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Abstract

The primary aim of this study is to establish new Wirtinger-type inequalities involving
fractional derivatives, which are essential tools in analysis and applied mathematics. We
derive generalized Wirtinger-type inequalities incorporating the (k, )-Caputo fractional
derivatives using Taylor’s expansion. The inequalities are derived in L, spaces (p > 1)
through Holder’s inequality. A detailed analytical discussion is provided to further examine
the derived inequalities. The theoretical findings are validated through numerical examples
and graphical representations. Furthermore, the novelty and applicability of the proposed
technique are demonstrated through the applications of the resulting inequalities to derive
new results related to the arithmetic-geometric mean inequality.

Keywords: Taylor’s formula; (k, {)-Caputo fractional derivative; Wirtinger-type inequalities;
Holder’s inequality

MSC: 41A58; 26 A33; 26D10; 26D15

1. Introduction

Fractional calculus is a crucial branch of mathematics that extends the concept of
integrals and derivatives to non-integer orders. The study of fractional derivatives and
integrals gained significance in the 20th century, as researchers explored their applications
in diverse fields, including bioengineering [1], electrical and mechanical engineering [2],
atmospheric and statistical physics [3], optimization, viscoelasticity [4], machine learn-
ing [5], robotics [6], and control theory [7]. In the literature, several definitions of fractional
integrals and derivatives have been proposed. Among these are the Riemann-Liouville
and Caputo [8], the Hadamard [9], the Caputo-Hadamard [10], and the Hilfer [11] frac-
tional operators are widely used in both theoretical studies and real-world applications.
Fractional derivatives such as the -Riemann-Liouville operator in [8] and the y-Caputo
operator in [12], introduced by Almeida, have been developed to offer further analytical
flexibility beyond classical operators.

In several domains, particularly optimization, special means and integral estimates
frequently rely on the analysis of mathematical inequalities. This field of inequalities em-
ploying fractional integrals has advanced significantly in the last few decades. Applications
of these fractional inequalities can be found in numerous areas such as probability theory,
image and signal processing, quantitative quadrature, and optimization problems. In
recent decades, many researchers have extended classical inequalities into the framework
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of fractional calculus. The most well-known inequality in the literature is the Wirtinger
inequality, named after Wilhelm Wirtinger. The Wirtinger inequality was an essential tool
in the proof of the isoperimetric inequality when it appeared in 1904. Its importance is due
to its ability to relate the integral of the square of a function with the integral of the square
of its derivative.

According to [13], if Q € Cl[, v] satisfies the condition Q(y) = Q(v) = 0, then the
following is obtained:

["e)ap < [ (0 (g)dy. )
Jp Ju

Beesack extended (1) in [14]. In particular, if the function Q € C?[y, v] satisfies the condi-
tions Q(y) = Q(v) = 0, then the following holds:

v 4 v ,
[, 2ore <3 1@ g)ag, @

In [15], Beesack examined the relationship between a function and its derivative in the
context of inequalities. Several important problems rely on Beesack’s conclusions and on
related contributions by other researchers, including integral estimation, series convergence,
and the determination of the least eigenvalues of the differential operators. For example,
the Poincare inequality, which is a generalization of the Wirtinger inequality, attains its
best constant as the first eigenvalue of the Laplace operator, as shown in [16]. Furthermore,
C.A. Swanson extended the Wirtinger inequality to n-dimensional context in [17]. Alzer
investigated modifications of the Wirtinger inequality in both discrete and continuous
settings in [18]. Additionally, Bottcher and Widom in [19] evaluated sequences of constants
that emerged in specific situations. They highlighted the identification of the best constant
in the Wirtinger-Sobolev inequality, which characterizes the relationship between the
integral of the square of a function and the square of its higher-order derivatives. Alomari
in [20] established Beesack-Wirtinger-type inequalities for absolutely continuous functions
having derivatives in L, spaces where p > 1. Moreover, Erden in [21] presented Wirtinger-
type inequalities concerning higher-order differential functions. In [22], Sarikaya proposed
several modified versions of Wirtinger-type inequalities.

Theorem 1. Suppose Q € Cl{u, v] is a function satisfying Q(u) = Q(v) = 0, and let Q' €
Ly[p, v]. Then, we have the following inequality

v (U_l‘)z VA
[, 10tg)Pdp < L [T10 (g) Py, ©

We begin by presenting a few definitions and basic results that are essential for our
main findings.
In [23], Diaz et al. introduced the k-gamma function, which is defined as follows:

Definition 1. Let z € C such that Re(z) > 0and k € R4\ 0. Then, the k-gamma function Ty (.)
is defined as follows:

ok
T'v(z) :/0 ek r*ldr.

By placing k = 1 in Definition 1, the k-gamma function reduces to the classical
gamma function.
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Studying a fractional operator with a kernel that depends on another function, the
definitions of 1-Riemann-Liouville fractional integrals and derivatives are given below, as
introduced in [8].

Definition 2. Let Q) be an integrable function defined over I = [u,v]. If € CY(I) is increasing

with ' () # 0 for all ¢ € 1. Then the y-Riemann—Liouville fractional integrals of order -y > 0 are
expressed as follows:

Mo = F(l'y) /,f ¢ (9)((c) — (9)71Q(8)d9,
RIFO(g) = r(l,y) | W 0) ((8) — ()T QD).

Definition 3. The y-Riemann—Liouville fractional derivatives of order v > 0 are formulated
as follows:

RpTrOC) =( o j) RO

(i - )(lp’tg )l/g ¥ (8)(9(g) — p(8)) 7' (8)do,

RINYA i 1 d lRll Y
D, 0(g) =(~1 - Qg

¢) dg
- E‘”l)( o) /g ¥(O)(9(8) () (0)ao.

For specific choices of 1, the definition simplifies to well-known fractional derivatives.
Particularly, placing ¢(¢) = ¢ yields the classical Riemann-Liouville fractional derivative
introduced in [8], while choosing 1(¢) = log ¢ leads to the Hadamard fractional derivative
given in [9].

According to [12], the definitions of -Caputo fractional derivatives are defined
as follows:

Definition 4. Let v > 0 and i € N. Consider the interval I = [u,v], and let Q, ¢ € C(I) be
two functions where  is increasing and ' (0) # 0 for all & € 1. Then, the left- and right-sided
p—Caputo fractional derivatives of order <y are given as follows:

- 1 d\
DIy (c) =R W( ) ¢
y+ (g) y+ lp/(g) dg (g)

- i [ YO - vy e,

cpr¥o :Rlli%‘l’(_ 1 d>i0
oo Qg) =", Vo) (¢)

_ 1 v i—y— i ]
—m/g Y @) ((9) —(6) " (=)' (9)dv.

For simplicity, we use the following abbreviation:

iy (L dY
Oy (6)= <¢’(g) dg> 2e)-
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For specific choices of ¢, the definition coincides with the Caputo fractional derivative pre-
sented in [8], when 1(g) = ¢, while choosing (¢) = log ¢ leads to the Caputo-Hadamard
fractional derivative defined in [10].

The (k, p)-Riemann-Liouville fractional integrals defined in [24] is given by the fol-
lowing definition:

Definition 5. Let Q) € Lq[p,v] and k € R.. Then, the left- and right-sided (k,)-Riemann—
Liouville fractional integrals of order v > 0 (v € R) of the function () are defined as follows:

() = [ v @@ —ye)i o,

P06 = g [ OW(0) ~ v(e)

By setting k = 1 in Definition 5, the expression reduces to the -Riemann-
Liouville integral.

As in [24], the left-sided and right-sided (k, )-Riemann-Liouville fractional deriva-
tives are defined as follows:

Definition 6. Let 7,k € R.. Consider the functions , Q) € C'[u,v] with (m € N) and such
that ¢’ (g) # O for all ¢ € [u,v]. Then the (k, )-Riemann—Liouville fractional derivatives of order
¥ > 0 are given by the following:

k d i
HDp0G) = (¢'<g) dg> Hh )
kod\ 1 ¢ ey
— £ '(® — (0 ~10(9)ds,
(Faie) mm— o ¥ O - pe) T )
WD) = (< i ae ) A
kod\ 1 v ey
— (- = : ") (p(8) — & l0(9)de.
(~sai) ma=s [ ¥ Ow® -pe)' T ae
By placing k = 1 in Definition 6, the definition reduces to -Riemann-

Liouville derivative.
The definitions of (k, p)-Caputo fractional derivatives presented in [24], are given below.

Definition 7. Let v,k € Ry, and ¢, Q € C'[u, v] with i € N. Assume that ¢/ (g) # 0 for all
G € [, v]. Then the (k, ¢ )-Caputo fractional derivatives of order oy > 0 are expressed as follows:

ik— ko d\!

“Diale) = (e ) A
= ! o _ k71 k]

= k=) P (9)(9(c) — ¢(9)) 0, (8)d9,

e kod\!
kpIPa(g) = kI W(- ) 0
o Q) v 7(c) dc (c)
1

= iy Y OWE) - pe) T (-1 oy q)de.

For simplicity, we use the following abbreviation:

kel (kY
Q) = (w’(g) dg) Qo).
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By setting k = 1 in Definition 7, the expression reduces to the -Caputo fractional derivative.

In the analysis of the existence and uniqueness of solutions to fractional differential
equations, several types of fractional derivatives have been introduced. Among them, the
(k, p)-Caputo fractional derivative has emerged as a powerful and highly adaptable tool.
By incorporating a real parameter k and a monotonic function ¢, this operator generalizes
the classical Caputo derivative, offering greater flexibility in capturing memory effects
and nonlocal behavior. In this paper, we employ this operator to establish new Wirtinger-
type inequalities. These inequalities have found diverse applications across various areas
of mathematical analysis. For instance, Samir H. Saker in [25] utilized Wirtinger-type
inequalities to identify large gaps between the zeros of the Riemann zeta function. In [26],
Seuret et al. applied these inequalities in the study of time-delay systems. Furthermore, Bo
Du employed the Wirtinger inequality to examine the existence of antiperiodic solutions
for an inertial competitive neutral-type network in [27].

Many scholars have investigated Wirtinger-type inequalities in the contexts of both
fractional calculus and classical calculus. Erden presented results for classical derivatives
in [21], and Erden et al. further extended these results to the Caputo and Riemann-Liouville
fractional derivatives in [28]. Moreover, Samraiz et al. broadened these results for Caputo—
Hadamard and Hadamard fractional derivatives in [29], while Wu et al. modified the
theory by considering tempered -fractional derivatives in [30].

Inspired by these prior findings and their diverse applications, the main objective of
this research is to develop a new class of inequalities incorporating the (k, ¢)-Caputo and
(k, ¢)-Riemann-Liouville fractional derivatives with a particular focus on the Wirtinger
inequality. We derive significant results by applying Holder s inequality, which are relevant
to different fields such as statistical modeling, mathematical analysis, engineering, and
computational sciences. Additionally, the results of this study may stimulate further
research into inequalities related to the (k, p)-Caputo operator.

Although Wirtinger-type inequalities have been established by several researchers for
various fractional derivatives, such as the Caputo, Riemann-Liouville, Caputo-Hadamard,
and Hadamard fractional derivatives, these results remain limited to specific operator
forms and lack a unified generalized structure. Moreover, there has been little investigation
into a comprehensive framework that involves both the kernel function ¢ and another
parameter k, which could extend the existing findings to a broader class of fractional
derivatives. To address this gap, the present research introduces new Wirtinger-type
inequalities involving the (k, i)-Caputo fractional derivatives. These inequalities enhance
the analytical significance of various prior findings while generalizing and extending them.

In this work, we introduce Wirtinger-type inequalities for the (k, ¢)-Caputo and (k, i)-
Riemann-Liouville fractional derivatives, contributing to the growing field of fractional
calculus. These modified operators generalize classical fractional operators by incorpo-
rating a kernel function ¢ and an additional parameter k, offering greater flexibility in
memory-dependent and nonlocal phenomena. The main objective of this paper is to
establish novel inequalities within the (k, )-Caputo framework, owing to its analytical
capabilities and effectiveness for initial value problems. Moreover, we extend our results to
the (k, »)-Riemann-Liouville case to enhance the applicability of the proposed inequalities.

The key objective of this work is to construct new generalized Wirtinger-type in-
equalities involving the (k, ¢)-Caputo fractional derivatives, which are useful tools in
mathematical analysis. The work aims to expand the classical Wirtinger framework to
fractional settings in both L, and in general L, (p > 1) spaces. The presented inequali-
ties provide a more unified and flexible analytical method by generalizing a number of
well-known results as special cases. Numerical examples, graphical illustrations, and an
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application to the arithmetic-geometric mean inequality are also provided to demonstrate
the effectiveness and significance of the obtained results.

The organization of the paper is as follows: Section 1 provides an introduction, high-
lighting the background, purpose, and significance of the study. Section 2 derives Wirtinger-
type inequalities for the (k, i)-Caputo and (k, {)-Riemann-Liouville fractional operators.
Section 3 explores applications of these results in relation to the arithmetic-geometric mean.
Finally, Section 4 concludes the paper by summarizing the key findings.

2. Inequalities Involving (k, p)-Caputo and (k, ¢)-Riemann-Liouville
Fractional Derivatives

In this section, we present Wirtinger-type inequalities involving the (k, )-Caputo
and the (k, p)-Riemann-Liouville fractional derivatives. By examining the relationships
among fractional operators, specifically between the -Riemann-Liouville and ¢-Caputo,
we derive several special cases. Here, we analyze the connection between two types of
fractional derivatives.

Lemma 1. Suppose that Q) € ACi[y, v],i—1< vy <iwithi € N, and k € Ry. Then, the
following results hold:

i—1 _ .

<D =}t o) - L T Y "05@] ©, @
j=

D) 0g) = KDl | Q(0) - : ) ].k_‘f(,j”jkni;kv)] © ®
j=

The following can be obtained from the above relation:

{ k“DZfQ(g) = leDZ’fo(g), if we set ka(y) = ©

chZin(g) = leDZin(g), if we set kQE} (v)

I
o o

Remark 1.

(i) By setting k = 0 in (4) and (5), we recover Theorem 3 in [12].

(i) By settingk = 0 and ¢(g) = log¢ in (4) and (5), we obtain equations (16) and (17) in [10].
(iii) By settingk = 0 and ¢(g) = ¢ in (4) and (5), we obtain equations (2.4.1) and (2.4.2) in [8].

All findings in this section are obtained by utilizing the fundamental identities given
in (7) and (8).

Lemma 2. Let QO € AC'[p,v] or C'[p,v] withi —1 < ¥ < i, k € Ry. Then the following
identities hold:

i—1 _ .

(o) =i [Dpface] + L M rg ol @
i—1 _ i .

i) = Do) + 1 et kall ) ®)

Proof. By applying the left-sided and right-sided (k, »)-Riemann-Liouville integral to (4)
and (5), respectively, and by applying [24] (Theorem 5.4), we obtain (7) and (8). O
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Theorem 2. Consider the functions Q, € C'[u,v] wherei € N\ {0} and i = [}]. Assume
that kCDfoQ( ), chgin(T) € Ly[p,v]. Under the conditions that le[P](V) le[lJ]( )=0
and v > k, the following inequality holds:

Y 2 N2 )
[ 1906) Pae < gz 2 (90) = 90 P

S

Proof. Supposing Ql[;;] (n) =K QB} (v) = 0, we take the absolute values of (7) and (8). Then,
by applying Cauchy-Schwarz inequality to the resulting terms, we obtain the following:

eplba()| +

kpI¥Q (1) ﬂ dr. )

90 = [y [ ¥ 00 — v

1 S
< i [ uw@ —vo0t-

1 T 6
< P EL ) —p()2 V(- p) /ﬂ

2
“pita) \dv]

2
Peoptonp o]

2
kDo dn,  (0)

and

1

v % 2
00 = gy ¥ 00w — v <D 0 |an]

<l [ U - pon ’“DZi”O(U)]dﬂr

1 v v
< EEEL ) - p(0))2F D0 —¢) /g

2
“piroe)dy.  an

By integrating (10) over the interval [y, wp + (1 — w)v] with respect to ¢, where w € [0, 1],
and using Dirichlet’s integral formula, we arrive at the following result:

wp+(1-w)v
/ 0(e) P

u? ¥
< @Y - p(p))2 (1)

X /;JM]W)U(Q — 1) /:

u2
= pmoE ) - ()

wp+(1-w)v
X /
H

uZ
:W(lp( v) — ()

wp+(1-w)v
X /
U

Integrating (11) over the interval [wy + (1 — w)v, v], and employing Dirichlet’s integral
formula, we obtain the following result:

2
Dt o) dpds

=2

,1)

y+1 w
prtay / "¢ — p)dedn
2(1-

1)

»\e

fortae)| (0 - pP-wP - -w)d 02
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[ i)k

Jwp+(1-w)v
u? 7_
< oY) — Y

< [ (-0
wp+(1-w)v c

u? T_
=W%Wwwwm4”

wp+(1-w)v
“J.

= Y ) - ()2 (FY)

< [ ’
wp+(1-w)v

To further refine the expressions, we apply the substitution 7 = o + (1 — ¢)v to (12) and
(13). We obtain the following:

wp+(1-w)v
A 10(¢) P

u? (v—p)° 7
S AR AIA

x/l((l—w)z—(1—0)2>

epI* ()| (v - pw? — (o —n)?)dy. 13)

2
kCDZ’fo(UV + (1 —o)v)| do,

and

v
Q(c)|?d
waw@ng

u? (v—p)’ -
< e Ty 9O — w0

[

By adding the two inequalities above and integrating over the interval [0, 1], with respect

2
kCDZin((T}l + (1—0)v)| do.

to w, results in the following expression:

[ 10() Pac
M

u? (v—p)? -
< e g (1) — )

f [le-or-o-en
L

By rearranging the order of integration, we obtain the following:

2
kCDZfQ(ay +(1- a)v)‘ dodw

kCDW YQ(ou+ (1 —o)v )‘ dadw} . (14)
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[ 106 s
3

u? (v—p)° 7
S AR AI

X [/01 ’ / 1—
+/Ol kCDzin(ay+(1—a)v)‘ /U(wzaz)dwda].

Moreover, we obtain the following;:

[ 10(6)Pdc
H

u? (v—p)° 7
< g g (1) — v

x[/lzl(a)
w7l

kDI Qo+ (1 -

(1-0) )dwda

2
chZ’fo(ay +(1- U')U)‘ do

o) DY Q(ou+ (1 —o)v )‘ da], (15)

where

and

Applying the change of variables T = ou + (1 — o)v to (15), and observing that both
functions Z; (¢') and Z,() attain their maximum value 1 for o € [0,1], we deduce (9). O

Example 1. Consider the functions Q(¢) = ¢'(¢ — 1)" and ¢(g) = ¢ defined over [0,1] and
fulfilling the requirements of the theorem kQli ]( 0) = kQLﬂ] (1) =0.Leti =2,v=22k=2and
U = 1. Then, we obtain the following result:

1
/ 10(¢)[2dc = 0.0015873.
0

To evaluate the right-hand side of (9), we proceed as follows:
D220)(g) = 1.54582 [8.88889(;0'9 —28.0702¢ + 19.3587(;2'9},

and

D220)(¢) = 1.54582 [8.88889(1 o)+ (1-¢)% ( — 8.71143 + ¢(—10.6473 + 19.3587(;))] .

Applying the Theorem 2 leads to the following result:

1
| (<D0 + D320 (o) ] ds = 2:2930e.
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We also calculate the coefficients using the assumed parameters.

2 v
6,{2[5(7)]2@(1) — (0))*(F1) = 0.159083,

fory =22, U = 1and k = 2. Substituting these values into the right-hand side of (9) yields
the following:

Uz (1-0)> 1 gy [

Wy [ [FDRaR + DR
= 0.159083 * 2.29306

= 0.364787.

Our numerical calculations for (9) yields the following result:
0.0015873 < 0.364787,
confirming the validity of the inequality.

Tables 1 and 2 show the numerical values, while Figure 1 illustrates the corresponding
graphs of (9) for the function ¢(g) = ¢ over the interval [0,1], with 7 varying from 2.1
to 2.9.

Integral Values

— RHS
— LHS

|4

2.2 2.4 2.6 2.8

Figure 1. The graph illustrates the behavior of the inequality (9) over the range 2.1 < y < 2.9.

Table 1. The following table presents the left-hand and right-hand side values of (9) for v € [2.1,2.4].

0% 2.1 2.2 2.3 24
Left side 0.0015873 0.0015873 0.0015873 0.0015873
Right side 0.291172 0.364787 0.459924 0.584262

Table 2. Comparison of the left-hand and right-hand side values of (9) for 7y € [2.5,2.8].

0% 2.6 2.7 2.8 2.9
Left side 0.0015873 0.0015873 0.0015873 0.0015873
Right side 0.748903 0.970218 1.27289 1.69509

Discussion The above example confirms the validity of (9) by employing a function
that satisfies the essential conditions of the theorem. The numerical results and the corre-
sponding graphical representations were obtained using Wolfram Mathematica 13.2. As y
increases, the right-hand side values increase correspondingly.
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The following remarks clearly show that the proposed inequalities provide a unified
and generalized framework encompassing several well-known fractional operators, includ-
ing 1p-Caputo, Caputo-Hadamard, and Caputo cases as particular instances. In contrast to
previous formulations, the inclusion of the parameter k and the kernel function ¢ enhances
the adaptability and flexibility of the inequalities. This extension enables them to cover a
wider class of fractional derivatives within a single framework.

Remark 2. Setting k = 1 in Theorem 2 leads to the corresponding result for yp-Caputo
fractional derivatives.

v — 2
[ 100k < BB ) -y

XH

Remark 3. By substituting k = 1 and (g) = ¢ into Theorem 2, we derive the corresponding
result for Caputo fractional derivatives established by Erden et al. in [28].

2
cDZ’fQ(T)’ +

2
CDZi'bQ(T)‘ ]d’t’.

Remark 4. Setting k = 1 and ¢(g) = log(¢) in Theorem 2 yields the corresponding result for
Caputo—Hadamard fractional derivatives as presented by Samraiz et al. in [29].

We further derive Wirtinger-type inequalities within the framework of (k, ¢)-Riemann—
Liouville fractional derivatives.

Theorem 3. Let Q, ¢ € C'u,v] withi € N\ {0}. Assume that kCDZin(T) and kCDZiPQ(T)
belong to Ly [, v], with the conditions kQE;} (n) = le[;] (v) =0, where v > kand i = [}]. Thus,
we have the following inequality:

2

[ 1060Rde < g 90 - 902G

6k2
/{WDWQ of +‘kngin<T>(2]dT. (16)

Proof. From the condition QI[IJ](;M) = kQH( ) = 0 and by applying (6), we arrive
at (16). O

Theorem 4. Assume that Q, € C'[u,v], where i € N\ {0} and i = [v]. Suppose that
CDZfQ(T), D0 (1) € Ly[p, v] for p > 1. Ikal[;](y) = kQBJ](v) = 0 and vy > k, then the
following inequality holds:

v ur - (v—p)? 7
[, 106@de < o ) — gy Y

v
<J.
A
Proof. Assuming kQ[i](y) = kQ[i]( ) = 0, taking the absolute values (7) and (8) and

employing Holder’s inequality with the exponents p and 7 to the resulting expressions
yield the following inequalities:

kepI¥Q)(7) "’ ] dr. (17)

. p
kCDZfQ(T)‘ +
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14
1|keyY, ¥
DOy ‘di]:|

< kp[rkl(’)/)}pup(i’b(v)—gb(y))l’(l1)(g e 1/; kCDZin(U)‘pdm as)
and
1 v o4 P
0 = [y [ Y000 (@) DI
= |:krk1(')/) /:U(IP(U) — ()t kCDZi”Q(q)'d;y]p
1

v c , 14
g “pitae)|'dy. (9

Integrating (18) and (19) over the intervals [, pw + (1 — w)v] and [pw + (1 — w)v,v],
respectively, with respect to ¢ for w € [0,1] and applying Dirichlet’s integral formula to the
resulting expressions, we obtain the following:

wp+(1-w)v
/y 10(6)|Pd

ur 7_
< o oy (P — ()P

x /:]M“U)U(g P! /;

ur T
= mw(v) — ()P EY)

+(1—
X/wﬂ (1-w) ’)/l[JQ / p 1dgd17
M

7
uip (3-1)
e HUIOR

wp+(1-w)v
X /
U

Similarly, we obtain the following:

/ 10(c) Pdg
wp+(1-w)v

ur 7_
< oo ) - p(u))r(E-1)

8 /wvwr(lw)u(v —¢) /gv

ur 7
= o oY) — )Y

wp (1 w)L
X/
v

o ORI

x /(/J]l“r(l*w)v

p
kDt o) dndg

D) (0 = 0P (1= @) = (= )P )dy. 0)

P
kD )| dyds

p fwpt(l-w) B
kD}_(y)| /}7 (v )" Mdcdn

DIy (0 - w)Pw? — (v —n)P)dy. (21)
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After substituting ¢ = oy + (1 — o)v into (20) and (21), we obtain the following results:

wp+(1-w)v
/,4 10(c)|Pde

v— ! 7
< L L o) -y
X /1((1 —w)l —(1-0)P) k“DZin(ay +(1-0)v) pda,

and
/ LI
— )Pl .
< %M(w@) — ()P ED)
DI + (1 - 0)v) ‘pda.

X /Ow(wp —oP)

Aligning the resulting inequalities and taking the integral with respect to w over [0, 1], we

obtain the following:

/y " |0(e) Pde

1 b
< U ) — g3

[// (1-w) — (1-0))
e

Changing the order of integration yields the following:

JRSIGIE
H

P
DI O op + (1 - cr)v)‘ dodw

"D Qou+ (1 —o)o )‘pdadw}

ur (v—pwPt o (#-1)
S Re ORI
1 a
x { | [epitaen+a-op)| [(1-w) - (1 -0))dode

+/ 1

Furthermore, we obtain the following:

[ 106 Pds
H

uv (v—p)r*t
= pkr [Te(n)]P

X [/1 Z3()[*D¥ Qop + (1 —J)v)’pda

+f,

kep IPQ (op+ (1— a)v)‘p /

Jo

(wP — a’”)dwda}.

(¥(v) — p(u)P(FY

A [eD Q(op + (1 - o) )’pda},

where
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= — — —o)P
Z3(0) 1 1 o(1—0)?,
1 0—p+1
- —oP(1 -
Zy(0) 1 p1 7 (1-0)

Observing that max[Z3(c), Z4(0)] = ﬁ and making the substitution T = oy + (1 — o)v
in the above inequality, we obtain (17). O

Example 2. Let Q(g) = ¢'(¢ — 1)" and ¥(g) = ¢ be a functions defined on [0, 1], fulfilling the
conditions le[;] (0) = le[;] (1) = 0. For the choice of parametersi =2, p =4,k =2,y =22
and U = 1, we obtain the following:
1
/ |Q(g)|*dg = 0.00000457059.
0
To evaluate the right-hand side of (17), we proceed as follows:

D220y (¢) = 1.54582 [8.88889g0'9 —28.0702¢" + 19.3587(_;2-9},

and

D220)(c) = 1.54582 [8.88889(1 o)+ (1-¢)% ( — 8.71143 + ¢(—10.6473 + 19.3587g))] :

Applying Theorem 4, we obtain the following:
1
| (D20l + D320 ()] dg = 3.91181.

For the assumed parameters, we compute the following:

u* (1-0)*
20k* [T (7)]*

(p(1) — p(0))*(F 1) = 0.182214.

Hence, the right-hand side of (17) becomes the following:

4 (1 _ (4 .,
o ST ) — o)) [ R0+ D00 P

= 0.182214 % 3.91181
= 0.712785.

Thus, the numerical evaluation of (17) yields the following:
0.00000457059 < 0.712785,
which confirms the validity of the inequality.

Tables 3 and 4 provide the values of (17), while Figure 2 illustrates the corresponding
graphical representations for §(¢) = ¢ over the interval [0, 1], with v ranging from 2.1
to 2.9.
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Integral Values

10

— RHS
— LHS

22 23 24 25 2.6 27 2.8

|4

Figure 2. Graphical representation of the inequality (17) for 2.1 <y < 2.9.

Table 3. Comparison of the numerical values of the left-hand and right-hand sides of (17) for

v €[2.1,24].
¥ 2.1 2.2 2.3 2.4
Left side 0.00000457 0.00000457 0.00000457 0.00000457
Right side 0.451062 0.712785 1.14016 1.84898

Table 4. Numerical values of the left-hand and right-hand sides of (17) over the interval y € [2.5,2.8].

¥ 2.5 2.6 2.7 2.8
Left side 0.00000457 0.00000457 0.00000457 0.00000457
Right side 3.04669 5.11661 8.79332 15.5461

Remark 5. By setting k = 1 in Theorem 4, we obtain the corresponding result for p-Caputo
fractional derivatives:

v ur (v—mu)P
[, 100l < oms T

X /#u[ CDZ’}fQ(T)’p

Remark 6. Taking k = 1 and y(g) = ¢ in Theorem 4 leads to the corresponding results for Caputo
fractional derivatives established by Erden et al. in [28] (Theorem 8).

(¥ (v) = ()P~

+

CDZiPQ(T) m dr.

Remark 7. By setting k = 1 and ¢(g) = log(g) in Theorem 4, we recover the result for Caputo—
Hadamard fractional derivatives given by Samraiz et al. in [29].

Remark 8. Substitutingk =1, (¢) = log(g) and p = 4 into Theorem 4, we obtain Remark 2.2
in [29].

Remark 9. By setting p = 2 in Theorem 4, we obtain (9).

Furthermore, we establish a result related to (k, ¢)-Riemann-Liouville fractional
derivatives.

Theorem 5. Let Q, ¢ € Ci[u,v] wherei € N\ {0}. Assume that chZ’fo(T), kCDZi/JQ(T) €
Lylu,v] for p > 1. If v > kand le[;] (n) = le[;,] (v) = 0, then the following inequality holds:
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[ 106 = S o) v

v
></y HleDZ’JfQ(T)‘p + ‘leDZin(T)’p}dT. (22)

Proof. Using the condition le[;} (n) = le[;] (v) = 0 along with (6), we arrive at (22). O
3. Applications of Wirtinger-Type Inequalities Involving (k, p)-Caputo
Fractional Operator in Arithmetic-Geometric Means

In this section, we analyze Wirtinger-type inequalities associated with (k, ¢)-Caputo
fractional derivatives. After suitable simplification, these inequalities reveal an explicit link
to the well-known arithmetic mean—geometric mean-type inequalities. Such inequalities
play a fundamental role in various mathematical domains, such as optimization, functional
analysis, and number theory, as they connect arithmetic and geometric quantities and
provide sharp bounds. We begin by reviewing several key inequalities stated in [31], which
will be used in establishing the results of this portion. For real numbers X1, X», ..., Xy >
0 (m > 1), the following inequalities are valid:

<1m‘[ X) T<lyx, 23)
m 2 m
(Z Xv) <m) X3 (24)

where Xj, ..., Xy are real. In the theorems below, left-hand side involves geometric-type
expressions, while right-hand side contains arithmetic-type terms.

Theorem 6. Let A(g) be a continuous, non-negative and real-valued function defined on the
interval I = [p, v]. Assume that the function Q(g) satisfies chZ'fo(g),kc Dz_lpﬂ(g) € C (1)
and foru = 1,2,...,n, the functions D*~! chZ’fQ(g) and D"~ kDYYQ(c) are absolutely
continuous on I. If the condition Q(p) = Q(v) = 0is satisfied, then the following inequality holds:

“ 1A [(]%[JDH "CDZi”Q(@)D n

JU

%
< (£ ) J
u=1

uZ v — 3
< G i) — )

S

. /Mu [i <‘Du kCDZin(Q

u=1

£-1)

+

2
SHONG]

kDY A(t) ‘2] dt
‘2 + ‘D” kCDZ””O(g)\z)] dg. (25)

Proof. It can be easily confirmed that the following identities hold:
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DY 1 kDY) (c) / D" DY) (8)do, (26)
D*1 kDY) / D" CDIYO(8)do, 27)
DU kDY (g) = /;4 D kDI¥ (9)d9, (28)
D' kpItoc) = - /g "D kDTY0(9)d8, (29)

forge landu =1,2,...,n. From (26)-(29), we obtain the following:
_ , 1 v ,
o g < L [*|or oo e a0

and

ot enprae) <1 [

D" kDY )¢ ’dg (31)

Taking (30) into account and utilizing the Cauchy-Schwarz inequality along with (23) and
(24), we arrive at the following result:

< ‘Du lch“YllJQ( )Dn

A
| =
3=
7

., N
< U—U Z(/ D ch“ri/JQ( )‘ dg)
an =\ Ju
_Uv—H u keyv Y
= y( ‘D DY Q¢ )‘ )dg. (32)

Applying the same approach to (31), we obtain the following:

n n
(H‘Du—l chZ'¢Q(g)’>
u=1

v—p [V keyY 2
< /y (;\D CDUQ(@\)dg. (33)

2

By combining (32) and (33), we acquire the following;:

n n
( ’Du 1 ke wQ(Q)’) + <H‘Du1 chZJPQ(g)‘>
u=1

v I 2 2
y (‘D” “pirtale)| + D DY) ﬂdg. (34)
u=1

2
n
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Multiplying both sides of (34) by |A(¢)|?, integrating over the interval [y, v] and using
Theorem 2, we obtain the desired result. [

Remark 10. By placing n = 1 into (25), we obtain the following Wirtinger-type inequality:

A |A<g>2[

v— 2 (v—u)? 7
< e R ) = ()Y

4|

x /:[(’DkCDﬁQ(g)‘ZJF ]DkCDZi”Q(g)fﬂdg.

“pita()

2
‘ n

2
koo |ae

2
‘ n

DIt A(T)

2
kCDZi’DA(T)‘ ]dT

Theorem 7. The following inequality is derived under the conditions of Theorem 6:

[ a0 (ﬁ ! kcnzfmgﬂ) " (f{ |D“”“D3"”0<g>|2> ] ac
" u=1 u=1
2 v — 2 q
< g R )~ (D
X /: kCDZi/’A(T)‘Z + kCDZ’lPA(T)ﬂ dt

n v v
< | 2| [ o it Pas [ 10" FD]to) P
u=1 H H
v v
+ [ b kepitore) g [ b kaZ"”mg)ng)]. (35)
M K

Proof. We start the proof by considering the following identities:

(DU kpTH Q)2 =2 :[Dul kpit (o)) [D" DT O(9)]ds, (36)
D1 DT O ()P = 2 /g (DU kDY (9)] D DT O(9))ds, (37)
(Dt RDi () =2 [ (D DYoo)t “DiYo(e)s, (38)
Dt Db = <2 [ (D R o) o Do), (9

for¢ e landu =1,2,...,n. By adding (36) and (37), we obtain following inequality:
D kDIt O(g)F < /y DU DT () P D" D] O(e) Pde. (40)
Similarly, by adding (38) and (39), we obtain the following;:
D DY) < /ﬂ D D) P D" DY O(e) Pde. (41)

Using the Cauchy-Schwarz inequality together with inequalities (23) and (24) to (40), we
obtain the following;:
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=N

n
H |Du—1 kCDZin(g) |2]
u=1

n v
< [nl ([ 1D+t 0" ’“Dz'fn(@dg)]

IN

u=1

1 v , , 2
< 2[2( [} 1t Do) It Do) e ]

u=1

1 < Y =1 ke e 2
o ([ 10 pptacora)
nl= M

( /10" kCDZi”f)(g)zdg))] .

Applying the same steps to (41), we obtain the following;:

X

=N

n

[Tip* ’“Dﬁ"ﬂ@)ﬁ]
u=1

< v 1 kepy v 2
Z((/M D" DY) P
u=1

x ( [/ 1" "CDZ"ng)ng))].

By combining (42) and (43), we obtain the following:

<1
n

2
n n

H |Du—1 chZfQ(g) ‘2
u=1
1

Sf
n

n
H |Du—l chZiPQ(g) |2

u=1

+

|

=N

2
n

2
1 v _ , )
[n 2( /ﬂ D"t DO g)| D" ’“DZf%)dg)]

n v v
3 (( [} 1o trentae)fac ) [ 1o ppto) i)
u=1

+( [ 1 oo e ) A kCDZi”fz(g)ngm .

(42)

(43)

(44)

By multiplying both sides of (44) by |A(g)|?, integrating over [y, v] and using Theorem 2

yields (35). O

Remark 11. Substituting n = 1 into (35) yields the following Wirtinger-type inequality.
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[} M@ Do + Dyt 4
)~y
/”[chwQ )’2+

K [ Fpp )i [ 1p ’“DZi"A@)ng)
M

Fractional derivatives provide powerful tools for describing systems with hereditary

IN

2
kCDZiPQ(T)‘ ]d”[

\W"’n ) Pdg / |DkCDZi’JQ<g>|2dg)].
4. Conclusions

effects and nonlocal interactions, enabling accurate representations of intricate real-world
phenomena compared to classical integer-order derivatives. In the study of fractional
differential equations, inequalities play a key role, offering valuable methods for establish-
ing convergence properties, stability criteria, and solution bounds. Fractional inequalities
present a systematic analytical framework to examine the existence, uniqueness, and con-
sistency of solutions while exploring the fundamental properties of fractional differential
systems. This study formulated Wirtinger-type inequalities for (k, )-Caputo fractional
derivatives in L, spaces (p > 1) and extended them to the (k, )-Riemann-Liouville frac-
tional derivatives. The proposed results also generalize several existing Wirtinger-type
inequalities associated with other fractional operators as special cases, highlighting their
broader applicability. The validity and applicability of the theoretical results are verified
through numerical examples accompanied by graphical and tabular representations. The
findings provide a framework for exploring applications in classical inequalities, such as
the arithmetic-geometric mean. The strategies and observations presented in this study
aim to encourage novel ideas and inspire further research.
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