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Abstract

In the present work, We aim to study the inverse problem of recovering an unknown spatial
source term in a multi-term time-fractional diffusion equation involving the fractional
Laplacian. The forward problem is first analyzed in appropriate fractional Sobolev spaces,
establishing the existence, uniqueness, and regularity of solutions. Exploiting the spectral
representation of the solution and properties of multinomial Mittag–Leffler functions, we
prove uniqueness and derive a stability estimate for the spatial source term from final-
time observations. The inverse problem is then formulated as a Tikhonov regularized
optimization problem, for which existence, uniqueness, and strong convergence of the
regularized minimizer are rigorously established. On the computational side, we propose
an efficient reconstruction algorithm based on the conjugate gradient method, with tempo-
ral discretization via an L1-type scheme for Caputo derivatives and spatial discretization
using a Galerkin approach adapted to the nonlocal fractional Laplacian. Numerical experi-
ments confirm the accuracy and robustness of the proposed method in reconstructing the
unknown source term.

Keywords: multi-term fractional diffusion; inverse source problem; fractional Laplacian;
Tikhonov regularization; conjugate gradient method

1. Introduction
In mathematical modeling of physical phenomena, the objective of a direct problem is

to predict the future behavior of a system or the evolution of a process by knowing both its
present state (initial data, boundary conditions, coefficients describe physical properties,
etc.) and the physicochemical laws behind the model. Conversely, an inverse problem aims
to determine the present state of the system by identifying unknown physical parameters
from partial knowledge of the direct problem. Thus, one might define the inverse problem
as the problem of determining causes of a desired or observed effect (see [1,2]) for an
overview of this topic).

Over the past decade, inverse problems for models with fractional features have
attracted considerable attention, particularly those concerned with the identification of
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unknown source terms. The rapidly expanding literature on inverse problems for frac-
tional models has been driven by the dual motivation that arises from both theoretical
considerations and practical needs. The present work is concerned with the analysis of a
diffusion equation that involves multi-term fractional time derivatives in combination with
the fractional Laplacian, with particular emphasis on the associated inverse source problem.

Let Ω ⊂ Rm be a bounded domain with sufficiently smooth boundary ∂Ω, and let
T > 0 denote a fixed final time. In this work, we consider the following problem

n

∑
j=1

bj
CD

αj
t Φ(x, t) = −(−∆)sΦ(x, t) + p(x)q(t), (x, t) ∈ Ω × (0, T),

Φ(ξ, t) = 0, ∂Ω × (0, T),

Φ(x, 0) = Φ0(x), x ∈ Ω.

(1)

where 0 < α1 ≤ · · · ≤ αn < 1 are the orders of the fractional derivatives, and bj > 0,

j = 1, 2, . . . , n. The left-sided Caputo fractional derivative CD
αj
t is defined

CD
αj
t Φ(x, t) :=

1
Γ(1 − αj)

∫ t

0

∂Φ(x, s)
∂s

(t − s)−αj ds, 0 < t < T, (2)

where Γ(·) denotes the Gamma function. Furthermore, the fractional Laplacian operator of
order s ∈ (0, 1) is defined as follows:

(−∆)sΦ(x, t) = Cm,sP.V
∫
Rm

Φ(x, t)− Φ(y, t)
|x − y|2s+m dy, (3)

where Cm,s is a normalization constant, given as follows:

Cm,s =
4ssΓ(s + m

2 )

π
m
2 Γ(1 − s)

,

and “P.V.” is the principal value of the integral, defined as follows:

P.V
∫
Rm

Φ(x, t)− Φ(y, t)
|x − y|2s+m dy = lim

ε→0

∫
{y∈Rm , |y−x|>ε}

Φ(x, t)− Φ(y, t)
|x − y|2s+m dy,

here, Φ0 denotes the initial state of the system, while p(x) and q(t) are source terms
depending only on the spatial and temporal variables, respectively. We assume that Φ0

and q(t) are known and sufficiently regular, in a sense to be specified later. The main
objective is to address the inverse problem of identifying the unknown space-dependent
source term p(x) from additional information on solution Φ in the form of a final-time
observation, namely

Z(x) = Φ(x, T), x ∈ Ω, (4)

where Z ∈ L2(Ω) is a given function, typically obtained through experimental measurements.
Classical Brownian diffusion is typically associated with a variance that increases

linearly in time and with a Gaussian law for the displacement distribution. In contrast,
numerous physical and biological processes display diffusion behaviors where the variance
evolves in a non-linear growth time of the variance and/or non-Gaussian profile of the
displacement law. Such behaviors are generally referred to as anomalous diffusion. This
phenomenon has been widely observed across complex systems, ranging from turbulent
flows [3] and plasma transport [4] to the dynamics of soft matter, such as the cytoplasm [5],
cell membranes, nuclei [6], and neurophysiological processes [7].
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To accurately describe these processes, several mathematical frameworks have been
developed, most of which generalize the standard diffusion equation by replacing local
derivatives in time and/or space with non-local operators, particularly those involving
fractional derivatives. In this way, the resulting models typically lead to evolution equations
governed by fractional differential operators, most notably of the form

CDα
t u(x, t) + (−∆)su(x, t) = f (x, t), (x, t) ∈ Ω × (0, T],

which is the single-term counterpart of (1) obtained by taking n = 1 and b1 = 1. This
fractional diffusion model has been widely recognized as a valuable model for describing
dynamics governed by anomalous diffusion, where the fractional Laplacian (−∆)s of order
0 < s < 1 characterizes non-local spatial interactions and Lévy-type jump processes [8],
while the fractional-time derivative CDα

t reflects memory effects and subdiffusive particle
trapping [9].

Motivated by the effectiveness of fractional models in describing diverse physical
processes, research over the last twenty years has attracted considerable attention in the
areas of numerical approximation, algorithmic design, and rigorous analysis of subdiffusion
equations. More recently, this interest has expanded to include related topics such as
optimal control and inverse problems. With this in mind, the literature on inverse fractional
problems is vast. Here, we limit our discussion to a short survey of the works that are closely
connected to the present investigation. Some previous studies have used and developed
regularization methods to address the inverse problems of the source identification problem
for different kinds of fractional evolution systems [10–15]. Murio et al. [16] proposed
a regularization method to estimate unknown sources from discrete data. Nakagawa
et al. [17] demonstrated that such problems could be uniquely solved from partial space-
time measurements. In another context, Anderle et al. [18] applied inverse techniques to
trace pollution sources using the heat equation, while El Badia et al. [19] devised a method to
detect electrostatic dipoles in the brain. Other studies conducted by Tuan [20] demonstrated
that in order to uniquely recover the diffusion coefficient of a one-dimensional fractional
diffusion equation, it is essential to choose an appropriate initial distribution based solely
on finite boundary measurements. Furthermore, Jin et al. [21] investigated an inverse
problem aimed at reconstructing a spatially varying potential term in a one-dimensional
time-fractional diffusion equation using flux data.

More recent work by Bensalah et al. [22] tackled inverse source identification for
space-time fractional diffusion equations, aiming to reconstruct the spatial component
of the source using incomplete data. Similarly, Sidi et al. [14] addressed this problem
using final-time observations, applying a hybrid regularization strategy that combines
iterative nonstationary and classical Tikhonov techniques. Ali et al. [23] examined two
distinct inverse problems related to fractional diffusion: identifying a space-dependent
and a time-dependent source term. Their analysis leverages a biorthogonal system based
on Mittag–Leffler functions derived from the spectral properties of the fractional system
and its adjoint. They establish key results on existence, uniqueness, and stability for the
space-dependent case while proving existence and uniqueness for the time-dependent
case, along with various special scenarios. Recently, Li et al. [24] investigated an inverse
problem related to diffusion equations involving multiple fractional time derivatives. They
established the uniqueness of recovering the number of fractional derivative terms, their
corresponding orders, and the spatially dependent coefficients. Recent contributions to the
theory of inverse fractional differential equations include the development of regularization
techniques for inverse pseudo-parabolic models with perturbations [25] and uniqueness
results for diffusion equations with unknown source terms [26]. In particular, inverse
problems aimed at determining time-dependent parameters or source terms in integer-order
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parabolic systems have been the subject of extensive research. Several works have applied
a completely different approach using the Rothe method to tackle inverse identification
problems of time-dependent source terms (see e.g., [27]).

The introduction of the multi-term model (1) is primarily motivated by the need
for greater efficiency and higher accuracy in capturing anomalous diffusion for complex
systems with multiple relaxation mechanisms acting at different temporal scales. Each
fractional order αj corresponds to a distinct memory kernel, and the associated coefficient
bj quantifies its relative contribution. From a physical and engineering perspective, such
operators capture the superposition of heterogeneous dissipative processes, reflecting
the presence of multiple relaxation pathways in complex materials or layered media.
Consequently, multi-term time-fractional models offer a more accurate description of
multi-scale dynamics compared to its single-term counterparts. For instance, in [28], a
two-term fractional diffusion equation was suggested to represent solute transport, where
the inclusion of two distinct fractional orders allows one to distinguish between mobile
and immobile phases of the solute. Similarly, kinetic equations involving two fractional
derivatives of different orders emerge naturally in the study of subdiffusive dynamics
within velocity fields [29]. Moreover, such multi-term structures are also relevant in
modeling wave-like behaviors [30].

Existing work in the literature on inverse problems for single-term time-fractional
diffusion equations, whether involving the fractional Laplacian or not, has explored this
problem from multiple perspectives, ranging from uniqueness and stability analysis to
numerical. However, to the best knowledge of the authors, rigorous works devoted to
inverse identification problems for multi-terms space-time fractional problems are still
rather limited.

On this basis, and motivated by the lack of studies in this direction, the present
work is devoted to a systematic investigation of the inverse reconstruction problem for
the unknown source term p(x) in the boundary value problem (1) given a priori infor-
mation on the solution in the form of a final-time measurement (4). This study makes
two key contributions.

First, on the theoretical side, this work gives complete well-posedness by proving the
well-posedness of the forward problem in some suitable functional framework. Further-
more, we establish the uniqueness of the spatial source term by exploiting the spectral rep-
resentation of the solution together with the properties of the multi-nomial Mittag–Leffler
kernels, and we also derive a stability result for the inverse reconstruction. In addition,
the inverse problem is rigorously reformulated as a Tikhonov regularized minimization
problem for whic, we prove existence and uniqueness of the regularized minimizer and
show strong convergence of minimizer as the data perturbation vanishes. Secondly, for
numerical reconstruction, we design and implement an efficient reconstruction algorithm
based on the conjugate-gradient method for the Tikhonov functional. The forward and
adjoint problems are discretized with an L1-type finite difference scheme in time and a
Galerkin spatial discretization that accommodates the nonlocal bilinear form associated
with (−∆)s.

The remainder of this paper is structured as follows. In Section 2, we present the
necessary preliminaries and establish the existence and uniqueness of a weak solution to
the direct problem. Section 3 addresses the inverse source problem: we prove its unique-
ness, derive a stability estimate, and reformulate it within the Tikhonov regularization
framework. In Section 4, we describe the conjugate gradient method for solving the reg-
ularized problem. Section 5 provides numerical results for five representative examples,
illustrating the performance of the proposed approach. This paper concludes with remarks
and perspectives in the final section.
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2. Preliminary
In this section, we give some necessary Definitions that will be used in the next part of

the paper.

Definition 1 ([26]). The Riemann–Liouville fractional integral of order α is defined as follows:

Iα
0Ψ(t) =

1
Γ(α)

∫ t

0
(t − ν)α−1Ψ(ν)dν. (5)

Definition 2 ([26]). For all n − 1 ≤ α < n, the Caputo fractional derivative of order α is expressed
as follows:

CDα
t Ψ(t) = In−α

0 Ψ(n)(t) =
1

Γ(n − α)

∫ t

0
(t − ν)n−1−αΨ(n)(ν)dν. (6)

Definition 3 ([26]). For any m − 1 ≤ β < m, the Riemann–Liouville fractional derivative of order
β is defined as follows:

RLDβ
t Ψ(t) =

d
dt

Im−β
0 Ψ(t) =

1
Γ(m − β)

dm

dtm

∫ t

0
(t − q)m−1−βΨ(q)dq. (7)

We introduce some basic notations and recall key definitions. Let L2(Ω) denote the
usual Lebesgue space with inner product (·, ·), and let H1

0(Ω), H1(Ω) denote the standard
Sobolev spaces. For s ∈ (0, 1), Hs(0, T) denotes the fractional Sobolev space in time
(see [31]).

The fractional Sobolev space Hs
0(Ω) is defined by

Hs
0(Ω) :=

{
Φ ∈ Ws,2(Rm) : Φ = 0 a.e. in Rm \ Ω

}
,

with norm

∥Φ∥Hs
0(Ω) :=

(∫
Rm

∫
Rm

|Φ(x)− Φ(y)|2
|x − y|m+2s dx dy

)1/2

.

The Sobolev space Ws,2(Rm) can equivalently be defined via Fourier transform as

Ws,2(Rm) :=
{

Φ ∈ L2(Rm) : (1 + |ξ|2)s/2FΦ(ξ) ∈ L2(Rm)
}

,

where F denotes the Fourier transform.
On a bounded domain Ω, the fractional Sobolev space Hs(Ω) is

Hs(Ω) :=
{

Φ ∈ L2(Ω) : |Φ|Hs(Ω) < ∞
}

, |Φ|Hs(Ω) :=
(∫

Ω

∫
Ω

|Φ(x)− Φ(y)|2
|x − y|m+2s dx dy

)1/2

,

with norm ∥ · ∥Hs(Ω) := (∥ · ∥2
L2(Ω)

+ | · |2Hs(Ω))
1/2.

We also consider the subspace

H̃s(Ω) :=
{

Φ ∈ Hs(Rm) : supp Φ ⊂ Ω
}

.

The bilinear form associated with Hs(Ω) is

Bs(Φ, Ψ) := Cm,s

∫ ∫
(Rm×Rm)\(Ωc×Ωc)

(Φ(x)− Φ(y))(Ψ(x)− Ψ(y))
|x − y|m+2s dx dy.
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Proposition 1 ([22]). Let Φ, Ψ : Rm → R be smooth. Then,∫
Ω

Ψ(x)(−∆)sΦ(x) dx =
1
2

Bs(Φ, Ψ)−
∫

Ωc
Ψ(x)NsΦ(x) dx,

where Ns denotes the nonlocal Neumann operator associated with (−∆)s:

NsΦ(x) := Cm,s

∫
Ω

Φ(x)− Φ(y)
|x − y|m+2s dy, x ∈ Ωc.

The fractional integration by parts identity serves as a link between the two fractional
derivatives, Caputo and Riemann–Liouville. This relation not only highlights the deep
interconnection between these two central operators in fractional calculus but also clar-
ifies the circumstances under which one formulation can be transformed into the other.
In particular, the formula provides a rigorous framework for switching between initial
condition-friendly models (often associated with the Caputo derivative) and more analyti-
cally tractable formulations (arising from the Riemann–Liouville definition).

Such an equivalence is of great importance in both theory and applications: it ensures
consistency among different approaches, facilitates the derivation of weak formulations for
fractional differential equations, and underpins the development of numerical methods
that exploit either definition depending on stability and implementation needs. In this
sense, the integration by parts formula is not merely a technical tool but a structural result
that enriches the entire framework of fractional calculus.

Proposition 2 ([32]). Let α ∈ (0, 1). Let Φ1 and Φ2 be two absolutely integrable functions. Then,
we have ∫ T

0
Φ2(t) CDα

t Φ1(t) dt =
∫ T

0
Φ1(t) RLDα

t Φ2(t) dt +
[
Φ1(t)I1−α

t Φ2(t)
]t=T

t=0
.

The multinomial Mittag–Leffler function is a generalization of the classical Mittag–
Leffler function to multiple variables, playing a central role in the analysis and solution of
multi-term fractional differential equations (see [33]). Let us consider

γ ∈ R, θ = (θ1, θ2, ·, θn) ∈ Rn, z = (z1, z2, · · · , zn) ∈ Rn,

Then, we define multinomial Mittag–Leffler function as follows:

Eθ,γ(z) :=
∞

∑
l=0

∑
l1+···+ln=l

l!
l1! · · · ln!

∏n
j=1 z

lj
j

Γ
(

γ +
n

∑
j=1

θjlj

) , (8)

where the non-negative integers γ ∈ R and {lj}n
j=1 denote the multinomial coefficient.

For the case of n = 1, the multinomial Mittag–Leffler function reduces to the classical
two-parameter Mittag–Leffler function:

Eθ,γ(z) =
∞

∑
l=0

zl

Γ(γ + lθ)
, ∀z ∈ C.

For convenience in subsequent use, we introduce the following shorthand notation:

E(m)
α′ ,β(t) := E(α1,α1−α2,...,α1−αn),β

(
− λ1tα1 ,−tα1−α2 , . . . ,−tα1−αn

)
, t > 0. (9)
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Next, the following lemmas provide some essential properties of Eθ,γ(z) (for detailed
proofs, the reader is referred to [34], pages 394–396).

Lemma 1. Let α1 > α2 > · · · > αn > 0. Then,

d
dt

{
tα1 E(m)

α′ ,1+α1
(t)
}
= tα1−1E(m)

α′ ,α1
(t), t > 0.

Lemma 2. Let β > 0 and 1 > α1 > · · · > αn > 0. Suppose that the angular condition

α1π

2
< µ < α1π, µ ≤ | arg(z1)| ≤ π,

holds, and that there exists a constant K > 0 such that Re(zj) ≤ −K for all j = 2, . . . , n. Then,
the following inequality holds: ∣∣∣Eα′ ,β(z)

∣∣∣ ≤ C
1 + |z1|

,

where C > 0 is a positive constant depending only on µ, K, αj (j = 1, . . . , n) and β.

Definition 4. A function Φ ∈ C((0, T); Hs
0(Ω))∩C1([0, T]; L2(Ω)) is said to be a mild solution

of Equation (1) if Φ(0) = Φ0 such that

Φ(x, t) =
n

∑
j=1

Sαj(t)Φ0(x) + p(x)
n

∑
j=1

∫ t

0
(t − r)αj−1Kαj(t − r)q(r) dr, (10)

where

Sαj(t) =
∫ ∞

0
Mαj(θ)C(t

αj θ) dθ, and Kαj(t) =
∫ ∞

0
αjθMαj(θ)S(t

αj θ) dθ.

The Mαj(θ) function is given by:

Mαj(θ) =
1
αj

θ−αj−1Ψαj

(
θ
− 1

αj

)
, Ψαj(θ) =

1
π

∞

∑
n=1

(−1)n−1θ−nαj−1 Γ(nαj + 1)
n!

sin(nπαj),

for θ ∈ (0, ∞), and Mαj(·) is the Mainardi’s Wright-type function defined on (0, ∞) such that:

Mαj(θ) ≥ 0 for all θ ∈ (0, ∞) and
∫ ∞

0
Mαj(θ) dθ = 1.

Theorem 1 ([22]). Let 0 < αj, s < 1, p ∈ L2(Ω) and q ∈ L2(0, T) be given. Then, Problem (1)

admits a unique solution Φ ∈ L2(0, T; Hs(Ω) ∩ Hs+γ(Ω)) such that CD
αj
t Φ ∈ L2(Ω × (0, T)).

Furthermore, there exists a constant C > 0 such that

∥ CD
αj
t Φ∥L2(Ω×(0,T)) + ∥Φ∥L2(0,T;Hs+γ(Ω)) ≤ C∥p∥L2(Ω), (11)

where γ := min{s, 1/2 − ε} with ε > 0 arbitrarily small.

Remark 1. The operator (−∆)s has a complete set of eigenfunctions (φn) associated with the
eigenvalues (λn). Then, the mild solution of System (1) is given by

Φ(x, t) =
∞

∑
n=0

(
1 − λntα1 E(n)

α′ ,1+α1
(t)
)

ϕn φn(x) +
∞

∑
n=0

Rn(t)pn φn(x), (12)

where

Rn(t) =
∫ t

0
q(s)(t − s)α1−1E(n)

α′ ,α1
(t − s)ds, (13)
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and the coefficients are defined as follows:

ϕn = (ϕ, φn), pn = (p, φn).

3. Stability Study and Regularization
This section is dedicated to addressing the second objective of this study, which

involves developing an efficient numerical approach for reconstructing the source term
p(x) in Problem (1), which is carried out using data from the final observations (4).

A commonly adopted method in the literature involves transforming the inverse ST
problem into a minimization problem, such as a least squares formulation. To implement
this approach, we consider an initial estimate p ∈ L2(Ω) and denote by Φ[p] the solution
of the following problem:

n

∑
j=1

CD
αj
t Φ[p](x, t) = −(−∆)sΦ[p](x, t) + p(x)q(t), (x, t) ∈ Ω × (0, T),

Φ[p](ξ, t) = 0 (ξ, t) ∈ ∂Ω × (0, T),

Φ[p](x, 0) = 0, x ∈ Ω.

(14)

Assume that the final measured data Z(x) = Φ(x, T) is known. The inverse problem to
solve is then to determine p ∈ L2(Ω) such that the corresponding potential Φ[h](x, T)
closely approximates the final measured data Z within the domain Ω.

By utilizing the available final-time data Z, an estimation of the true space-dependent
function p can be achieved. However, in real-world applications, the collected data Z
is typically imprecise due to the presence of measurement noise. To account for this
uncertainty, we define Zε as the observed data at the final time, which is assumed to fulfill
the following condition:

∥Z(x)− Zε(x)∥L2(Ω) ≤ ε, (15)

where ε > 0 is the amplitude of noise in the data.
Let us define the forward operator A : L2(Ω) → L2(Ω) by

A(p) = Φ[p](·, T),

where Φ[p](·, T) denotes the solution of (1) at the final time T corresponding to a spatial
source p(x). In this notation, the inverse problem can be equivalently formulated as the
operator equation

Find : p ∈ L2(Ω), satisfying A(p) = Z,

It is worth noting that the linear operator A is self-adjoint compact. Therefore, the inverse
problem under consideration is ill-posed in the sense of Hadamard, since equations with
compact operators are ill-posed (for more details, we refer the readers to [35]). In particular,
the compactness of A implies that small perturbations or noise in data Z can produce large
deviations in the reconstructed source p, and the solution does not depend continuously
on the data. To address this instability, a regularized solution must be considered.

In this work, we use the least squares approach in conjunction with Tikhonov reg-
ularization to tackle this numerical instability problem in the following ways: Reduce
the functional

(IP)


Find p∗ ∈ L2(Ω) such that

Qη(p∗) = min
p∈L2(Ω)

Qη(p),
(16)
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with
Qη(p) =

1
2

∫
Ω
(Φ[p](x, T)− Zε(x))2dx +

η

2

∫
Ω

p2(x)dx

where η is the Tikhonov regularization parameter. Under this consideration, a regularized
solution for the inverse problem is obtained as the minimizer of the variational problem (16).

For the minimizer of the problem (16) we have the following result.

Theorem 2. For any η > 0, the optimization problem (16) has a unique regularized solution.

Proof. It is obvious that Qη(p) ≥ 0 for any p ∈ L2(Ω); therefore, it has the greatest lower
bound p∗. The definition of infimum affirms the existence of minimizing sequence (pk)k∈N
from L2(Ω) such that

inf
p∈L2(Ω)

Qη(p) < Qη(pk) ≤ inf
p∈L2(Ω)

Qη(p) +
1
k

k ∈ N. (17)

From the structure of Qη , it follows that (pk)k∈N is uniformly bounded; that is,

∥pk∥L2(Ω) ≤ C, ∀k ∈ N.

As a result, there exists an element p∗ ∈ L2(Ω) and a subsequence of (pk)k∈N, still denoted
by the same symbol, such that

pk ⇀ p∗ in L2(Ω) as k → ∞.

The semi-continuity of L2 and the weak convergence of pk ⇀ p∗ in L2(Ω) and

Φ[pk](., T) → Φ[p∗](., T) in L2(Ω) as k → ∞,

give us

∥Φ[p∗](·, T)− Zε∥2
L2(Ω) ≤ lim inf

k→∞

∥∥∥Φ[pk](·, T)− Zε
∥∥∥2

L2(Ω)
,

and
∥p∗∥2

L2(Ω) ≤ lim inf
k→∞

∥∥∥pk
∥∥∥2

L2(Ω)
.

Thus,

Qη(p∗) ≤ lim inf
k→∞

∥∥∥Φ[pk](·, T)− Zε
∥∥∥2

L2(Ω)
+ η lim inf

k→∞

∥∥∥pk
∥∥∥2

L2(Ω)
.

Consequently, the existence of the minimizer for Problem (16) is obtained from (17) by
letting k → ∞, namely,

Qη(p∗) ≤ lim inf
k→∞

Qη(pk) = inf
p∈L2(Ω)

Qη(p) ≤ Qη(p∗),

and the uniqueness of p∗ is guaranteed by the convexity of Qη .

The primary goal of this paragraph is to examine the uniqueness of the solution to our
inverse problem. Specifically, we demonstrate that the space-dependent source p∗ can be
uniquely identified using the final time measurement Φ(x, T).



Fractal Fract. 2025, 9, 713 10 of 23

Theorem 3. Let q ∈ C(0, T) be a non-zero non-negative function. We consider Φℓ with ℓ = 1, 2
to be the solutions of the following system:

n

∑
j=1

CD
αj
t Φℓ[p](x, t) = −(−∆)sΦℓ[p](x, t) + pℓ(x)q(t), (x, t) ∈ Ω × (0, T),

Φℓ[p](ξ, t) = 0 (ξ, t) ∈ ∂Ω × (0, T),

Φℓ[p](x, 0) = 0, x ∈ Ω.

(18)

where p∗ℓ ∈ L2(Ω) such that
Φ1(x, T) = Φ2(x, T) on Ω. (19)

Then, we have
p∗1 = p∗2 in L2(Ω). (20)

Proof. For Φ1(x, t) and Φ2(x, t), the representation becomes:

Φ1[p∗1 ](x, t) = p∗1(x)
n

∑
j=1

∫ t

0
(t − r)αj−1Kαj(t − r)q(r) dr,

and

Φ2[p∗2 ](x, t) = p∗2(x)
n

∑
j=1

∫ t

0
(t − r)αj−1Kαj(t − r)q(r) dr,

From Equation (19), it follows that:

p∗1(x)
n

∑
j=1

∫ t

0
(t − r)αj−1Kαj(t − r)q(r) dr = p∗2(x)

n

∑
j=1

∫ t

0
(t − r)αj−1Kαj(t − r)q(r) dr.

This gives:

(p∗1(x)− p∗2(x))
n

∑
j=1

∫ t

0
(t − r)αj−1Kαj(t − r)q(r) dr,= 0,

The family of functions {(t)αj−1Kαj(t)}t≥0 is not equal to zero on L2(0, T). Then, we
conclude that

p∗1 − p∗2 = 0. (21)

The second part of this section addresses the issue of stability. We analyze how the
minimization problem IP responds to small perturbations in the observation data. To start,
let {Zε

k}k≥1 be a sequence such that

{Zε
k}k≥1 −→ Zε, in L2(Ω) as k → ∞, (22)

and we denote by {pk} the sequence of minimizers for the following problems:

min
p∈L2(Ω)

Qk(p), Qk(p) := ∥Φ[p](x, T)− Zε
k∥

2
L2(Ω) + η∥p∥2

L2(Ω), k = 1, 2, . . . (23)

Theorem 4. The sequence {pk}k≥1 converges strongly in L2(Ω) to p∗, i.e.,

∥pk − p∗∥L2(Ω) → 0 as k → ∞, (24)
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with p∗ being the unique solution of the minimization problem (IP).

Proof. Lemma 3.1 (see [22]) ensures that a sequence {pk}k≥1 exists, and for any k ≥ 1, we
have:

Qk(pk) ≤ Qk(p), ∀p ∈ L2(Ω).

Thus, {pk}k≥1 is uniformly bounded. Accordingly to Proposition 3.2 (see [22]), there exists
a subsequence of {pk}k≥1, still indicated by {pk}, such that:

pk → p# in L2(Ω) as k → ∞.

The following can be obtained by applying the same method as in the proof of Theorem 3.5
(see [22]):

Φ[pk](x, T) → Φ[p#](x, T) in L2(Ω) as k → ∞.

Using condition (22), one can obtain:

Φ[pk]− Zε
k → Φ[p#]− Zε in L2(Ω) as k → ∞.

Therefore, we have the following result:

∥Φ[P#]− Zε∥2
L2(Ω) ≤ lim inf

k→+∞

(
∥Φ[pk]− Zε

k∥
2
L2(Ω)

)
. (25)

Employing Proposition 3.4 (see [22]), we get

Q(p#) =
∥∥∥Φ[p#]− Zε

∥∥∥2

L2(Ω)
+ η∥p#∥2

L2(Ω) ≤ Q(p), ∀p ∈ L2(Ω). (26)

This suggests that the unique solution p∗ found in the preceding Theorem coincides with p#.
We use contradiction to demonstrate the strong convergence of {pk}k≥1. Assuming

that is true, we know that {∥pk∥L2(Ω)}k≥1 does not converge to ∥p∗∥L2(Ω). Since pk → p∗

in L2(Ω), based on the weak lower semi-continuity of the norm, we have

∥p∗∥L2(Ω) ≤ lim inf
k→∞

∥pk∥L2(Ω) < lim sup
k→∞

∥pk∥L2(Ω), (27)

and there exists a subsequence {pk}k≥1 such that

lim sup
k→∞

∥pk∥L2(Ω) = lim
k→∞

∥pk∥L2(Ω).

Making use of the minimizing sequence’s characterization {pk}k≥1 and Equation (26), one
may obtain the following:

∥Φ[p∗]− Zε∥2
L2(Ω) + η∥p∗∥2

L2(Ω) = lim inf
k→∞

(
∥Φ[pk]− Zε

k∥
2
L2(Ω) + η∥pk∥2

L2(Ω)

)
= lim inf

k→∞

(
∥Φ[pk]− Zε

k∥
2
L2(Ω) + η lim sup

k→∞
∥pk∥2

L2(Ω)

)
.
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Based on Inequality (27), one can deduce

∥Φ[p∗]− Zε∥2
L2(Ω) = lim inf

k→∞
∥Φ[pk]− Zε

k∥
2
L2(Ω) + η

(
(lim sup

k→∞
∥pk∥L2(Ω))

2 − ∥p∗∥2
L2(Ω)

)
> lim inf

k→∞
∥Φ[pk]− Zε

k∥
2
L2(Ω),

which is in contradiction with Relation (25).

The Fréchet differentiability of the functional p → Q(p) is analyzed, as it plays a
key role in developing the method for determining the minimizer of the optimization
problem (16). It is worth mentioning that the associated optimality system, which consists
of the state, adjoint, and gradient equations, can be derived using the Lagrangian approach
(see, e.g., [36,37]) by considering the following Lagrangian functional:

L(Φ, ψ, p) =
1
2

∫
Ω

∣∣Φ(x, T)− Zε(x)
∣∣2dx+

η

2
∥p∥2 dx +

∫ T

0

∫
Ω

ψ(x, t)

(
n

∑
j=1

bj
CD

αj
t Φ + (−∆)sΦ − p q(t)

)
dx dt. (28)

First, we derive the adjoint system corresponding to (1) from (28) by taking the varia-
tion of the Lagrangian functional with respect to the state variable Φ and applying the
fractional integration-by-parts formula in time, which results in a backward fractional
parabolic equation.

n

∑
j=1

RLD
αj
t J(x, t) = −(−∆)s J(x, t), (x, t) ∈ Ω × (0, T],

J = 0, (x, t) ∈ ∂Ω × (0, T),

lim
t→T−

n

∑
j=1

I
1−αj
t J(x, t) = [Φ[p](x, T)− Zε(x)], x ∈ Ω.

(29)

In the following Theorem, we establish the Fréchet differentiability of Q and derive an
explicit expression for its gradient.

Theorem 5. The objective function Q to be minimized is Fréchet differentiable, and its gradient is

∇Q(p) =
(∫ T

0
q(t)J[p](x, t)dt + ηp(x)

)
, (30)

where J[p] is the solution to Adjoint Problem (29).

Proof. Taking a small variation δp ∈ L(Ω) of p, we have

Q(p + δp)−Q(p) = ∥Φ[p + δh](x, T)− Zε(.)∥2
L2(Ω) − ∥Φ[p](x, T)− Zε(.)∥2

L2(Ω)

+ η∥p + δp∥2
L2(Ω) − η∥p∥2

L2(Ω) + o
(
∥δp∥L2(Ω)

)
= 2

∫
Ω
(Φ[p](x, T)− Zε(.))Φ[δp](x, T) dx

+ 2η
∫

Ω
pδp dx + o

(
∥δp∥L2(Ω)

)
.

(31)
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where Φ[δp] is the solution to the following problem:

n

∑
j=0

CD
αj
t Φ[δp] + (−∆)sΦ[δp] = δp(x)q(t) in Ω × [0, T],

Φ[δp] = 0 in ∂Ω × [0, T],

Φ[δp](x, 0) = 0 in Ω.

(32)

The variational formulation of Equations (29) and (32) gives the following:

∫ T

0

∫
Ω

n

∑
j=1

CD
αj
t Φ[δp]ψ dx dt +

∫ T

0
Bs(Φ[δp], ψ) dt =

∫ T

0

∫
Ω

δp(x)q(t)ψ(x, t) dx dt,

∀ψ ∈ L2((0, T); Hs
0(Ω)).

(33)

Similarly,

∫ T

0

∫
Ω

n

∑
j=1

RLD
αj
t J[p]ψ dx dt +

∫ T

0
Bs(J[p], ψ) dt =

∫
Ω
[(Φ[p](x, t)− Zε(x))ψ(x, T)]dx,

∀ψ ∈ L2((0, T); Hs
0(Ω)).

(34)

By taking ψ = J[p] in Equation (33) and integrating by parts with respect to t, we obtain
the following:

∫ T

0

∫
Ω

n

∑
j=1

RLD
αj
t Φ[δp]J[p] dx dt +

∫ T

0
Bs(Φ[δp], J[p]) dt =

∫ T

0

∫
Ω

δp(x)q(t)J[p](x, t) dx dt. (35)

By integrating by parts with respect to t and replacing ψ = Φ[δp] in Equation (34), we get

∫ T

0

∫
Ω

n

∑
j=1

RLD
αj
t J[p]Φ[δp] dx dt +

∫ T

0
Bs(J[p], Φ[δp]) dt =

∫
Ω
[(Φ[p](x, t)− Zε(x))Φ[δp](x, T)]dx. (36)

Hence, ∫
Ω
[(Φ[p](x, T)− Zε(.))Φ[δp](x, T)]dx =

∫ T

0

∫
Ω

δp(x)q(t)J(x, t) dx dt. (37)

Therefore,

Q(p + δp)−Q(p) =
∫ T

0

∫
Ω

δp(x)q(t)J[p](x, t) dx dt +
∫

Ω
p(x)δp(x) dx

+ o
(
∥δp∥L2(0,T)

)
=
∫ T

0

∫
Ω

q(t)J[p](x, t) dx dt + η
∫

Ω
p(x)δp(x) dx + o

(
∥δp∥L2(Ω)

)
.

(38)

As a result, the functional Q is Fréchet differentiable, and its gradient can be expressed
in the following form:

∇Q(p) =
(∫ T

0
q(t)J[p](x, t)dt + ηp(x)

)
. (39)
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4. Numerical Approach: Conjugate Gradient Method (CGM)
This section is dedicated to the numerical reconstruction strategy designed to solve the

underlying minimization problem. The method relies on deriving the associated optimality
conditions, which naturally lead to the use of the conjugate gradient method (CGM) in
Algorithm 1 as an efficient iterative solver.

In practice, the minimization of Q is carried out by means of CGM. The algorithm
generates a sequence {pk} that progressively approaches the true minimizer. Specifically,
starting from an initial guess p0, each iteration combines gradient information with previ-
ously computed search directions, thereby accelerating convergence compared to a simple
steepest descent scheme. At the k-th step, given the current approximation pk, the next
iterate is computed according to the standard CGM update rules, which balance descent
efficiency and numerical stability.

To minimize Q, we apply the conjugate gradient method (CGM). The procedure is
as follows: suppose at the k-th iteration, we have the current approximation pk. The next
iterate is then obtained through the following iterative scheme:

pk+1 = pk + βkdk

with

dk =

−∇Q(pk) if k = 0,

−∇Q(pk) + µkdk−1 if k > 0,

where

µk =
∥∇Q(pk)∥2

L2(Ω)

∥∇Q(pk−1)∥2
L2(Ω)

,

and

βk = arg min
β≥0

Q(pk + βdk).

The functional Q(p) is given as follows:

Qη(p) =
1
2

∫
Ω
(Φ[p](x, T)− Zε(x))2dx +

η

2

∫
Ω

p2(x)dx.

Replacing p with pk + βdk, we get:

Q(pk + βdk) =
1
2

∫
Ω

(
Φ[pk + βdk](x, T)− Zε(x)

)2
dx +

η

2

∫
Ω
(pk + βdk)

2dx.

Differentiating both terms with respect to β, we obtain:

dQ
dβ

=
∫

Ω

(
Φ[pk](x, T)− Zε(x)

)
Φ′[pk](dk)dx + η

∫
Ω

pkdkdx + βη
∫

Ω
d2

kdx.

Setting
dQ
dβ

= 0 to find the optimal step size βk, we solve for β

βk = −

∫
Ω

(
Φ[pk](x, T)− Zε(x)

)
Φ′[pk](dk)dx + η

∫
Ω

pkdkdx

η
∫

Ω
d2

kdx
. (40)
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Therefore, we have the following CGM:

Algorithm 1 Conjugate Gradient Method.

1: Set k = 0, initiate p0.
2: Compute the residual r0 = ∇Q(p0) and set the direction d0 = r0.
3: Evaluate the step size

β0 = −

∫
Ω

(
Φ[p0](x, T)− Zε(x)

)
Φ′[p0](d0) dx + η

∫
Ω

p0d0 dx

η
∫

Ω d2
0 dx

. (41)

4: Update the iterate
p1 = p0 + β0d0.

k = 1, 2, . . .
5: Compute the residual and direction:

rk = −∇Q(pk), dk = rk + µkdk−1,

where

µk =
∥rk∥2

L2(Ω)

∥rk−1∥2
L2(Ω)

.

6: Evaluate the step size

βk = −

∫
Ω

(
Φ[pk](x, T)− Zε(x)

)
Φ′[pk](dk) dx + η

∫
Ω

pkdk dx

η
∫

Ω d2
k dx

. (42)

7: Update the iterate
pk+1 = pk + βkdk.

5. Numerical Experiment
In this section, we present numerical results for a set of representative examples to

demonstrate the effectiveness of the Algorithm 1. Without loss of generality, the study is
restricted to the one-dimensional case, while the extension to multidimensional settings
remains an open direction for future numerical investigations. The convergence and
stability of the method are also examined to assess its robustness and reliability in solving
the inverse problem.

5.1. Numerical Resolution of the Direct Problem

Without the loss of generality, we consider the following one-dimensional problem. In
doing so, we assume Ω = (xL, xR), and the final time is fixed at T = 1.

Let M ∈ N be a fixed positive integer, and define a uniform temporal partition of the
time frame [0, T] by setting ti = iτ for i = 0, 1, · · · , M, where τ := T

M denotes the time step
size. The Caputo fractional derivative in Equation (2) is then approximated at t = ti using
the classical L1-finite difference scheme:

D
αj
t Φ(x, ti+1) ≈ Dα

τΦi+1(x) =
1

Γ(2 − α)τα

i

∑
l=0

ωα
l

(
Φi+1−l(x)− Φi−l(x)

)
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where Φi(x) is an approximation of Φ(x, ti). The coefficients ω
αj
i satisfy for all 1 ≤ j ≤ m)

that ω
αj
0 = 1 and ω

αj
i = (i + 1)1−αj − i1−αj with i ≥ 1. By performing some rearrangements

of terms, one may obtain

Dα
τΦi+1(x) =

1
Γ(2 − αj)τ

αj
= dαj

(
Φi+1(x) + Hi,j(x)

)
.

where dαj = (Γ(2 − αj)τ
αj)−1, and Hi,j is given explicitly by the following formula:

Hi,j(x) := (ω
αj
1 − 1)Φi(x) +

i−1

∑
l=1

(ω
αj
l − ω

αj
l−1)Φ

i−l(x) + ω
αj
i Φ0(x). (43)

Let us replace CD
αj
t Φ(x, ti) by its approximation CD

αj
τ Φi(x). Therefore, we obtain

n

∑
j=1

CD
αj
τ Φi + (−∆)sΦi = qi p, i ≥ 1 (44)

Substituting (43) into the above equation yields the following:

n

∑
j=1

dαj Φi + (−∆)sΦi = qi p −
m

∑
j=1

dαj Hi−1,j(x), i ≥ 1. (45)

Now, we pass to the space discretization and define for N ∈ N, a fixed positive integer,
a uniform spatial discretization of the domain Ω = (xL, xR) by defining the grid points
xi = xL + ih for 0 ≤ i ≤ N, where the mesh size is given by h := xR−xL

N . Let Vh be the space
of continuous piecewise linear functions over Ω. Let ϕn(x) denote the interior nodal basis
function associated with the node xn for 1 ≤ n ≤ N.

Now, we consider the Galerkin-L1 discretization of the problem (1) as follows: Find
Φh ∈ Vh(0 ≤ i ≤ N) satisfying for all ψ ∈ Vh,

m

∑
j=1

dαj
(
Φi

h, ψh) + Bs
(
Φi

h, ψh) = qi(p, ψh)−
m

∑
j=1

dαj(Hi−1,j, ψh), i ≥ 1

(Φ0, ψh) = (Φ0, ψ)

(46)

It is well known that any function ψh ∈ Vh is uniquely defined by its value at the grid-mesh
(xn)0≤n≤N ; therefore, we obtain

ψi
h(x) =

N

∑
n=0

ψh(xn)φn(x).

In this way, if Φi
n denotes the approximation of Φ(xn, ti), then one may rewrite (46) by

choosing as a function test ψh = φk for 1 ≤ m ≤ N − 1, as follows(
A + B

)
Ui = Ci−1, (47)
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where:

A = [an,k]1≤n,k≤N−1, an,k =
m

∑
j=1

dαj(φn, φk),

B = [bn,k]1≤n,k≤N−1, bn,k = Bs(φn, φk),

C = [cn,k]1≤n,k≤N−1, ci−1
n,k =

m

∑
j=1

dαj(Hi−1,j, φk) + qi(p, φ),

Ui = (Φi
1, Φi

2, · · · , Φi
N−1)

t.

(48)

The entries of the matrix A can be efficiently computed by exploiting the properties of the
basis functions φk. Regarding the matrix B, it is a full matrix whose elements depends
only on n, k, s, and h and can determined explicitly without numerical integration (see [38]).
Concerning the elements of the matrix Ci, they can be efficiently evaluated using the
following formula:

Ci
n,k =

(
(ω

αj
1 − 1)Φi

n +
i−1

∑
l=1

(ω
αj
l − ω

αj
l−1)Φ

i−l
n + ω

αj
i Φ0

n

)
(φn, φk).

It is noteworthy that, at each iteration, solving the adjoint problem is required, which
involves a backward time-fractional derivative. In a similar manner, one can determine the
discrete backward-in-time Caputo fractional derivative as follows:

Dα
Tv(tn) =

1
Γ(2 − α)

∫ T

tn
(s − tn)

1−αv′′(s) ds

=
1

Γ(2 − α)

N

∑
j=n+1

∫ jk

(j−1)k
(s − tn)

1−αv′′(s) ds

≈ 1
Γ(2 − α)

N

∑
j=n+1

(vj + vj−2 − 2vj−1

k2

) ∫ jk

(j−1)k
(s − tn)

1−α ds

=
1

Γ(2 − α)

N

∑
j=n+1

(vj + vj−2 − 2vj−1

k2

)[
(s − tn)2−α

2 − α

]jk

(j−1)k

=
1

Γ(2 − α)(2 − α)

N

∑
j=n+1

(vj + vj−2 − 2vj−1

k2

)[
(jk − tn)

2−α − ((j − 1)k − tn)
2−α
]

=
k−α

Γ(2 − α)(2 − α)

N

∑
j=n+1

(
vj + vj−2 − 2vj−1

)[
(j − n)2−α − (j − 1 − n)2−α

]
Let us set l = j − n so j = l + n. Now, we plug this into the expression and obtain
the following:

Dα
Tv(tn) =

k−α

Γ(2 − α)(2 − α)

N−n

∑
ℓ=1

(vℓ+n + vℓ+n−2 − 2vℓ+n−1)

×
[
ℓ2−α − (ℓ− 1)2−α

]
5.2. Numerical Inversions

The noisy data are obtained by introducing a random perturbation to the exact data,
that is,

Zε = Z + ε · Z ×
(
2 · rand(size(Z))− 1

)
, (49)
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and the corresponding noise level is evaluated as follows:

ε = ∥Zε − Z∥L2(Ω).

To examine the accuracy of the numerical solution, we compute the approximate L2-error,

Ek
2 = ∥p† − pk∥L2(Ω),

and Rk, the residual error at the k-th iteration,

Rk = ∥Φ[pk](·, T)− Z∥L2(Ω),

where pk and p† are, respectively, the reconstructed source term at k iteration and the exact
source term.

One of the widely used methods in this context is Morozov’s discrepancy principle,
which consists of selecting the iteration index k such that the following inequality holds:

Rk ≤ τε ≤ Rk−1,

here, τ > 1 is a constant that serves as a tolerance factor in the stopping criterion, and it is
typically set to τ = 1.01, following the recommendation in [39]. In the case of a zero noise
level (i.e., when ε = 0), our iterative process is terminated after k = 100 iterations.

Example 1. In this first synthetic example, we reconstruct a source term given as follows:

p(x) = sin(πx) + 1,

In this example, the exact solution is not known in closed form. Consequently, the final
measurement data is obtained by solving the forward problem numerically via the method de-
scribed previously.

Our first numerical test aims to evaluate the performance of the proposed algorithm under
varying fractional order. The order α and s used in this test, along with the obtained reconstruction
errors, are reported in Table 1, where the values of the relative error Ek across different choices of
fractional order α, s and noise level ϵ are evaluated. Furthermore, the profile of recovered source term
for different fractional order are plotted in Figure 1.

Table 1. Relative error E2(k) for various noise levels ϵ, fractional time orders α, and spatial orders s.

α = (0.1, 0.4, 0.7) α = (0.4, 0.6, 0.9)

s = 0.4 s = 0.8 s = 0.4 s = 0.8

ϵ = 0.00 0.00842 0.00942 0.00958 0.01151

ϵ = 0.001 0.00966 0.01066 0.01114 0.01307

ϵ = 0.005 0.01506 0.01606 0.01727 0.01920

ϵ = 0.01 0.02191 0.02291 0.02594 0.02787
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(a) α = (0.1, 0.4, 0.7) and s = 0.8.

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−0.5

0

0.5

1

1.5

2

2.5

x variable

so
u
rc
e
te
rm

p
(x
)

 

 

Exact
Reconstructed

(b) α = (0.3, 0.6, 0.9) and s = 0.8.

Figure 1. Exactand reconstructed source terms for Example 1 with zero noise level ϵ = 0 for different
fractional orders.

Based on the results presented in (1), it can be observed that the numerical reconstructions
closely approximate the exact solution for all tested combinations of (α, s). This indicates that
inversion method is robust with respect to changes in the fractional order. This observation is
consistent with theoretical results in the literature, where the fractional order mainly affects the
forward operator but has limited impact on the stability of the inverse problem.

Figure 2a illustrates the convergence behavior of the proposed iterative algorithm, while
Figure 2b presents the decay of the residual Rk for various noise levels ϵ ∈ 0, 0.001, 0.005, 0.01 and
fixed order α = (0.1, 0.4, 0.7) and s = 0.8.

As expected, increasing the noise level ϵ results in a monotonic growth in the reconstruction er-
ror Ek, as demonstrated in Figure 2. Nevertheless, the numerical results remain reasonably accurate.
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Figure 2. Convergence behavior with α = (0.1, 0.4, 0.7) and s = 0.8 for various noise levels ϵ.

Example 2.

p(x) =



4x + 5, if − 1 ≤ x ≤ − 1
2

−4x + 1, if − 1
2 < x ≤ 0

4x + 1, if 0 < x ≤ 1
2

−4x + 5, if 1
2 < x ≤ 1

0, otherwise
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Since an analytical solution to the problem is not available, as in the previous example, we com-
pute a numerical approximation of the final measurement data Z(x) by solving the direct problem.

As in the previous example, we begin by investigating the effect of fractional order α and s on
the reconstruction quality. To this end, the source term p(x) is recovered for several combinations of
these parameters. The numerical results are reported in Table 2. As observed earlier, the values of α

and s do not exhibit a significant influence on the accuracy of the method. The slight discrepancies in
the results are mainly attributed to the discretization errors of solving direct and adjoint problems.

Table 2. Relative error E2(k) for various noise levels ϵ, fractional time orders α, and spatial orders s.

α = (0.1, 0.4, 0.7) α = (0.4, 0.6, 0.9)

s = 0.4 s = 0.8 s = 0.4 s = 0.8

0.0152 0.0170 0.0189 0.0210

Figures 3 and 4 provide a clear illustration of the convergence behavior and robustness of
the proposed conjugate gradient method (CGM) in the case of a non-smooth source term. The
reconstruction results remain stable and exhibit satisfactory accuracy for noise levels up to ϵ = 0.01,
as evidenced by the evolution of the relative error Ek and the residuals Rk. Specifically, Figure 4a
shows that Ek decreases steadily during the early iterations and stabilizes afterward, while Figure 4b
demonstrates the controlled decay of Rk for increasing noise levels.
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Figure 3. Exact and reconstructed source term for Example 2 with fixed parameters α = (0.1, 0.4, 0.7)
and s = 0.8.
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Figure 4. Convergence behavior with α = (0.1, 0.4, 0.7) and s = 0.8 for various noise levels ϵ.
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It is worth noting that, as in the first example, the fractional orders α and the parameter s
appear to have a negligible impact on the reconstruction accuracy. However, the effect of noise is more
pronounced in this nonsmooth setting. When the noise level exceeds ϵ = 0.001, the reconstructed
solution starts to exhibit artificial oscillations, particularly around the points of singularity, which
affects the fidelity of the reconstruction. This behavior is typical in inverse problems with low
regularity, where noise amplification is more severe due to the limited smoothing effect of the
forward operator.

Overall, the results confirm that the proposed method maintains good stability under moderate
noise while highlighting the need for appropriate regularization strategies when dealing with higher
noise levels and nonsmooth sources.

6. Conclusions
In this paper, we have studied an inverse problem for a multi-term time-fractional

diffusion equation involving the fractional Laplacian. Specifically, the goal was to recover
an unknown spatial source term from final-time observations. The well-posedness of the
forward problem relies on the representation of the solution in terms of the multinomial
Mittag–Leffler function E(m)

α′ ,β(t). The uniqueness of the inverse problem follows from
the asymptotic decay properties of these functions, which guarantee that the spectral
coefficients pn are uniquely determined by the final-time data. A significant theoretical
insight is that the presence of multiple fractional time derivatives, although it complicates
the analysis, does not compromise the uniqueness property of the inverse problem.

To handle the ill-posedness of the the studied inverse problem, we reformulated it
as a Tikhonov regularized optimization problem. By using the adjoint method, a first-
order optimality condition has been derived, leading to a coupled system of the forward
problem, a backward adjoint problem, and a gradient equation. Based on this condition, the
unknown source term has been characterized as the solution of the regularized variational
problem. An efficient and accurate iterative reconstruction procedure has been developed
and implemented to solve the regularized variational problem, that is, the conjugate
gradient method (CGM), where the requisite gradient is computed efficiently via the
adjoint formulation. The efficiency, accuracy, and robustness of the proposed numerical
procedure have been justified by several numerical simulations for both smooth and non-
smooth sources. It is noticeable that the parameters αi and s have no significant influence
on the overall reconstruction accuracy. However, for smaller values of the fractional orders
αi, the results become slightly less accurate, which can be attributed to the stronger memory
effect inherent in fractional diffusion processes.

While the present study establishes several noteworthy theoretical and numerical
results, certain aspects merit further investigation to achieve a more comprehensive under-
standing of the proposed framework. From an analytical standpoint, it remains essential
to rigorously examine the convergence properties of the numerical scheme and to clarify
its dependence on the regularization parameter and on the choice of the initial guess.
From the computational perspective, extending the current algorithm to multi-dimensional
configurations constitutes a natural and challenging continuation of this work. In addition,
tailoring the proposed approach to more intricate settings, such as nonlinear models and
coupled systems of fractional partial differential equations, appears to be a promising and
stimulating direction for future research.
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