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Abstract

Kinetic Alfvén waves (KAWs) are investigated in an Oxygen–Hydrogen plasma with
electrons following the behavior of rq-distribution in an upper ionosphere. We aim to
study low-frequency and long wavelengths at 1700 kms in the upper ionosphere of Earth
as detected by Freja satellite. The fluid model and reductive perturbation method are
combined to obtain the evolutionary wave equations that can be used to describe both
fractional and non-fractional KAWs in an Oxygen–Hydrogen ion plasma. This procedure
is used to obtain the integer-order Korteweg–de Vries (KdV) equation and then analyze
its solitary wave solution. In addition, this study is carried out to evaluate the fractional
KdV (FKdV) equation using a new approach called the “Tantawy technique” in order to
generate more stable and highly accurate approximations that will be utilized to accurately
depict physical events. This investigation also helps locate the existence regions of the
solitary waves (SWs), and in turn displays that the characteristics of KAWs are affected
by a number of physical factors, such as the nonthermal parameters/spectral indices “r”,
“q”, and obliqueness (characterized by lz). Depending on the parameter governing the
distribution, especially the nonthermality of inertialess electrons, the rq-distribution of
electrons has a major impact on the properties of KAWs.

Keywords: Pure kinetic Alfvén waves (KAWs); Oxygen–Hydrogen plasma in earth’s upper
ionosphere; Fractional KdV for kinetic Alfvén wave; The Tantawy technique for FKdV;
rq-distributed electron

1. Introduction
Research on Alfvén waves (AWs) has a rich history, beginning with the groundbreak-

ing work of Hannes Alfvén himself in the 20th century [1]. Since then, AWs have gained
increasing attention from the scientific community. These waves have important applica-
tions in space [2,3], astrophysics [4–6], and laboratory plasmas [7,8]. Nonlinear research
in plasma physics spans a broad range of phenomena, and it provides insight into the
fundamental processes occurring in both laboratory and space plasmas. Nonlinear plasma
science also explains the creation of stationary electrostatic and electromagnetic structures
in plasmas, such as single-pulse solitons, envelope solitons, shock waves, and vortices. AWs
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have attracted attention due to their unique characteristics and their potential relevance to
various plasma phenomena.

The fundamental AWs appear as a perturbation of the external magnetic field (MF)
in the perpendicular direction, which propagates along the field lines, and the linear
dispersion relation of these waves can be obtained using magnetohydrodynamic (MHD)
equations [1]. These are low-frequency electromagnetic waves that propagate in an ideal
plasma with frozen-in field lines. If the ambient MF is assumed to be along the z-axis,
i.e., B0 = B0ẑ, then it propagates along the z-direction with constant Alfvén velocity
vA =

(
B2

0/4πn0mi
)1/2, where n0 indicates the equilibrium density of an electron-ion (e-i)

plasma and mi refers to the ion mass. The linear dispersion relation of this incompressible
wave in the MHD framework turns out to be ω2 = v2

Ak2
z, whereas the electric field (EF)

and MF associated with this wave lie in the xy-plane mutually perpendicular to each other.
However, if the oblique propagation of this electromagnetic perturbation is considered,
then the wave develops a component of the EF parallel to the external MF giving rise to the
compressibility. If the effects of both electron inertia and temperature are taken into account,
then the two fluid equations yield the linear dispersion relation in the following form:

ω2 =
v2

Ak2
z(1 + ρ2

s k2
⊥)

(1 + λ2
e k2

⊥)
, (1)

where ρs = cs/Ωi is the ion gyro-radius at electron temperature and λe = c/ωpe is the
electron skin depth. Here, cs = (Te/mi)

1/2, Ωi = eB0/cmi, ωpe = (4πni0e2/me)1/2, me is
the electron mass and c is the speed of light. The frequency of the wave is smaller than
the ion gyrofrequency ω < Ωi, kz << k⊥, ρ2

s k2
⊥ < 1, λ2

e k2
⊥ < 1 and it exists in a low beta

plasma, i.e., β = plasma (thermal) pressure to magnetic pressure = 2c2
s /v2

A < 1 with
vA = B0/(4πni0mi)

1/2 is the Alfvén wave speed. Equation (1) contains two branches of
AWs; the fast mode in the limit me → 0 and the slow mode in the limit Te → 0. The fast
mode is also called the kinetic Alfvén wave (KAW) and exists for me/mi < β < 1 while
the slow mode exists for β < me/mi. We focus our attention on the nonlinear dynamics of
small-amplitude KAW.

The nonlinear solitary structures of kinetic AWs (KAWs) were investigated long ago
by Hasegawa and Mima [9] in an ordinary e-i plasma following the Sagdeev potential
approach. They used the Maxwellian distribution for hot electrons and obtained compress-
ible (hump) solitons. Yu and Shukla [10] included the parallel motion of the ions in the
study of nonlinear AWs, and again the hump solitons were obtained. Compressive (or
hump) solitary structures were found to form when investigating nonlinear AWs with
parallel motion of ions [10]. In a subsequent study [11], the full ion dynamics was taken
into account along with the AW dynamics, and this resulted in the formation of both hump
and dip solitons. The Freja satellite observations of the auroral plasma were compared with
the theoretical results obtained through the comprehensive analysis of nonlinear AWs [12].

Although the Maxwellian distribution has long been used to characterize plasma
species, it is evident that superthermal particles make this distribution fall short in ex-
pressing the true nature of space plasmas. The presence of nonthermal particles leads to
velocity–space diffusion and the emergence of power-law distributions such as the kappa
distribution, which better represents the behavior of space plasmas [13]. Several research
works are present in the literature on the existence of nonthermal distributions of plasma
charged particles [13–15]. The κ-distribution function can be reduced to the Maxwellian
distribution as a special case of κ → ∞. The κ-distribution function was modified, as-
suming that the electrons are at a constant temperature (Te = constant) in the form of a
double-spectral-index rq-distribution function [16,17].
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Later, several investigations examined how nonlinear waves were affected by the pres-
ence of non-Maxwellian charged particle species in various plasma environments [18–20].
In 1982, the authors of [11] obtained the exact stationary solution of the nonlinear slow Alfvén
mode and showed the existence of dip Alfvén solitons. Most of the nonlinear studies of
AWs were performed using the Sagdeev potential approach for arbitrary amplitude waves.
The conditions were explored and illustrated [21] for when current-driven inertial and KAWs
become unstable due to the field-aligned shear flow of electrons and ions along with heavy
stationary dust. The instability conditions and the growth rates of both inertial and KAWs
have been presented.

Bains et al. [22] have rightly claimed that they are the first to investigate nonlinear
solitary structures of KAWs in the small amplitude limit employing the reductive per-
turbation method (RPM). The periodic kinetic AWs have recently been studied in NPIE
plasma, where the electrons obey the double spectral rq-distribution [23]. These authors
also employed the RPM and obtained a Korteweg–de Vries (KdV)-type equation, but did
not discuss the original KdV equation under the framework of RPM. It seems important
to mention here that RPM was developed for the first time by Washimi and Tanuiti in
1966 [24] to study the nonlinear propagation of ion-acoustic waves (IAWs) in unmagnetized
B0 ̸= 0 plasma.

Recently [25], it has been pointed out that the RPM cannot be used to investigate
the nonlinear dynamics of the IAWs in a magnetized B0 ̸= 0 electron-ion plasma because
the dispersion term in the linear dispersion relation is treated as higher order. Therefore,
the RPM equations in the lowest order do not produce the correct linear dispersion relation
in the magnetized plasma. In the case of IAWs, the magnetic field’s contribution to the
linear dispersion relation appears through the polarization drift of ions, and it is killed
due to the ordering of stretched coordinates. Hence, the dispersion relation becomes the
same as it appears in an unmagnetized plasma. Since in a magnetized plasma kz < k⊥
is the requirement for oblique propagation of the wave, the nonlinear coefficient of the
KdV equation turns out to be higher, and the normalized wave amplitude becomes greater
than one, which is a contradiction to the initial assumption of a small amplitude limit. For
more details, the reader can see Refs. [25]. Alfvén solitary structures have been observed in
the upper ionosphere by satellites [2,26]. At an altitude of 1700 km a small percentage of
hydrogen ions have also been detected in the oxygen plasma of the ionosphere. Several
space and astrophysical systems contain multi-ion species [27].

Modeling real-world phenomena, especially complex and nonlinear systems, requires
the use of differential equations (DEs). They explain the spatial and temporal evolution
of physical systems. Fractional DEs (FDEs) are a generalized variant of classical equa-
tions that permit derivatives of non-integer order. Fractional derivatives include memory
and heredity effects, which means that the current state depends on both the system’s
history and current conditions, in contrast to ordinary derivatives that solely reflect local
behavior. Because of this, they are handy for simulating processes that involve spatial or
long-term interactions, where traditional models are ineffective. Control theory, biology,
physics, engineering, signal processing, and system identification are among the fields with
applications [28–30]. As a potent extension of classical calculus, fractional calculus (FC)
enables derivatives and integrals of non-integer order to capture long-range relationships,
memory, and hereditary FC effects in complex systems [31–34]. FDEs are more accurate
than traditional models in describing phenomena such as nonlinear plasma dynamics,
anomalous diffusion, viscoelasticity, and wave propagation. FC has attracted a lot of
scholarly interest since it is a potent tool for explaining nonlinear events and provides
insights beyond classical integer calculus [35–37]. These days, fractional differential equa-
tions (FDEs) are used in many different domains, such as sophisticated control signal



Fractal Fract. 2025, 9, 705 4 of 25

processing, physics, and applied mathematics [38–40]. To gain a better understanding of
solitons and wave patterns in nonlinear systems, recent research has focused on developing
analytical and numerical techniques for solving fractional partial differential equations
(FPDEs), particularly fractional KdV-type models. It is well known that analyzing integer
differential equations using a variety of analytical and numerical methods is more flexible
than dealing with fractional differential equations due to the inherent fractional nature of
differentiation. Therefore, many researchers have sought to harness the many analytical
methods available to analyze various FDEs, such as the Haar wavelet [41], finite difference
method (FDM), Chebyshev collocation method, variational homotopy perturbation method
(VHPM) [42,43], discontinuous Galerkin method [44] and many others. On the other hand,
many researchers have devised different methods for analyzing FDEs, such as the Tantawy
technique (TT) [45–51]. Additionally, a wide range of mathematical problems, such as
linear and nonlinear algebraic equations, integral and integro-DEs, ordinary/partial DEs
(both integer and fractional order), and coupled systems, have been successfully solved
using the iterative approach [52,53].

Much research has focused on analyzing various integer evolutionary wave equations
(EWEs) to model solitary waves and other nonlinear structures in different physical media,
both numerically and analytically. However, after the success of various fractional EWEs
in capturing properties that integer EWEs could not capture, many researchers began to
consider fractional EWEs to unravel the mystery surrounding certain behaviors that accom-
pany the propagation of nonlinear waves in many physical systems, including nonlinear
waves in plasma physics [54–56]. For instance, Jaradat et al. [57] applied a bilinear method
with fractional transforms to obtain multiple soliton solutions for fractional mKdV systems
with variable coefficients. Similarly, Sahoo and Ray [58] presented 2D and 3D simulations
of solitary wave solutions to the time-fractional third-order mKdV equation, highlighting
the emergence of complex waves. El-Ajou et al. [59] used the residual power series method
(RPSM) to analyze the nonlinear fractional KdV equations (FKdV), fractional modified
KdV (FmKdV) and fractional KdV–Burgers (FKdVB), thereby deriving highly accurate
approximations for various nonlinear structures described by these equations. Recently,
El-Tantawy and his groups presented a novel and straightforward technique, namely “the
Tantawy technique (TT)” to study various fractional EWEs and model various nonlinear
structures in plasma and other multidisciplinary fields [45–51]. This technique is a novel an-
alytical approach that retains exceptional precision and ease of use. There is a way to solve
various FDEs without utilizing sophisticated mathematical procedures. Therefore, incorpo-
rating fractional calculus into the integer DEs that govern different physical phenomena is
essential to unravel the mystery surrounding some of the behaviors that accompany these
phenomena and cannot be explained by the analysis of integer DEs. Moreover, fractional
calculus also reveals the time-dependent behavior (memory-dependent behavior) of many
nonlinear phenomena, such as the various nonlinear structures that arise and propagate
in plasma. This feature enables the precise modeling of difficult physical phenomena,
such as marine shock waves and plasma, which have complex properties. For instance,
The TT succeeded in modeling both FKdV-ion-acoustic solitary waves (IASWs) [46] and
FmKdV-IASWs [47] in electronegative plasmas comprising inertial positive and negative
ions, together with inertialess electrons following the Cairns distribution. In an unmagne-
tized homogeneous plasma, fractional and non-fractional electron-acoustic (EA) cnoidal
waves (CWs) were examined in which electrons were assumed to follow the Cairns dis-
tribution [48]. Additionally, the FKdV-IASWs in an unmagnetized plasma containing
dynamical ions, an electron beam, and inertialess Cairns-distributed electrons were investi-
gated utilizing the TT [49]. Additionally, the TT was employed to analyze several physical
(non-)homogeneous linear fractional KdV-type equations and derive highly accurate analyt-
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ical approximations for these fractional models [50]. Based on the promising results of the
TT and its comparison with more commonly utilized methods, this study aims to employ
the novel TT to examine the propagation characteristics of (non)fractional nonlinear KAWs
in a magnetized Oxygen–Hydrogen (O-H) plasma.

The organization of our presentation of the findings of this research is as described below:

• A basic set of normalized equations is presented.
• The KdV equation for AWs is then derived using the two-potential approach.
• Then this simple KdV is turned into its fractional form.
• The results of the findings are compiled and illustrated with the help of parameters

contained in Refs. [2,60].

2. Physical Model and Fluid Equations
The Maxwellian velocity distribution function (MVDF) is a very likely distribution in

thermodynamic equilibrium. However, the data analysis of numerous satellite missions
revealed in a wealth of literature that the existence of thermal energy that is higher than av-
erage results in distribution functions that deviate significantly from Maxwellian behavior,
have longer tails, and behave according to a power law. Astrophysical and space plasmas
have been known to have such plasma environments, which exhibit a nonthermal velocity
distribution [13,61]. The magnetosheath plasma [62–64] verified the findings of flat top
distributions, while the data collected for the solar wind and Earth’s magnetosphere [65–67]
demonstrate that spiky distributions exist. The nonthermal velocity distribution is derived
from the collected data [68] since these deviations from the Maxwellian velocity distribution
function (MVDF) might be caused by a number of acceleration processes.

When the Kappa distribution exhibits a divergence from the Maxwellian in both low- and
high-energy areas, its double spectral indices “r” and “q” make it the most suitable option; in
contrast, the Kappa distribution [69] has a single spectral index. The Maxwellian, Kappa, and
Cairns distributions are not the same as the rq-distribution function. The data in the Earth’s
magnetosphere [64] and its impact in various plasma environments [70,71] are displayed
using the rq-distribution.

The generalized form of the rq-function is described as follows [72,73]:

fe(r, q; ve) =
3Γ(q)(q − 1)−

3
2r+2

4πα3/2(2kBTe/me)3/2Γ[q − 3
2r+2 ]Γ[1 +

3
2r+2 ]

×
[

1 +
1

q − 1

{
v2

e − 2eϕ/me

α(2kBTe/me)

}]−q

, (2)

with

α =
3(q − 1)−

1
1+4 Γ

[
q − 3

2r+2
]
Γ
[ 3

2r+2
]

2Γ
[
q − 5

2r+2
]
Γ
[ 5

2r+2
] .

Here, the electron temperature is denoted by Te, Γ is a gamma function, (2KBTe/me)
1/2

is the thermal velocity, “e” is the electron charge, “ϕ” is the electrostatic potential, KB is the
Boltzmann constant and me is the electron mass. However, the requirements q > 1 and
q(r + 1) > 5/2 must be met to obtain physically true results from this distribution function.
The following limits can be used to extract the findings for the Maxwellian and Kappa
distribution cases, respectively: (i) r = 0, q → ∞ and (ii) r = 0, q → (κ + 1) [73].

We assume a magnetized O-H plasma (both positive ions) together with rq-distributed
electrons and small but limited β such that β ≪ 1. A set of fluid moment equations describes
ions, whereas an rq-distributed velocity distribution models electrons. The direction of the
ambient magnetic field (MV) B0 is assumed parallel to the z-axis. Accordingly, the quasi-



Fractal Fract. 2025, 9, 705 6 of 25

neutrality requirement µei = 1 + µbi holds where µei = n(0)
e /n(0)

i and µbi = n(0)
b /n(0)

i .
Parallel ψ and perpendicular φ potentials, which are justified for low-β plasmas, are han-
dled by the two-potential theory by defining Ex = −∂φ/∂x and Ez = −∂ψ/∂z and (where
φ⊥ = φ and φq = ψ are the electrostatic and electromagnetic potentials, respectively). We
suppose that the x-z plane is where the propagation takes place.

However, using the same normalization process as Hasegawa and Mima [9] employed
to explore KAWs by using the Sagdeev potential approach, we can use the multi-scale RPM
to obtain the KdV equation for O-H plasmas. Let k = (kx, 0, kz) be the propagation vector
and the ambient MF be constant parallel to the z-axis B = B0ẑ [74]. The fundamental set of
equations governing the kinetic Alfvén wave in an O-H plasma is written as follows:

∂tni + ∂x(nivix) = 0, (3)

∂tnb + ∂x(nbvbx) = 0, (4)

vix = − c
ΩiB0

∂t∂xϕ, (5)

vbx =
c

ΩbB0
∂t∂xϕ, (6)

and
∂2

x∂2
z(ϕ − ψ) =

4πe
c2 ∂2

t ne. (7)

All dependent and independent physical quantities in Equations (3)–(6) are rescaled
as follows:

t′ = tΩi, x′ = x/ρs, z′ = z/λi

v′j = vj/vA, n′
j = nj/n0, ∀ j = e, i,b,

Φ′ = eϕ/KBTe, Ψ′ = eψ/KBTe,

and plasma beta is given by β = 2c2
s /v2

A for the isothermal case.
In the above equations, the quantity cs =

√
Te/mi indicates the ion-acoustic speed,

Ωi = eB0/cmi denotes the ion-cyclotron frequency, ρs = cs/Ωi, vA = B0/
√

4πni0mi

represents the Alfvén wave speed, ωpi =
√

4πni0e2/mi is the ion plasma frequency,
and λi = c/ωpi gives the ion-skin depth. Following the previously indicated normal-
ization, the aforementioned set of equations can be expressed as follows:

∂tni +

√
2
β

∂x(nivix) = 0, (8)

vix = −
√

β

2
∂t∂xΦ. (9)

Substituting the value of vix given in Equation (9) into Equation (8), for positive ions
“i”, we get

∂tni − ∂x

(
ni∂

2
x,tΦ

)
= 0. (10)

Similarly, the continuity equation for positive ions “b”reads

∂tnb +

√
2
β

∂x(nbvbx) = 0, (11)
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vb1x =

√
β

2
Q∂2

x,tΦ, (12)

where Q = mb/mi is the mass ratio of two ions of the same polarity.
Now, using the value of vb1x given in Equation (11), we get

∂tnb − Q∂x

(
nb∂2

x,tΦ
)
= 0, (13)

and
∂2

x∂2
z(Φ − Ψ) = ∂2

t µeine. (14)

When Equation (2) is integrated over ve, it results in the following form [75]:

ne = ne0(1 + Arq(eψ/kBTe) + Brq(eψ/kBTe)
2 + · · · ), (15)

with

Arq =
(q − 1)

−1
1+r Γ( 1

2+2r )Γ(q −
1

2+2r )

2αΓ( 3
2+2r )Γ(q −

1
2+2r )

,

Brq = −
(q − 1)

−2
1+r (1 + 4r)Γ( −1

2+2r )Γ(q +
1

2+2r )

8α2Γ( 3
2+2r )Γ(q −

3
2+2r )

.

For the sake of convenience, the normalized quantities will not have superscript
primes onward. The electron density normalized equation is as follows:

ne = (1 + ArqΨ + BrqΨ2 + · · · ). (16)

3. Linear Analysis Using Fourier Transform for Oxygen–Hydrogen Plasma
Linearizing the set of Equations (10) and (13) utilizing the sinusoidal approximations

for both types of ions “i” and “b”, we get{
n(1)

i = −k2
xΦ(1),

n(1)
b = −Qk2

xΦ(1).
(17)

Perturbed number density expression for electrons is obtained as

n(1)
e = ArqΨ(1). (18)

Ampere’s and Faraday’s laws yield

Φ(1) = Ψ(1) −
ω2µei Arq

k2
xk2

z
Ψ(1). (19)

Accordingly, we get
ω2

k2
z
=

1
(1 + µbiQ)

+
k2

x
µei Arq

. (20)

Equation (20) can be expressed as follows:

ω2/Ω2
i

k2
zλ2

i
=

1
(1 + µbiQ)

+
k2

xρ2
s

µei Arq
. (21)
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With the utilization of the relations, λiΩi = cΩi/ωpi = vA, the linear dispersion
relation (LDR) for the plasma under consideration in Fourier space turns into the follow-
ing form:

ω2 = k2
zv2

A

[
1

(1 + µbiQ)
+

k2
xρ2

s
µei Arq

]
. (22)

4. Evolutionary Wave Equation for KAWs in O-H Plasma
Now, for deriving the evolutionary wave equation for the current plasma model, the

RPM is employed. The multi-scale reductive perturbation method defines the stretching of
independent variables as follows:

η = ϵ1/2(lxx + lzz − Mt), and τ = ϵ3/2t, (23)

where lx and lz represent the cosines in the direction along the directions x- and z-directions,
and the wave propagation angle, which B0 can be expressed as θ = cos−1(lz) with l2

x + l2
z = 1,

while the quantity M = u/vA denotes the normalized phase speed of the wave. Various
independent physical quantities are expanded as follows:

nj = 1 + ϵn(1)
j + ϵ2n(2)

j + · · · ,

vjx = ϵv(1)jx + ϵ2v(2)jx + · · · ,

Φ = Φ(1) + ϵΦ(2) + · · · ,

Ψ = ϵΨ(1) + ϵ2Ψ(2) + · · · . (24)

For positive ions “i” and “b” in stretched coordinates (η, τ), the ion continuity equation
is written as follows:

− Mϵ
3
2 ∂ηn(1)

i − Mϵ
5
2 ∂ηn(2)

i + ϵ
5
2 ∂τn(1)

i + ϵ
3
2 Ml2

x∂3
ηΦ(1)

−ϵ
5
2 l2

x∂τ [∂
2
ηΦ(1)] + ϵ

5
2 Ml2

x∂ηn(1)
i [∂2

ηΦ(1)] + ϵ
5
2 Ml2

x∂3
ηΦ(2) = 0, (25)

and

− Mϵ
3
2 ∂ηn(1)

b − Mϵ
5
2 ∂ηn(2)

b + ϵ
5
2 ∂τn(1)

b + ϵ
3
2 QMl2

x∂3
ηΦ(1)

−ϵ
5
2 Ql2

x∂τ [∂
2
ηΦ(1)] + ϵ

5
2 QMl2

x∂ηn(1)
b [∂2

ηΦ(1)] + ϵ
5
2 QMl2

x∂3
ηΦ(2) = 0. (26)

When stretched coordinates are used, Equations (14) and (16) turn into the following
form, respectively:

l2
xl2

z ϵ2∂4
η{(Φ(1) + ϵΦ(2))− (ϵΨ(1) + ϵ2Ψ(2))}

= [M2ϵ∂2
η − 2Mϵ2∂2

η,τ + ϵ3∂2
τ ]µei(ϵn(1)

e + ϵ2n(1)
e ), (27)

and

µei[1 + ϵArqΨ(1) + ϵ2 ArqΨ(2) + ϵ2Brq(Ψ(1))2] =

1 + ϵn(1)
i + ϵ2n(2)

i + µbi(1 + ϵn(1)
b + ϵ2n(2)

b ), (28)

The RPM framework is used to obtain the LDR of KAW in an O-H plasma.
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Proceeding towards getting LDR in the nonlinear case, for singly charged positive
ions “i”, the continuity equation in its lowest ϵ-order, yields

−M∂ηn(1)
i + Ml2

x∂3
ηΦ(1) = 0. (29)

Similarly for singly charged positive ions “b” the continuity equation in its lowest
ϵ-order yields

−M∂η(n
(1)
b ) + QMl2

x∂3
ηΦ(1) = 0. (30)

Faraday’s and Ampere’s laws take the following form:

l2
xl2

z ∂4
ηΦ(1) = M2[∂2

η(n
(1)
i + µbin

(1)
b )]. (31)

Using Equations (29) and (30) along with the quasi-neutrality condition, we obtain

[l2
x(1 + µbiQ)]∂2

ηΦ(1) = [µei Arq]Ψ(1). (32)

In this case, the LDR turns out to be

M2 =
l2
z

(1 + µbiQ)
. (33)

For nb0 = 0, Equation (33) becomes M2 = l2
z which is equal to the result obtained in

the case of a single (Oxygen ion) electron-ion plasma [76].
Comparing the subsequent higher-order terms, in which ∼ϵ provides relations be-

tween first- and second-order perturbed quantities, the KdV equation for KAW in an O-H
plasma is derived. Thus, for both positive ions “i” and “b”, Equations (10) and (13) yield
the following

M∂ηn(2)
i − Ml2

x∂3
ηΦ(2) = f3, (34)

and
M∂ηn(2)

b − QMl2
x∂3

ηΦ(2) = f4, (35)

and Ampere’s law gives

l2
xl2

z ∂3
ηΦ(2) − M2∂η(µein

(2)
e ) = f5, (36)

with

f3 = ∂τn(1)
i − l2

x∂τ [∂
2
ηΦ(1)] + Ml2

x∂ηn(1)
i [∂2

ηΦ(1)],

f4 = ∂τn(1)
b − Ql2

x∂τ [∂
2
ηΦ(1)] + QMl2

x∂ηn(1)
b [∂2

ηΦ(1)],

f5 = l2
xl2

z ∂3
ηΨ(1) + 2M∂τ(µein

(1)
e ). (37)

Combining Equations (34)–(37) yields

M f3 + µbi M f4 + f5 = 0. (38)

The following expressions describe the relationships between first-order terms,

n(1)
i = l2

x∂2
ηΦ(1), n(1)

b = Ql2
x∂2

ηΦ(1) & l2
x∂2

ηΦ(1) =
µein

(1)
e

(1 + µbiQ)
, (39)

and
n(1)

e = ArqΨ(1)& M = lz/
√
(1 + µbiQ). (40)
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Equation (38) is converted into the standard form of the non-fractional planar KdV
equation with the use of the aforementioned relations

∂τΦ + AΦ∂ηΦ + B∂3
ηΦ = 0, (41)

with

A = −
µei(1 + µbiQ2)lz Arq

(1 + µbiQ)5/2 & B = −
√
(1 + µbiQ)l2

xlz
2µei Arq

, (42)

where Φ ≡ Ψ(1).
The steady-state solution to the KdV Equation (41) can be obtained by transforming the

independent variables (η, τ) into ξ = η + m0τ, where m0 is a constant velocity normalized
by vAi, and imposing appropriate boundary conditions for localized perturbations, namely
Φ → 0, ∂ξ Φ → 0, ∂2

ξ Φ → 0 when ξ → ±∞. Accordingly, the following soliton solution
is obtained:

Φ = Φm sech 2(ξ/∆), (43)

where Ψm = 3m0/A and ∆ =
√

4B/m0 are, respectively, the amplitude and width of
the soliton.

5. Kinetic Alfvén Solitary Waves (KASWs) in an O-H Plasma of
Upper Ionosphere

Nonthermal distribution in velocity space is frequently followed by the charged
species in space plasmas. To investigate the linear and nonlinear characteristics of KAWs in
the upper ionosphere, we have used the rq-distribution function for electrons. The change
in the behavior of the rq-distribution function with variations given to the spectral indices
“r” and “q” is illustrated in Figure 1 of Ref. [77].

The higher ionosphere’s O-H plasmas will be taken into consideration to prepare
the theoretical findings and their illustrations [2,60]. At a height of roughly 1700 km
(upper ionosphere), the Freja satellite detected AWs, where B0 = 0.4 G, the electron tem-
perature Te0 = (1–2) eV, and the ion temperature is found as Ti < (0.3)Te. Oxygen
and Hydrogen ions have linear ion plasma frequencies of fpi = (7–14) × 103 Hz and
fpb = (1.7–3.5) × 103 Hz, respectively [2]. For preparing the illustrations in this in-
vestigation, the estimates of the plasma populations are made by selecting the upper
bounds of these frequencies reported in Refs. [2,60] as nb0 ≈ 2.79 × 102 cm−3 and
ni0 ≈ 7.01 × 104 cm−3, respectively, which are mentioned in detail in Ref. [77]. According
to these values, nb0 ≃ 0.004 ni0, and the electron density is ne0 = 7.17 × 104 cm−3. These
plasma parameters give us ωpb = 2.2 × 104 s−1, ωpi = 8.8 × 104 s−1, Ωb = 3.9 × 103 s−1,
Ωi = 2.44 × 102 s−1, me/mi = 3.47 × 10−4, βb = 8πnb0Te/B2

0 = 2.27 × 10−3,
and βi = 8πni0Te/B2

0 = 2.3 × 10−3. For Hydrogen and Oxygen ions, the Alfvén speeds are
vAb = 3.30 × 108 cm/s and vAi = 1.32 × 109 cm/s, respectively.

The LDR as given in Equation (22) is solved for different values of “r” and “q” to plot
the frequency “ω” vs. “kz” in Figure 1. This graph shows that variations incremented in the
values of the nonthermal parameters, such as “r” and “q” in case of rq-distribution, modify
linear KAW frequency. While plotting all parts in the panel of Figure 1, the perpendicular
component of the wave vector, k⊥ = kx, is set while taking into account the conditions
kz << kx, k2

xρ2
si << 1, and k2

xρ2
sb << 1. The plasma’s superthermal particle population

is increased when “q” is reduced. We now examine the profiles (both amplitude and
width) of nonlinear KAW structures that might be present in the higher Earth ionosphere’s
Oxygen–Hydrogen bi-ion plasmas.
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Figure 1. Frequency “ω” of kinetic Alfvén wave versus kz shown O-H bi-ion plasma for different
values for: (a) negative “r” (b) “q” and (c) positive “r” with fixed kxρs = 0.9.

In solving Equation (41) against changes introduced into the negative values of “r”
which, when calculated, correspond to Arq = 1.4, 1.67, 2.18, and Arq = 7.5, while q = 5
and lz = 0.86 are kept the same, the normalized potential “Ψ” of nonlinear kinetic Alfvén
solitons is displayed vs. “ξ” in Figure 1. It is observed that the amplitude of the isolated
structure of the nonlinear kinetic Alfvén wave diminishes against the changed negative
value of “r”. The values of ∆ = 49.3, 45.0, 39.4, and 21.6 m are the widths of the solitons
that correspond to the various variations in r = −0.1, −0.2, −0.3, and −0.4, respectively.

The variation in amplitude of the solitary structures corresponding to various values
of “q” with fixed r = 0 and obliqueness lz = 0.86 is shown in Figure 2a. This graphic makes
it clear that as “q” increases, so does the height of the kinetic Alfvén isolated structure.
Using Arq = 11.0, 4.3, 3.0, and Arq = 2.1 in this figure, the widths are 24.5, 39.1, 47.0,
and 56.0, respectively, compared to q = 2.6, 2.8, 3.0 and q = 3.4.
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Figure 2. The profile of the non-fractional potential Ψ of KAW solitons in O-H bi-ion plasma is
investigated against various related physical parameters, such as (a) negative values of the spectral
index “r” at (lz, q, u0) = (0.86, 5, − 0.01), (b) the spectral index q at (lz, r, u0) = (0.86, 0, − 0.01),
(c) positive values of the spectral index “r” at (lz, q, u0) = (0.86, 5, − 0.01), and (d) lz at (r, q, u0) =

(−0.2, 5, − 0.01).

While keeping the values of q = 5 and obliqueness lz = 0.86 unchanged, Figure 2b
shows the impact of flatness present in the top region of the rq-distribution of electrons
on the amplitudes and widths of solitary structures by adjusting the values of “r”. This
graphic shows that r = 4 corresponds to the maximum soliton amplitude that is created.
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The widths that correspond to the flatness parameters r = 1, 1.5, 2.5 and r = 6.5 in this case
are 92.2, 96.0, 99.9, and 103.7 m.

Figure 2c shows how the overall profiles (which include both amplitude and widths) of
solitary structures are affected by flatness in the upper part of the electrons’ rq-distribution
by adjusting the values of “r” with an unchanged nonthermal spectral index q = 5 and
lz = 0.86 (corresponding to obliqueness of the propagation angle). This graphic shows
that r = 4 corresponds to the maximum soliton amplitude that is created. The widths that
correspond to the flatness parameters r = 1, 1.5, 2.5 and r = 6.5 in this case are 92.2, 96.0,
99.9, and 103.7 m.

Propagation angle of the kinetic Alfvén wave also affects the profiles of isolated
nonlinear solitary structures. For lz = 0.94, 0.90, 0.86, and lz = 0.82, the trend shown by the
kinetic Alfvén solitary structures is depicted in Figure 2d. The solitary structure with the
maximum amplitude is created according to lz = 0.82, which is in contrast to the height
(or amplitude) of the nonlinear kinetic Alfvén wave solitary structures that are formed
related to lz = 0.93. The nonlinear constructions have respective widths of 9.3, 47.6, 55.1,
and 61.5 m. The variables r = −0.2 and q = 5 do not change.

6. Fractional KASWs (FKASWs)
This section will examine the influence of memory on the dynamical behavior of

KAWs by converting the integer KdV (41) into its fractional form. Employing the identical
methods utilized in Refs. [55,56], we ultimately get the subsequent FKdV equation:

Dα
τΦ + AΦ∂ηΦ + B∂3

ηΦ = 0, ∀ 0 < α ≤ 1, (44)

where Dα
τ ≡ ∂α/∂τα indicates the fractional derivative operator, which can be treated

from the point of view of the Caputo sense. Consequently, the general Caputo fractional
derivative operator Dα

τΦ for τ > 0 is defined by [78,79]

Dα
τΦ(η, τ) =


1

Γ(m−α)

τ∫
0

(τ − t)m−α−1Φ(m)(η, t)dt , ∀ m − 1 < α ≤ m & m ∈ N,

∂m
τ ψ(ς, τ), ∀ α = m & m ∈ N.

(45)

The following relation is fulfilled according to the definition (45)

Dα
ττβ =

Γ(β + 1)
Γ(β + 1 − α)

τβ−α. (46)

According to the current problem, the definition (45) can be written in the form
(m = 1)

Dα
τΦ(η, τ) =


1

Γ(1−α)

τ∫
0

(τ − t)−αΦ(1)(η, t)dt , ∀ 0 < α ≤ 1,

∂τψ(η, τ).

(47)

To simulate the propagation of FKdV-KASWs in the current plasma model, the TT is
utilized to analyze the planar FKdV Equation (44) and generate an analytical approximation.
This approach is presented in the subsequent concise steps [45–51]:

Step-1: The TT supposes that the solution to any fractional PDE is expressed as a conver-
gent series solution as follows:

Φ(η, τ) ≡ H0 +
∞

∑
i=1

τiαHi. (48)
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where Φ ≡ Φ(η, τ), Hi ≡ Hi(η) ∀ i = 1, 2, 3, · · · , are unknown functions,
and H0 ≡ H0(η) indicates any IC for the problem under consideration; in our
problem, we can use the following IC for the KASWs:

H0 = Φm sech 2
( η

∆

)
. (49)

Step-2: By plugging Equation (48) into Equation (44), we get

Dα
τ

(
H0 +

∞

∑
i=1

τiα Hi

)
+ A

(
H0 +

∞

∑
i=1

τiα Hi

)
∂ς

(
H0 +

∞

∑
i=1

τiα Hi

)

+ B∂3
ς

(
H0 +

∞

∑
i=1

τiα Hi

)
= 0. (50)

Step-3: To simplify, we can take only the first three approximations from Ansatz (48),
and by rewriting Equation (50), we have

H1(Dα
ττα) + H2

(
Dα

ττ2α
)
+ H3

(
Dα

ττ3α
)

+ A
(

H0 + τα H1 + τ2α H2 + τ3α H3

)
×

∂η

(
H0 + τα H1 + τ2α H2 + τ3α H3

)
+ B∂3

η

(
H0 + τα H1 + τ2α H2 + τ3α H3

)
= 0. (51)

Step-4: By substituting the definition (46) into Equation (51), we finally obtain

R1H1 + R2H2τα + R3H3τ2α

+ A
(

H0 + τα H1 + τ2α H2 + τ3α H3

)
×

∂η

(
H0 + τα H1 + τ2α H2 + τ3α H3

)
+ B∂3

η

(
H0 + τα H1 + τ2α H2 + τ3α H3

)
= 0. (52)

with

Ri =
Γ(iα + 1)

Γ((i − 1)α + 1)
∀ i = 1, 2, 3, · · · .

Step-5: If we rearrange Equation (52) and collect the coefficients of the same power of τiα,
we finally get

C0 + C1τα + C2τ2α + C3τ3α + · · · = 0, (53)

with

C0 = R1H1 + AH0H′
0 + BH(3)

0 ,

C1 = R2H2 + AH1H′
0 + AH0H′

1 + BH(3)
1 ,

C2 = R3H3 + AH2H′
0 + AH1H′

1 + AH0H′
2 + BH(3)

2 ,

...,
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Step-6: Equating to zero the coefficients C0, C1, C2, . . . , we get

R1H1 + AH0H′
0 + BH(3)

0 = 0,

R2H2 + AH1H′
0 + AH0H′

1 + BH(3)
1 = 0,

R3H3 + AH2H′
0 + AH1H′

1 + AH0H′
2 + BH(3)

2 = 0,

.... (54)

Step-7: Using the built-in MATHEMATICA command “Solve[]”, we can solve the system (54)
and obtain the values of H1, H2, and H3 as functions of H0 and its derivatives

H1 =
−1
Γ1

(
AH0H′

0 + BH(3)
0

)
,

H2 =
K0

Γ2
,

H3 =
−1

Γ2
1Γ3

(K1 + K2 + K3), (55)

with

K0 =

(
2A2H0(H′

0)
2 + A2H2

0 H′′
0 + 3AB(H′′

0 )
2

+5ABH′
0H(3)

0 + 2ABH0H(4)
0 + B2H(6)

0

)
,

K1 = A3Γ2
1H3

0 H(3)
0 + A2H2

0

[
AH′

0H′′
0

(
7Γ2

1 + Γ2

)
+ 3BΓ2

1H(5)
0

]
,

K2 = AH0

 A2(H′
0)

3(4Γ2
1 + Γ2

)
+ ABH′

0H(4)
0
(
19Γ2

1 + Γ2
)

+B
[

AH′′
0 H(3)

0
(
31Γ2

1 + Γ2
)
+ 3BΓ2

1H(7)
0

] ,

K3 = B

 A2(H′
0)

2H(3)
0
(
25Γ2

1 + Γ2
)
+ ABH(3)

0 H(4)
0
(
40Γ2

1 + Γ2
)

+3AΓ2
1H′

0

(
11A(H′′

0 )
2 + 4BH(6)

0

)
+ BΓ2

1

(
27AH′′

0 H(5)
0 + BH(9)

0

) ,

where Γi = Γ(ip + 1) ∀ i = 1, 2, 3, · · · .
Step-8: Using IC (49) in Equation (55), the following explicit values of H1, H2 and H3

are obtained:

H1 =
2Φm I0 sech 4(X) tanh(X)

∆3Γ1
, (56)

H2 =
2Φm sech 8(X)

∆6Γ2

(
B2 I1 + A∆2Φm I2

)
, (57)

H3 =
4Φm sech 10(X) tanh(X)

∆9Γ2
1Γ3

[
B3Γ2

1 I3 + A∆2Φm

(
Γ2 I4 + Γ2

1 I5

)]
, (58)

...,
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with

I0 =
[
2B cosh(2X)− 10B + A∆2Φm

]
,

I1 = (−1208 + 1191 cosh(2X)− 120 cosh(4X) + cosh(6X)),

I2 =
[
2B(74 − 68 cosh(2X) + 5 cosh(4X)) + A∆2Φm(−4 + 3 cosh(2X))

]
,

I3 =

(
450995 − 408364 cosh(2X) + 46828 cosh(4X)

−1012 cosh[6X] + cosh(8X)

)
,

I4 =


B2(−356 − 327 cosh(2X)− 36 cosh(4X) + cosh(6X))

+A∆2Φm

[
B(65 − 52 cosh(2X) + 3 cosh(4X))

+A∆2Φm(−3 + 2 cosh(2X))

] ,

I5 =


2B2(−30445 + 26115 cosh(2X)− 2619 cosh(4X) + 41 cosh(6X))

+A∆2Φm

[
B(2219 − 1660 cosh(2X) + 111 cosh(4X))

+A∆2Φm(−23 + 12 cosh(2X))

] .

Step-9: Inserting the obtained values of H1, H2, and H3 given in Equations (56)–(58), we
ultimately get an analytical approximation for the FKdV Equation (44) up to the
third order for modeling FKASWs as follows:

φT = H0 + H1τα + H2τ2α + H3τ3α + · · ·

= Φm sech 2(X) +
2Φm I0 sech 4(X) tanh(X)

∆3Γ1
τα

+
2Φm sech 8(X)

∆6Γ2

(
B2 I1 + A∆2Φm I2

)
τ2α

+
4Φm sech 10(X) tanh(X)

∆9Γ2
1Γ3

[
B3Γ2

1 I3 + A∆2Φm

(
Γ2 I4 + Γ2

1 I5

)]
τ3α + · · · . (59)

7. Discussion and Conclusions
A theoretical model for the formation of solitary kinetic AWs (SKAWs) in Oxygen–

Hydrogen (O-H) bi-ion plasmas at 1700 km altitude at the top of the ionosphere has been
presented. Interestingly, the occurrence of kinetic AWs in this area is facilitated by the
extremely low percentage of protons in the ionosphere [76]. Figure 3 illustrates that the
frequency of KAWs decreases in the case of O-H plasma. For example, selecting ω

ωpi
= 0.01

in Figure 1 results in ω = 88 rad/s, which is consistent with the findings and corresponds
to the linear frequency ν = ω

2π ≃ 14 Hz. The widths of the SKAWs range from a few
hundred to a thousand meters, although our calculations indicate that they are closer to
100 m. As a result, the provided linear frequency and breadth estimates are more accurate
than the satellite data.

It is crucial to remember that KAWs’ spatial scales in directions parallel and perpen-
dicular to the external magnetic field are always perpendicular to one another. Keeping
this idea in mind, Hasegawa and Mima [9] employed suitable normalizations of spatial
scales in directions parallel and perpendicular to the external magnetic field to obtain the
exact solution of the nonlinear equations for KAWs. Proceeding on the same lines, we
used the same normalization procedure to obtain small-amplitude linear waves and non-
linear structures by employing the RPM framework. The plasma of the higher ionosphere,
where these waves have been reported by satellites, has been selected to obtain analytical
results. Although a small population of protons is found in the Oxygen plasma of the
upper ionosphere, it is still enough to modify the AW and its corresponding nonlinear
structures [2,60].
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Weakly nonlinear waves that are non-dispersive in the lowest order can be investi-
gated using the RPM. If dispersion effects are not taken into account, higher-order kinetic
AWs follow the straightforward linear dispersion relation in Fourier space: ω2 = k2

zv2
A.

The dispersion term can be regarded as an account of a higher-order term since it manifests
itself through the ion polarization term. Consequently, the RPM can be used to study the
nonlinear solitary structures of KAWs in O-H plasmas in the small amplitude limit. At the
lowest order, the normalized dispersion relations are lz = M, and the dispersion term is
absent from RPM.

Since nonthermal charged entities are frequently seen in space plasmas, it has been
believed that electrons follow the rq-distribution function. In O-H plasmas, the simulated
results demonstrate that the presence of high-energy particles contributes negatively to the
generation of electromagnetic solitons by nonlinear KAWs (Figure 2). However, as shown
in Figure 1, when the contribution of nonthermal electrons is considered, the values of the
Alfvén wave frequencies in the linear range vary substantially. Additionally, the effects
of oblique propagation and flatness in the electron rq-distribution have been taken into
account. As the flatness rises, so does the amplitude of the single forms. It is associated
with higher values of the electron distribution function’s parameter “r”. Any ideal bi-ion
plasma can be used with the theoretical model that is described here.

Here, we examine how fractionality “α” affects the properties of FKASWs to better
understand the dynamics of these waves and reveal certain atypical behaviors absent
in the solutions of integer evolutionary wave equations. To this end, we examine the
influence of fractionality “α” on the profile of the FKASWs by analyzing the generated
approximation (59) at various physical parameters, in addition to the fractional order
parameter “α”. At (q, r) = (5,−0.4), we investigate the effect of fractionality “α” on the
profile of FKASWs, as shown in Figure 3. Moreover, the impact of fractionality “α” on the
profile of FKASWs (q, r) = (3, 0) is investigated, as elucidated in Figure 4. Furthermore, at
(q, r) = (5, 1), we examined how the fractional order parameter α influences the behavior of
the FKASWs, as illustrated in Figure 5. Thus, in Figures 3–5, we examined how fractionality
affects the behavior of the FKASWs across the three cases of generalized distribution,
i.e., for the spiky distribution (q, r) = (5,−0.4), Kappa distribution (q, r) = (3, 0), and
(r, q) − distribution (q, r) = (5, 1). These graphs show how the fractional parameter
“α” affects the behavior of the propagation of FKASWs. They reveal that changing this
parameter greatly impacts the wave profile, especially over long periods. It is also observed
that the FKASWs split into two parts as the fractionality increases until it approaches unity
over long time scales. Additionally, at a fixed value of the fractionality and with increasing
time intervals, it is noted that the profile of the FKASWs splits into two parts during long
time intervals, as seen in Figures 6–8 for the three mentioned cases, respectively. This effect
is undetectable in the exact solutions to the integer KdV equation, which may be the most
crucial explanation for some of the strange behaviors that occur in these phenomena during
propagation. The results suggest that fractionality has a significant influence on soliton
dynamics. As a result, this may explain some experimental observations that the exact
solution of the integer evolutionary wave equations could not account for.
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Figure 3. The fractional Kinetic Alfvén SWs approximation Φ(η, τ) (59) is analyzed vs the fractional
order parameter α: (a) 3D-Φ(η, τ) at α = 0.1, (b) 3D-Φ(η, τ) at α = 0.7, (c) 3D-Φ(η, τ) at α = 1,
and (d) 2D-Φ(η, 5) at various values to α. Here, q = 5, r = −0.4, lz = cos(30◦), B0 = 0.4 which lead
to B = −0.00737426 and A = −11.2549.
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Figure 4. The fractional kinetic Alfvén SW approximation Φ(η, τ) (59) is analyzed vs. the fractional
order parameter α: (a) 3D-Φ(η, τ) at α = 0.1, (b) 3D-Φ(η, τ) at α = 0.7, (c) 3D-Φ(η, τ) at α = 1,
and (d) 2D-Φ(η, 10) at various values to α. Here, q = 3, r = 0, lz = cos(30◦), B0 = 0.4 which lead to
B = −0.0359484 and A = −2.60667.
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Figure 5. The fractional kinetic Alfvén SW approximation Φ(η, τ) (59) is analyzed vs. the fractional
order parameter α: (a) 3D-Φ(η, τ) at α = 0.1, (b) 3D-Φ(η, τ) at α = 0.7, (c) 3D-Φ(η, τ) at α = 1,
and (d) 2D-Φ(η, 5) at various values to α. Here, q = 5, r = 1, lz = cos(30◦), B0 = 0.4 which lead to
B = −0.138331 and A = −0.677404.

Moreover, to verify the high accuracy of the derived approximation (59), we also per-
formed a graphical comparison between this approximation and the exact solution (43) at
α = 1, as illustrated in Figures 9–11 for the spiky distribution (q, r) = (5,−0.4), Kappa dis-
tribution (q, r) = (3, 0), and (r, q) − distribution (q, r) = (5, 1), respectively. Additionally,
the absolute errors of the generated approximation (59) according to the following relation
are estimated for the spiky distribution (q, r) = (5,−0.4), Kappa distribution (q, r) = (3, 0),
and (r, q) − distribution (q, r) = (5, 1), as presented in Tables 1–3, respectively,

L2 = |Approx. (59) − Exact (43)|H3,4=0,

L3 = |Approx. (59) − Exact (43)|H4=0,

L4 = |Approx. (59) − Exact (43)|H4 ̸=0,

where L2, L3 and L4 are, respectively, the absolute errors of the second-, third-, and fourth-
order approximations according to relation (59). As noted in the Tables 1–3, the absolute
error decreases and the accuracy of the derived approximation increases with an increase
in the order of the approximation. This, in turn, confirms the convergence of all approxima-
tions derived using the TT. We can conclude that the high accuracy and greater stability of
the derived approximations enhance the efficiency of the used technique and its ability to
analyze more complicated fractional evolutionary wave equations.
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Figure 6. The fractional kinetic Alfvén SW approximation Φ(η, τ) (59) at α = 0.5 is examined:
(a) 3D-Φ(η, τ) and (b) 2D-Φ(η, τ) at various values to τ. All other parameters are like Figure 3.
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Figure 7. The fractional kinetic Alfvén SW approximation Φ(η, τ) (59) at α = 0.7 is examined:
(a) 3D-Φ(η, τ) and (b) 2D-Φ(η, τ) at various values to τ. All other parameters are like Figure 4.
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Figure 8. The fractional kinetic Alfvén SW approximation Φ(η, τ) (59) at α = 0.7 is examined:
(a) 3D-Φ(η, τ) and (b) 2D-Φ(η, τ) at various values to τ. All other parameters are like Figure 5.



Fractal Fract. 2025, 9, 705 20 of 25

-3 -2 -1 0 1 2 3

0.000

0.005

0.010

0.015

0.020

0.025

η
b

Φ

Figure 9. The exact solution (43) for the integer case is compared to the generated approximation (59)
at α = 1: (a) 3D-Φ(η, τ) and (b) 2D-Φ(η, τ) at τ = 1. All other parameters like Figure 3.
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Figure 10. The exact solution (43) for the integer case is compared to the generated approximation (59)
at α = 1: (a) 3D-Φ(η, τ) and (b) 2D-Φ(η, τ) at τ = 1. All other parameters are like Figure 4.
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Figure 11. The exact solution (43) for the integer case is compared to the generated approximation (59)
at α = 1: (a) 3D-Φ(η, τ) and (b) 2D-Φ(η, τ) at τ = 1. All other parameters are like Figure 5.
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Table 1. The absolute error for the second-order approximation L2, the third-order approximation
L3, and the fourth-order approximation L4, as given in Equation (59) at τ = 0.1 and α = 1. All other
parameters are like Figure 3.

ȷ φT |2nd φT |3rd φT |4th Exact 10−10 × L2 10−11 × L3 10−13 × L4

−3 1.76185× 10−6 1.76186× 10−6 1.76186× 10−6 1.76186× 10−6 0.142614 0.0131017 0.00963252

−2.5 0.0000111054 0.0000111055 0.0000111055 0.0000111055 0.897863 0.0823731 0.0603966

−2 0.000069935 0.0000699355 0.0000699355 0.0000699355 5.61187 0.510414 0.367728

−1.5 0.000437841 0.000437845 0.000437845 0.000437845 33.4862 2.87463 1.82291

−1 0.00264341 0.00264343 0.00264343 0.00264343 144.662 6.82378 3.25209

−0.5 0.0129378 0.0129378 0.0129378 0.0129378 326.685 84.4666 54.3366

0 0.026646 0.026646 0.026646 0.026646 20.4196 204.196 3.9229

0.5 0.012264 0.012264 0.012264 0.012264 309.901 83.3689 55.4304

1 0.00246465 0.00246463 0.00246463 0.00246463 143.291 6.88683 3.05355

1.5 0.000406998 0.000406995 0.000406995 0.000406995 32.9149 2.83833 1.80749

2 0.0000649765 0.000064976 0.000064976 0.000064976 5.51052 0.503102 0.363427

2.5 0.0000103172 0.0000103171 0.0000103171 0.0000103171 0.881509 0.0811725 0.0596647

3 1.63678× 10−6 1.63677× 10−6 1.63677× 10−6 1.63677× 10−6 0.140013 0.0129102 0.00951517

Table 2. The absolute error for the second-order approximation L2, the third-order approximation
L3, and the fourth-order approximation L4, as given in Equation (59) at τ = 0.1 and α = 1. All other
parameters are like Figure 4.

η φT |2nd φT |3rd φT |4th Exact 10−10 × L2 10−11 × L3 10−14 × L4

−5 0.000111792 0.000111792 0.000111792 0.000111792 0.850848 0.0353118 0.116802

−4 0.000591353 0.000591353 0.000591353 0.000591353 4.43601 0.181029 0.578454

−3 0.00310026 0.00310027 0.00310027 0.00310027 21.4974 0.795057 2.00304

−2 0.0155158 0.0155158 0.0155158 0.0155158 66.2694 0.663699 9.16871

−1 0.0621687 0.0621687 0.0621687 0.0621687 197.11 17.195 26.3754

0 0.115081 0.115081 0.115081 0.115081 3.71063 37.1063 1.46549

1 0.0607692 0.0607692 0.0607692 0.0607692 193.676 17.1415 27.1581

2 0.0150413 0.0150413 0.0150413 0.0150413 66.1349 0.681898 9.03045

3 0.00299989 0.00299989 0.00299989 0.00299989 21.3388 0.791055 1.99871

4 0.000572001 0.000572001 0.000572001 0.000572001 4.39992 0.179875 0.575527

5 0.000108126 0.000108126 0.000108126 0.000108126 0.843809 0.0350788 0.116187

Table 3. The absolute error for the second-order approximation L2, the third-order approximation
L3, and the fourth-order approximation L4, as given in Equation (59) at τ = 0.1 and α = 1. All other
parameters are like Figure 5.

η φT |2nd φT |3rd φT |4th Exact 10−9 × L2 10−11 × L3 10−14 × L4

−8 0.00198164 0.00198164 0.00198164 0.00198164 0.198579 0.0414353 0.0677843

−7 0.00462355 0.00462355 0.00462355 0.00462355 0.453624 0.0923006 0.143115

−6 0.0107446 0.0107446 0.0107446 0.0107446 1.00235 0.191402 0.255004

−5 0.0247381 0.0247381 0.0247381 0.0247381 2.03998 0.324767 0.210248
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Table 3. Cont.

η φT |2nd φT |3rd φT |4th Exact 10−9 × L2 10−11 × L3 10−14 × L4

−4 0.0557552 0.0557552 0.0557552 0.0557552 3.31669 0.2161 1.00614
−3 0.119804 0.119804 0.119804 0.119804 2.01254 1.23096 5.30409
−2 0.232649 0.232649 0.232649 0.232649 9.3254 4.39207 4.0995
−1 0.372835 0.372835 0.372835 0.372835 23.1696 0.0819567 23.509
0 0.442859 0.442859 0.442859 0.442859 0.0964315 9.64315 0.0999201
1 0.3703 0.3703 0.3703 0.3703 23.1675 0.128908 23.4479
2 0.229931 0.229931 0.229931 0.229931 9.23765 4.38382 4.14946
3 0.118074 0.118074 0.118074 0.118074 2.03705 1.22037 5.29021
4 0.0548753 0.0548753 0.0548753 0.0548753 3.31234 0.218103 0.997119
5 0.0243326 0.0243326 0.0243326 0.0243326 2.03349 0.324348 0.209208
6 0.0105656 0.0105656 0.0105656 0.0105656 0.998524 0.190893 0.253617
7 0.004546 0.004546 0.004546 0.004546 0.45178 0.0920149 0.142594
8 0.0019483 0.0019483 0.0019483 0.0019483 0.197751 0.0412998 0.0676976
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