The classical GNN, which uses the same message-passing architecture as the F-GNN
but is trained only to fit the finite-difference teacher snapshot, achieves

Lo(|9) = 6.070 x 102, Lo(B.) = 5027 x 10,

While this baseline improves over both PINN variants for |l/J|2, it remains significantly
less accurate than the proposed F-GNN on the magnetic field. In contrast, the F-GNN
consistently reaches Lp (\1/)\2) ~4—5x10"2and Ly(B;) ~ 3.5 x 107! (Section 4.1), thus
outperforming both classical baselines and the F-PINN.

These comparisons show that simply increasing model flexibility (as in the classical
GNN) is not sufficient: fractality-aware physics encoding and gauge-consistent message
passing are crucial for accurately resolving vortex-core structure and magnetic-field mor-
phology in the fractal TDGL setting.

4.2. Ablation and Robustness Studies

To isolate architectural effects, several ablation experiments were performed.
The neighborhood size and physics-loss weight A,,,s were varied, as summarized
in Table 2.
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Table 2. Effect of neighborhood connectivity and physics-loss weight on test errors.

Configuration Ly(1g1?) Ly(B,)
4-neighbor (Aphys =0) 0.0287 0.3608
4-neighbor (Appys =3 x 1073) 0.0359 03516
8-neighbor (Aphys = 0) 0.0354 0.4191
8-neighbor (Appys = 3 x 1073) 0.0419 0.3630

Reducing neighborhood connectivity from eight to four improved accuracy due to the
suppression of redundant long-range messages.

Eliminating the physics regularizer further improved local sharpness, suggesting that
the supervised component already encodes sufficient physical structure through the FD
teacher data.

The best trade-off between accuracy and physical smoothness corresponds to the
4-neighbor, unregularized case. Introducing a small A, slightly improves magnetic-field
continuity at the cost of marginal amplitude diffusion—an effect reminiscent of London
penetration smoothing.

Noise-robustness experiments confirm that both models remain stable under measure-
ment perturbations. Gaussian noise of 2% and 5% added to the teacher fields increased
Lo(112) by 0.006 and L(Bz) by ~0.02, respectively—well within the 95% confidence
bands. This indicates that both networks generalize rather than memorize, with the GNN
maintaining its relative advantage.

4.3. Physical Integrity and Vortex-Core Localization

Physical validation was assessed via two key observables: total magnetic-flux conser-
vation and vortex-core localization.

Both networks conserve flux to machine precision (<10~° relative error).

However, the spatial accuracy of vortex identification differs substantially: the root-
mean-square displacement of vortex cores with respect to the FD reference is ~23 pixels for
the F-PINN but below 1 pixel for the F-GNN.

This improvement underscores the capacity of the graph representation to preserve
phase coherence and flux quantization at the discrete level.

Visual inspection of the phase field reveals that the F-PINN occasionally merges
neighboring vortices into elongated defects, whereas the F-GNN resolves distinct cores
with correct winding numbers.

The message-passing operator effectively acts as a discrete gauge connection, trans-
mitting information about neighboring phase gradients in a manner analogous to Wilson
loops in lattice gauge theory.

Consequently, the F-GNN naturally enforces local curl-free conditions except at quantized
singularities, thereby preserving the topological structure of the superconducting condensate.

The spatial correspondence between predicted and reference vortex cores is summa-
rized in Figure 5. Here, we overlay vortex positions from the finite-difference teacher
simulation, the F-PINN, and the F-GNN to highlight the dramatic improvement in localiza-
tion accuracy achieved by the graph-based model.
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Vortex-core localization (t=0) | RMSE: PINN=6.423, GNN=0.125
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Figure 5. Vortex-core localization at ¢ = 0. White circles denote vortex cores extracted from the
finite-difference (FD) reference, blue crosses mark those identified by the F-PINN, and green triangles
correspond to the F-GNN prediction. The F-GNN aligns vortex positions within one pixel of the FD
reference, whereas the F-PINN exhibits an average displacement of ~23 pixels and occasional vortex
merging. The sharper alignment in the F-GNN reflects its local gauge-consistent message passing
and discrete treatment of the Laplacian operator.

4.4. Error-Field Analysis and Scaling Behavior

Error fields computed as A|p[> = |1p\§,ed — |¢|3p and AB, = BPt — BEP display
characteristic spatial correlations.

In the F-PINN, residuals cluster around vortex cores and exhibit long-range oscil-
latory tails of alternating sign, consistent with under-resolved higher harmonics in the
Laplacian operator.

In contrast, F-GNN residuals are confined within compact regions whose diameter
matches the coherence length &, indicating that the graph topology correctly resolves the
physical correlation scale.

Fourier analysis of the residual spectra confirms that the GNN suppresses high-
frequency leakage above k& =~ 1.5, yielding cleaner separation between core and
background modes.

Scaling tests further show that the F-GNN’s error scales linearly with grid resolution (Ax),
whereas the F-PINN exhibits sub-linear scaling due to its smooth interpolation kernel.

This suggests that graph-based models may achieve higher asymptotic accuracy for
large-domain simulations without exponentially increasing collocation density.

Grid-Resolution Dependence and Numerical Uncertainty

To verify that the reported relative L, errors are not dominated by discretization,
we performed a grid-refinement study of the finite-difference (FD) teacher solver. The
teacher was run on grids of 48 x 48, 64 x 64, and 96 x 96, and the coarser-grid fields were
upsampled and compared against the finest grid. Relative differences were
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L2(|¢|2) — 4.135 x 10 2and Ly(B.) = 1.918 x 10~ for 48 — 96 and

L2(|¢|2> = 1.981 x 10 2and Ly(B.) = 1.106 x 10~ for 64 — 96.

These values confirm consistent grid-convergent behavior of the FD solver, with |1,b|2
varying by only 2-4% and B, by 11-19% across the tested grids.

For the learning models, the variability across seeds (reported in Table 1) provides
95% confidence intervals reflecting initialization uncertainty. Together with the FD grid-
refinement results above, this demonstrates that the reported L, errors primarily re-
flect model accuracy rather than discretization artifacts or numerical instability in the
teacher reference.

4.5. Comparative Computational Efficiency

Training efficiency is another critical factor for scientific applicability.

For identical hardware (single A100 GPU), the F-PINN required /2.8 h for 3000 epochs,
while the F-GNN converged within ~35 min for 1200 epochs to comparable or superior accuracy.

Despite the added message-passing overhead, the smaller batch size and reduced
gradient-path depth of the GNN offset its cost.

Memory footprint remained below 2 GB in both cases.

This advantage becomes increasingly important for three-dimensional TDGL or multi-
vortex simulations, where global automatic differentiation rapidly becomes intractable.

Hyperparameter sensitivity and robustness. To assess whether the relative perfor-
mance of F-PINN and F-GNN depends strongly on architectural or optimization choices,
we performed a systematic hyperparameter study summarized in Appendix B.6 (Table A4).
For the F-PINN, varying width, depth, learning rate, and activation function yields rel-
ative Ly(1 12) errors in the range 1.62 x 1071-2.54 x 10~!, whereas the corresponding
sweeps for the F-GNN remain in the much lower interval 4.04 x 1072-8.22 x 1072. Thus,
across all tested configurations, the F-GNN retains a factor of ~2—4 lower error than
the best-performing F-PINN, while the training-time advantage reported above persists
qualitatively. These results indicate that our conclusions regarding both accuracy and
computational efficiency are robust under reasonable hyperparameter variations.

5. Discussion
5.1. Physical Interpretation and Broader Implications

From a physical perspective, these results emphasize the complementary roles of
continuous and discrete learning formulations.

The E-PINN, through its differentiable representation, retains global coherence and
is well-suited for analytical continuation, parameter sweeping, and exploring limiting
regimes such as Dy — 0.

The F-GNN, conversely, embodies the lattice-based nature of the fractal TDGL with
fractal diffusion D¢, where local gauge invariance and topological constraints dominate.

Its superior performance on non-differentiable manifolds suggests that graph networks
provide a natural discretization of Nottale’s covariant derivative, bridging the gap between
scale relativity and computational modeling.

Conceptually, this synergy mirrors the progression from continuum field theories to
lattice formulations in high-energy physics.

In superconductivity, it enables exploration of mesoscale phenomena—such as vortex-
cluster interactions, fractal pinning landscapes, and quantized flux-tube reconnection—beyond
the reach of classical TDGL solvers.



Fractal Fract. 2025, 9, 810

20 of 33

Moreover, the ability to integrate partial or noisy experimental data opens avenues for
data-assimilated “digital twins” of superconducting films or Josephson networks.

5.2. Summary of Quantitative Findings

e  Accuracy gain: F-GNN achieves ~4 x lower Ly(| ¢ | 2y and ~2x lower L,(B,) errors
than F-PINN.

e  Reproducibility: 95% confidence intervals overlap minimally; standard deviations < 0.02.

e  Vortex fidelity: mean positional error < 1 pixel (GNN) vs. 23 pixels (PINN).

e  Flux conservation: preserved to <10~ relative precision in both models.

e Noise tolerance: error increase < 0.01 for 5% Gaussian perturbation.

e Efficiency: training time reduced ~5x for equal hardware.

Together these metrics establish the F-GNN as a physically consistent, data-efficient,
and computationally scalable framework for solving the fractal TDGL equations.

5.3. Concluding Remarks on the Learning Framework

The comparative study reveals that physics-informed deep learning can adapt to
non-differentiable geometries when combined with appropriate local connectivity.

The F-PINN remains invaluable for global regularization and analytical insight, while
the F-GNN captures discrete gauge physics directly.

Future extensions will incorporate temporal rollout for full dynamical evolution and
coupling to experimental magneto-optical data, enabling direct inference of the dimension-
less fractality parameter D from real systems (with the corresponding physical diffusion
given by Dy = DDy).

For transparency and reproducibility, all architectural details, optimization settings,
and physical constants are summarized in Appendix B.

The complete training workflows for both networks, including pseudocode and opti-
mizer scheduling, are provided in Appendix A (Algorithms Al and A2).

Comparison with operator-learning approaches. It is also instructive to contrast the
proposed learning strategies with global operator-learning frameworks such as Fourier
Neural Operators (FNOs) and Deep Operator Networks (DeepONets). These models learn
global mappings between function spaces and have demonstrated excellent performance for
smooth PDEs, but they do not encode gauge covariance, local phase circulation, or vortex
singularities. In the fractal-TDGL context—where sharp vortex cores, non-differentiable cur-
vature, and gauge-coupled interactions dominate—the global structure of FNO/DeepONet
leads to reduced physical consistency unless heavily regularized. By contrast, the F-GNN
enforces locality through message passing and reconstructs discrete covariant derivatives
directly on the graph, yielding faster convergence, improved accuracy, and substantially
better physical fidelity as D increases and the fields become less smooth. This induc-
tive bias explains why the F-GNN retains stability and accuracy even in the strongly
non-differentiable regime where global operator-learning models typically struggle.

5.4. Validation Against Experiment

Although the present study focuses on simulation-based validation, the predicted
vortex structures and magnetic-field distributions exhibit features that are experimentally
observable in type-II superconductors. Magneto-optical imaging (MOI) and scanning
Hall-probe microscopy (SHPM) routinely resolve flux-line lattices and vortex clustering at
comparable spatial scales [32].

To place our normalized Ginzburg-Landau units in experimental context, we provide
explicit conversions to SI scales. Taking a representative coherence length £y = 10-15 nm
for NbSe; or YBap,Cu3zOy7_s, one spatial GL unit corresponds to this physical length scale,
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so our 56 x 56 simulation domain represents an area of approximately 0.6-0.9 um on
a side. The characteristic magnetic-field unit is By = ®¢/ £02, giving By ~ 1-3 T for the
above materials. Thus, the predicted peak fields Bpeax = 0.2-0.5 (GL units) correspond
to 0.2-1.5 T in physical units—well within the measurable range of SHPM and MOL
Likewise, the effective coherence lengths &.¢(D) ~ 7-14 (GL units) correspond to physical
vortex-core radii of 70-200 nm, compatible with experimental vortex-core imaging. These
conversions demonstrate that the fractal-TDGL predictions can be meaningfully compared
with experimental data and that the scales probed by the F-GNN lie within the resolution
of modern imaging techniques.

In particular, the F-GNN’s ability to preserve localized flux quantization and reproduce
sharp vortex cores aligns with MOI observations of multiscale vortex pinning and fractal
flux penetration patterns reported in NbSe; and YBa;CuzOy_s thin films [33,34]. These ex-
perimental systems display self-similar vortex clustering and irregular flux fronts consistent
with non-differentiable magnetic textures predicted by the fractal TDGL framework.

The dimensionless fractality parameter D introduced via Scale Relativity could, in
principle, be inferred by fitting model-predicted flux distributions to experimental magneto-
optical data. This establishes a direct path for quantitative validation: by adjusting D to
reproduce the observed scaling of vortex density fluctuations, one could constrain the
effective fractal dimension of the superconducting condensate.

Future work will incorporate such data assimilation using F-GNN temporal rollout,
enabling model-to-experiment alignment in real superconducting systems.

We note, however, that the fractal extension of the TDGL equation should be regarded
as a theoretical framework rather than an experimentally established property of super-
conductors. While multiscale vortex clustering and irregular flux-front propagation have
been reported in several type-II materials, these phenomena do not constitute direct evi-
dence of fractal space-time. They only suggest that conventional smooth-manifold TDGL
models may be insufficient to fully capture certain mesoscale features. Accordingly, our
use of fractal TDGL is intended as a hypothesis-driven modeling approach, and the results
presented here evaluate the computational feasibility and physical consequences of this
model rather than claiming experimental confirmation of fractality. Future experimental
work—particularly quantitative fitting of flux-density fluctuations—will be necessary to
determine whether the dimensionless fractality parameter D is supported by real materials.

Connection to D-inference from experiment. As shown in our parametric analysis
(Section 6), the fractality parameter D systematically modulates the effective coherence
length ¢.¢¢(D), the penetration depth A,¢¢(D), the peak magnetic field Bpeq (D), and the
spatial statistics of vortex-density fluctuations. These quantities are directly measurable in
magneto-optical imaging (MOI) and scanning Hall-probe microscopy (SHPM). Accordingly,
the present framework provides the full forward map D — {cf,e ffr Ae s Bpeaks pw,tex} re-
quired to infer D from experimental vortex-density data. Implementing such an inversion
would require sample-specific calibration and noise modeling, and is therefore left for
future work, but the measurability pathway is now clearly defined.

Connection to Real Superconducting Materials. The physical scales predicted by the
FTDGL simulations can be placed into direct correspondence with experimental materials
by matching the Ginzburg-Landau units to representative parameters. For NbSe;, with a
coherence length & ~ 10-15 nm and penetration depth A ~ 200-250 nm, the normalized
simulation domain used here corresponds to approximately 0.6-0.9 pm, and the character-
istic GL field unit By = @/ &2 lies in the range 1-3 T. Similar values apply to YBay,CuzO7_s,
where £ ~ 1.5-3 nm and A ~ 150-200 nm, resulting in even higher B scales. These ranges
fall squarely within the sensitivity window of magneto-optical imaging (MOI) and scanning



Fractal Fract. 2025, 9, 810

22 of 33

Hall-probe microscopy (SHPM), implying that the vortex-core radii, peak-field profiles, and
vortex-density maps produced by the FTDGL simulations are experimentally accessible.
Moreover, because the fractal diffusion parameter D systematically modulates Eegf, Aetf,
and the spatial statistics of vortex-density fluctuations (Section 6), the present framework
provides the forward map required to infer D from experimental MOI or SHPM data.
Performing such an inversion requires sample-specific calibration and noise modeling and
is therefore left for future work. Nevertheless, the numerical solvers developed here are
fully compatible with experimental data assimilation pipelines and can be used in future
studies to quantitatively compare FTDGL predictions with real superconducting images.

6. Fractality Parameter D: Physical Implications and Parametric Study

Physical role. In the fractal-TDGL model, the Scale-Relativity covariant derivative in-
troduces the complex term —iD fvzl/; into the order-parameter dynamics. Writing ¢ = pe'®
and linearizing about a uniform state (p ~ 1, small S) shows that D couples amplitude
and phase curvature: the imaginary Laplacian damps rapid phase variations and modifies
recovery of || near vortex cores.

Practically, this affects:

(i) Core shaping, described byan effective coherence length &.¢(D);
(ii) Field spreading, through an effective penetration depth A,¢¢(D); and
(iii) Topology, with flux quantization ®y remaining invariant.

Mini-study. We scanned D € {0, 0.1, 0.2, 0.4, 0.6} at fixed kg, = 0.9 using the same
four-vortex initial condition. For each D, the finite-difference (FD) “teacher” produced a
steady reference; F-PINN and F-GNN were then evaluated on the identical grid.

Metrics and extraction. The effective coherence length ¢, r¢(D) was obtained by fitting

azimuthally averaged |¢|* profiles to a GL-like core shape either 1 — a sech? (r /e ff> or

tanh?® (r/ \@é‘eff> .

The penetration depth A.f¢(D) was extracted from the exponential tail of B,(r), and
the peak magnetic field B,k (D) corresponds to the on-axis maximum of |Bz|.

Flux quantization was verified via ®/®¢ = 1.000 £ 10°.

Learning fidelity was quantified by the relative L, errors of |¢|* and B, against the
FD reference.

Results (see Figures 6 and 7 and Table 3). The effective coherence length ¢, ;¢ increases
steadily with D, indicating broader vortex cores, while the penetration depth A, initially
decreases up to D ~ 0.4 and slightly rises thereafter (Figure 6).

This non-monotonic A,s¢(D) trend reflects the competition between phase-curvature
damping and magnetic-screening redistribution induced by —iD fVle.

Mechanistic origin of the non-monotonic trend. The non-monotonic dependence of
Aef On the fractality parameter D arises from the interplay between two distinct physical
mechanisms. For small D, the fractal diffusion term damps phase curvature near vortex
cores, reducing the circulating supercurrent and causing a decrease in A.¢. At larger D,
however, the same diffusion term redistributes phase curvature over a broader annular
region, effectively widening the current-carrying shell and leading to an increase in Aqg.
The resulting competition between curvature damping and spatial redistribution naturally
yields a non-monotonic trend, even in the absence of an analytical benchmark for the fractal
TDGL system.
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Coherence and penetration vs fractality D
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Figure 6. Coherence and penetration versus fractality. Effective coherence length ,¢¢(D) and

penetration depth A,f¢(D) extracted from radial fits of |¢|* and B,, respectively. Geff increases
with D, while A, ¢ decreases up to D =~ 0.4 and rises slightly thereafter, consistent with the interplay
between phase-curvature damping and magnetic screening driven by —iDV?2.

Peak field (normalized) and relaxation vs fractality D
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Figure 7. Peak field versus fractality. Normalized peak magnetic field Bpeqx (D) / Bpear (0) as a function
of D. Bpeak exhibits a shallow minimum around D ~ 0.1-0.2, followed by gradual recovery and slight
enhancement for larger D, indicating partial suppression of core magnetization at moderate fractality.

Flux quatization remains ®g for all D.
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Table 3. Model accuracy across fractality levels. Relative L, errors (mean =+ std, three seeds) of
|1p|2 and B, for F-PINN and F-GNN against the FD teacher for D € {0, 0.1, 0.2, 0.4, 0.6}. F-GNN
outperforms F-PINN at all D, with the advantage increasing as fractality rises.

Model Metric D=0.0 D=0.1 D=0.2 D=04 D=0.6

FPINN  Ly(Iyl?) 1.82x10714£34x1073 195x10°1£40x1073 211x1071£36x10"3 246x10"1£41x103  289x 101 +45 x 1073
F-GNN  Ly(lpl?)  56x102+12x 1072 58 x 10724+ 1.0 x 102 64x10724+1.1x 102 75x 1072 +1.4 x 1072 88 x 1072+ 15x 1072
FPINN  I(B,)  643x1071+£23x102 661 x10714+24%x102  677x10°14+25x102  708x10°14+26x102  734x10"1 +2.8 x 102
F-GNN L2(B,)  214x1071+£14x1072  232x101+£16x102 255x1071+£18x 1072  283x1071+£20x102  3.17 x 101 £2.1 x 102

The normalized peak field Bpeak(D) shows a shallow minimum near D ~ 0.1-0.2
followed by recovery and mild enhancement for larger D (Figure 7), suggesting that
moderate fractality temporarily suppresses, but does not eliminate, core magnetization.

In all cases, ®/Py remains constant within numerical precision, confirming strict
topological invariance.

Across all D, F-GNN maintains lower L, errors than F-PINN (Table 3), with the
performance gap widening as D increases—evidence of the GNN's stronger local inductive
bias on non-differentiable geometries.

Interpretation. The fractality parameter D acts as a geometry tuner rather than a topol-
ogy changer: it redistributes current and magnetic field over mesoscopic scales—yielding
broader ¢, non-monotonic A, and a shallow dip followed by recovery of Byeac—while
preserving quantized flux. This separation (topology fixed, geometry tuned) offers a practi-
cal route for estimating D experimentally by fitting vortex-core and field profiles obtained
from magneto-optical imaging or scanning Hall-probe microscopy.

Connection to measurable observables. The extracted quantities o (D), Aesf(D),
and Bk (D) correspond directly to experimentally accessible features of type-II super-
conductors. The coherence length ¢, determines the vortex-core radius observable in
STM or high-resolution magneto-optical imaging, while the penetration depth A, ¢ ¢ governs
the spatial decay of the out-of-plane field measured by scanning Hall-probe microscopy.
Because ¢, s increases monotonically with D and A,¢¢ exhibits a distinct non-monotonic de-
pendence, the pair ({.ff, A.ff) provides a two-dimensional signature that can, in principle,
be fitted to experimental radial profiles to infer an effective fractal diffusion parameter D.
Likewise, the shallow minimum and recovery in Bpeak(D) provide an additional constraint
when matching to measured vortex-core magnetization. These relationships establish a con-
crete link between the fractality parameter and measurable properties of vortex structure,
enabling potential comparison with real superconducting samples in future work.

Experimental inversion of D. Taken together, the monotonic increase of ¢, £ f(D), the
non-monotonic trend of A.¢¢(D), and the shallow minimum in By, (D) provide a multi-
observable signature of the fractality parameter. Because these three quantities are routinely
measured in magneto-optical imaging and scanning Hall-probe microscopy, they offer a
practical route for estimating D from experimental vortex-density maps. While imple-
menting such an inversion requires sample-specific calibration and is beyond the scope of
the present numerical study, the parametric trends reported here supply the forward map
needed for future data-driven determination of the effective fractal diffusion parameter.
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7. Conclusions

This study introduced two complementary machine learning frameworks—the Frac-
tal Physics-Informed Neural Network (F-PINN) and the Fractal Graph Neural Network
(F-GNN)—for solving the Fractal Time-Dependent Ginzburg-Landau (FTDGL) equations
derived from Scale Relativity.

By embedding Nottale’s covariant derivative and fractal diffusion term into neural ar-
chitectures, we demonstrated that deep learning can reproduce superconducting dynamics
in non-differentiable, fractal space-time geometries.

Quantitative comparisons against finite-difference simulations showed that the F-GNN
achieves markedly superior accuracy and efficiency.

Across multiple random seeds, it reduced relative L, errors by ~4x for the order-
parameter density and ~2x for the magnetic field, while preserving flux quantization and
vortex topology within one pixel.

The F-PINN, though physically consistent, exhibited smoother reconstructions and
slower convergence due to its global collocation bias.

These findings confirm that local, message-passing architectures naturally emulate
gauge-covariant lattice operators, aligning more closely with the discrete structure of the
TDGL formalism—particularly in its fractal extension.

Computationally, the F-GNN converged roughly five times faster and required an
order of magnitude fewer effective points than the F-PINN, highlighting its scalability for
high-dimensional or multivortex simulations.

The parametric study of the fractality coefficient D revealed that ¢, s increases with D,
Aeff decreases up to D ~ 0.4 before slightly rising, and Bp,eqx exhibits a shallow minimum
around D ~ 0.2, while flux quantization remains invariant.

Thus, D acts as a geometric modulator that redistributes field structure while preserv-
ing superconducting topology.

Conceptually, this work bridges three domains—Scale Relativity, non-differentiable quan-
tum hydrodynamics, and geometric deep learning—within a unified computational framework.

By interpreting graph edges as discrete realizations of the fractal covariant derivative,
we establish a physical correspondence between the geometry of the learning network and
the fractal geometry of space—time itself.

This duality opens avenues for graph-based solvers of other non-differentiable PDEs,
such as fractional Schrodinger, Lévy diffusion, or fractal-fluid equations.

Future directions include:

(i) Temporal rollout for full vortex dynamics;

(ii) Data assimilation and inverse modeling to infer D and pinning landscapes directly
from experiments;

(iii) Hybrid F-PINN/F-GNN architectures combining global regularization with local adaptability.

Experimental relevance. The predictive features of the F-GNN—sharper vortex cores,
flux quantization, and realistic D-dependent field broadening—correspond closely to
magneto-optical and scanning Hall-probe observations in type-II superconductors such as
NbSe2 and YBazCu3O7_5.

By fitting model outputs to such data, the fractal diffusion coefficient D could be
quantitatively inferred, enabling data-driven characterization of fractal superconductivity.

Hence, beyond computational efficiency, the proposed framework offers a concrete path
toward experimentally validated, scale-covariant digital twins of superconducting materials.

Limitations. While the present work demonstrates that fractality-aware PINN and
GNN architectures can accurately reconstruct FTDGL fields, several limitations remain.
First, our analysis focuses on the steady-state regime at a fixed time slice, and does not
yet incorporate full temporal rollout of vortex dynamics. Second, the F-PINN relies on
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global collocation and may under-resolve sharp vortex cores unless a large number of
training points is used. Third, the F-GNN enforces the fractal TDGL physics only in a
weak, message-passing sense and has not yet been extended to irregular experimental
geometries or to fully three-dimensional configurations. Finally, the fractal TDGL model
itself—while physically motivated—remains to be directly validated against experiments
for a quantitative determination of the fractality parameter D. These aspects represent
natural directions for future investigation.

Comparison. Across all benchmarks, the F-GNN surpasses the F-PINN and classical
TDGL PINN solvers. The F-GNN reduces the relative L, error on \1/)\2 by a factor of
approximately four and on B, by a factor of two, while improving vortex-core localization
from 20-25 pixels (F-PINN) to below one pixel. Training time is reduced by roughly
fivefold. Classical non-fractal PINNs and standard supervised GNNs remain consistently
less accurate, confirming that fractality-aware message passing provides the most suitable
inductive bias for non-differentiable TDGL physics.

Broader significance and inductive bias. Beyond the specific case of fractal supercon-
ductivity, the present results highlight a universal property of graph-based solvers: the local,
neighborhood-driven inductive bias of message passing naturally aligns with physical sys-
tems whose governing equations exhibit non-differentiable structure, multiscale curvature,
or gauge-coupled interactions. The ability of the F-GNN to reconstruct discrete covariant
derivatives, respect topological constraints, and maintain accuracy under increasing frac-
tality suggests that similar architectures are well suited to a wider class of non-smooth
PDEs, including fractional Schrodinger equations, fractal-fluid models, and anomalous
(Lévy-type) diffusion. Thus, the approach developed here provides a general blueprint for
learning-based solvers of non-differentiable physics beyond superconductivity.
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Appendix A. Algorithmic Implementations

The following pseudocode summaries provide transparent implementation details
for the two learning frameworks used in this study: the Fractal Physics-Informed Neural
Network (F-PINN) and the Fractal Graph Neural Network (F-GNN).

They correspond directly to the formulations discussed in Section 3 and were imple-
mented in PyTorch (version 2.8, CUDA 12.6).

Both algorithms integrate fractal dynamics into the neural architecture through the
Scale Relativity covariant derivative and are trained using hybrid physics—supervised losses.

Remarks:

e  The F-PINN enforces the fractal derivative through automatic differentiation, enabling
implicit learning of non-differentiable structures.
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e The warm-up of Ay;,,s prevents premature collapse of gradients.

e Top-K residual sampling improves convergence near vortex cores.

Algorithm A1. Training loop for the Fractal Physics-Informed Neural Network (F-PINN)

(corresponds to Sections 3.2 and 3.3)

Objective:
Learn the complex order parameter ¢ = ¢, + iy; and vector potential components (Ax, Ay) by
minimizing a hybrid loss composed of the supervised term (finite-difference “teacher” data) and
the physics residuals of the fractal time-dependent Ginzburg-Landau (FTDGL) equations.
Pseudocode:
Input:

Teacher dataset D_sup = {(x_j, y_j, t_j), W"FD(j), A"FD(j)}

Physics collocation sampler D_phys = {(x_i, y_i, t_i)}

Hyperparameters: A_sup, A_phys, learning rate n,

k_GL, fractal parameter P_frac, gauge penalty w_gauge

Initialize:

Neural network f_0: (x, y, t) = (Y_r,P_i, A_x, A_y)

Optimizer (Adam, then LBFGS for refinement)

Scheduler for A_phys warm-up
For epoch = 1 to N_epochs do:

1. Sample collocation points X_phys from domain

Optionally append hard points with largest residuals (top-K mining)

2. Compute predictions:
(Pb_r,P_i, A_x, A_y) < £_0(X_phys)
VP r+igi

3. Compute automatic derivatives:
P_t, Vi, V2, V-A, etc., via automatic differentiation

4. Construct FTDGL physics residuals:
cov_1p = V2 — 2i (A-V) — A2
fract = —i P_frac VX
Rp=y_t—[cov_p+p— IPpl2 + fract ]
RA=0_tA—[(VS—A)IPI2+k GL2 V2A]
gauge = V-A

L_phys = (IR{ 1%+ IR_AI? + w_gauge: | gauge | %)

5. Supervised loss on teacher data:
L_sup = MSE({»_pred, {_FD) + MSE(A_pred, A_FD)

6. Combine total loss:
L_total = A_sup-L_sup + A_phys-L_phys

7. Backpropagation and parameter update:
optimizer.zero_grad()
L_total.backward()
optimizer.step()

8. Optional LBFGS refinement every few hundred epochs.

Return optimized parameters 0
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Algorithm A2. Training loop for the Fractal Graph Neural Network (F-GNN)

(corresponds to Section 3.4)
Objective:
Learn node-wise superconducting fields on a spatial graph using local message passing to
approximate discrete gauge-covariant operators.
Each node represents a grid point, and edges encode local neighbor relations and spatial
displacements.
Pseudocode:
Input:
Graph G = (V, E) from spatial grid
Node coordinates X_v = (x_v, y_v, t = 0)
Teacher values Y_v = {{"FD_v, A"FD_v}
Edge attributes = [Ax, Ay, | Al, stencil weights]
Hyperparameters: A_sup, A_phys, k_GL, P_frac, w_gauge

Initialize:
Node encoder ¢_enc, message function ¢_m, update function ¢_u,
readout ¢_out
Optimizer (Adam), with optional scheduler

For epoch =1 to N_epochs do:
For batchB C V:
1. Node initialization:
h_v"(0) = ¢_enc(X_v)

2. Message passing (L layers):
For/=1toL:
For each edge (u,v) € E:
m_{u — v} = ¢_m(h_u, h_v, edge_attr_{u,v})
Aggregate M_v = £_{ueN(v)} m_{u — v}
h_v =¢_u(h_v, M_v)

3. Readout node outputs:
(G_r, P_i, A_x, A_y) = ¢_out(h_v)
Y=y_r+iPp_i

4. Compute graph-based derivatives (stencil Laplacians):
Vi, V2, V-A computed from edge differences and weights

5. Weak physics residuals (no time term at t = 0):
cov_p = V2 — 2i (A-VY) — [AIZ
fract = —i P_frac V2
Ry =cov_Pp+1 — |12 + fract
R_A = (VS —A)lpI2+k GL? V2A
gauge = V-A

L_phys = (IRY 1%+ IR_AI? + w_gauge- | gauge | %)
6. Supervised node loss:
L_sup = MSE({_pred, {_FD) + MSE(A_pred, A_FD)

7. Combined objective and update:
L_total = A_sup-L_sup + A_phys-L_phys
optimizer.zero_grad()
L_total.backward()
optimizer.step()
Return trained parameters 8
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Remarks:

e  The message-passing layers act as discrete local convolutions enforcing neighbor consistency.

e  The physics term is “weak,” focusing on static spatial consistency rather than time evolution.

e  Ablation studies (Section 4.4) confirm the importance of 4-neighbor connectivity and minimal
A_phys for sharp vortex recovery.

Summary

Both algorithms implement the same underlying fractal physics principles through comple-
mentary computational paradigms: F-PINN enforces global differentiability constraints via con-
tinuous operators, whereas F-GNN employs local discrete stencils that naturally align with the
non-differentiable fractal geometry of the FTDGL model.

Appendix B. Model Architectures, Training Hyperparameters and
Numerical Setup

This appendix summarizes the numerical and architectural configurations used in all experi-
ments reported in Section 4.

Both the Fractal Physics-Informed Neural Network (F-PINN) and the Fractal Graph Neural
Network (F-GNN) were implemented in PyTorch 2.8 using CUDA 12.6 acceleration.

Training was performed on a single NVIDIA A100 (80 GB) GPU with mixed-precision enabled
(float16/float32).

All hyperparameters were optimized empirically to balance stability, accuracy, and runtime.

Appendix B.1. F-PINN Architecture and Parameters

Table A1l. Architecture and hyperparameter configuration of the Fractal Physics-Informed Neural
Network (F-PINN).

Component Specification

Input features Spatial-temporal coordinates (X, y, t)
Output fields Y i, A x Ay

Network type Fully connected feed-forward (MLP)
Hidden layers 4

Neurons per layer 128

Activation tanh

Initialization Xavier uniform

Implemented via automatic differentiation; Scale-Relativity
covariant formd/dt = 9; + V - V — iDV?2

Physics loss weight (A_phys) Linearly annealed 0 — 1 over 40% of epochs

Supervised loss weight (A_sup) Annealed 2 — 1 over 40% of epochs

Fractal derivative

Optimizers Adam n=1 x 1073, B1 =09, B = 0.999) — L-BFGS refinement
Batch size 4096 physics + 6000 supervised points per epoch
Regularization Coulomb-gauge penalty w_gauge = 1.0

Training epochs 3000

Runtime 2.8 h (on A100)

Notes: The fractal diffusion coefficient (D = Py - Do was set to 0.4 x /i/(2m*)). Gradient-path depth was
reduced by sharing weights between paired layers (1-2, 3-4) to stabilize back-propagation through V? terms.
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Appendix B.2. F-GNN Architecture and Parameters
Table A2. Architecture and training setup of the Fractal Graph Neural Network (F-GNN).
Component Specification
Graph construction Regular (Nyx x N_y) lattice, 4- or 8-neighbor connectivity
Node features Position (x, y), teacher \_r, \_i (if available)
Edge attributes Ax, Ay,
Encoder dimension 64
Message-passing layers (L) 3
Hidden dimension 64
Update function GRU-style gated aggregation
Activation LeakyReLU(cx = 0.1)
Readout Linear head — (W_r, y_i, A_x, A_y)

Physics-loss weight (A_phys) 3 x 1073 (default), tested {0,3 x 1073}
Supervised-loss weight (A_sup) 1.0

Optimizer Adam (n=5 x 107%)

Scheduler Cosine decay (minmn =1 x 107%)
Batch size 1 graph (~10* nodes)

Training epochs 1200

Runtime ~235 min (on A100)

Notes: Edge messages encode local discrete Laplacians and current-continuity operators. The physics loss enforces
weak fractal-TDGL consistency rather than full time-dependent evolution, leading to faster convergence. Ablation
studies in Section 4.4 confirmed the 4-neighbor, unregularized configuration yields optimal vortex localization.

Appendix B.3. Numerical and Physical Parameterss

Table A3. Numerical and physical parameters used across simulations and model training.

Quantity Symbol Value/Range Description

Grid size Nx x N_y 56 x 56 Spatial discretization for FD teacher and GNN
Ginzburg-Landau parameter =~ k_GL 0.9 Dimensionless coupling

Fractal diffusion ratio P_frac 04 Relative to Dy = i1/ (2m*)

Temperature parameter «(T) -05—=0 Controls phase transition

Noise levels (test) o 0-5% Gaussian noise added to teacher data
Boundary conditions — Periodic All experiments

Appendix B.4. Reproducibility

All source code and datasets used for this study are available in the Google Colab notebook
(FTDGL_PINNL.ipynb).

Random seeds were fixed (torch.manual_seed(0-2)) for reproducibility.

Each reported metric represents the mean + standard deviation across three independent runs.

For each of the three runs used to compute the 95% confidence intervals, the random seeds
control all stochastic components of the workflow: neural network initialization, batching order,
and collocation-point sampling for the F-PINN, as well as message-passing weight initialization for
the F-GNN.

Training sets are re-sampled independently for each seed by drawing fresh collocation points
(for F-PINN) and regenerating shuffled node/edge orderings (for F-GNN). This ensures that the
reported variability reflects genuine training uncertainty rather than repeated evaluation on an
identical data partition.

The 95% confidence intervals reported in Table 1 are computed as

mean =+ 1.96L

V3

using the empirical standard deviation over the three independent, fully re-randomized training runs.

Appendix B.5. Finite-Difference Teacher: Numerical Scheme and Precision

The finite-difference (FD) “teacher” used to generate reference solutions throughout this work
employs a second-order central stencil for all spatial derivatives, together with a semi-implicit
Crank-Nicolson scheme for evolving the TDGL equations. Nonlinear coupling terms are relaxed
iteratively each step until convergence.
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Convergence is enforced through strict numerical tolerances:

<1077

<1078, max|a"*! - A"

lpn+1 _ an

max

in normalized GL units.
Gauge fixing is performed at every iteration by projecting the vector potential onto the Coulomb gauge:

V-A=0

with the residual divergence reduced below 107°.
As reported in Section 4.4, a grid-refinement study using 48 x 48, 64 x 64, and 96 x 96 meshes
confirms the numerical precision of the FD solver:

48 — 96: Lz(\lp\2> =4.135 x 102and Ly(B.) = 1.918 x 107},

64 — 96: Lz(\lpF) =1.981 x 10 2and Ly(B;) = 1.106 x 10},

These small variations across resolutions demonstrate stable convergence of the FD reference
and justify treating it as a numerically reliable “ground truth” for supervising the F-PINN and
F-GNN models.

Appendix B.6. Hyperparameter Sensitivity Analysis

To assess the robustness of our conclusions with respect to architectural and optimization
choices, we performed a hyperparameter sensitivity study for both the F-PINN and F-GNN models.
For the F-PINN, we varied

(i)  The number of hidden layers Lpnn € {3, 4, 6);
(i) The hidden width Ny, € {64, 128, 256};

(iii) The learning raten € {5 X 1074,1073,3 x 1073);
(iv) The activation function (tanh, ReLU, SiLU).

The resulting relative errors on the benchmark vortex configuration satisfy
«  Widthsweep: Ly ([[*) € [1.62 x 107,254 x 1071];
e  Depth sweep:L2(|l[J|2) € [1.62x1071,1.75 x 1071];
e  Learning-rate sweep: L2(|¢|2) € [1.62x1071,2.47 x 1071 ];
e  Activation sweep: L2<|1p|2) € [1.62x1071,1.69 x 107 1];
For the F-GNN, we varied
(i)  Thehidden size hidden € {96, 192, 256};
(ii) The number of message-passing layers Lgnn € {3, 5, 7};
(iii) The learning ratem € {5 x 1074,1073,3 x 1073}
The corresponding ranges are
e  Hidden-size sweep: L2(|¢\2) € [424 % 1072,8.12 x 10~2];
e  Layer-count sweep:L2(|1p|2> € [4.26 x 1072,5.98 x 10~2];
e  Learning-rate sweep: L2<|1/)|2) € [4.04 x 1072,8.22 x 1072;

Across all tested configurations, the qualitative model ranking remains unchanged: even
in its worst hyperparameter setting, the F-GNN achieves a lower L, <|1/J\2> error than the best-
performing F-PINN configuration, typically by a factor of ~2—4. While extreme choices (very large
width or aggressive learning rate) can degrade either model’s accuracy, the overall conclusions
of Section 4—namely, the superior reconstruction quality and robustness of the F-GNN on fractal
TDGL benchmarks—are stable under reasonable variations in depth, width, learning rate, and
activation function.
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Table A4. Hyperparameter sensitivity of F-PINN and F-GNN Relative L2( [ | 2y errors measured
against the finite-difference (FD) teacher.

Model Hyperparameter Values Tested L2(1 1?) Range (Real)

F-PINN Width N_h 64,128, 256 1.62 x 10712.54 x 107!
F-PINN Depth 3,4,6 1.62 x 1071-1.75 x 107!
F-PINN Learning rate n 5x107%,1073,3 x 1073 1.62 x 1071-247 x 107!
F-PINN Activation tanh, ReLU, SiLU 1.62 x 1071-1.69 x 107!
F-GNN Hidden size 96,192, 256 424 x 1072-8.12 x 1072
F-GNN Layers 3,5,7 4.26 x 1072-5.98 x 1072
F-GNN Learning raten 5x1074,1073,3 x 1073 4.04 x 1072-8.22 x 1072
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